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In this lecture, as well as the next two lectures, we will study the uncapacitated facility location
problem, using it as a vehicle to illustrate several different techniques that are commonly used to
devise approximation algorithms for NP-hard problems.

1 The general Uncapacitated facility location problem
Definition 1.1. (Uncapacitated facility location)
Input:

e set D of clients
e set ' of potential facility locations
e adistance functiond : D x ' — R, (fori € F,let f; = f(i))

e acost function f : F — R, forthe set I (fori € F,j € D, letd;; = d(i, j))
Output: S C F that minimizes ), f; + Zj cp(minieg di;)

A Simple logarithmic approximation This problem can be formulated as a set cover problem.
Given an instance (D, F), f, d) of the facility location problem, it can be transformed into an in-
stance of a set cover problem (X, S, cost) by

e setting X = D, and

e setting S = {(i,A) : i € F, A C D}. (i, A) covers elements of the set A. The cost of the set
(i, A) is fz + ZjeA d”LJ
We can then use the standard greedy algorithm for set cover: at every iteration, the algorithm
chooses the set (i, A) which minimizes

Cost(i, A)
|A N Uncovered|

To select such a set in polynomial time, the algorithm iterates over all possible facility locations
1 € Fand s € Z>, the set size of A N Unconverted. For a given ¢ and a set size s, the minimum
cost set can be found by including the s uncovered clients closest to facility .

This algorithm gives a log | D| approximation guarantee. One can show that the (non-metric)
facility location problem is at least as hard as the set cover problem, and hence this log | D| factor
approximation is the best one can hope to give for.
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2 The metric uncapacitated facility location problem

In this version of the problem, the clients and facilities are embedded in a metric space and thus
satisfy the triangle inequality, d;; < d;; + d;i, where 4,5,k € D U F.

2.1 The above-mentioned greedy algorithm

As we shall see, there are constant factor approximation algorithms for this problem. However,
there exist instances of the problem where the greedy algorithm described in the previous section
has a Q<1o§i gn) gap [5]. Consider the instance where there are k facilities each of cost p* at the
same location. There are k — 1 sets of clients S;, S, ..., S,_1. Each client S; contains p*~*+!

clients all located at equal distances from the facilities, the sum of the distances being 23:1 P L
The greedy algorithm chooses all the facilities incurring a cost of at least kp*. The optimal solution
chooses exactly one facility, and incurs a cost of p* + Q(p*~1!). The ratio of the costs is (k) and
n = Q(p"). If we set p = logn, then k, the gap between the optimal cost and the cost between the
solution returned by the greedy algorithm is Q2(log, n) = Q(llzz o) = Q(lolgoi o)

On the other hand, if we refine the cost of set (i, A) that the greedy algorithm uses as follows:

cost(i, A) = {fi + > jeadij, if facility 7 has been selected )

> jen dig, otherwise,

the algorithm guarantees a constant factor approximation guarantee. (This will be proved in a
subsequent lecture.)

2.2 Results for the metric facility location problem

The following is a brief list of results related to this problem:
e Shmoys, Tardos and Aardal [10] give a O(1)-approximation algorithm using LP rounding
e Jain and Vazirani [7] give a 3-approximation algorithm using Primal-Dual methods
e Aryaet. al. [1] give a O(1)-approximation algorithm using local search

e Jain, Mahdian and Saberi [6] give a 1.61-approximation algorithm using a greedy algorithm.
Mahdian, Ye and Zhang [9] proved that this algorithm is a (1.11, 1.78) bi-criteria approxi-
mation. A (7y,.) bicriteria approximation algorithm yields a solution with cost less than
v F* 4 ~7.C*, where F* is the cost of facilities in the optimal solution and C* is the sum of
distances from clients to facilities in the optimal solution. [6] also proves the (¢, 1 +2e~77)
approximatability limit curve.

e Byrka [3] gives a (1.6774, 1.3738) bicriteria approximation algorithm. Using this along with
the (1.11, 1.78) bicriteria approximation of [6], it is possible to obtain an algorithm which



outputs solution with expected cost not greater than 1.5 times the optimal (by simply choos-
ing to use the algorithm of [6] with probability p = 0.313 and that of [3] with probability

1—p).

e Guha and Khuller [4] gives the best hardness result known so far: it is hard to approximate
better than a factor of 1.463.

2.3 The k-median Problem

A problem closely related to the metric facility location problem is the metric k-median problem
which differs in the following respects.

e it has an added constraint that limits the number of facilities that can be selected to at most
k and

e all f; are 0.

The best known approximation algorithm for the metric k-median problem is a (3+¢)-approximation
that runs in O(n%) time, and the best hardness result known for the problem is a factor of 1 4 2/e.
Also, approximating the non-metric version of this problem by any finite factor C' is NP-hard as
the following reduction from the dominating set problem shows:

Given an instance G = (G = (V, E),k),V = {1,2,...,n} of the dominating set problem,
construct instance H of k-median problem, where k£ medians are to be chosen as follows:

e Facility set I' = {1,2,...,n}, where n = |V|.

e Clientset D = {1,2,...,n}.

e forall: € F,j € D, the distance function,
0, ifi=7y
1+C)n—Fk)+1, if(i,j)¢ E

If there is a dominating set of size k in instance G there is a solution to H that costs no more than
(n — k) and a factor-C' approximation algorithm would give a solution of cost at most C'(n — k).
If there is no solution to instance G, then every solution to instance H will be of cost at least
C'(n — k) + 1, thus helping us determine whether G had a dominating set.



3 An LP rounding algorithm for UFL

Balinski [2] proposed the following Integer Linear Program (ILP) formulation of the metric facility
location problem:

minimize : Z fivi + Z diji; 3)
i ij
constraints :inj >1 VjeD “)
yIZZEU VJED,ZGF (5)
Ti; € {0, 1} VieD (6)

Indeed, it is easy to verify that optimum solutions for this integer program correspond to opti-
mal solutions for the facility location instance. The natural linear programming relaxation of this
integer program relaxes the last two constraints to z;; > 0 and y; > 0. As every solution to the
Integer program is also a solution to the linear program, the minimum value of the linear program
lower bounds the minimum value of the integer program and therefore, the optimal value to the
problem.

The LP rounding algorithm starts with an optimal solution z*, y* to the above LP: let cost(LP)
be the cost of this optimal solution, and let F* = ). fiy* be the fractional facility cost and
cr = Zij dijx;; be the fractional connection cost. The rounding algorithm then executes the
following two steps:

Step 1 (Filtering): Let D, denote ) . d,;x;;. Consider all the facilities to which a client j is
fractionally assigned. Among these, let N; denote the subset of “near” facilities located within
a distance 2D; of client j. The proof of the following claim (saying that the fractional solution
assigns at least half of every client to “near” facilities) is very similar to the proof of Markov’s
inequality, and will be proved later.

Claim 3.1. For any client j, ZieNj x> 1/2.

We now construct a new solution z’, y' by filtering as follows: Set x;js corresponding to facil-
ities 7 not in N to 0, and let all other z;; be the same as z7;. Since the new solution 2’ may not
satisfy the condition ), x;; > 1, we fix this problem by increasing the values of non-zero ;s by
a factor of 2 one-by-one until the constraint is satisfied (note that increasing all non-zero ;;s by a
factor of 2 will always satisfy the constraint because the sum of non-zero ;s is at least 1/2). Set
y; = max; x;;. Note that y; < 2y;. (This filtering technique was first used by Lin and Vitter [8].)

At the end of the filtering step, the fractional solution (2’,y’) satisfies the following
property: If xi; > 0 then d;j < 2Dj, and also y; < 2y;.

Step 2 (Rounding the Filtered Solution): Among all clients, select the client j with minimum
D;. Among the facilities in V;, select the facility with the minimum f;, say k € N;. Form a new
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Figure 1: LP rounding

solution 2, y” in which the client j is connected to the cheapest facility £ in N; and to no other
facility (z); = 1, xj; = 0Vi € F'\ {k}). Facility k is selected into the solution (y; = 1) and all
others facilities in IV; are dropped (y; = 0 Vi € N; \ {k}). Define the extended neighborhood of
client j, EN;, to be the set of all clients which are fractionally assigned to any facility in N;. Allot
all j/ € EN; to facility k alone, i.e., set x’k’j, =1, x;’j/ = 0Vi € F \ {k}. Clients belonging to the
set EN; U {j} are now considered allotted. The cost of connecting the client j* € EN; to facility
k is not greater than (2D, + 2 x (2D;)) < 6 Dj (as D; < Dj by our choice of 7). The cost of
selecting facility & and dropping all other facilities in IV is not greater than ) N, fiyi.

Another round of allotments is started by selecting the unallotted client 7 with minimum D; and
allotting j and all unallotted clients in the extended neighborhood of j using the same procedure.
The algorithm continues till all clients are allotted to some facility. It is easy to see that all facilities
are touched exactly once in this algorithm and are either selected or dropped.

Analysis: Let Cost L PR be the cost of the final integral solution z”, 1" .

CostLPR<Y  fuy/+6> D; ®)
i€F jeD
< 2Zfiy; +6 Z dij Ty )
icF i€F,jeD
=2F"+6C" <6cost(LP). (10)

which gives us the claimed 6-approximation.

3.1 Tightening the Analysis

To see how to improve the analysis of the previous section: but first let us see a proof of (a general-
ization of) Claim 3.1. Define N;(/5) denote the subset of “near” facilities located within a distance
BD; of client j: hence the N, in the previous section is the same as N;(2). As mentioned above,
the proof is very similar to Markov’s inequality.



Proof. Let F;(3) denote the set of facilities to which a client j is fractionally assigned, but are

farther than GD; from j. Also, let s; = ), z};. For any feasible solution, s; > 1. Suppose if
possible, that )", (o) Thj > %] Then,

Dj: Z dwl’:}—f— Z dijmz(j

ic€F;(B) igF; ()

Z Z disz(j

IS

> AD; Y

i€F;
-1 (5)
> Dy,
which is a contradiction. Therefore 3, . 27; < Fand ), p, T = si(1— Dy>1-

Setting 5 = 2 gives the proof of Claim 3.1.

3.1.1 The improved algorithm

The filtering and rounding algorithm changes in the following way:

e We now set j; = 0if i ¢ NV; (0); to regain feasibility, we might have to scale up the other

zj; and y; values by at most %

Hence, the invariant at the end of the modified filtering step ensures that if
di; < BD;, and also y; < % Y

;> 0 then

e The rounding step is the same as above, and gives a solution whose cost is at most %F *+
38C™.

To balance the two quantities, we set 5 = 4/3 and get a 4-approximation.
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