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Lecturer: Anupam Gupta Scribe: Varun Guptad

In lecture 19, we saw an LP relaxation based algorithm toestile sparsest cut problem with an
approximation guarantee 6f(logn). In this lecture, we will show that the integrality gap of the
LP relaxation isO(logn) and hence this is the best approximation factor one can getwei LP
relaxation. We will also start developing an SDP relaxatiased algorithm which provides an
O(+/log n) approximation for the uniform sparsest cut problem (whemmands between all pairs
of vertices isD;; = 1), and anO(+/lognloglogn) algorithm for the sparsest cut problem with
general demands.

1 Problem Definition and LP relaxation review

Recall that the the sparsest cut problem is defined as folldMes are given an undirected graph
G = (V, E) with

e non-negative edge costs (or capacitiesy- c;; forall e = {i, j} € (1),
e non-negative demands;; between every pair of vertices, j} € (}).

With the edge capacities and the demands, we can assocttesie D R(2) (n =|V]). The
sparsest cut problem seeks to find

= (1)

where

anddg € % (%) is the cut metric associated wigh

_Jo ifijeSori,jes
%711 otherwise

To form the LP relaxation, we relax the requirement of miraimg over the cut metrics to mini-
mizing overall metrics. That is,
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The above relaxation is solved by the following linear peogr

min >, cidi;
subjectto ;. Diyd;; =1 @)
dij +djry >di Vi, 5,k
dij =20 Vi, j
Clearly, \* < ®*. In lecture 19, we proved* < \* - O(logn) by embedding the metric returned
by the LP into/; with distortionO(logn).

2 Integrality gap for sparsest cut LP relaxation

A natural question to ask is, can we get a better approximatio thanO(logn) using the
LP relaxation? In this section we will see that the answeardssince the LP relaxation has an
integrality gap ofO(logn).

Claim 2.1. The integrality gap betweeb* and \* is Q(logn).

To prove the above claim, we will first take a small digressaml introduce thenaximum
concurrent flowproblem which takes the same input as the sparsest cut probiée will show
that the optimal value* of the maximum concurrent flow problem is equal to the optivadie \*
of the sparsest cut LP relaxation on the same input graplalli#zwwe will prove that the integrality
gap ofd* andr* = A\* is Q(logn).

2.1 The maximum concurrent flow problem
Definition 2.2. Given an undirected grapfi = (V, E) with
e non-negative edge capacities= c;; forall e = {i, j} € (}),
e non-negative demands;; between every pair of vertics, j} € (‘2/)

the maximum concurrent problem seeks to maximizeuch that we can send D;; flow between
verticesi and; simultaneouslyor all {7, j} € (‘2/) while satisfying the edge capacity constraints.

Let7* denote the optimal value of the maximum concurrent flow oblConsider a partition
(S,5) of V. The total flow crossing this partition is" - dem(S, S) whereas the capacity of the
partition iscap(.S, S). Since we can’'t have more flow than the capacity,

7 - dem(S, S) < cap(S, S) VS CV
and hence,
. _ . «cap(S,9)

T <min-————-=
~ sCcv dem(S, 5)
In fact, the maximum concurrent flow valaé is exactly the same as the optimum valuefor the
LP relaxation.

*



Capacity edg

r aae Demand edgt

Figure 1: An instance of the sparsest cut/maximum conctfi@n problem.

Fact 2.3. Given an instance of the sparsest cut problem, and maximuecucent flow problem
on the same input graph,” = 7*.

Proof. The proof follows by observing that the LP relaxation of st cut problem and the LP
for the maximum concurrent flow problem are duals of eachrotfidne LP for the maximum
concurrent flow has a variablg P) for each simple path in the input graph.

min T
subjectto ) pahse  f(P) >7-Di; Vi, j
between, j
Zpaths_P. f(P) < Cuv VU,U
co_nt?mln%
f(P) >0 VP

The dual has variables;; and/3,, corresponding to the two sets of contraints above:

max 3 Cuvfun
subjectto >, \cpBuw >y Y pathsP between, j
> Dijoiy 21
a,f >0

Now if we considerlr;; to be the distance between; andj3,, to be the edge length of the edge
{u, v}, then this LP can be checked to be the samg‘as O

2.2 Integrality Gaps

For example, consider the graph in Figure 1. The solid edgg®sent edges with capacity 1. The
dotted edges represent pafiisj} with D,; = 1. Remaining capacities and demands are 0. Note
that the value of the sparsest cut in the graph in Figuredt is- 1 (choose any solid vertex as the
setS). Furthermore;* < % If sendr units of flow between every demand pair, the total volume
of the flow is8, since each path between a demand pair has two edges andrhéver demand
pairs. The total capacity i§ and hence™* < % InfactT* = % by sending}I units of flow on each

of the three paths between the white vertices gmnhits on each of the two paths between every
pair of solid vertices.



Theorem 2.4.[7] The integrality gap betwee®* andx (= \*) is Q(logn).

Proof. Let G = (V, E) be a constant degree expander with unit capacity on each edge
1v{i,j} € E, and unit demand between every pair of verti€es = 1 Vi # j. We will show that
G has a largeb* but smallr*.

(A)

(
=1 (o< [2))

cap($,9)
S|

where the last step follows sincein,s|<»
stant degree expander.

is the edge expansion which(X1) for a con-

(B) Recall the following claim, which follows from problem 7 immework 5:

Claim 2.5. In a constant degree expander (say degree=1);*) pairs of vertices are at a dis-
tance greater thans log n.

Since allD;; are 1, at least - Qn?logn volume of flow is needed to sendunits of flow
between thes€(n?) pairs. However, since the graph is a constant degree expaoti edge

capacity isO(n). Therefore,
nlogn

This completes the proof ¢2(logn) gap betweed* andr*, and hence of Claim 2.1. O

3 SDP relaxation for sparsest cut

To obtain the LP relaxation, we had relaxed the requiremémtinimizing over all cut metrics
to minimizing over all metrics. To obtain the SDP relaxatiwa consider the following tighter
relaxation:

ol

. -d
G = min ———
d € metricz D - d

Recall that am-point metricd is in ¢3 (it is a “squared-Euclidean” metric) if there exist points
v1, U9, -+, U, € RF such that the distances are

di; = |Jv; — vsl3-

Note that the condition that the squared distances form aiar(ee., satisfy the triangle in-
equality) is equivalent to saying that in the sp&‘ none of the triangles between thespoints
have obtuse angles. Note thiatmetric forms a convex cone. Some more propertie§ametric:
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1. If d € ¢y, thend € (2. (Why?) This is what we require since we need to optimize dyer
and hence the feasible set of the SDP relaxation should bgessai of?; .

2. InR*, we can have at most points with/3 metric (in fact, any negative type metric). This
is achieved by the hypercube.

3. Givenn points on the real linét! with the ¢, metric, the/? embedding of these points
requiresn dimensions—a new dimension for each point. (Use this taritifatd € ¢, =
de )

The SDP to computg* is given by:

min > Cijllwi — 42
subject to > i Dijllei —a;]I> =1 3)
lze — 2|1 + oy — @ll® = llws — @il Vi, 5, &
Z; €§Rt V’L

The approximation ratio of the SDP relaxation naturallyelegs on how well (low distortion)
one can embed af} metric into/;. The following theorems give upper bounds on the integralit
gap for the SDP relaxation (3).

Theorem 3.1(Goemans, unpublished)f the SDP returns a solution if*, then the integrality
gap isO(VE).

Theorem 3.2([2]). For the uniform sparsest cut problemv(;, = 1 Vi # j), the SDP integrality
gap isO(y/logn).

Theorem 3.3.[1] For general sparsest cut, the SDP integrality gagi$,/log nloglogn).

The techniques used in proving above theorems are usefobbstd round SDP relaxations in
minimizations problems (earlier we have seen roundingrtegles for maximization problems).

Goemans, and independently, Linial made the following eciujre on the integrality gap of
the SDP relaxation:

Conjecture 3.4.[4, 8] The integrality gap betweed* and 5* is 0(1).

The Goemans-Linial conjecture was first disproved by Khat ®ishnoi [5] who proved an
Q (log log n)l/ﬁ—ﬁ) integrality gap for the non-uniform case. This was then iowed tof2(log log n)
by Krauthgamer and Rabani [6]. For uniform sparsest@Uipg log n) integrality gap was shown
by Devanur, Khot, Saket and Vishnoi [3].

3.1 From SDP relaxation to sparse cuts

In this section we will see an importasiiructure theorenand some intuition of how this structure
theorem can lead to @(+/logn) approximation for the sparsest cut problem; the proof wal b
given in the next lecture.



Lemma 3.5. Structure Lemma [2]: Letw;,vs,--- , v, be points in the unit ball ift* satisfying
di; = |lvi — v;||* is @ metric. Suppose the points satisfy the following “vepltead-out property”:

% Z” dij =2 0 = Q(1)

Then there exist disjoint setsand 7" such that S|, |7| > ©(n) and

1 .. 1
50,5 2 2 (70)
Intuition for the O(+/logn) approximation in the uniform case.

Since all demands are the same, we can scale the demands trehs&D;; = # Vi # j. Now
the SDP ensures that |
> Dudiy =3 dij= 5> dy=1
ij

Now suppose we got lucky, and the SDP embedding lies on thbalhiso that we can use the
Structure lemma(This will not happen in general: we’ll give a rigorous prowxt time.) If now
we pick theS and T satisfying the Structure Lemma and cut at a random distammee §, the
probability an edge is cut is:

. de
Prledgee is cuf = —— = d.y/logn
Viogn

Thus the expected total capacity crossing the cit'isO(+/logn). Furthermore, sinc& andT
are bothQ2(n) and the demands are equal, we lose a constant in the demasihgrthe cut.

cut at a random
distance from S

3.2 The Structure Lemma is Tight

A natural question is, can we tighten the Structure Lemmaébtain a better approximation? The
answer to thisisio: an example where the Structure Lemmais tightis the hymmr{:a\/if, \/L?}K



whereK = log, n. The/Z distance between two verticesandv; is given by:

dij = [lv; — vj]|?
4 Hamming disti, j)
B K

To prove this, consider two sefs 7" with |S|,|T'| = s for some parametet to be specified
soon. The vertex-isoperimetric inequality for the hypd&esays that for all sets with size the
setX that has the fewest neighbors outsiXidi.e., the smallestV (X )\ X|) is a ball around some
vertex. Therefore, one such sE&twith the smallest vertex-expansion is the g&t| containing
exactly thes points closest te\/%{—l, —1,---,—1}. And hencdSUN(S)| > | X*UN(X™)| for
all |S| = s = |X*|. Now suppose we choose:

=Xy rm ()

thens ~ an via tail bounds on the binomial distribution. L&tbe any set of this size, then:

SUNS) X UNEN =T gy ()

Iterating this, if we definé; to be all elements at Hamming distartdeom S, we would have

9 < 2icxe o ()4 (%)
Fort = /K log (1/«) this would be at least/2.

Similarly, |T;| would be at least./2 for the same value. Since both these sets contain at least
half the elementssS; intersectsl;, and henceS and T are 2t-close in Hamming distance. But
t = O(VK), which means that th& distance betweef andT is 4'02/?) = O(Jps7), Which
proves the fact that the Structure Lemma is tight up to consta

3.3 Proving a Small Integrality Gap in the Uniform Case

We end with the following lemma due to Rabinovich [9].

Lemma 3.6. [9] For the uniform sparsest cut problem;; = 1 Vi # j, suppose the metritgiven
by the SDP embeds infoc ¢, such that,

1. n<d
2. Z” Hij = %'

then the integrality gap for the uniform sparsest cut SDR isiasta.



Proof. The proof is very similar to the proof we saw for the Sparsadt [@oblem in Lecture 19
that an embedding int6, with distortion o implies an integrality gap ofv. Since here we are
dealing with theuniformcase, we show that the average condition above sufficesednde

¢ cod _ c-d
= ~ ~ «
D= 2y — 2dy
_ed
D-d
= B*a

0

In the next lecture, we will see a technique to embed the SDEameto ! (and hencé,).
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