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1 Overview

This lecture is beginning the proof of— € vs. 1/2 + ¢ hardness of Max-E3Lin. The basic idea is
similar to previous reductions; reduce from Label-Covéngs gadget that creaté variables
corresponding to the key vertices a2fd vertices corresponding to the label vertices, where they
correspond in the usual way {0, 1} and{0, 1}~

We then want to select some subsetg, > of these strings to use as the constraints in the Max-
E3Lin instance, and whether each constraint is equal to 0 Bvelthen want take the solution to
the Max-E3Lin instance, and “decode” it into a good solutmthe original Label-Cover problem,
thereby showing that solving the Max-E3Lin instance waslhar

Completeness requires that the dictator funcfigm) = x; pass with probability at leagt— e,
while soundness requires that any function which passéspitbability at least /2 + ¢ should
decode to some small and nonempty isgg( /) of coordinates in the Label-Cover.

Finally, to check these conditions, Fourier analysis walluseful. So instead of usirig1 and
@ (exclusive or), we use-1, 1 and- (multiplication).

2 The Gadget

As noted above, we need the dictator functigy{s) = x; to pass each constraint with probability
at leastl — e. Ignoring the details of how this relates to label cover,sider what this means about
the 3Lin conditions.

If f(z)- f(y)- f(2) = 1is aconstraint for some, y, z, then we must have eaah- y; - z; = 1
with high probability for the dictators to pass (completss)e However, if too many functions pass
this with probability at least /2 + ¢, then we have to be able to decode these into good solutions
for Label-Cover (soundness). So we need to make sure thdidtators all pass, but not too many
other functions do.

2.1 Naive Attempt

One possibility is to design the triples as simply as possidiile passing all the dictators; simply
pick triples so that the parity of each bit is correct fotx) - f;(y) - fi(z) = 1 for each dictator.
This can be formulated in two equivalent ways:



e For each constraint, pick each triple;, y;, z;) independently and uniformly from the four
triples{(—-1,—1,1),(-1,1,-1),(1,-1,—1), (1,1, 1)} which satisfyz; - y; - z; = 1.

e For each constraint, pick y € {—1, 1}¥ independently and uniformly, then take= z o y
(whereo is the bitwise multiplication operation).

The second formulation demonstrates that we can ireaty as independent andas dependent
on them, which will be useful below.

This algorithm clearly satisfies completeness, since ie@ghed so that each dictator function
is always satisfied.

Now consider soundness. To find the probability that an ryitfunctionf : {—1,1}* —
{—1,1} passes, use the indicatbf2 + 1/2f(z) - f(y) - f(2). If f passes the condition, this is
1/2+1/2-1=1,andifitfails,itis1/2 +1/2(—1) = 0. So

Pr(f passes] = E,,[1/2+1/2f(2) - f(y) - f(2)]
= 1/2+1/2E,,[f(z) - f(y) - ()]
= - +3B., S% Fshesta) ) F(T)xr(y) - UEZ[K] FUw(2)
_ % + % ST;E[K} FS) F(T) FU)Eay [xs (@)xr(y)xwr(2)
= o+ S;UZE[K} FS)FT) V) By xs(@)xr(w)xu (@ 0 )
S S’T;K] F(S) D) FU)Ey Ixs su@)xr av(y)]
S S’T;K] J(S) (D) (U)X 50 (@) By [z 20()
= %Jr%SEZ[K}f(S)?’

(The final reduction uses the fact tHafys ¢ ()] is 0 if SA U is nonempty, and otherwise;
thus, the terms witty 4 U disappear, while in the remaining ter$ys () = 1. Likewise,
we must havd’ = U, so all three sets are equal.)

So any function with Fourier support of size 1 with coeffici@nwill pass with probability
1/2 4+ 1/2(1) = 1. While this does include the dictator functions, it alsoluies several other
functions, notably any parity function and the constantfion.

This is unfortunate, since soundness will force us to detloege functions into solutions for
the original Label-Cover instance. The parity function dirbas will be difficult to decode into
small sets because of its global nature; there is no cleatavggt small sets out of it. The constant
functions is even worse, since it depends in no way on itstgipu

Thus, we look for a better test to excludes these troublesases.
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2.2 Fixing the Constant Functions

First, we modify the test to remove the constant functiomftbe set that needs to be decoded.
The problem is that all the constraints chosen had rightsaate 1, so setting all values on the
left to 1 satisfies them all. By changing half of these-th, we ensure that both constant function
passes with probability/2; sincel /2 < 1/2 + ¢, we no longer have to decode them.
To do so, we have a new algorithm, which can again be exprésseo ways:

e For each constraint, pick € {0, 1}, then pick each tripléz;, y;, z;) independently and
uniformly from the four triples which satisty; - y; - z; = b.

e For each constraint, picke {0, 1} andz,y € {—1,1}* independently and uniformly, then
takez = x oy o b (Whereb = (b,b,...b)).

Dictators still pass, and now the constant functions ongspeth probabilityl /2. The analysis
for a general function goes roughly as before, except thahwst also také into account:
Pr(fpasses] = Euu0[1/2+1/2b- f(x)- f(y) - f(2)]

= 1/24+1/2E;y,[b- f(2) - f(y) - f(2)]

= LB [0 Y fOs@) - Y FDa) - Y A0 ()
Se[K] T€[K] UelK]
= Lty S ST s (@) xo()]
S, T, UE[K]
_ ;% S ST FU)Eayy [bxs(@)xry)vo( oy o B)]
S, TU€E|K]
= %+% FS)F(T) f(U)Egys [bxs av(@)xrav(y)xu(d)]
S, T, UE[K]
— %+% Z FS)F(T)F(NEgyblxs av(@)]Eeyslxr av®)]Eeys[bxu (D))
S, T\ UE[K]
- %+% f(5)°
Se[K],|S|odd

(The final reduction again uses that we must héive 7' = U; further, by (b) = (—1)IV+! +
1+ sois 0 if|U| is even and 1 ifU| is odd.)

This is still reasonable, since the dictatgfshave f(S) = 1 on S = {i}, which has odd
size, while the constant functions have no odd terms in fheurier support, So now pass with
probability 1 /2.

However, parity functions on an odd number of variable$ ptiks, and in particular, either
the parity of all bits or the parity of all but one will still ga; these are still too large to decode
reasonably. We thus need one more revision to eliminate tteeses.
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2.3 Removing Large Parity Functions

In the constructions so far, the dictator functions haves@asvith probabilityl. This corresponds
to satisfying every constraint, and it is known how to exflydind such solutions. Thus, decoding
these solutions into good Label-Cover solutions would shawwel-Cover to be easy, not Max-
E3Lin to be hard.

So now we relax this, and let the dictator functions occaadlgrail a constraint. The larger
parity functions, however, depend on more bits, so are mkeylto accumulate errors and fail
additional constraints. We make each bit of each constvaionhg with probabilitys, by using a
0-biased distribution: one where eath= 1 with probabilityl — 6 and)\; = —1 with probability
J.

Specifically, we use the following algorithm to generatestaaints:

e For each constraint, picke {0,1} andz,y € {—1,1}¥ independently and uniformly, and
pick A € {—1,1}¥ from thej-biased distribution. Then take= z oy obo \.

We can again compute the probability that an arbitrary fiengbasses one of these constraints:

Pr(fpasses] = Eoyuall/2+1/2b- f(z)- f(y)- f(2)]
= 1/24+1/2E, 5[0~ f(z)- f(y) - f(2)]
= 5B [b S% 7(S)xs(a) - T% F(T)xr(y) - U% FOxw(2)
_ ; + ; ST;[K] F(S)F(T) FU) By [oxs () xr () x0(2)]
_ %+ % S;U . F)F(T) F(U)Es g [bxs(@)xr(y)xu(zoyoboN)]
- %+ % STﬁU . FS)F(T) f(U)Esyp [bxs av(@)xr av(y)xo(®)xo\)]
— %+% 7 FS)F(T) f(U)Eqsyprlxsav(@)]Esyorxrav(y)] -

e B, 00 ()] By v (V)]

= Lty X AP0 -20)

Se[K],]S|odd

Note that the last step comput&dgl;(\)] as follows:

E.yoalwW] = Ealxo (V)] = E[J JA] = [JEIN = [J(1(1 = 8) + (=1)(8)) = (1 —26)"

1eU icU icU
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This is now a much more useful test: A dictator passes withgldity 1/2 + 1/2(1 — 20) =
1 — 9, which is close to 1, while a larger parity function orariables will be “penalized” by an
exponential factor of1 — 24)*, so will pass with probability close tb/2, and thus will not need
to be decoded. Smaller parities may still pass with high abdty, but these will still be small
enough to be decoded.

3 Soundness

To show soundness, we show that we can choose a small numbBeuiér coefficients of small
sets, and decode these small sets into labels.

3.1 Smallness

Using the fact thayf (S)3(1 — 20)!S! = F(S)(1 — 28)I51£(S)2 < |£(S)](1 — 26)151£(S)2, we can
bound the probability of a function passing the constraatsve:

Pr[f passes| = 1+% Z f(S) (1_25)|S\

2 |S| odd
< Stg 3 IfEI0 205 f(sy
|S|odd
1 1 .
< 5+ max [FDIL-20) 3 f(s)?
|S|odd
b1 |
< 5+ max [0 —20)"

(The last line follows from Parseval’s theorem.)

We only need to be able to decode functions which pass withgtitity at leastl /2 + ¢, which
requires thamaxz|eqq 17(S)|(1 —20)TI > 2¢. So any function must have some nonempty
such that f(7*)| > 2¢ and|7*| < 2029,

This T™ exists since only nonempty sets are in the maximum,(@and24)/”! < 1, so we must
have|f(S)| > 2e. Finally, |T*| < 2129 since| f(T*)| < 1, so we must havél — 25)7"1 > 2¢,

We can thus decodé™* reasonably, since its size depends onlydoand e, and not onk.
Further, sincef(T*)| > 2, f(T*)? > 4¢2, so there can be at most(4¢?) suchT™, so we can
take the union of all such sets, and still be able to decoda.the

3.2 Decoding

Definition 3.1 (Suggestions)Let 7 = {T C [K] | |T| < 2WCD F(1)2 > 42}, Then
Sugg(f) =UT. )

As described above, there are at mbéte? subsetd” C [K| which satisfyf(T)? > 4¢2, and
each such set iBugg(f) has size at most 229 so|Sugg( f)| < 202
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Theorem 3.2.Let f : {—1,1}¥ — {—1,1} begiven. Pickz,y € {-1,1}* andb € {-1,1}
uniformly,and \ € {—1,1}% §-biased. Set z = b- (z oy o ). Thenif we test whether f(z) - f(y) -
f(z) = b, if fisadictator, it will passwith probability 1 — §, and if f passed with probability at
least 1/2 + ¢, Sugg(f) # 0.

Proof. The proof of dictators passing comes from section (2.3) vemplist showed that if passed
with probability at least /2 + ¢, thenSugg(f) # 0. O

Thus, we have successfully found a way to decode a solutidtateE3Lin.

4 Remaining Work

We have a scheme which creates constraint@’relements such that dictator sets are well-
satisfied, while any set satisfied significantly more thari thed time can be decoded into a set
of suggestions.

Unfortunately, the connection to Label-Cover is not obgiotlihere is no relation to the con-
straints of the Label-Cover problem, or even that therewecesets of vertices, one for the label
and one for the key.

Next lecture, this will be extended roughly so that each €dge) has a constraint, (z) f,(v) f.(z) =
b for somef,, f,, andb. This will be chosen such that if both functions are dictatdhen the
constraint is satisfied with probability at leasts, and if we choose functions such that at least
1/2+ 1/2¢ constraints pass in the Max-E3Lin instance, tRepg( f.,) # 0 andSugg(f,) # 0, and
they have a compatible suggestion.



