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1 Integrality Gap
1.1 LP Relaxation

The LP relaxation for the Priority Steiner Tree is similarthe relaxation used before for the
Steiner Tree. Again, say a s&tC V' crosses the se®if SN R # ) andR\ S # () - there is at
least one terminal it¥ and one not irb. Forj < k, letS; be the collection of all sets which cross
R;. Finally, for asetS C V, let9S be the set of edges with one endpointimnd one inl” \ S.

Define E<; to bel J;_, E;, the set of edges of priority or higher; the set of edges available to
vertices of level.

The LP relaxation of Priority Steiner Tree then has a vaedbt each edge, representing the
extent to which it is used by the fractional solution. Thelge®#o minimize the cost of edges used,
while ensuring that every vertex in ai§; is connected to the root using only edgetin;; this
can be formulated in terms of crossing sets, giving the ¥ahg LP relaxation:

min E Coe
e

subject to Z Te > 1 Vi < kVS € §;
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1.2 Integrality Gap Instance

The gap instance is suggested by the following picture:

All edges except for the center line have weight O, The cditeris initially divided into2z
edges, where is a constant to be determined. The root vertex connectsty ether one of these
(including the ends) by level 1 edges with cost 0, and the neimgvertices are connected by level
1 cost 0 edges to the sole level 1 vertex.

This basic structure is repeated recursively: each oRthseegments is split int@z subseg-
ments, (s@z — 1 new vertices are added to the segment) with an associateld?leertex. Every
other new vertex is connected to the root by a cost 0 level 2 aalgh the remaining vertices con-
nected to the associated level 2 vertex by cost 0 level 2 edgmdting in2z new level 2 vertices
and2z(2z—1) new vertices along the center line. This pattern is repagted levelk, resulting in
(22)*~! vertices of levek, along with(22)*~1~ level k cost 0 edges connecting them to the center
line, and(2z)*~1(z — 1) level k cost 0 edges connecting the center line to the root.
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Finally, the(2z)* edges along the center line are each given tp&tz)* and levelk, so that
the entire line has cost 1 and is available to every vertex.

1.3 Gap

The integral solution is fairly straightforward: first, eathat the level 1 vertex must follow some
edge up to the center line, then reach one of the level 1 eddbe toot, which requires traversing
edges of at total cost/(2z). Each level 2 vertex must likewise go up to the center linentalong

the center line to a level 2 edge to the root. The level 2 edgaeacted to the segment used by
the level 1 vertex already has been used, so this vertex sosstra. The remainingz — 1 level

2 vertices each incur a cost ©f(22)? to reach a level 2 edge traveling to the root. And clearly,
at any levelj, each of thg2z — 1)’~! vertices not covered by previous paths each incur a cost of
1/(22).

As z gets large, the total cost then tends towards

In particular, if we define = £k, then this is a constant.

Now consider the cost of a fractional solution which avoideasing a particular path to fully
invest in at each level, but rather fractionally takes eamiter edge by /> = 1/k. At each level,
each vertex haspossible paths it can follow, each of whichlig: fractionally chosen, so it overall
has a complete path to the root. Thus, this is a solution td_Eheelaxation with total cost/k
(since the sum of costs of all the center edges is 1).

Thus, the integrality gap for this instancekis The size of the problem i©((2k)¥), so for a
given sizen, the gap obtainable by an instance of sizie roughlylog logn/logn.



2 Hardness

The reduction is from a special collection of Set-Coveranses that can be split into two groups:
YES instances have a solution of siXe and any attempted covering of a NO instance using at
mosth X sets leaves at leasé” fraction uncovered. Further, every instance in this ctibechas
universe size:, ands sets each of size.

2.1 Reduction

The reduction from Set-Cover to PST is similar to that usedHe integrality gap. This time, there
ares center lines, one corresponding to each set. Each line kebroto2z segments, and every
other vertex along the lines is connected to the root withst @devel 1 edge. There atelevel

1 vertices, corresponding to the ground elements. For eawctercline, the: vertices along not
connected to the root are connected by cost O level 1 edghks tdevel 1 vertices corresponding
to the elements of the corresponding set. Thus, each levattéxwhas degree equal to the number
of sets is corresponding element is in.

This structure is then repeated recursively: each segnieaich centerline is split intdz sub-
segments, an@z)u level 2 vertices are added, corresponding4copies of the ground elements.
Each copy is associated with a collection of segments of ¢éiméec lines: one copy corresponds
to the first segment of each line, one to the second, and so beseTlevel 2 vertices are then
connected to the vertices of their associated subsegmestusding to containment of their corre-
sponding elements in the corresponding sets, as before.

This pattern is repeatedtimes, resulting in: - (22)*~! level k vertices. The center edges are
again levelt with cost1/(2z2)*, so that the each center line has total cost 1.

Claim 2.1 (Soundness)A YES Set-Cover instance is mapped to a PST instancé)with< X.

Proof. As a YES instance, there is a set cover solution with at mosets. For each set in this
solution, buy the entire center line corresponding to teat s

This solution is feasible, since every vertex needing todrenected to the root corresponds
to some element in the set cover; this element is in some gheinover, and the corresponding
center line is available in the PST solution. So the vertexta&e the free edge to that center line,
then travel along the available center line to an edge |ggiithe root.

The solution has cost at moat, since each center line has total cost 1, and at mostere
bought. Thus, the optimum for this instance is at most 0J

To establish completeness, we use the notionrmoframal solution one for which any vertex
goes a single step along a center line. It is clear that anynapsolution is of this form, since
additional steps along a center line can be eliminatedeif there needed for later steps, then those
steps can add them back in as necessary. We may thus assuiak sbhitions under discussion
use only minimal paths.

Further, suppose that each center edge is duplicated ateathand bought at the first level
where that edge is used. This does not affect the cost of thémg since a single copy of each



needed edge is bought, but it allows us to talk about the Ewehich an edge is bought, and the
cost incurred by edges bought at each level.

Claim 2.2. For a NO Set-Cover instance, if the total cost incurred byesdat levels less thajis
at mosth/2 - X, then levelj incurs a “large” cost©(u - 27¢" /2).

Proof. Suppose we are considering paths of levehny previous paths bought an edge along the
center at its level, which now corresponds to an entire dewat ;.

The total cost at higher values is at mag2 - X by assumption. There afez)’~! subinstances
corresponding to the original set cover, and by Markov'gjusdity, at leastl /2 of them have at
most2(h/2 - X)) = h - X paths bought by lower levels. Because the Set-Cover instaas a NO
instance, this lets us conclude that theége of the subinstances have at least&” fraction of
elements uncovered, corresponding to leveertices which need to add new edges each of cost
1/(2z)’ to connect to the root. The cost at leyas thus
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Now suppose that the final cost of the PST solution was at m@st X. Then each level
must have incurred the large cost. In particular, if thisgeaps withk > 4hX22¢"/u), then
ku-27¢h/> > h/2- X, contradicting the assumption that the final cost was at st X . Thus,
in this case the total cost cannot be less thanh- X, so we have a gap df/2 between the YES
and NO instances.

2.2 The Set-Cover Instance and Conclusion

The special Set-Cover instance needed above can be cdedtasca reduction from SAT to Label-
Cover to Set-Cover. Starting from a SAT instance of sizeonstruct a Label-Cover instance with
n nodes in each set, each node of degtetabel setL and key setk with n = n/~°8" and
d,|L],| K] all poly(1/n).

This Label-Cover instance reduces to a Set-Cover instanteuniverse sizer = nd2!%!,
s = n|L| sets of size: = d2/%1=1, and optimal solutiorX = 2n, with the h-factor property being
satisfied ifl /h? > O(n).

Thus, to get théx-factor property, we neebf < O(1/7), son =~ h = loglog n.

The size of the construction i§ ~ s(2z)% = n=187 . poly(1/n)" ~ ploslslozn and the gap
between YES and NO instanceshis= )(loglogn) = Q(loglog N), so we have proven that PST
is hard to approximate to better th@ilog log n).
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