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Four Fundamental Transparent(?) Unproved Statements:

All computational mathematics is essentially linear.
First derivatives characterise optima.
The derivative of a quadratic is linear

So we need only talk about quadratic problems to understand
optimization.
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Characterisation of Optimality: Constrained Case.

maxy ¢ x subject to a,-Tx < b;

Veo(x) = > ; AiVei(x),Ai > 0
Furthermore the characterisation is purely local.
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Characterisation of Optimality: Constrained Case.

feasible set

g3 :
\ g0 Increases

contour lines ggp = const.

Miny|g(x)<0 &o(x) optimal if  Vgo(x) = >7; A\iVgi(x),\; <0

Equivalent to a stationary point of the Lagrangian

L(x,A) = go(x) — >_; Nigi(x)
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Vf(X) = Zi )\,‘VC,'(X)

should not be disturbed by the constraints being quadratic.

Although it suggests the Lagrangian is only locally meaningful!
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Characterisation of Optimality: Constrained Case.

One issue is that the stationary point of the Lagrangian of interest
is a saddle-point

We are not very good at designing algorithms to find saddle points
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Background

The intuitive idea of penalty functions:
minyern  f(x)
subject to  ¢j(x) =0, je{l,...,m}.
The idea[ Courant, 1943], was to replace it with

mingerr  p(x, 1) = F(x) + 1 ¥ je 1 my (%)

and then

lim 00 x(1) = x*

The disadvantage: Infinite number of minimizations
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The Setting

The Augmented Lagrangian

The above motivated the idea of combining the Lagrangian with
the penalty function

The augmented Lagrangian [Hestenes and Powell, 1969], is defined
by minyern L(x, A, 1) =

..........

and then only one of ;1 and the As needs to be updated

Furthermore, the gradient of the augmented Lagrange compared
with the Lagrangian gives the A\ update

10
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The Augmented Lagrangian

VL(x, A\, p) =

V) + Xieqt,...m my G(x) Vei(x)

which looking at the terms in V¢j(x) suggests the update formula,
)\j+ = \j + 2.0 pcj(x)

If not sufficiently feasible i alone is increased, otherwise the As
alone are updated

and one can prove that eventually p is never increased.

Perhaps the best known implementation is LANCELOT

11
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Background

An exact penalty function.
The idea: [Zangwill, 1967], replace the constrained problem with
mingern  P(X, ) = F(X) + 13 eqr,  my 16G(X))]
and then
p < p* implies that x(u) = x*

The disadvantage: Function is not differentiable (non-smooth)

Consequently considered to only be of theoretical interest
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Motivated by the statements

The derivative of a quadratic is linear
and
All computational mathematics is essentially linear.

We note that the characterisation
Vf(X) = Zi )\,’VC,‘(X)

should not be disturbed by the constraints being quadratic.
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The Setting

Significant observation

If I have quadratic constraints

the quadratic penalty function is a quartic.

but

the exact penalty function is piecewise quadratic.

CLAIM:
Minimizing a piecewise quadratic is almost as easy as a quadratic.

14



The Setting

Projection onto a Hyperplane

Assume that the columns of A, aj, j € {1,..., m} are a basis of
normals for the hyperplane in question

15



15

The Setting

Projection onto a Hyperplane

Assume that the columns of A, aj, j € {1,..., m} are a basis of
normals for the hyperplane in question

Define the projection operator P by

P=1—AATA) AT




The Setting

Projection onto a Hyperplane

Assume that the columns of A, aj, j € {1,..., m} are a basis of
normals for the hyperplane in question

Define the projection operator P by
P=1—AATA) AT
Note that, assuming that ATN =0,

PA=0 and PN=N,

where the columns of N are the generators for the hyperplane.

15



The Setting

Projection onto a Hyperplane

Assume that the columns of A, aj, j € {1,..., m} are a basis of
normals for the hyperplane in question

Define the projection operator P by

P=1—AATA) AT
Note that, assuming that ATN =0,
PA=0 and PN=N,

where the columns of N are the generators for the hyperplane.

So Px projects x on to the hyperplane.

15
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Projection onto a Hyperplane

Assume that the columns of A, aj, j € {1,..., m} are a basis of
normals for the hyperplane in question

Define the projection operator P by

P=1—AATA) AT
Note that, assuming that ATN =0,

PA=0 and PN=N,

where the columns of N are the generators for the hyperplane.
So Px projects x on to the hyperplane.

In practise one uses the orthogonal decomposition, QR, to
compute the projection

15
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Basic idea was my Ph.D thesis [1971]
Consider miny,cg» f(x) subject to ¢j(x) <0, jel.

The penalty function p(x, p) = f(x) +p>_;c; max{cj(x),0} is only
non-differentiable in the neighbourhood of active constraints

Define Ac = {j € I : |cjk(x)| <ep and V. ={jel: cjk(x) > €}
So the idea is to define r(x, y1) = f(x) + p 32 ;cp 4. max{cj(x), 0}

or equivalently r(x, u1) = f(x) + 1> ;0\, ¢(x),

which is locally differentiable.

16
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In other words, we have completely accurate information about the
change in p if we take our fundamental subproblem as
mingern  r(x+d,p) subject to  ¢i(x+d) = ¢i(x), j € A..

So, up to first-order define d = —PVr(x, u) orthogonal to the
space spanned by V¢j(x), j € Ac.

Important Observation 1: If —PVr(x, u) is small then
Vr(x, p) & 3 jea AiVei(x) and we can obtain a good estimate
for the A's. ( which connects up with the "local” issue)

This tells us if and how we can obtain descent by releasing a single
activity and gives us optimality conditions.

Observation 2: Eventually make e-active constraints active

17
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A Practical First-Order Method

Suppose Vr(x, 1) =3 ien, NiVEi(x).

Consider dropping one activity, j say, from the projection and
projecting —Vr(x, u)

dTVr(x, 1) = —Vr(x, 1) PVr(x, p) = —|| BV r(x, )2

Aso  dTVG(x) = ~NIPVGRI2 = — L FTr(x )]

So d increases (violates) the activity ¢; if and only if A; <0
and then decreases the penalty function if and only if

—1—)%<0 i.e A< —p

or alternatively (i.e. without violation) if and only if A\; >0
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A Practical Second-Order Exact Penalty Function

Now, the subproblem we really wish to solve is

1
. ~ T T ~
min Var(%,p) ' d+ 2d Vascr (%, p)d
subject to V(%) 'd + 3d V?¢(X)d =0, j€A.

In other words, we have completely accurate information about the
change in p up to second order

We can improve the activity values via
Ja(%)Tv=—6a (% +d)

with ¢4 (x) = [¢j(X)]jea, and Ja,(x) = [V¢i(x)]jea.-
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A Practical Second-Order Method:Observations

We know how to solve

1
. ~ T LT ~
min Var(%,p) ' d+ 2d Vascr (%, p)d
subject to Vei(%)'d =0, je€A.

Claim: If =PVr(x, p) is large then we can ignore the constraint
curvature

We already observed that if —PVr(x, u) is small then we can
obtain a good estimate for the A's in.

Vr(x,pn) ~ ZJEA[ AiVci(x).
What if we cannot ignore the constraint curvature?
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agn]ilg Ver(%,p0)Td + 3d " Vir(%, 1)d

e n

subject to Ve(%)Td+3d"V3¢(%)d =0, j€ A.
We need

Var(%1) + Vet (%.1)d = Yen. N AVG(%) + Va5, 1)d)

Or using our good lambda estimate, A
V(% 10) + Vi (%, 1)d = e p. {)\ V(%) + AV (x,u)d} .

Compare with KKT for

1 A
. ~ T Lo ~
min Var(%, 1) d+ 5 d (Vxxr(x., 1) — AV € ch(x, u)) d

subject to Ve(%)'d=0, j€A.
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An l; augmented Lagrangian?

Remark

The usual (h)-Augmented Lagrangian is a combination of the
(inexact) quadratic penalty with the Lagrangian which is motivated
as a means to prevent the necessity of requiring the penalty
parameter for the quadratic penalty to tend to infinity

Thus it seems eccentric to augment an exact penalty function

But one can obtain a better estimate of the multipliers

| hope to convince you that there are significant advantages for our
approach, although, for very large problems, per iteration, there
can be clear computational disadvantages because of the required

projections.

,But this is true for all active set methods; including the simplex method
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Towards the state-of-the-art

The /; augmented Lagrangian

It is just a small step to define an fi-analogue to the augmented
Lagrangian

mincern L1(x, A, 1) =
F(x) = 2 Aici(X) + 1 2jeqa,... my max{¢j(x), 0}
and again only one of 1 and the As needs to be updated

Furthermore, the "gradient” of the augmented Lagrange compared
with the Lagrangian gives the A\ update.

Where "gradient” is interpreted via first-order conditions in that it
is those that we are trying to drive to zero.
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The /; augmented Lagrangian )\ updates
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The /; augmented Lagrangian )\ updates

VLi(x N\ ) =

Vf(XI+1) — Z /\J'VCJ'(X/JFI) -+ 12 Z VCJ'(XI+1) — Z /_\J'VCJ'(X/JFI) =0.
j:]- jeve jGAE

where )\ are (least square) estimates.

Comparing coefficients of V¢j(x) suggests the update formula,
ANT=N+2,  ifjeA
=\ — i, if je Ve
=\, if j& Ac UV,

Optimality conditions come from the gradient of the Lagrangian
with the updated multipliers, which is indeed differentiable
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The /; augmented Lagrangian subproblem
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Now, the subproblem we wish to solve for a second-order method is

1
: I\, NT T VA
R X ’ / XX 3 Iy %2
dmemn VD(x', N, p') d—|—2d Vi D(x', X' u')d

subject to Vei(x)Td +2dTV2¢(x)d =0, j€ A
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The /; augmented Lagrangian subproblem

Now, the subproblem we wish to solve for a second-order method is

1
. D Il YT *TXXD Il
min VxD(x', N, u') d—|—2dV (x", N, u')d
subject to Vei(x)Td +2dTV2¢(x)d =0, j€ A

where D(x, A ) = f(x) = > Ajci(x) + 1 > ci(x)
=1 jev.

is locally differentiable
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Towards the state-of-the-art

The /; augmented Lagrangian subproblem

Now, the subproblem we wish to solve for a second-order method is

1
: DN DT S ATV DN
min VD(x', X', 1') d—|—2d Vs D(x", A ' )d
subject to ch(x’)Td+%dTV2cj(x’)d:0, J € A..

where D(x, A ) = f(x) = > Ajci(x) + 1 > ci(x)
j=1 Jjev.
is locally differentiable

and we already know how to do that appropriately.

25
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Towards the state-of-the-art

Model Problem Observation

2%

As already stated, the model based upon a quadratic objective
function and quadratic constraints should be the paradigm
optimization problem

If solved via the quadratic penalty function or (/-)augmented
Lagrangian it is more complex than quadratic (i.e. quartic)

If solved via an /i-penalty function or an fj-augmented Lagrangian
it is piecewise quadratic

We claim that this is a significant advantage.
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An [ augmented Lagrangian for equality constraints

For simplicity assume all general constraints are equality
constraints and now

Mme
The /i-exact penalty is f(x) + p > |cj(x)],
j=1
The h-augmented Lagrangian is f*(x) + i AicGi(x)+ i lci(x)],
=1 =1
The multiplier update rule is ’ ’

~

A=A, if j € A
Af“ =4 A +oku, ifje V. ,
AL if jg AU V.

where ¢; is the sign of ¢;(x).
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An [ augmented Lagrangian for equality constraints

For simplicity assume all general constraints are equality
constraints and now

Mme
The /i-exact penalty is f(x) + p > |cj(x)],
j=1
The h-augmented Lagrangian is f*(x) + i AicGi(x)+ i lci(x)],
=1 =1
The multiplier update rule is ’ ’

A=K, if j € A
Af“ =4 A +oku, ifje V. ,
K, if j & AUV,

where ¢; is the sign of ¢;(x).
The optimality conditions are that, for all j € A,

—plk) < 5\1(-1() <0, if JJ’-‘ = 1, or

0 <A <, if ok = 1.
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In other words we deal with them directly. If we have just
x>0
For any x(¥), we have two possibilities for each component:

Dominated (i) 0= x*) < (Vi Liy(xk, AW, 18, 399))  or
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In other words we deal with them directly. If we have just
x>0

For any x(¥), we have two possibilities for each component:
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(k)

]
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Adding simple bounds to the /; augmented Lagrangian

For bounds we need an additional (trivial) projection, Pg

In other words we deal with them directly. If we have just
x>0

For any x(¥), we have two possibilities for each component:

Dominated (i) 0= x*) < (Vi Liy(xk, AW, 18, 399))  or

]

Floating (i) ( Ve L (xk, A0, M(k),xm)), <x® where
Lo (x, A BRK) = DK(x, A ) — 32 89 ek (x) and

Dk(x, )\(k)M(k)) = f(x) + .El)v('k)cjk(x) + M(k) X\:/ ijgk(x)
J= JEVe

The algorithm forces , Pi(x, Vi LI5(x*, A u(k), AD)) to zero
as k increases.




Towards the state-of-the-art

The Algorithm

Step 1l:Initializations: A© and positive constants ng, o, wo, T > 1, 71 <1, ws << 1, mi <1,
Ay, Bw, an,and B, < 1 are given.

Set ‘U‘(O) = po, al0) = min(p (O)’ 1), w0 = wo(a (O)))aw, TI(O) = no(a(o))aﬂ, and k = 0.
Step 2:Inner iteration. Find x(k) e€R" such that x(¥) is w(k)_critical.
In other words, —u(K) < )\J(. ) <oif of=10r0< Aj.” < ul®,if ok = —1, forall j € Ac and
Il (0, A0, w0, 3 < k),
where A(¥) is a (least squares) estimate for
Vo DK, A0, 100y = 5o S, ck(x(K)

. J J

JEAe
If Hc(x(k) | < n(k) execute Step 3. Otherwise execute Step 4.
Step 3:Test for convergence and update Lagrange multiplier estimates.

If HL‘E,(X“, A(k), u“‘), S\(k))H < wx and Hc(x(k)H < M« stop. Otherwise, set

N R N RN G I G N S N O
alkr) min(u(<1), ),
B N IO CR VY
pkt) = () (kt1))Bn

increment k by one and go to Step 2.
Step 4:Increase the penalty parameter. Set

AlkH) = (kD)

S R

ol = min(utD), ),
W) Z R (ke
AUED R alkan)ya

increment k by one and go to Step 2.

20
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Theory

What can we prove? Essentially the same as LANCELOT

*

x* is any limit of the sequence {x(k)} generated by our Algorithm:

Assume: The functions and constraints are twice continuously
differentiable, the iterates x(K) lie in a closed, bounded domain and
the Jacobian matrix of active constraints, A(x*), has full column
rank at any limit point, x*, of the sequences X(k),

Let K be the indices of an infinite subsequence of x(K) with limit

x*.

Then
(i) There are positive constants aj, ap and an integer kg such that
MG,y — N < a4 a1 — 57,
and
M) = || < a1 — x|,
for all k > ko, (k € K).
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min f(x
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subject to  ¢j(x) =0, je€ E={1,---,me},
where B ={x € R" | x > 0}, A\* is the corresponding vector
of Lagrange multipliers, and the sequences
(N NE) LY and {A\(x9))} converges to \* for k € K,
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Furthermore, suppose, in addition, that ¢(x*) = 0. Then
(ii ) The point x* is a Karush-Kuhn-Tucker point for the problem
min f(x
xeB ( ) ) (]_)
subject to  ¢j(x) =0, je€ E={1,---,me},
where B ={x € R" | x > 0}, A\* is the corresponding vector
of Lagrange multipliers, and the sequences
(N NE) LY and {A\(x9))} converges to \* for k € K,
(iii) The gradient WV, Li(xk, X(K)| u(k), AR converges so that
g (x* AD) = VFk(ck) 14 Sy — 3 A B ek (xk) =0,
J=1 JEA
and gi(x*,A\*) =0, for k € K, where g is the gradient with

respect to x of the Lagrangian corresponding to (1).
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What can we prove?

29

Suppose further that the iterates {x{¥)} converges to a single limit
point x*, then there is a constant p > 0 such that u(k) < 4 for all k.

Suppose strict complementary slackness holds.
Then for k sufficiently large, the set of floating variables are
precisely those which lie away from their bounds at x*.

The iterates xX and the Lagrange multiplier estimates are at least
R-linearly convergent

For all exterior penalty function methods, it is possible to converge
to a non-feasible stationary point; usually easily rectified.

Moreover the inner iterations are superlinearly/quadratically
convergent if one uses a second-order method.
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Numerical Results

Numerical results with MADS implemented as Nomad: Thanks to Nadir Amaioua

MADS is a well-known derivative-free direct search optimization
method.

The search step of MADS uses a model trust region approach.

It naturally uses quadratic models for the objective and the
constraints when doing the search step.

So it naturally would like to solve quadratic problems with
quadratic constraints.
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Numerical Results

Numerical results with MADS implemented as Nomad

These results are on 20 constrained problems, with the largest
having 20 variables and 15 constraints, and 4 simulation problems,
with the largest having 10 variables and 10 constraints.

The comparisons are made with the QPQC subproblems solved by:
e MADS,
@ the exact penalty function,

@ the usual augmented Lagrangian,

the f1-augmented Lagrangian, and

e IPOPT,
The latter is a well-known smooth penalty function approach that
uses the log barrier with a linesearch

24
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Numerical Results

MADS on constrained problems in brief:
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Numerical Results

The Aircraft Range simulation problem: 50 instances

10 variables and 10 constraints Simulation in days
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Numerical Results

The Simplified Wing simulation problem: 50 instances

7 variables and 3 constraints Simulation in days
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Numerical Results

200 instances of the 4 simulation-based applications

Almost 3 weeks of simulation
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Numerical Results

constrained problems in brief (data profiles)
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Lockwood simulation problem: 50 instances:data
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Numerical Results

Lockwood simulation problem: 50 instances:data
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Numerical Results

The Welded simulation problem:

Just in case you think we always win: 4 variables and 6 constraints
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Numerical Results

What next?

Is it better to handle inequalities directly?

Can we do something about the projections for very large
problems?
For example randomization techniques?

How does it compare with other QPQC techniques like semidefinite
programming, second-order cone programming, generalized
eigen-decomposition, SCIP (Solving Constraint Integer Programs)
and using the reformulation-linearization technique for discrete
optimization problems?
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