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ABSTRACT

In this era of Large Language Models (LLMs) and other giant neural networks, we aim to analyze
simplified settings from scratch, as foundational steps towards understanding the functionality
of the giant models. We present our understanding from three aspects.

On expressive power, we investigate the function class of simplified graph networks, i.e.,
Graph-Augmented Multi-layer Perceptrons (GA-MLPs), against the classic Graph Neural Net-
works (GNNs) using measurements of graph isomorphism testing and counting attributed walks.

On optimization, we theoretically study instabilities from large learning rates in training neu-
ral networks, i.e., Edge of Stability. We investigate the conditions of how the loss landscape con-
tains such unstable training trajectories, especially oscillating in a low-dimensional subspace.
Then we leverage such property in simple, yet representative, learning problems in a teacher-
student style, including two-layer single-neuron homogeneous networks and matrix factoriza-
tion.

On data distribution of reasoning tasks, we propose a decomposition of next-token prediction
into two parts: in-context reasoning and distributional association. We study this decomposition
empirically and theoretically in a controlled synthetic setting, and find that feed-forward layers
tend to learn simple distributional associations such as bigrams, while attention layers focus on
in-context reasoning. Finally, based on such understanding, we provide empirical evidence on

how modifying the feed-forward layers can improve the performance of LLMs on certain tasks.
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1 INTRODUCTION

Large language models (LLMs) have achieved remarkable success in the past years. However,
while these models have shown impressive capabilities on a variety of tasks, they remain largely
black boxes. A better understanding of the role of Transformer layers and how they are affected
by the training process could enable new monitoring and editing techniques, better training data,
and ultimately more reliable LLMs. This requires a rigorous study under the constraint of limited
computational resources. The first possibility is to train large models in a more efficient way, such
as fine-tuning with low-rank adapters [Hu et al. 2022]. Nevertheless, involving nonlinear dynam-
ics with a large number of pre-trained parameters on complicated data, it is still challenging to
understand the training process of large models. The second possibility is to study simplified
settings from scratch, as foundational steps towards understanding the functionality of the giant

models. In this thesis, we present our understanding on this from three aspects.

1.1 EXPRESSIVE POWER OF SIMPLIFIED GRAPH NEURAL NETWORKS

Graphs are ubiquitous in many real-world applications, such as social networks, molecular struc-
tures, multi-body systems and transportation systems. As a modern method of learning rep-
resentations of graphs, Graph Neural Networks (GNNs) have been widely applied to various
tasks including node classification, link prediction and graph classification [Kipf and Welling

2016; Hamilton et al. 2017; Xu et al. 2019; Zhang and Chen 2018; You et al. 2018]. A large por-



tion of GNNs belong to the framework of Message Passing [Gilmer et al. 2017], where the node
representations are updated by aggregating information from their neighbors iteratively. This
neighborhood-aggregation mechanism allows GNNs to learn representations of nodes by com-
bining information from their local neighborhoods, and by increasing the depth of such GNNs,
we increase the size of the receptive field, which hopefully captures more global information of
the graph.

Based on such a message-passing framework, there are two lines of research that have gained
significant attention in the GNN community. The first one is to study the expressive power
of GNNs, which refers to their ability to distinguish non-isomorphic graphs or to approximate
certain functions on graphs [Xu et al. 2019; Morris et al. 2019; Maron et al. 2018, 2019a; Chen
et al. 2020b; Zhang et al. 2023]. The second one is to improve the training and scalability of
GNNs, especially for deep GNNs, by addressing issues such as over-smoothing, oversquashing
and efficiency [Kipf and Welling 2016; Li et al. 2018b; Oono and Suzuki 2020; Alon and Yahav 2020;
Rossi et al. 2020]. However, there is still a gap between these two lines of research. Typically,
when studying expressive power, the community references message-passing GNNs as a baseline
model, and compares it with other more complex models, such as GNNs with higher-order tensors
[Maron et al. 2019a], aggregated permutation-sensitive functions over permutations [Murphy
et al. 2019; Chen et al. 2020b]. But these models are often much less scalable than the original
message-passing GNNs, and thus not practical for real-world applications. On the contrary, when
improving the training and scalability of GNNs, most works focus on simplifying the architecture
of GNNS, such as using fewer layers or reducing the number of parameters, without considering
the expressive power of these simplified models. Therefore, we aim to bridge this gap by, for
the first time, understanding the expressive power of a simplified GNN architecture, which has

proven to be both scalable and effective in practice. The details are in Chapter 2.



1.2 SimpricIiTY INDUCED BY OPTIMIZATION

While the expressive power of general neural networks is one of the main factors of their suc-
cess, i.e., universal approximation theorem [Cybenko 1989], it always remains meaningful to
study where optimization methods lead to among such a large space of functions. If the effect
of optimization is not sufficiently considered, more expressive models may have less guarantee
of generalization, following theory of classic machine learning [Mohri et al. 2018]. However,
overparametrization, i.e., the number of parameters is much larger than the number of training
samples, has been shown to be beneficial for generalization in deep learning [Zhang et al. 2016;
Neyshabur et al. 2017; Arora et al. 2018]. This direction of studying how optimization affects
the learnt functions is termed as implicit regularization. Generally this direction has unveiled a
series of intriguing results that the learnt functions by certain optimization methods are simple
although the parametric model family is quite large. Such kinds of results typically involve two
conditions - certain intialization and limited learning rates. Different initialization scales induces
different training regimes. The large initialization is often referred to as lazy learning [Jacot
et al. 2018; Chizat et al. 2019], where the optimization dynamics are close to linear, and the opti-
mization trajectory is close to the initialization. The small initialization is usually about feature
learning, where informative features are inherent in data, then the optimization trajectory is dom-
inated by gradient from such features, e.g., single-index models [Arous et al. 2021; Damian et al.
2024] imitate neural networks to learn a single neuron buried in high-dimensional space. Regard-
ing optimization methods, majority of results are for gradient descent (GD) with small learning
rates, exactly or approximately following the trajectory of gradient flow, i.e., GD with infinitesi-
mal learning rates, then the continuous dynamics are easier to solve following ODEs instead the
discrete one.

However, all of these regimes are still limited in some subspace. The lazy learning stays

around initialization, the feature learning moves closely to the subspace from sparse features,



and small learning rates are easier to be stuck around a local minima. Meanwhile, small learning
rates in the beginning might be not small any more along training [Cohen et al. 2020], since
the curvature of the loss landscape may increase during training, then the trajectory becomes
sensitive to the choice of learning rates. Therefore, this motivates us to study what happens
when the learning rate is large, especially in the regime that theory tools from classical (convex)
optimization cannot guarantee convergence. We study the dynamics with large learning rates in
several settings, including 1-D functions, two-layer single-neuron homogeneous networks and
matrix factorization. While large learning rates help escape from initialization and sharp local
minima, the trajectories are still attracted by certain simple structures, such as period-2 orbits

and symmetric solutions. The details are in Chapter 3.

1.3 RoOLES OF FEED-FORWARD LAYERS AND ATTENTION IN

TRANSFORMERS

Next-token prediction is a fundamental task in large language models (LLMs), where the model
learns to predict the next word in a sequence given the previous words. Such an autoregressive
training objective turns out to bring impressive capabilities in various tasks, including language
understanding, generation, and even reasoning. However, the underlying mechanisms of how
these models achieve such performance remain largely unclear. In particular, the roles of dif-
ferent components in the Transformer architecture, such as feed-forward layers and attention
mechanisms, and their connections with training data distribution are still under active investi-
gation.

We start from a simple yet representative definition of data distribution, as a mixture of in-
context reasoning and fixed associations. Such a mixture is inspired by an observation in English.

SN

Prepositions like “to”, “for”, “above” are often followed by nouns, and nouns likely begin with

“the” or “a”, which means there is a strong co-occurrence between prepositions and “the”. We refer



to this co-occurrence as distributional association, against in-context reasoning where models
need to infer the next word based on the context. Then, we train a two-layer Transformer model
on this mixture of data distribution, and find that the feed-forward layers play a crucial role
in learning the associations, while the attention layers are essential for in-context reasoning.
This observation is consistent with the training dynamics of the model, where the feed-forward
layers learn to memorize the associations quickly, while the attention layers gradually capture the
in-context reasoning patterns. Moreover, based on this understanding, modifying feed-forward
layers in pre-trained LLMs can significantly lower the model’s predicted probability for such

associations. The details are in Chapter 4.



2 EXPRESSIVE POWER OF GRAPH NEURAL

NETWORKS

2.1 INTRODUCTION AND OUR CONTRIBUTIONS

While multi-layer Graph Neural Networks (GNNs) have gained popularity for their applications
in various fields, recently authors have started to investigate what their true advantages over
baselines are, and whether they can be simplified. On one hand, GNNs based on neighborhood-
aggregation allows the combination of information present at different nodes, and by increasing
the depth of such GNNs, we increase the size of the receptive field. On the other hand, it has
been pointed out that deep GNNs can suffer from issues including over-smoothing, exploding
or vanishing gradients in training as well as bottleneck effects [Kipf and Welling 2016; Li et al.
2018b; Luan et al. 2019; Oono and Suzuki 2020; Rossi et al. 2020; Alon and Yahav 2020].
Recently, a series of models have attempted at relieving these issues of deep GNNs while
retaining their benefit of combining information across nodes, using the approach of firstly aug-
menting the node features by propagating the original node features through powers of graph
operators such as the (normalized) adjacency matrix, and secondly applying a node-wise function
to the augmented node features, usually realized by a Multi-Layer Perceptron (MLP) [Wu et al.
2019; NT and Maehara 2019; Chen et al. 2019a; Rossi et al. 2020]. Because of the usage of graph

operators for augmenting the node features, we will refer to such models as Graph-Augmented



MLPs (GA-MLPs). These models have achieved competitive performances on various tasks, and
moreover enjoy better scalability since the augmented node features can be computed during
preprocessing [Rossi et al. 2020]. Thus, it becomes natural to ask what advantages GNNs have
over GA-MLPs.

In this section, we ask whether GA-MLPs sacrifice expressive power compared to GNNs while
gaining these advantages. A popular measure of the expressive power of GNNs is their ability
to distinguish non-isomorphic graphs [Hamilton et al. 2017; Xu et al. 2019; Morris et al. 2019].
In this section, besides studying the expressive power of GA-MLPs from the viewpoint of graph
isomorphism tests, we propose a new perspective that better suits the setting of node-prediction
tasks: we analyze the expressive power of models including GNNs and GA-MLPs as node-level
functions, or equivalently, as functions on rooted graphs. Under this perspective, we prove an
exponential-in-depth gap between the expressive powers of GNNs and GA-MLPs. We illustrate
this gap by finding a broad family of user-friendly functions that can be provably approximated
by GNNs but not GA-MLPs, based on counting attributed walks on the graph. Moreover, via the
task of community detection, we show a lack of flexibility of GA-MLPs, compared to GNNs, to
learn the best operators to use.

In summary, our main contributions are:

Finding graph pairs that several GA-MLPs cannot distinguish while GNNs can, but also

proving there exist simple GA-MLPs that distinguish almost all non-isomorphic graphs.

« From the perspective of approximating node-level functions, proving an exponential gap
between the expressive power of GNNs and GA-MLPs in terms of the equivalence classes

on rooted graphs that they induce.

« Showing that the functions that count a particular type of attributed walk among nodes

can be approximated by GNNs but not GA-MLPs both in theory and numerically.

« Through community detection tasks, demonstrating that GNNs have higher flexibility in



learning than GA-MLPs due to the fixed choice of the operator family in the latter.

2.2 RELATED WORKS

DepPTH IN GNNs.  [Kipfand Welling 2016] observe that the performance of Graph Convolutional
Networks (GCNs) degrade as the depth grows too large, and the best performance is achieved with
2 or 3 layers. Along the spectral perspective on GNNs [Bruna et al. 2013; Defferrard et al. 2016;
Bronstein et al. 2017; NT and Maehara 2019], [Li et al. 2018b] and [Wu et al. 2019] explain the
failure of deep GCNs by the over-smoothing of the node features. [Oono and Suzuki 2020] show
an exponential loss of expressive power as the depth in GCNs increases in the sense that the hid-
den node states tend to converge to Laplacian sub-eigenspaces as the depth increases to infinity.
[Alon and Yahav 2020] show an over-squashing effect of deep GNNss, in the sense that the width
of the hidden states needs to grow exponentially in the depth in order to retain all information
about long-range interactions. In comparison, our work focuses on more general GNNs based on
neighborhood-aggregation that are not limited in the hidden state widths, and demonstrates the
their advantage in expressive power compared to GA-MLP models at finite depth, in terms of dis-
tinguishing rooted graphs for node-prediction tasks. On the other hand, there exist examples of
useful deep GNNs. [Chen et al. 2019b] apply 30-layer GNNs for community detection problems,
which uses a family of multi-scale operators as well as normalization steps [loffe and Szegedy
2015; Ulyanov et al. 2016]. Recently, [Li et al. 2019, 2020a] and [Chen et al. 2020a] build deeper
GCN architectures with the help of various residual connections [He et al. 2016] and normaliza-
tion steps to achieve impressive results in standard datasets, which further highlights the need to
study the role of depth in GNNs. [Gong et al. 2020] propose geometrically principled connections,

which improve upon vanilla residual connections on graph- and mesh-based tasks.



Ex1sTING GA-MLP-TYPE MODELS. Motivated by better understanding GNNs as well as enhanc-
ing computational efficiency, several models of the GA-MLP type have been proposed and they
achieve competitive performances on various datasets. [Wu et al. 2019] propose the Simple Graph
Convolution (SGC), which removes the intermediary weights and nonlinearities in GCNs. [Chen
et al. 2019a] propose the Graph Feature Network (GFN), which further adds intermediary pow-
ers of the normalized adjacency matrix to the operator family and is applied to graph-prediction
tasks. [NT and Maehara 2019] propose the Graph Filter Neural Networks (gfNN), which enhances
the SGC in the final MLP step. [Rossi et al. 2020] propose Scalable Inception Graph Neural Net-
works (SIGNs), which augments the operator family with Personalized-PageRank-based [Klicpera

et al. 2018, 2019] and triangle-based [Monti et al. 2018; Chen et al. 2019b] adjacency matrices.

ExPRESSIVE POWER OF GNNs. [Xu et al. 2019] and [Morris et al. 2019] show that GNNs based
on neighborhood-aggregation are no more powerful than the Weisfeiler-Lehman (WL) test for
graph isomorphism [Weisfeiler and Leman 1968], in the sense that these GNNs cannot distin-
guish between any pair of non-isomorphic graphs that the WL test cannot distinguish. They also
propose models that match the expressive power of the WL test. Since then, many attempts have
been made to build GNN models whose expressive power are not limited by WL [Morris et al.
2019; Maron et al. 2019a; Chen et al. 2019¢; Morris and Mutzel 2019; You et al. 2019; Bouritsas
et al. 2020; Li et al. 2020b; Flam-Shepherd et al. 2020; Sato et al. 2019, 2020]. Other perspectives
for understanding the expressive power of GNNs include function approximation [Maron et al.
2019b; Chen et al. 2019c; Keriven and Peyré 2019], substructure counting [Chen et al. 2020b], Tur-
ing universality [Loukas 2020] and the determination of graph properties [Garg et al. 2020]. [Sato
2020] provides a survey on these topics. In this paper, besides studying the expressive power of
GA-MLPs along the line of graph isomorphism tests, we propose a new perspective of approxi-
mating functions on rooted graphs, which is motivated by node-prediction tasks, and show a gap

between GA-MLPs and GNNs that grows exponentially in the size of the receptive field in terms



of the equivalence classes that they induce on rooted graphs.

2.3 PRELIMINARIES

2.3.1 NOTATIONS

Let G = (V, E) denote a graph, with V being the vertex set and E being the edge set. Let n denote
the number of nodes in G, A € R™" denote the adjacency matrix, D € R™" denote the diagonal
degree matrix with D;; = d; being the degree of node i. We call D 2AD" the (symmetrically)
normalized adjacency matrix, and D™*AD™F a generalized normalized adjacency matrix for any
a,fpeR LetX € R™4 denote the matrix of node features, where X; denotes the d-dimensional
feature that node i possesses. For a node i € V, let N (i) denote the set of neighbors of i. We
assume that the edges do not possess features. In a node prediction task, the labels are given by
Y e R™

For a positive integer K, we let [K] = {1,...,K}. We use {...},, to denote a multiset, which
allows repeated elements. We say a function f(K) is doubly-exponential in K if loglog f(K) is

polynomial in K, and poly-exponential in K if log f(K) is polynomial in K, as K tends to infinity.

2.3.2 GraPH NEURAL NETWORKS (GNNS5)

Following the notations in [Xu et al. 2019], we consider K-layer GNNs defined generically as

follows. For k € [K], we compute the hidden node states H € Rmxd® iteratively as
(k) _ k (k=1) | ; (k) _ k) pp(k=1) 4 (k)
M;" = AGGREGATEW ({H;" ™" : j e N(i)}), H;"” = COMBINEW (H* ", M;”),  (2.1)
where we set H(®) = X to be the node features. If a graph-level output is desired, we finally let

Zg =READOUT({H™ :ieV}), (2.2)

10



Different choices of the trainable COMBINE, AGGREGATE and READOUT functions result in dif-
ferent GNN models, though usually AGGREGATE and READOUT are chosen to be permutation-
invariant. As graph-level functions, it is shown in [Xu et al. 2019] and [Morris et al. 2019] that
the maximal expressive power of models of this type coincides with running K iterations of the
WL test for graph isomorphism, in the sense that any two non-isomorphic graphs that cannot be
distinguished by the latter cannot be distinguished by the K-layer GNNs, either. For this reason,

we will not distinguish between GNN and WL in discussions on expressive powers.

2.3.3 GRAPH-AUGMENTED MULTI-LAYER PECEPTRONS (GA-MLPs)

GA-MLPs are models that consist of two steps - first augmenting the node features with some
operators based on the graph topology, and then applying a node-wise learnable function. Below
we focus on using linear graph operators to augment the node features, while an extension of
the definition as well as some of the theoretical results in Section 2.5 to GA-MLPs using general
graph operators is given in Appendix A.1. Let Q = {w;(A), ..., wx (A)} € R™" be a set of (usually
multi-hop) linear operators that are functions of the adjacency matrix, A. Common choices of
the operators are powers of the (normalized) adjacency matrix, and several particular choices of
Q that give rise to existing GA-MLP models are listed in Appendix A.2. In its general form, a

GA-MLP first computes a series of augmented features via
X = or(4) - 9(X) € R, (23)

with ¢ : R — R? being a learnable function acting as a feature transformation applied to each
node separately. It can be realized by an MLP, e.g. ¢(X) = o(XW;)W,, where o is a nonlinear

activation function and Wj, W, are trainable weight matrices of suitable dimensions. Next, the
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model concatenates X, ..., X into X = [)21, )N(K] € R"X(K‘i), and computes
Z = p(X) e RP? | (2.4)

where p : RKd 5 R is also a learnable node-wise function, again usually realized by an MLP. If
a graph-level output is desired, we can also add a READOUT function as in (2.2).
A simplified version of the model sets ¢ to be the identity function, in which case (2.3) and

(2.4) can be written together as
Z = p([w1(A) - X, .., 0k (A) - X]) (2.5)

Such a simplification improves computational efficiency since the matrix products wi(A) - X can
be pre-computed before training [Rossi et al. 2020]. Since we are mostly interested in an upper
bounds on the expressive power of GA-MLPs, we will work with the more general update rule
(2.3) in this paper, but the lower-bound result in Proposition 2.2 remains valid even when we

restrict to the subset of models where ¢ is taken to be the identity function.

2.4 EXPRESSIVE POWER AS GRAPH ISOMORPHISM TESTS

We first study the expressive power of GA-MLPs via their ability to distinguish non-isomorphic
graphs. It is not hard to see that when Q = {I, A, .., AK }, where A = D"*ADP for any a, f§ €
R generalizes the normalized adjacency matrix, this is upper-bounded by the power of K + 1
iterations of WL. We next ask whether it can fall strictly below. Indeed, for two common choices of
Q, we can find concrete examples: 1) If Q consists of integer powers of any normalized adjacency
matrix of the form D"*AD~1~% for some « € [0, 1], then it is apparent that the GA-MLP cannot
distinguish any pair of regular graphs with the same size but different node degrees; 2) If Q

consists of integer powers of the adjacency matrix, A, then the model cannot distinguish between
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Figure 2.1: A pair of graphs that can be distinguished by 2 iterations of the WL test but not by GA-MLPs
with Q C {A* : k € N}, as proved in Appendix A.10.

the pair of graphs shown in Figure 1, which can be distinguished by 2 iterations of the WL test.

The proof of the latter result is given in Appendix A.10. Together, we summarize the results as:

Proposition 2.1. I[fQ C {A¥ : k € NY}, with either A= A or A= D"“AD~(1-®) for some a € [0,1],

there exists a pair of graphs which can be distinguished by GNNs but not this GA-MLP.

Nonetheless, if we focus on not particular counterexamples but rather the average perfor-
mance in distinguishing random graphs, it is not hard for GA-MLPs to reach the same level as
WL, which is known to distinguish almost all pairs of random graphs under a uniform distribu-
tion [Babai et al. 1980]. Specifically, building on the results in [Babai et al. 1980], we prove in

Appendix A.5 that:

Proposition 2.2. For alln € Ny, 3a, > 0 such that any GA-MLP that has {D, AD™ %} C Q can
distinguish almost all pairs of non-isomorphic graphs of at most n nodes, in the sense that the fraction

of graphs on which such a GA-MLP fails to test isomorphism is 1 — 0o(1) asn — co.

The hypothesis that distinguishing non-isomorphic graphs is not difficult on average for ei-
ther GNNs or GA-MLPs is further supported by the numerical results provided in Appendix A.3,
in which we count the number of equivalence classes that either of them induce on graphs that
occur in real-world datasets. This further raises the question of whether graph isomorphism tests
along suffice as a criterion for comparing the expressive power of models on graphs, which leads
us to the explorations in the next section.

Lastly, we remark that with suitable choices of operators in Q, it is possible for GA-MLPs to go

beyond the power of WL. For example, if Q contains the power graph adjacency matrix introduced
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in [Chen et al. 2019b], min(A?, 1), then the GA-MLP can distinguish between a hexagon and a

pair of triangles, which WL cannot distinguish.

2.5 EXPRESSIVE POWER AS FUNCTIONS ON ROOTED GRAPHS

To study the expressive power beyond graph isomorphism tests, we consider the setting of node-
wise prediction tasks, for which the final readout step (2.2) is dropped in both GNNs and GA-
MLPs. Whether the learning setup is transductive or inductive, we can consider the models as
functions on rooted graphs, or egonets [Preciado and Jadbabaie 2010], which are graphs with one
node designated as the root {iy, ..., i,} is a set of nodes in the graphs {Gy, ..., G, } (not necessarily
distinct) and with node-level labels {Y;,, ..., Y;, } known during training, respectively, then the goal
is to fit a function to the input-output pairs (G,[,i"], Y;,), where we use Gl to denote the rooted
graph with G being the graph and the node i in G being the root. Thus, we can evaluate the
expressive power of GNNs and GA-MLPs by their ability to approximate functions on the space
of rooted graphs, which we call &.

To do so, we introduce a notion of induced equivalence relations on &, analogous to the
equivalence relations on G introduced in Appendix A.3. Given a family of functions ¥ on &,
we can define an equivalence relation ~g.4# among all rooted graphs such that VGU1, G’'l'l € &,
Gl ~g.# G'l'lif and only if Vf € F, f(Gl) = £(G'I']). By examining the number and sizes of
the induced equivalence classes of rooted graphs, we can evaluate the relative expressive power
of different families of functions on & in a quantitative way:.

In the rest of this section, we assume that the node features belong to a finite alphabet X € N
and all nodes have degree at most m € N,. Firstly, GNNs are known to distinguish neighborhoods
up to the rooted aggregation tree, which can be obtained by unrolling the neighborhood aggre-
gation steps in the GNNs as well as the WL test [Xu et al. 2019; Morris et al. 2019; Garg et al.

2020]. The depth-K rooted aggregation tree of a rooted graph Gl is a depth-K rooted tree with a
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Figure 2.2: An illustration of rooted graphs and rooted aggregation trees. Left: a pair of graphs, G and
G’. Center: the rooted graphs of 1in G and G’, G!'] and G’!!!. Right: the rooted aggregation tree that
both GI!I and G'I] correspond to.

(possibly many-to-one) mapping from every node in the tree to some node in GU!l, where (i) the
root of the tree is mapped to node i, and (ii) the children of every node j in the tree are mapped
to the neighbors of the node in G to which j is mapped. An illustration of rooted graphs and
rooted aggregation trees is given in Figure 2.2. Hence, each equivalence class in & induced by the
family of all depth-K GNNs consists of all rooted graphs that share the same rooted aggregation
tree of depth-K. Thus, to estimate the number of equivalence classes on & induced by GNNs, we
need to estimate the number of possible rooted aggregation trees, which is given by Lemma A.6 in
Appendix A.6. Thus, we derive the following lower bound on the number of equivalence classes

in & that depth-K GNNs induce:

Proposition 2.3. Assume that |X| > 2 and m > 3. The total number of equivalence classes of

rooted graphs induced by GNNs of depth K grows at least doubly-exponentially in K.

In comparison, we next demonstrate that the equivalence classes induced by GA-MLPs are
more coarsened. To see this, let’s first consider the example where we take Q = {I, A A2 .. AK |2

in which A = D~*AD# with any «, € R is a generalization of the normalized adjacency matrix.
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From formula (2.3), by expanding the matrix product, we have

o= 3, & g P, 26)
(i1,..ix ) €Wy (Glil)

where we define Wi (G!) = {(iy, ....ix) C V : Aiis Aiiyy oo A > 0} to be set of all walks of

i 1,i
length k in the rooted graph G/l starting from node i (an illustration is given in Figure 2.3). Thus,
the kth augmented feature of node i, (Af¢(X));, is completely determined by the number of each
“type” of walks in Gl of length k, where the type of a walk, (i, ..., i), is determined jointly by
the degree multiset, {d;,, ..., d;,_,} as well as the degree and the node feature of the end node, d;,
and X; . Hence, to prove an upper bound on the total number of equivalence classes on & induced
by such a GA-MLP, it is sufficient to upper-bound the total number of possibilities of assigning

the counts of all types of walks in a rooted graph. This allows us to derive the following result,

which we prove in Appendix A.7.

Proposition 2.4. Fix Q = {I, A, A2, ...,AK}, where A = D"*AD~F for some a, B € R. Then the total

number of equivalence classes in & induced by such GA-MLPs is poly-exponential in K.

Compared with Proposition 2.3, this shows that the number of equivalence classes on & in-
duced by such GA-MLPs is exponentially smaller than that by GNNs. In addition, as the other
side of the same coin, these results also indicate the complexity of these hypothesis classes. Build-
ing on the results in [Chen et al. 2019¢, 2020b] on the equivalence between distinguishing non-
isomorphic graphs and approximating arbitrary permutation-invariant functions on graphs by
neural networks, and by the definition of VC dimension [Vapnik and Chervonenkis 1971; Mohri

et al. 2018], we conclude that

Corollary 2.5. The VC dimension of all GNNs of K layers as functions on rooted graphs grows
at least doubly-exponentially in K; Fixing a, p € R, the VC dimension of all GA-MLPs with Q =

(LA, A%, ..., AKY as functions on rooted graphs is at most poly-exponential in K.
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Figure 2.3: A pair of rooted graphs, GI!! (left) and G’I' (right), in which blue nodes have node feature
0 and green nodes have node feature 1. They belong to the same equivalence class induced by any GA-
MLP with operators that only depend on the graph structure, but different equivalence classes induced
by GNNs. In particular, GI'l and G’'!' € 75, (1.13) (defined in Appendix A.8), and |W,(G!'); (1,1))] = 1
whereas |'W;(G’l1; (1,1))] = o.

Meanwhile, for more general operators, we can show that the equivalence classes induced
by GA-MLPs are coarser than those induced by GNNs at least under some measurements. For
instance, the pair of rooted graphs in Figure 2.3 belong to the same equivalence class induced by
any GA-MLP (as we prove in Appendix A.8) but different equivalence classes induced by GNNs.
Rigorously, we characterize such a gap in expressive power by finding certain equivalence classes
in & induced by GA-MLPs that intersect with many equivalence classes induced by GNNs. In

particular, we have the following general result, which we prove in Appendix A.8:

Proposition 2.6. If Q is any family of equivariant linear operators on the graph that only depend
on the graph topology of at most K hops, then there exist exponentially-in-K many equivalence
classes in & induced by the GA-MLPs with Q, each of which intersects with doubly-exponentially-
in-K many equivalence classes in & induced by depth-K GNNs, assuming that |X| > 2 and m > 3.
Conversely, in constrast, if Q = {I, A A% . AK}, in which A = D"*AD™? with any a, B € R, then
each equivalence class in & induced by depth-(K + 1) GNNs is contained in one equivalence class

induced by the GA-MLPs with Q.

In essence, this result establishes that GA-MLP circuits can express fewer (exponentially
fewer) functions than GNNs with equivalent receptive field. Taking a step further, we can find
explicit functions on rooted graphs that can be approximated by GNNs but not GA-MLPs. In the
framework that we have developed so far, this occurs when the image of each equivalence class
in & induced by GNNs under this function contains a single value, whereas the image of some

equivalence class in & induced by GA-MLPs contains multiple values. Inspired by the proofs of
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the results above, a natural candidate is the family of functions that count the number of walks
of a particular type in the rooted graph. We can establish the following result, which we prove

in Appendix A.9:

Proposition 2.7. For any sequence of node features {xy}ren, € X, consider the sequence of func-
tions fi, (GU1) := | Wi (GUL; (x1, ..., x))| on&. Forallk € Ny, the image under fi. of every equivalence
class in & induced by depth-k GNNs contains a single value, while for any GA-MLP using equivari-
ant linear operators that only depend on the graph topology, there exist exponentially-in-k many
equivalence classes in & induced by this GA-MLP whose image under fi. contains exponentially-in-k

many values.

In other words, there exist graph instances where the attributed-walk-counting-function f;
takes different values, yet no GA-MLP model can predict them apart — and there are exponen-
tially many of these instances as the number of hops increases. This suggests the possibility of
lower-bounding the average approximation error for certain functions by GA-MLPs under vari-

ous random graph families, which we leave for future work.

2.6 EXPERIMENTS

The baseline GA-MLP models we consider has operator family Q = {I, A, ..., AK} for a certain
K, and we call it GA-MLP-A. In Section 2.6.2 and 2.6.3, we also consider GA-MLPs with Q =
{1, A(l), ces Aﬁ)} (A(e) is defined in Appendix A.2), denoted as GA—MLP—A(D. For the experiments
in Section 2.6.3, due to the large K as well as the analogy with spectral methods [Chen et al.
2019b], we use instance normalization [Ulyanov et al. 2016]. Further details are described in

Appendix A.11.
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Cora RRG

Cora Citeseer Pubmed
# Nodes 2708 3397 19717 Model Train Test Train Test
K GNN GA-MLP GNN GA-MLP GNN GA-MLP GIN 3.98E-6 9.72E-7 3.39E-5 2.61E-4
37 37 31 31 82 82 gﬁ—mig-ﬁ 1.235-1 1.565-1 1.755—2 2.135-2
1589 756 984 506 8059 3762 -MLP-A+ 187E-2 6.44E-2 169E-2 2.13E-2

2301 2158 1855 1550 12814 12014 GA-MLP-A)  4.22E-1 5.79E-1 1.02E-1  1.58E-1
9363 2350 2074 2019 12990 12979 GA-MLP-A;)+ 400E-1 579E-1 112E-1 152E-1

2365 2365 2122 2115 12998 12998

[ O N R

Table 2.2: MSE loss divided by label variance
Table 2.1: The number of equivalence classes of rooted for counting attributed walks on the Cora
graphs induced by GNN and GA-MLP on node classifica- graph and RRG. The models denoted as “+”
tion datasets with node features removed. contain twice as many powers of the opera-
tor.

2.6.1 NUMBER OF EQUIVALENCE CLASSES OF ROOTED GRAPHS

Motivated by Propositions 2.3 and 2.4, we numerically count the number of equivalence classes
induced by GNNs and GA-MLPs among the rooted graphs found in actual graphs with node
features removed. For depth-K GNNs, we implement a WL-like process with hash functions to
map the depth-K egonet associated with each node to a string before comparing across nodes.
For GA-MLP-A, we compare the augmented features of each egonet computed via (2.3). From the
results in Table 2.1, we see that indeed, the number of equivalence classes induced by GA-MLP-A
is smaller than that by GNNs, with the highest relative difference occurring at K = 2. The contrast
is much more visible than their difference in the number of graph equivalence classes given in

Appendix A.3.

2.6.2 COUNTING ATTRIBUTED WALKS

Motivated by Proposition 2.7, we test the ability of GNNs and GA-MLPs to count the number of
walks of a particular type in synthetic data. We take graphs from the Cora dataset (with node
features removed) as well as generate a random regular graph (RRG) with 1000 nodes and the
node degree being 6. We assign node feature blue to all nodes with even index and node feature
red to all nodes with odd index, due to which the node feature is given by 2-dimensional one-

hot encoding. On the Cora graph, a node i’s label is given by the number of walks of the type
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blue— blue— blue starting from i. On the RRG, the label is given by the number of walks of the
type blue— blue— blue— blue starting from i. The number of nodes for training and testing is split
as 1000/1708 for the Cora graph and 300/700 for the random regular graph. We test four GA-
MLP models, two with as many powers of the operator as the walk length and the other two with
twice as many operators, and compare their performances against that of the Graph Isomorphism
Network (GIN), a GNN model that achieves the expressive power of the WL test [Xu et al. 2019].
From Table 2.2, we see that GIN significantly outperforms GA-MLPs in both training and testing
on both graphs, consistent with the theoretical result in Proposition 2.7 that GNNs can count
attributed walks while GA-MLPs cannot. Thus, this points out an intuitive task that lies in the

gap of expressive power between GNNs and GA-MLPs.

2.6.3 COMMUNITY DETECTION ON STOCHASTIC BLock MoDELS (SBM)

We use the task of community detection to illustrate another limitation of GA-MLP models: a
lack of flexibility to learn the family of operators. SBM is a random graph model in which nodes
are partitioned into underlying communities and each edge is drawn independently with a prob-
ability that only depends on whether the pair of nodes belong to the same community or not.
The task of community detection is then to recover the community assignments from the con-
nectivity pattern. We focus on binary (that is, having two underlying communities) SBM in the
sparse regime, where it is known that the hardness of detecting communities is characterized by
a signal-to-noise ratio (SNR) that is a function of the in-group and out-group connectivity [Abbe
2017]. We select 5 pairs of in-group and out-group connectivity, resulting in 5 different hardness
levels of the task.

Among all different approaches to community detection, spectral methods are particularly
worth mentioning here, which usually aim at finding a certain eigenvector of a certain operator
that is correlated with the community assignment, such as the second largest eigenvector of

the adjacency matrix or the second smallest eigenvector of the Laplacian matrix or the Bethe
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Hessian matrix [Krzakala et al. 2013]. In particular, the Bethe Hessian matrix is known to be
asymptotically optimal in the hard regime, provided that a data-dependent parameter is known.
Note that spectral methods bear close resemblance to GA-MLPs and GNNs. In particular, [Chen
et al. 2019b] propose a spectral GNN (sGNN) model for community detection that can be viewed
as a learnable generalization of power iterations on a collection of operators. Further details on

Bethe Hessian and sGNN are provided in Appendix A.11.

B SGNN 0.94 0,94 0.94

- GA-MLP-A
. B GA-MLP-H

Overlap

0.18 0.16 0.17

2 4

3
Rank of hardness

Figure 2.4: Community detection on binary SBM with 5 choices of in- and out-group connectivities, each
yielding to a different SNR. Higher overlap means better performance.

We first compare two variants of GA-MLP models: GA-MLP-A with K = 120, and GA-MLP-H
with Q generated from the Bethe Hessian matrix with the oracle data-dependent parameter also
up to K = 120. From Figure 2.4, we see that the latter consistently outperforms the former, indi-
cating the importance of the choice of the operators for GA-MLPs. As reported in Appendix A.11,
replacing A by A(l) yields no improvement in performance. Meanwhile, we also test a variant
of sGNN that is only based on powers of the A and has the same receptive field as GA-MLP-A
(further details given in Appendix A.11). We see that its performance is comparable to that of
GA-MLP-H. Thus, this demonstrates a scenario in which GA-MLP with common choices of Q do
not work well, but there exists some choice of Q that is a priori unknown, with which GA-MLP
can achieve good performance. In contrast, a GNN model does not need to rely on the knowledge

of such an oracle set of operators, demonstrating its superior capability of learning.
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2.7 CONCLUSIONS

We have studied the separation in terms of representation power between GNNs and a popu-
lar alternative that we coined GA-MLPs. This latter family is appealing due to its computational
scalability and its conceptual simplicity, whereby the role of topology is reduced to creating ‘aug-
mented’ node features then fed into a generic MLP. Our results show that while GA-MLPs can
distinguish almost all non-isomorphic graphs, in terms of approximating node-level functions,
there exists a gap growing exponentially-in-depth between GA-MLPs and GNNss in terms of the
number of equivalence classes of nodes (or rooted graphs) they induce. Furthermore, we find a
concrete class of functions that lie in this gap given by the counting of attributed walks. More-
over, through community detection, we demonstrate the lack of GA-MLP’s ability to go beyond
the fixed family of operators as compared to GNNs. In other words, GNNs possess an inherent
ability to discover topological features through learnt diffusion operators, while GA-MLPs are
limited to a fixed family of diffusions.

While we do not attempt to provide a decisive answer of whether GNNs or GA-MLPs should
be preferred in practice, our theoretical framework and concrete examples help to understand
their differences in expressive power and indicate the types of tasks in which a gap is more likely
to be seen - those exploiting stronger structures among nodes like counting attributed walks, or
those involving the learning of graph operators. That said, our results are purely on the repre-
sentation side, and disregard optimization considerations; integrating the possible optimization
counterparts is an important direction of future improvement. Finally, another open question is
to better understand the links between GA-MLPs and spectral methods, and how this can help

learning diffusion operators.
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3 OPTIMIZATION INSTABILITIES IN

LOW-DIMENSIONAL SPACE

3.1 INTRODUCTION AND OUR CONTRIBUTIONS

Given a differentiable objective function f(6), where 8 € R? is a high-dimensional parameter

vector, the most basic and widely used optimization method is gradient descent (GD), defined as
0+ = o) — pv,£(61), (3.1)

where 7 is the learning rate. For all its widespread application across many different ML setups,
a basic question remains: what are the convergence guarantees (even to a local minimiser) under
typical objective functions, and how they depend on the (only) hyperaparameter n? In the mod-
ern context of large-scale ML applications, an additional key question is not only to understand
whether or not GD converges to minimisers, but to which ones, since overparametrisation defines
a whole manifold of global minimisers, all potentially enjoying drastically different generalisation
performance.

The sensible regime to start the analysis is 7 — 0, where GD inherits the local convergence
properties of the Gradient Flow ODE via standard arguments from numerical integration. How-

ever, in the early phase of training, a large learning rate has been observed to result in better
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generalization [LeCun et al. 2012; Bjorck et al. 2018; Jiang et al. 2019; Jastrzebski et al. 2021],
where the extent of “large” is measured by comparing the learning rate  and the curvature of
the loss landscape, measured with A(6) := Apax [V; f (9)], the largest eigenvalue of the Hessian
with respect to learnable parameters. Although one requires sup, A(6) < 2/n to guarantee the
convergence of GD [Bottou et al. 2018] to (local) minimisers !, the work of [Cohen et al. 2020]
noticed a remarkable phenomena in the context of neural network training: even in problems
where A(0) is unbounded (as in NNs), for a fixed 7, the curvature A(8Y) increases along the
training trajectory (3.1), bringing A(8*)) > 2/n [Cohen et al. 2020]. After that, a surprising phe-
nomena is that A(8()) stably hovers above 2/n and the neural network still eventually achieves
a decreasing training loss — the so-called “Edge of Stability”. We would like to understand and
analyse the conditions of such convergence with a large learning rate under a variety models that
capture such observed empirical behavior.

Recently, some works have built connections between EoS and implicit bias [Arora et al. 2022;
Lyu et al. 2022; Damian et al. 2021, 2022b] in the context of large, overparametrised models such
as neural networks. In this setting, GD is expected to converge to a manifold of minimisers,
and the question is to what extent a large learning rate ‘favors’ solutions with small curvature. In
essence, these works show that under certain structural assumptions, GD is asymptotically track-
ing a continuous sharpness-reduction flow, in the limit of small learning rates. Compared with
these, we study non-asymptotic properties of GD beyond EoS, by focusing on certain learning
problems (e.g., single-neuron ReLU networks and matrix factorization). In particular, we charac-
terize a range of learning rates n above the EoS such that GD dynamics hover around minimisers.
Moreover, in the matrix factorization setup, where minimisers form a manifold with varying
local curvature, our results give a non-asymptotic analogue of the ‘Sharpness-Minimisation’ ar-
guments from [Arora et al. 2022; Lyu et al. 2022; Damian et al. 2022b].

The straightforward starting point for the local convergence analysis is via Taylor approxi-

10ne can replace the uniform curvature bound by SUPg. £ (0) < F(000)) A(0).

24



mations of the loss function. However, in a quadratic Taylor expansion, gradient descent diverges
once A(0) > 2/n [Cohen et al. 2020], indicating that a higher order Taylor approximation is re-
quired. By considering a 1-D function with local minima 6" of curvature A* = A(6*), we show
the existence of fixed points of two-step updates around the minima with 7 slightly above the
threshold 2/1*, provided its high order derivative satisfies mild conditions as in Theorem 3.1,
with generalization into matrix factorization in Theorem B.3 and experiments of MLPs in Ap-
pendix 3.7.2. A typical example of such functions is f(x) = }I(xz — p)? with p > 0. Furthermore,
we prove that it converges to an orbit of period 2 from a more global initialization rather than
the analysis of high-order local approximation.

As it turns out, the analysis of such stable one-dimensional oscillations is sufficiently intrinsic
to become useful in higher-dimensional problems. First, we leverage the analysis to a two-layer
single-neuron ReLU network, where the task is to learn a teacher neuron with data on a uniform
high-dimensional sphere. We show a convergence result under population loss with GD beyond
EoS, where the direction of the teacher neuron can be learnt and the norms of two-layer weights
stably oscillate, with empirical evidence of 16-neuron networks in Appendix 3.7.1. We then focus
on matrix factorization, a canonical non-convex problem whose geometry is characterized by a
manifold of minimisers having different local curvature. We provide novel observations of its
convergence to period-2 orbit with comprehensive theoretical intuition of the dynamics. Finally,
we extend previous works by proposing two models with observations in matrix factorization

compatible for future analysis.

3.1.1 CONNECTIONS BETWEEN THEORETICAL RESULTS

In this section, we discuss the connections between our presented theoretical results, as illustrated
in Figure 3.1.
Theorem 3.1 and Lemma 3.2 present (local) intrinsic geometric properties for a 1-D function

to allow stable oscillations. Such properties provide us the 1-D function f(x) = (z — x?)? and,
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High-order LG (Lem. 3.2)

Local Geometry (Thm. 3.1)

~

1-D case (Thm. 3.3) LG for MF (Thm. B.3)

! |

(g9(x) — y)? (Prop. 1) 2-D case (Prop. 3) <€ Balancing effect (Thm. 3.4)

| |

Composition rule of g (Prop 2) Single-neuron (Prop. 4) Quasi-sym MF (Obs. 2)

A

wy — 0 (Thm. 3.5)

Figure 3.1: Connections between our presented theoretical results. The arrows stand for “implies”. LG
stands for Local Geometry. MF stands for Matrix Factorization.

furthermore, we generalize the local property to a global convergence result in Theorem 2. Then

we are to generalize the 1-D analysis to cases of i) multi-parameter, ii) nonlinear and iii) high-

dimension.

(a)

Multi-parameter. Compared with 1-D f(x) = (u — x?)?, the 2-D function f(x,y) = (u —
xy)? can be viewed as the simplest setting of two-layer models. We prove that the 2-D case
converges to the region of x = y in Theorem 3.4 in Section 3.4.2, which means it shares the

same convergence as the 1-D model. Also, x = y means its sharpness is the flattest.

Nonlinear. We extend the 2-D model to a two-layer single-neuron ReLU model in Sec-
tion 3.5. Although the student neuron can be initialized far from the direction of the teacher
neuron, we prove the student neuron converges to the correct direction (as w, — 0) in The-
orem 3.5. Then the problem degenerates to the above 2-D analysis, which means it shares

the same convergence with the 2-D, where (v, wy) corresponds to (x,y) in 2-D.

High-dimension. We extend the 2-D model to quasi-symmetric matrix factorization in
Section 3.6. Although the parameters are initialized near a sharp minima, GD still walks

towards the flattest minima, as shown in Observation 2. At convergence, the top singular
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values of Y,Z are the same, following the 2-D analysis. So the singular values are in the

same period-2 orbit as the 1-D case.

Meanwhile, from Theorem 3.1 and Lemma 3.2, we prove a condition for base models g in
regression tasks to allow stable oscillation in Prop 1. Furthermore, we provide a composition rule

of two base models to find a more complicated model that allows stable oscillation in Prop 2.

3.1.2 IMPLICATIONS FROM LOW-DIMENSION TO HIGH-DIMENSION

We would like to emphasize that, although our current simple settings are a little far from practical
NN, it still helps understand the ability of GD at large LRs to discover flat minima in three steps
as follows. We include more experiments in Appendix 3.7 to present the following hopes for

complicated networks:

(a) By Theorem 3.1, especially its second condition, we wish to discover an intrinsic geometric
property around local minima of more complicated models. The key is to investigate the

1-D function at the cross-section of the leading eigenvector and the loss landscape.

€ Theoretical: we prove the 1-D condition holds at any minima for non-trivial matrix

factorization, shown as Theorem B.3 in Appendix B.1.2.

*¢ Empirical: we show the 1-D condition holds around minima of 3,4,5-layer ReLU MLPs

on MNIST, shown in Figure 3.6(d), 3.7(d), 3.8(d) in Appendix 3.7.2.

(b) With the above intrinsic geometric property, the next question is whether the training

trajectory utilizes this property.

€ Theoretical: in the case of quasi-symmetric matrix factorization, we observe and pro-
vide theoretical intuition that the training trajectory follows the leading eigenvector
of the Hessian (i.e. the leading component of X;) in Observation 2, where the only

top components of weights are changing in w(e€).
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¢ Empirical: for MLPs on MNIST, we show the almost perfect alignment of the gradient

and the top Hessian eigenvector in Figure 3.6(c), 3.7(c), 3.8(c).

(c) The final implication is the implicit bias of EoS after such oscillation. It turns out GD is
driven to flatter minima from sharper minima. In the 1-D case, obviously there is nothing
about implicit bias since the only thing GD is doing is to approximate the target value.

However, an implicit bias from the oscillation appears starting from the 2-D case.

@ Theoretical 1: in the 2-D case in Theorem 3.4, we prove the two learnable parameters
x,y will converge to the same values after oscillations of their product xy. Actually

in the minimum manifold, smaller |x — y| means a flatter minimizer.

@ Theoretical 2: in the single-neuron ReLU network in Theorem 3.5 and Prop 4, we show
the model degenerates to the 2-D case since w, — 0. The 2-D argument tells that this
nonlinear model also walks towards the balanced situation, verified with experiments

in Figure B.2.

@ Theoretical 3: in the quasi-symmetric MF in Obs 2, although the initialization is
around a sharp minima, GD is still driven towards the flattest minima where 0., (Y) =
Omax(Z).

¢ Empirical 1: for 2-layer 16-neuron ReLU network in a student-teacher setting, it turns
out learning rate decay after beyond-EoS oscillations drives the model very close to

the flattest minima, as shown in Figure 3.5 and in Appendix 3.7.1.

*¢ Empirical 2: for 3,4,5-layer MLPs on MNIST, larger learning rate drives to a flatter

minima, as shown in Figure 3.6(b).

3.2 RELATED WORKS

EDGE OF sTABILITY. Cohen et al. [2020] observes a two-stage process in gradient descent, where
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the first is loss curvature grows until the sharpness touches the bound 2/7, and the second is the
curvature hovers around the bound and training loss still decreases in a macro view regardless
of local instability. Gilmer et al. [2021] reports similar observations in stochastic gradient de-
scent and conducts comprehensive experiments of loss sharpness on learning rates, architecture
choices and initialization. Lewkowycz et al. [2020] argues that gradient descent would “catapult”
into a flatter region if loss landscape around initialization is too sharp.

Some concurrent works [Ahn et al. 2022; Ma et al. 2022; Arora et al. 2022; Damian et al.
2022b] are also theoretically investigating the edge of stability. Ahn et al. [2022] suggests that
unstable convergence happens when the loss landscape of neural networks forms a local forward-
invariant set near the minima due to some ingredients, such as tanh as the nonlinear activation.
Ma et al. [2022] empirically observes a multi-scale structure of loss landscape and, with it as an
assumption, shows that gradient descent with different learning rates may stay in different levels.
Arora et al. [2022] shows the training provably enters the edge of stability with modified gradient
descent or modified loss, and then its associated flow goes to flat regions. Under mild conditions,
Damian et al. [2022b] proves that GD beyond EoS follows an optimization trajectory subjected
to a sharpness constraint so that a flatter region is found. Note that our learning rate is strictly
larger than that of Damian et al. [2022b] so that their proposed manifold does not exists in our

settings, as discussed in Section 3.6.2.

IMPLICIT REGULARIZATION. Due to its theoretical closeness to gradient descent with a small
learning rate, gradient flow is a common setting to study the training behavior of neural net-
works. Barrett and Dherin [2020] suggests that gradient descent is closer to gradient flow with
an additional term regularizing the norm of gradients. Through analysing the numerical error
of Euler’s method, Elkabetz and Cohen [2021] provides theoretical guarantees of a small gap de-
pending on the convexity along the training trajectory. Neither of them fits in the case of our

interest, because it is hard to track the parametric gap when n > 1/A. For instance, in a quadratic
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function, the trajectory jumps between the two sides once > 1/A. Damian et al. [2021] shows
that SGD with label noise is implicitly subjected to a regularizer penalizing sharp minimizers but

the learning rate is constraint strictly below the edge of stability threshold.

BALANCING EFFECT. Du et al. [2018] proves that gradient flow automatically preserves the norm
differences between different layers of a deep homogeneous network. [Ye and Du 2021] shows
that gradient descent on matrix factorization with a constant small learning rate still enjoys the
auto-balancing property. Also in matrix factorization, Wang et al. [2021] proves that gradient
descent with a relatively large learning rate leads to a solution with a more balanced (perhaps
not perfectly balanced) solution while the initialization can be in-balanced. In a similar spirit, we
extend their finding to a larger learning rate, with which the perfect balance may be achieved
in our setting. We estimate our learning rate is strictly larger than theirs [Wang et al. 2021],
where they show GD with large learning rates converges to a flat region in the interpolation
manifold while the flat region w.r.t. our larger learing rate does not exists so GD is forced to
wander around the flattest minima. Note that the implication of balancing effect is to get close
to a flatter solution in the global minimum manifold, which may help improve generalization in

some common arguments in the community.

LEARNING A SINGLE NEURON. Yehudai and Ohad [2020] studies necessary conditions on both
the distribution and activation functions to guarantee a one-layer single student neuron align-
ing with the teacher neuron under gradient descent, SGD and gradient flow. Vardi et al. [2021]
extends the investigation into a neuron with a bias term. Vardi and Shamir [2021] empirically
studies the training dynamics of a two-layer single neuron, focusing on its implicit bias. In this
work, we present a convergence analysis of a two-layer single-neuron ReLU network trained

with population loss in a large learning rate beyond the edge of stability.
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3.3 PRELIMINARIES

We consider a differentiable objective function f(#) with # € R¢, and the GD algorithm from

(3.1).

Definition 1. A differentiable function f is L-gradient Lipschitz if

IVF(01) = V(O < L0y = 2l ¥ 01,0;. (3.2)

The above definition is equivalent to saying that the spectral norm of the Hessian is bounded
by L, or the local curvature at each point is bounded by L. Then 1 needs to be bounded by 1/L in
GD so that it is guaranteed to visit an approximate first-order stationary point [Nesterov 1998].
The perturbed GD requires = 1/L to visit an approximate second-order stationary point [Jin
et al. 2021], and stochastic variants share similar assumptions [Ghadimi and Lan 2013; Jin et al.
2021].

However, in practice, such an assumption may be violated, or even impossible to satisfy when
IV2£|| is not uniformly bounded. Cohen et al. [2020] observes that, with learning rate 5 fixed,
the largest eigenvalue A; of the loss Hessian of a neural network is below 2/n at initialization,
but it grows above the threshold along training. Such a phenomena is more obvious when the
network is deeper or narrower. This reveals the non-smooth nature of the loss landscape of neural
networks.

Furthermore, another observation from Cohen et al. [2020] is that once A; > 2/n, the train-
ing loss stops the monotone decreasing. This is not surprising because GD would diverge in a
quadratic function with such a large curvature. However, despite of local instability, the training
loss still decreases in a longer range of steps, during which the local curvature stays around 2/7.
A further phenomena is that, when GD is at the edge of stability, if the learning rate suddenly

changes to a smaller value n; < 7, then the local curvature quickly grows to 2/n; — indicating
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the ability to ‘manipulate’ the local curvature by adjusting the learning rate.

Besides the analysis of GD, the local curvature itself has also received a lot of attention. Due
to the nature of over-parameterization in modern neural networks, the global minimizers of the
objective f form a manifold of solutions. There have been active directions to understand the
implicit bias of GD methods, namely where do they converge to in the manifold, and why some
points in the manifold are more preferable than others. For the former question, it is believed that
(stochastic) GD prefers flatter minima [Barrett and Dherin 2020; Smith et al. 2021; Damian et al.
2021; Ma and Ying 2021]. For the latter, flatter minima brings better generalization [Hochreiter
and Schmidhuber 1997; Li et al. 2018a; Keskar et al. 2016; Ma and Ying 2021; Ding et al. 2022]. It
would be meaningful if flatter minima could be obtained via GD with a large learning rate.

More specifically, it has been shown that the eigenvalues of the hessian of a deep homoge-
neous network could be manipulated to infinity via rescaling the weights of each layer [Elkabetz
and Cohen 2021]. Fortunately, gradient flow preserves the difference of norms across layers along
the training [Du et al. 2018]. As a result, a balanced initialization induces balanced convergence,
while GD would break this balancing effect due to finite learning rate. However, recently it has
been observed that GD with large learning rates enjoys a balancing effect [Wang et al. 2021],
where it converges to a (not perfect) balanced result despite of imbalanced initialization.

Motivated by the connections of optimization, loss landscape and generalization, we would
like to understand the training behavior of gradient descent with a large learning rate, from low-

dimensional to representative models.

3.4 STABLE OSCILLATION ON 1-D FUNCTIONS: FIXED POINT OF

TWO-STEP UPDATE

In this section, we provide conditions of existence of fixed points of two-step GD on generic

1-D functions, which are on the third or higher derivatives at the local minima (Theorem 3.1
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and Lemma 3.2). More specifically, in the regression setting, these local conditions allow many
differentiable non-linear activation functions to the base model (Prop 1), and a composition rule
is established to build complicated base models with simple base models (Prop 2).

Within the framework of Theorem 3.1, we identify a specific 1-D function to investigate more:
we show the convergence to the fixed points (Theorem 3.3), along with its 2-D extension in Prop 3,
serving as the foundation of nonlinear (Section 3.5) and high-dimensional (Section 3.6) cases.

Empirical verification of all theorems are provided in Appendix B.2.

3.4.1 EXISTENCE OF FIXED POINTS

Definition 2. (Period-2 stable oscillation and fixed point of two-step update F,?. ) Consider GD on
a function f in domain Q. Denote the update rule of GD as F,(x) for x € Q with learning rate 1.
A period-2 stable oscillation is 3 x € Q such that F,(F,(x)) = x and x is not a minima of f.

Equivalently speaking, 3 x € Q is a fixed point of the two-step update F,?() = Fy(F,(4)).

Remark 1. It is obvious that fixed points of F,? exist in pairs by the nature of period-2 oscillation.

We initiate our analysis of existence of fixed point of F,? in 1-D. Starting from a condition on
general 1-D functions, we look into several specific 1-D functions to verify our arguments. Then,
focusing on a function in the form of f(x) = (x? — u)?, we present the convergence analysis as
a foundation for the following discussions. Furthermore, to shed light on the multi-layer setting,

we propose a balancing effect on a 2-D function to make a connection to the 1-D analysis.

GENERAL 1-D runcTIONS. Consider a 1-D function f(x) with a learnable parameter x € R. The

parameter updates following GD with the learning rate 5 as

KD Fn(x(t)) = (D _ Ufl(x(t))- (3.3)
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Assuming f is differentiable and all derivatives are bounded, the function value in the next step

can be approximated by

D) = FE0) =l GO (1= 270 + (x5 = 507,

If n < 2/f”(x™®), this approximation reveals that the function monotonically decreases for each
step of GD, ignoring higher terms. Such an assumption would guarantee the convergence to a
global minimum in a convex function. However, our interest is what happens if > 2/f”(x). For
instance, if f is a quadratic function, the second-order derivative f” is constant. As a result, once
n > 2/f”, GD diverges except when being initialized at the optimum. However, when trained
with a large learning rate n > 2/f”(x), there is still some hope for a function to stay around a

local minima X, as stated in the following theorem.

Theorem 3.1. Consider any 1-D differentiable function f(x) around a local minima X, satisfying
(i) fO(x) # 0, and (ii) 3[fP)? = f/f@ > 0 at x. Then, there exists € with sufficiently small |e|
and e - f® > 0 such that: for any point x, between % and % — €, there exists a learning rate n such

that F} (xo) = xo, and
2 2

FE TS @ 0w

Remark 1. Here obviously we have > 2/ f” (%) beyond EoS. If we take f” (x,) ~ f”(x)—€'f®) (%)

with €’ ~ €, itholds < Jﬁ Symmetrically, it holds 7 Fi ) < f"z(x)' Hence, 1 upper bounded

by the EoS at one point in the period-2 orbit.

Remark 2. We prove the key condition, 3[ f(*]2— f”f® > 0, in the case of matrix factorization
around any minima as Theorem B.3 in Appendix B.10.1. Meanwhile, we verify this condition in

multi-layer networks on MNIST, as shown in Figure 3.6, 3.7, 3.8 in Appendix 3.7.2.
The details of proof are presented in the Appendix B.3. As stated in the Theorem 3.1, we
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provide a sufficient condition for existence of fixed point of F,? around a local minima. But still
we cannot tell whether or not some functions have it with f(* (&) = 0. For instance, a quadratic
function does not satisfy this condition since f® = f = 0 and it diverges when GD is beyond
the edge of stability. But for f(x) = sin(x) around ¥ = —% where f ®)(%) = 0, it turns out the
fixed point exists. Therefore, we extend the argument in Theorem 3.1 to a higher order case
in Lemma 3.2. As a result, we verify that the sine function does allow stable oscillation as in

Corollary 1, because its lowest order of nonzero derivative (except f”) at the local minima is

@) <o.

Lemma 3.2. Consider any 1-D differentiable function f(x) around a local minima x, satisfying that
the lowest order non-zero derivative (except the f”) at % is f¥) (%) with k > 4. Then, there exists €

with sufficiently small |€| such that: for any point x, between X and X — €, and

1. ifk isodd and e - f® (%) > 0, f*+V(x) < 0, then there exists j € (j%, W),

2. ifk is even andf(k) (%) < 0, then there existsn € (fl,,, W),

such that F,? (x0) = xo.

The details of proof are presented in the Appendix B.4.

L, 10Ss ON GENERAL 1-D FuNncTIONS. However, we have to admit that the local conditions above
are 1) too abstract to directly write down a meaningful function in this family, or 2) too compli-
cated to compute the higher-order derivatives of a given non-trivial function.

Fortunately, both Theorem 3.1 and Lemma 3.2 provide a guarantee that squared-loss on any
base function g provably allows stable oscillation once g satisfies some mild conditions, as stated
in Prop 1. Moreover, we provide a straightforward method to build a more complicated model

from two simple base models, as stated in Prop 2.
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Proposition 1. Consider a 1-D function g(x) , and define the loss function f as f(x) = (g(x) —y)>.
Assuming (i) g’ is not zero when g(x) = vy, (ii) ¢ (x)g®) (%) < 6[g” (%)]%, then it satisfies the condition

in Theorem 3.1 or Lemma 3.2 have a fixed point ofF,? around X.

This setup covers a broad family of generic non-linear least squares problems, including the
base model g being sine, tanh, high-order monomial, exponential, logarithm, sigmoid,
softplus, gaussian, etc. Many of these nonlinear (activation) functions are widely used in em-
pirical or theoretical deep learning, together with the composition rule (Prop 2), shedding light

for future analysis of practical models with these as building blocks.

Proposition 2 (Composition Rule). Consider two 1-D functions p,q. Assume both p(x),q(y) at
x = X,y = p(X) satisfies the conditions of g in Prop 1. Then q(p(x)) also satisfies the conditions to

have a fixed point ong around x = X.

In Appendix B.4 and B.5, we provide the proof details of these settings of g(x) as Corollaries
1-8, along with all lemmas and proposition.

After the above discussions on local conditions, a natural question rises up as
Q1: with existence of a fixed point of FZ, can iterative runnings of F,? converge to it?

With such a question, we are going to present a careful analysis on g(x) = x2.

3.4.2 CONVERGENCE TO FIXED POINTS

A speciAL 1-D FuncTion.  Consider f(x) = (x? — p)? with p > 0, f® (VE) = 6yi [/ (V) =
2p1. Note that this function is more special to us because it can be viewed as a symmetric scalar
factorization problem subjected to the squared loss. Later we will leverage it to gain insights
for asymmetric initialization, two-layer single-neuron networks and matrix factorization. Before

that, we would like to show where it converges to when 1 > Jﬁ as follows.
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Theorem 3.3. For f(x) = i(x2 — )2, consider GD withn = K - i wherel < K < V4.5-1 ~ 1.121,
and initialized on any point 0 < xo < /. Then it converges to an orbit of period 2, except for

a measure-zero initialization where it converges to +/ji. More precisely, the period-2 orbit are the

solutions x = &1 € (0, /1), x = 62 € (\/l, 24/f1) of solving § in

n= . (3.4)

The details of proof are presented in the Appendix B.6. As shown above, Theorem 3.1 and
Theorem 3.3 stand in two different levels: Theorem 3.1 restricts the discussion in a local view
because of Taylor approximation, while Theorem 3.3 starts from local convergence and then
generalizes it into a global view. However, Theorem 3.1 builds a foundation for Theorem 3.3

because the latter would degenerate to the former when K is extremely close to 1.

A sPECIAL 2-D FUNCTION.  Similarly, consider a 2-D function f(x,y) = %(xy— )% under different
initialization for x and y, which we would call “in-balanced” initialization. Note that all the global
minima in 2-D case form a manifold {(x, y)|xy = p} while the 1-D case only has two points of
global minima. So we need to distinguish all points in the manifold by their sharpness. When
xy = 11, the leading eigenvalue of the loss Hessian is A; = (x—y)%+2y. Hence, in the global minima
manifold, the local curvature of each point is larger if its two parameters are more imbalanced.
Among all these points, the smallest curvature appears to be A; = 2y when x = y = /. In
other words, if the learning rate n > 2/2y, all points in the manifold would be too sharp for GD
to converge. We would like to investigate the behavior of GD in this case. It turns out the two

parameters are driven to a perfect balance although they initialized differently, as follows.

Theorem 3.4. For f(x,y) = % (xy — p)?, consider GD with learning raten = K - ;lz Assume both x

and y are always positive during the whole process {x;, yi}i>o. In this process, denote a series of all
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points withxy > ppas P = {(xi, yi)|xiy; > p}iso. Then |x —y| decays to 0in P, forany1l < K < 1.5.

Theorem 3.4 shows an effect that the two parameters are squeezed to a single variable, which
re-directs to our 1-D analysis in Theorem 3.3. Therefore, actually both cases converge to the same

orbit when 1 < K < 1.121, as stated in Prop 3.

Proposition 3. Follow the setting in Theorem 3.4. Further assume1 < K < V4.5—-1 ~ 1.121. Then

GD converges to an orbit of period 2. The orbit is formally written as {(x = y = §;)|i = 1,2}, with

O1 € (0,4/11), 62 € (/11 24/1) as the solutions of solving § in

A natural follow-up question is what implications Theorem 3.3 and Prop 3 bring, because 1-D
and 2-D is far from the practice of neural networks that contain multi-layer structures, nonlin-
earity and high dimensions. We precisely incorporate two layers and nonlinearity in Section 3.5,

and high dimensions in Section 3.6.

3.5 ON A TWO-LAYER SINGLE-NEURON HOMOGENEOUS NETWORK

We denote a two-layer single-neuron network as f(x;0) = v - o(wTx) where v € R, w € RY, the
set of trained parameters 6 = (v, wT) € R, and the nonlinearity ¢ is ReLU. We will keep such
an order in 6 to view it as a vector. The input x € R? is drawn uniformly from a unit sphere S%'.

The parameters are trained by GD subjected to L, population loss, as
Orer = 0: = VoL (0, L(0:) = Byegas (f(x:6) — )"
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We generate labels from a single teacher neuron function, as y|x = o(w'x). Hence w is our
target neuron to learn. We denote the angle between w and w as @ > 0. Note that « is set as
non-negative because the loss function is symmetric w.r.t. the angle. Moreover, the rotational
symmetry of the population data distribution results in a loss landscape that only depends on w

through the angle a and the norm ||w||. Indeed, from the definition, we have

1 v||w||§—@(sina+(ﬂ—a)cosa} [|[w]|
VgLI E 5
02w — 2(r-—a+ % sin2a) - w — %(—% cos 2a + %) [[wl]| W

where we denote w, as the normalized of w — proj;, w. Consider the Hessian

2 2 T
o N aUL awauL ifow = w l ||W|| ow c R(d+1)><(d+l). (3.5)

Aol AL dl 4y o

Hence, in the global minima manifold where vw = w, the eigenvalues of the Hessian are A, =

2 2
W,Az...d = %,Adﬂ = 0. Therefore, the largest eigenvalue A; measures the imbalance (i.e.,

—o)242ll%
| lw|| — o) between the two layers again as A; = M

similar to the 2-D case in Sec-
tion 3.4.2. So we would like to investigate where GD converges if n > W = d/||w|| that is too
large even for the flattest minima. Note that a key difference between the current case and the
previous 2-D analysis is that the current one includes a neuron as a vector and a nonlinear ReLU
unit.

From the second row of VyL, which is V,,L, it is clear that updates of w always stay in the

plane spanned by w and w'®). Hence, this problem can be simplified to three variables (v, wy, wy)

with the target neuron w = [1, 0]. The three variables stand for

0® = o®, w,(ct) ‘= proj, w(®,

w!) = proj, w® = w0 = (w2
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We keep w,, as nonnegative because the loss L is invariant to its sign and our previous notation

a > 0 requires a non-negative wy. Then we show that w, decays to 0 as follows.

Theorem 3.5. In the above setting, consider a teacher neuron w = [1,0] and set the learning rate
n = Kd withK € (1,1.1]. Initialize the student as |w®|| = 0¥ 2 € € (0,0.10] and (w®, W) > o.

Then, fort > T; + 4, wét) decays as

1.35
wy <0.1-(1-0.030K) " T < Pogz.ss n_ﬁzw’

ﬂ:(l+%)e.

The details of proof are presented in the Appendix B.9.
With the guarantee of w, decaying in the above theorem, the dynamics of the single-neuron
ReLU network follow the convergence of the 2-D case in Section 3.4.2, with a convergence result

as follows.

Proposition 4. The single-neuron model in Theorem 3.5 converges to a period-2 orbit where wy = 0

and (v, wy) € yg with yx = {(61,61), (82,82)}. Here §; € (0,1), 5, € (1,2) are the solutions § in

K = . (3.6)

Remark 2. Actually this convergence is close to the flattest minima because: if the learning rate
decays to infinitesimal after sufficient oscillations, then the trajectory walks towards the flattest
minima (v = wx = 1, w, = 0). Note that we provide an experiment on 16-neuron networks in
Appendix 3.7.1, where GD converges to the period-2 orbit near the flattest minima while being

initialized near unbalanced (sharp) minima.
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To summarize, the single-neuron model goes through three phases of training dynamics, with
an intialization of the angle «(w,w) as % at most. First, the angle decreases monotonically but,
due to the growth of norms, the absolute deviation wy, still increases. Meanwhile, the imbalance
v — wy stays in a bounded level. Second, wy starts to decrease and the parameters fall into a basin
within four steps. Third, in the basin, w, decreases exponentially and, after w, at a reasonable
low level, the model approximately follows the dynamic of the 2-D case and the imbalance v — w,
decreases as well, following Theorem 3.4. The model converges to a period-2 orbit as in the 1-D

case in Theorem 3.3.

3.6 MATRIX FACTORIZATION AND BEYOND

In the last two sections, we have presented theoretical results that GD beyond EoS converges to
the fixed points of F,? from initialization that is far away. In this section, we address these follow-
up questions, by raising observations in Matrix Factorization and discuss whether existing models

can explain our observations or not:

Q2: does such a period-2 orbit exist in more complicated settings?
3: what does the appropriate model need to cover such oscillation in high-dim problems?
pprop g p

Q4: what will happen if the learning rate grows more?

3.6.1 OBSERVATIONS FROM MATRIX FACTORIZATION

Consider a matrix factorization problem, parameterized by learnable weights Y € Rxd 7 ¢ Rdxd
and the target matrix is C € R¥, which is symmetric and positive definite. The loss L is defined

as

1
L(Y.2) = 2 [[vzT - C[|;. (3.7)
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Obviously {(Y,Z) : YZT = C} forms a minimum manifold. Although we prove that the necessary
1-D condition holds around minimum as Theorem B.3 (in Appendix B.1.2), which is analogous
to Theorem 3.1, it is more attracting to investigate GD in high dimensions. We propose our first
observation that Matrix Factorization converges to a period-2 orbit, i.e., fixed points of F?, as

follows.

Observation 1 (Matrix Factorization with period-2 orbit). Consider GD with learning rate nj satis-
fying no? € (1,1.121) and n (6% + 03) < 2 where 6%, o2 are the first and second largest eigenvalues

of C. Then, there exists non-measure-zero initialization, from which GD converges to a period-2 orbit

in the form of (i € {1,2})

d
—_ . T . . T
Y =puo + Z Oy,jUy.jVy, >
Jj=2
d
_ T T
Z=puv + Z 0z,jUz,jUz js
j=2

YZ" -C=(p! - o))uu’,

where u is the leading eigenvector of C, v is arbitrary unit vector in R%, {p;}i=1» are the two positive

roots of

no? = (3.8)

he
Do
—_—
L
I
W
+
D=
~——

and the decompositions of Y, Z are SVD.

Remark 3. At any minimizer (X,Y) satisfying XY' = C, the largest eigenvalue of loss Hessian
w.r.t. parameters is oyax (X)? + 0max (Y)?. Consequently, the flattest minima has sharpness as 2012,

because 0'12 = Amax(C) < Opmax(X)omax (Y) < 0.5 (O'ma,((X)2 + O'maX(Y)z).

To our knowledge, this observation is beyond all previous results. Damian et al. [2022b] tracks
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the trajectory’s projection onto the manifold with sharpness < 2/5. Wang et al. [2021] proposes
that GD in a sharper region (sharpness> 2/5) converges to flatter region (sharpness< 2/y) for
matrix factorization problem. But such a manifold (or flatter region) containing any minimizer
does not exist in our setting because no? > 1 makes the flattest minima sharper than 2/, which
means the probability of converging to a stationary point is zero [Ahn et al. 2022].

However, it is difficult to prove Observation 1 rigorously. Meanwhile, general initializa-
tion cannot illustrate well the phenomena that GD walks to flatter minima from a sharper one.
Therefore, we provide an observation of a limited version of matrix factorization, called quasi-
symmetric, along with sufficient intuition on its dynamics and careful discussion on what is re-

maining to prove it.

Definition 3 (Quasi-symmetric Matrix Factorization). Given a symmetric and positive definite
target matrix C £ XX, where X, = R4 Quasi-symmetric MF is solving the factorization
problem with initialization near an unbalanced minima, where the minima is (aXo, 1/aXy) with

a # 1.

Observation 2 (Quasi-symmetric Matrix Factorization with period-2 orbit). Consider the above
quasi-symmetric matrix factorization with learning raten € (1/52,1.121/52). Consider a minima (Y, =
aXo, Zoy = 1/aXy), @ > 0. The initialization is around the minimum, asY, = Yo+AY1,Z1 = Zo+AZ;.

When

0'2 O'2
7 - max {(—12 + o5, = + 0120(2)} <2 (3.9)
(44 (4

GD would converge to a period-2 orbit y, approximately with error in O(e), formally written as,

(i=1,2)

(Y. Zt) = vy + (AY,AZ),  [|AY], IAZ]] = O(e),

Yn = {(YO + (p;i — @) ougv) , Zo + (pi — Vo) alulvlT)},
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where p; € (1,2), p2 € (0,1) are the same as in Eq.(3.8)

Remark 4. The intuition on the dynamics in Observation 2 is provided in Appendix B.10.2, along
with a discussion on what is missing for rigorous proof for future development. Without loss
of generality, assume X, = diag([o1,09,...,04]) € R4 where (Xo)ii = o; and 0 in all other

entries. Intuitively, the dynamics of the system is following

aoy 0 pi 0
Y= +0(e) = +0(e),
o diag([ao]9,) ] | 0 diag([aci]L,) ]
aoy 0 pi 0
7 = +0(e) — +O(e),
| 0 | diag([/a]l,) | | 0 | diag([7/a]i,) |
Uf 0 Piz 0
YZ = +0(e) =
| 0 diag([(fiz]?zz) 0 diag([oiz]?zz)

Note that the top singular values of Y, Z are always the same in the orbit although it is unbalanced
at initialization. A benefit of this is that, if 7 decays below 1/? after reaching the orbit, it would

converge to Y, Z with same top singular value o7, satisfying YZT = C.

How tight are Observation 1 and 2? There are two aspects we would like to address: no?
and no;. The former no? is a natural constraint because it is necessary to carefully set its upper

bound in 1-D analysis to contain the oscillation in some finite level set. However, the second

2

nos is novel (and tight) to our knowledge, which is respectively n(o?

+07) < 2 in Observation 1
and 1 - (91/a® + 03a*) < 2 in Observation 2. The tightness of this bound is verified in Figure 3.2,
where it approximates the linearity of the empirical boundary between infinite and finite well
when no? > 1 slightly. Furthermore, although we do not prefer asserting too much beyond our
theorems, the linear trend between no? and no? keeps well when no? goes beyond 1.121 for a
long range. Intuitively, We gain the insight of this bound from the analysis of Observation 2 in

Appendix B.10.2. More precisely, it appears in Eq.(B.184) to guarantee a transition matrix to be

semi-convergent, whose largest absolute eigenvalue is no larger than 1.
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Figure 3.2: Matrix Factorization: grid search of no? v.s. no? on whether GD diverges or not. (a) Generic

initialization: it verifies the condition 5 (62 + 02) < 2. (b-c) Quasi-symmetric initialization: it verifies the

predicted bound 17 - (oi/a? + 02a?) < 2 in Eq.(3.9) as a sufficient condition.

Is there any other phenomenabeyond period-2 orbit when n grows larger? The answer
is yes. We conduct experiments of matrix factorization with generic initialization with different
n’s, as shown in Figure 3.3. It turns out when no? € (1, 1.23), it converges to period-2 orbit. When
r]crf € (1.23,1.28), it converges to a period-4 orbit, although the period-2 orbit still exists once
no? < 1.5 as shown in Eq.(B.17) (because the existence cannot guarantee convergence, and even

2

local convergence does not hold). When oy > 1.28, it is rather chaotic. However, during most

of these, the balancing effect holds, i.e., oax(Y) = omax(Z).

3.6.2 IMPLICATIONS FOR MORE COMPLICATED SETTINGS

EXISTING MODELS FROM MA ET AL. [2022] AND DAMIAN ET AL. [2022B]. Ma et al. [2022] proposes
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Figure 3.3: Matrix Factorization: 0,,,x(Y), omax(Z) for different ’s. For each n, the last 10 iterations are

sampled for report, due to periodic and chaotic phenomenon. Observations: (1) when no? € (1,1.38),

all cases have Omax(Y) = max(Z); (2) when no? € (1,1.23), it converges to a period-2 orbit; (3) when

no? € (1.23,1.28), it converges to a period-4 orbit; (4) when no? > 1.28, it is rather chaotic; (5) when
no? < 1, there is no oscillation.

a decomposition of high-dimensional functions into separable functions in eigendirections, in the

form of

f0) = filp{O) + fa(p 0) + -+ + fa(py 0), (3.10)

where {p; € R?} is an orthogonal basis of R%, § € R? is the parameter and each f; is a function
that allows stable oscillation. Within such a framework, all px can stably oscillation since the
dynamics is separable in each eigendirection. However, this framework cannot explain the dy-
namics of matrix factorization, because our experiments in Figure 3.2 have shown that GD will
blow up once no, > 1, which means the eigen-directions associated with o? and 67 cannot be
disentangled in this case.

Damian et al. [2022b] proposes to track the trajectory’s projection onto manifold M = {6 :
A(0) < 2/p, VL(0) - u(0) = 0}, where A(0) and u(0) are the leading eigenvalue and eigenvector
of Hessian of loss L. However, such a manifold does not exist in the 2-D case we have studied in
Section 3.4.1 because our setting is strictly beyond EoS. Furthermore, in high-order cases, such a

manifold containing any minimizer does not exist (Proposition 7).
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Proposition 5. For L(x,y) = 1/2(xy — 1)? withn > 1 on {x > 0,y > 0}, such a manifold M does

not exist.

Proposition 6. For L(x,y) = 1/2(xy — 1) withn < 1 on {x > 0,y > 0}, M = {(x,y) : xy =

Lx+y <+2+2/n}.

Proposition 7. For L({x;}!,) = %(H?:l x; —1)2 withn > 1 on {x; > 0, Vi}, such a manifold M

containing any minimizer does not exist.

Moreover, although M exists when < 1 (Proposition 6), the size of M is limited, which
means the trajectory’s projection onto it stays unchanged in the early steps, although the trajec-

tory is moving efficiently from sharper region to flatter region, as shown in Figure 3.4(b).

2097 B trajectory 2.001 BN trajectory
1.75 1 — xy=1 1.75 1 — xy=1
1.50 150 4 mmmm M from Damian et al.
1.25 1.25
> 1.00 > 1.00
0.75 A 0.75
0.50 A 0.50 A
0.25 0.25
0.00 0.00
0.0 05 1.0 15 2.0 0.0 0.5 1.0 15 2.0
X
(a) n = 1.08 (b) n = 0.95

Figure 3.4: Trajectories of minimizing L(x,y) = 1/2(xy — 1)®> with n = 1.08,0.95. For n = 1.08, the
manifold M proposed by Damian et al. [2022b] does not exist. For n = 0.95, the manifold M exists, but
the projection onto it does not change for the first few steps.

Two candidate models. From the above discussion, we would like to raise two candidate
models to contain the observations from matrix factorization, based on the models proposed in
Damian et al. [2022b] and Ma et al. [2022].

Following Damian et al. [2022b], we would like to propose
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Definition 4 (Projection onto manifold). M, = {0 : 1,(0) < 2/, VL(0) - u(0) = 0}, where 1,(6)

and u(0) are the second largest eigenvalue and the leading eigenvector of Hessian of loss L.

The motivation of M, is to contain points that have the leading eigenvalue greater than 1. For
example, in the case of 1/2(xy — 1), it is M. = {(x,y) : xy = 1} allowing to track the trajectory
walking from sharper region to flatter region. Instead of constraining A < 2/5, we set A, < 2/ to
make it compatible with our observations in matrix factorization.

The gap between Ma et al. [2022] and observations from matrix factorization is that they
assume the orthogonal decomposition of the loss function. However, even in the simplest setting
of matrix factorization, this assumption does not hold. Taking a symmetric matrix factorization

as an example, we have

2
1 1 0
L(X) = 5 |[XXT -
4 0 1
F
1 2 2 2 2 9
= Z (”XO,” - 1) + (”Xl,” - 1) +2 ((XO,:: Xl,:)) 5 (311)

where the first two terms in the last line are f;(p,"x) in Eq.(3.10) since the included are orthog-
onal to each other. However, the last term (X, X;.) breaks the separability in the decomposi-
tion. Meanwhile, ((XO,:, XL;))2 is implicitly ((XO,;, X1.) — 0)2, because X, Xy . € R? are expressive
enough to form an orthogonal pair satisfying the constraints of norms.

In a similar spirit, we propose an extensive model of Eq.(3.10) [Ma et al. 2022] as follows

d d
FO) = gipTOsa)+ > hij(pl 0,p]0:by)), (3.12)
i=1 (i,j)e&

where g;, h;; are functions allowing stable oscillation parameterized by a;, b;;, { pi}?zl are orthog-
onal basis of R? and & c [d] x [d] is a selected subset of tuples. A simple but effective exam-

ple to imitate matrix factorization is g;(x;a) 2 (||x||* — @) and hij(x,ylb) £ ({(x,y) — b)? and
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& = [d] x [d]. Intuitively, such a model with larger |&| allows fewer eigenvalues of Hessian to
go beyond 2/5. Conversely, if & = 0, it allows all eigenvalues beyond 2/5, which degenerates to

Eq.(3.10) [Ma et al. 2022].

3.7 EXPERIMENTS ON MLPs AND MNIST

In this section, we perform two experiments in relatively higher dimension settings. We are to

show two observations that coincide with our discussions in the low dimension:

Observation 3. GD beyond EoS drives to flatter minima.

Observation 4. GD beyond EoS is in a similar style with the low dimension.

3.7.1 2-LAYER HIGH-DIM HOMOGENEOUS RELU NNS WITH PLANTED TEACHER

NEURONS

We conduct a synthetic experiment in the high-dimension teacher-student framework.

The teacher network is in the form of

16

Ylx = fieacher(x:0) = D ReLU(e] x), (3.13)
i=1
where x € R!® and e; is the i-th vector in the standard basis of R!®. The student and the loss are

in forms of

16

f(x;0) = Z v; - ReLU(w, x), (3.14)
L
L(0:0) = — > (f(x:0) ~ ylx)®. (3.15)
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Apparently, the global minimum manifold contains the following set M as (w.l.o.g., ignoring any

permutation)

1
M= {(U,‘, Wl‘)ilfl | Vi e [16],WZ‘ =k;-e,v; = E, ki > 0}. (3.16)

1

However, different choices of {k;}, induce different extents of sharpness around each minima.
Our aim is to show that GD with a large learning rate beyond the edge of stability drives

to the flattest minima from sharper minima.

INITIALIZATION. We initialize all student neurons directionally aligned with the teachers as w; ||
e; but choose various k;, as k; = 1+ 0.0625(i — 1). Obviously, such a choice of {k; 1121 is not at the
flattest minima, due to the isotropy of teacher neurons. Also we add small noise to w; to make

the training start closely (but not exactly) from a sharp minima, as
w; =k; - (e; +0.0le), €~ N(0,I). (3.17)

Data.  We uniformly sample 10000 data points from the unit sphere S*°.

TRAINING. We run gradient descent with two learning rates n; = 0.5,5, = 2.6. Later we will
show with experiments that the EoS threshold of learning rate is around 2.5, so 7, is beyond
the edge of stability. GD with these two learning rates starts from the same initialization for
100 epochs. Then we extend another 20 epochs with learning rate decay to 0.5 from 2.6 for the

learning-rate case.

Resurts. All results are provided in Figure 3.5. Both Figure 3.5 (a, b) present the gap between
these two trajectories, where GD with a small learning rate stays around the sharp minima, while
that with a larger one drives to flatter minima. Then GD stably oscillates around the flatter

minima.

50



Meanwhile, from Figure 3.5 (b), when we decrease the learning rate from 2.6 to 0.5 after 100
epochs, GD converges to a nearby minima which is significantly flatter, compared with that of
1r=0.5.

Figure 3.5 (c) provides a more detailed view of % for all 16 neurons. All neurons with
Ir=0.5 stay at the original ratio k?. But those with Ir=2.6 all converge to the same ratio around
k? = ”D—” = 1.21, as shown in Figure 3.5 (d). We compute the relationship between the sharpness
of global minima in M and different choices of k, as shown in Figure 3.5 (e, f). Actually, k% = 1.21
is the best choice of {k;}!°, such that the minima is the flattest.

Therefore, we have shown that, in such a setting of high-dimension teacher-student

network, GD beyond the edge of stability drives to the flattest minima.

3.7.2 3,4, 5-LAYER NON-HOMOGENEOUS MLPs oN MNIST

We conduct an experiment on real data to show that our finding in the low-dimension setting
in Theorem 3.1 is possible to generalize to high-dimensional setting. More precisely, our

goals are to show, when GD is beyond EoS,
1. the oscillation direction (gradient) aligns with the top eigenvector of Hessian.

2. the 1D function at the cross-section of oscillation direction and high-dim loss landscape

satisfies the conditions in Theorem 3.1.

NETWORK, DATASET AND TRAINING. We run 3, 4, 5-layer ReLU MLPs on MNIST [LeCun et al.
1998]. The networks have 16 neurons in each layer. To make it easier to compute high-order
derivatives, we simplify the dataset by 1) only using 2000 images from class 0 and 1, and 2)
only using significant input channels where the standard deviation over the dataset is at least
110, which makes the network input dimension as 79. We train the networks using MSE loss

subjected to GD with large learning rates n = 0.5,0.4,0.35 and a small rate n = 0.1 (for 3-layer).
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Note that the larger ones are beyond EoS.

Definition 5 (line search minima). Consider a function f. Consider learning rate n and a point

x € domain(f). We call x as the line search minima of x if

Xx=x-c"-nVf(x), (3.18)

"= argmin o1 f (x —c-nVf(x)). (3.19)

The line search minima x can interpreted as the lowest point on the 1D function induced by

the gradient at x. If GD is beyond EoS, x stays in the valley below the oscillation of x.

Resurts. All results are presented in Figure 3.6, 3.7 and 3.8.

Take the 3-layer as an example. From Figure 3.6 (a, b), GD is beyond EoS during epochs 10-14
and 21-60. For these epochs, cosine similarity between the top Hessian eigenvector v; and the
gradient is pretty close to 1, as shown in Figure 3.6 (c), which verifies our goal 1.

In Figure 3.6 (d), we compute 3[f®]% — @ f4) at line search minima along training, which
is required to be positive in Theorem 3.1 to allow stable oscillation. Then it turns out most points
have 3[f¥]? — F@F#® > 0 except a few points, all of which are not in the EoS regime, and
these few exceptional points might be due to approximation error to compute the fourth-order
derivative since their negativity is quite small. This verifies our goal 2.

Both the above arguments are the same in the cases of 4 and 5 layers as shown in Figure 3.7

and 3.8.

3.8 CONCLUSIONS

In this work, we investigate gradient descent with a large step size that crosses the threshold of
local stability, via investigating convergence of two-step updates instead of convergence of one-

step updates. In the low dimensional setting, we provide conditions on high-order derivatives
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that guarantees the existence of fixed points of two-step updates. For a two-layer single-neuron
ReLU network, we prove its convergence to align with the teacher neuron under population loss.
For matrix factorization, we prove that the necessary 1-D condition holds around any minima. We
provide novel observations of its convergence to period-2 orbit with comprehensive theoretical
intuition of the dynamics. Finally, we extend previous works by proposing two models with

observations in matrix factorization compatible for future analysis.
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Figure 3.5: Result of 2-layer 16-neuron teacher-student experiment.
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4 MEMORIZATION OF TRAINING
DISTRIBUTION IN TRANSFORMER

MODULES

4.1 INTRODUCTION AND OUR CONTRIBUTIONS

Large language models (LLMs) have shown impressive capabilities on a variety of tasks, from
generating coherent and grammatically correct text, to language understanding and basic mathe-
matical reasoning [Brown et al. 2020; Touvron et al. 2023]. At the heart of this success is the Trans-
former architecture [Vaswani et al. 2017], which relies on a sequence of self-attention and feed-
forward layers to efficiently combine information from the input context and patterns learned
from training data. Despite recent progress on interpreting the mechanisms learned by different
layers [Meng et al. 2022; Wang et al. 2022], these models remain largely black boxes. A better
understanding of the role of Transformer layers and how they are affected by the training process
could enable new monitoring and editing techniques, better training data, and ultimately more
reliable LLMs.

The task of next-token prediction in language modeling inherently involves different subtasks
that may be at odds with each other, as shown in Figure 4.1. For instance, given the context “John

gave a book to”, the word “the” is a natural and grammatically correct next word to predict,
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and relying on global bigram statistics might be enough to predict it given the last word “to”.
Nonetheless, if another character is present in the context, say Mary, then the name “Mary”
may be a better prediction, and this would require a more involved form of reasoning over the
context to retrieve this name. In the context of Transformer language models, previous work on
interpretability has found that circuits of attention heads seem responsible for such in-context
predictions [Wang et al. 2022], while feed-forward layers may be storing more general statistics
such as the bigram “to the” or factual knowledge [Geva et al. 2021; Meng et al. 2022; Bietti et al.
2023]. To further strengthen this observation, the recent work [Sharma et al. 2023] found that
selectively replacing certain layer weights to their low-rank approximation, particularly late feed-
forward layers, may improve performance on various reasoning benchmarks, and observed that
the truncated components were often responsible for predicting “generic” tokens such as the
word “the”.

In this chapter, we provide a finer understanding of these phenomena by studying how such
mechanisms arise during training, in particular how simple distributional associations, such as the
bigram “to the”, tend to be localized in feed-forward layers, while attention focuses on in-context
reasoning. We first provide a fine-grained study of training dynamics on a synthetic task with
two-layer transformers exhibiting similar properties, where the task is in-context recall [Bietti

et al. 2023] with additional noise on in-context tokens consisting of a fixed “generic” token:

« In a two-layer model with feed-forward layers (FF), we show that the generic noise token is
mainly learned in FF and the attention attends towards correct in-context targets. Removing
the feed-forward layers then leads to clean in-context predictions. We provide some theoretical

justification through early training steps.

+ In a model without FF, we show that the generic noise can be identified in a rank-one subspace
of the value matrix in attention block. When the noise level is small, low-rank truncation can

filter it out and predict clean outputs.
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Figure 4.1: Distributional association v.s. in-context reasoning. In this work, we decompose tasks
of next-token prediction into the distributional and the in-context ones, finding that MLPs learn distribu-
tional associations before attention develops in-context reasoning capabilities. Furthermore, truncating
MLPs promotes in-context reasoning by weakening distributional associations. See Figure 4.13 for an ex-
ample of this on the Pythia model [Biderman et al. 2023].

We then investigate such a separation between distributional association and in-context rea-
soning on pre-trained language models, namely the Pythia family, which has checkpoints avail-
able at different training steps [Biderman et al. 2023]. Overall, we provide a useful description of
how distributional associations and in-context reasoning mechanisms are learned during train-
ing, and tend to be disentangled in different parts of the model, such that selectively removing

certain components may lead to better predictions in reasoning tasks.

4.2 RELATED WORKS

[Sharma et al. 2023] recently empirically observed that a low-rank approximation of some weights
in some pre-trained LLMs can improve reasoning capabilities. Several interpretability works have
looked at the role of attention versus feed-forward layers for different tasks. The prominence
of feed-forward/MLP layers for storing “global” or “persistent” associations or facts has been
observed in [Sukhbaatar et al. 2019; Geva et al. 2021; Meng et al. 2022; Geva et al. 2023]. In contrast,
several works have investigated the role of attention heads for “reasoning” or computation over
the context, e.g., for simple copying mechanisms with so-called induction heads [Elhage et al.
2021; Olsson et al. 2022; Bietti et al. 2023], or for more complex tasks [Merrill et al. 2022; Wang

et al. 2022; Zhang et al. 2022; Liu et al. 2023; Sanford et al. 2024b].
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Training dynamics of transformers and attention have been studied in various works [Snell
et al. 2021; Jelassi et al. 2022; Li et al. 2023; Oymak et al. 2023; Tian et al. 2023; Bietti et al. 2023;
Reddy 2024; Tian et al. 2024; Zhang et al. 2024; Nichani et al. 2024; Edelman et al. 2024]. In par-
ticular, the two-layer model and copy task we consider are similar to Bietti et al. [2023], yet their
data model does not involve noise on in-context predictions, and they do not study learning of
global associations. Chan et al. [2022]; Reddy [2024] study in-context vs. in-weights learning em-
pirically, on different tasks than ours. Cabannes et al. [2024] study training dynamics of linear
associative memories, but focuses on deterministic data while our setup has generic noise. Train-
ing dynamics were also studied empirically for interpretability [Olsson et al. 2022; Nanda et al.
2023; Quirke et al. 2023; Chen et al. 2024]. Edelman et al. [2022]; Bai et al. [2023]; Abernethy et al.
[2024] studied sample complexity of self-attention and in-context learning, but did not consider

training dynamics.

4.3 PRELIMINARIES

In this section, we provide some background and motivation on reasoning tasks, and describe the

weight truncation technique which we use for ablating weights.

4.3.1 REASONING FROM CONTEXT

Recent LLMs have shown promising results in more complex “reasoning” tasks which may in-
volve multiple steps of logical or computational processing from context or prompt [Srivastava
et al. 2022; Wei et al. 2022; Bubeck et al. 2023; Dziri et al. 2024], as opposed to simple pattern
matching or memorization of training data, for instance using learned n-gram predictions.
While it is difficult to clearly separate reasoning from memorization, in this work we will make
the simplifying distinction that in-context reasoning involves dependencies between multiple

tokens potentially far away in the context, while we consider distributional associations as
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simpler predictions that only depend on the last token, e.g., through a bigram model. Thus, due to
the residual structure of Transformers, reasoning will typically require using attention operations
in Transformers over context, while feed-forward layers should suffice for learning distributional
associations. We note that our assumption of distributional associations depending only on the
last token is mainly for convenience of our analysis, and could be extended to depend on the
last token’s residual stream [Elhage et al. 2021], which may contain additional information from
the context. For instance, this could include previous tokens thanks to position-based attention
heads [Voita et al. 2019; Elhage et al. 2021; Akyiirek et al. 2024], which allows capturing n-grams
instead of just bigrams.
Under this definition, we list a few simple examples of reasoning that we will consider below:
« In-context recall: when the last token is a, we’d like to copy the token that follows previous
occurrences of a in the context. This[.. a b .. a] — b pattern typically requires a two-layer

induction head mechanism [Elhage et al. 2021; Bietti et al. 2023; Sanford et al. 2024a];

« Indirect object identification (IOI): we consider contexts of the form “When Mary and John went
to the store, John gave the ice cream to” where the prediction should be “Mary” (IO, the indirect
object), instead of “John” (S, the subject). Wang et al. [2022] found a circuit of several attention

heads that perform this task by copying the name which only occurs once in the context;

« Factual recall: sentences of the form “Paul Citroen is a native speaker of” with target “Dutch”
as in [Sharma et al. 2023]. While this may be seen as retrieving a distributional association,
we will treat it here as reasoning since it involves combining the subject and relation from the
context, while a bigram model that only depends on the last token “of” might instead predict

the generic word “the”.
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43.2 TRUNCATING WEIGHTS WITH LASER [SHARMA ET AL. 2023]

In order to assess the importance of different weight components for certain predictions, we use
the weight truncation technique introduced by Sharma et al. [2023]. They observed that reducing
the rank of MLP matrices in certain layers of LLMs effectively brings better performance on sev-
eral reasoning benchmarks. Their proposed method, Layer-Selective Rank Reduction (LASER),
replaces any matrix in the full model by its low-rank approximation with fraction p, i.e., a matrix
W e Réndout would be replaced by its rank-| p - min{din, dout } | approximation via Singular Value
Decomposition (SVD). After searching for the best parameters of different models on different
datasets, [Sharma et al. 2023] found that applying their method to weight matrices of MLPs on
relatively deep layers can enhance in-context reasoning performance on various benchmarks,
consistent with our findings. The optimal p is smaller than 0.2 for many datasets.

Another observation from [Sharma et al. 2023] is that, when LASER improves the model’s
prediction on some samples, the full model often predicts “generic” words while the improved
model is able to predict the ground-truth answer. For instance, given an input “Madrid is lo-
cated in”, the full model predicts “the” while the truncated model predicts the target “Spain” in
Table 4.1. Here, the generic word is consistent with our definition of distributional associations
in Section 4.3.1, as it may naturally follow from a bigram distribution conditioned on “in”, while
the factual answer is more akin to reasoning from context. Thus, we would like to better un-
derstand how such a modification of feed-forward layers improves the model from predicting
generic words to inferring the answer from context, and how such a gap appears during training.
Table 4.1: Probabilities of the top-5 next-tokens in Pythia-1B before and after LASER. The input prompt

is “Madrid is located in”. Probabilities of two generic words, i.e., “the” and “a”, drop sharply after LASER,
while probabilities of meaningful words increase, especially the target “Spain”.

“the” “Spain” “a”  “southern” “northern”
Full 0.499 0.079 0.069 0.023 0.021
LASER 0.027 0.300 0.002 0.044 0.046
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4.4 TwO-LAYER TRANSFORMER ON NoOIsY IN-CONTEXT RECALL

In this section, we consider simple one- or two-layer transformers on an in-context recall task
with added generic token noise, which allows us to study the trade-offs between MLPs and atten-
tion layers for storing in-context versus distributional associations, in a controlled setting. We
empirically show how transformers solve this task by storing the generic noise token in feed-
forward layers, while attention implements the in-context mechanism. We then provide theory
showing that feed-forward layers are more likely to store the distributional association (generic
token) while attention learns to attend to in-context targets. Finally, we show that when the
model has no feed-forward layers, the value matrix in attention stores both in-context and dis-
tributional information, in different subspaces.

Data and task. The data model we consider is similar to Bietti et al. [2023], with additional
noise. Consider a vocabulary V = {1,2,..., N, N + 1}. The token 7 2 N + 1 is the generic noise
token. We fix a trigger token q € [N], which governs in-context recall, and a context length T.

Each sequence of tokens z1.7 = [21, 23, . . ., z7] is generated as follows:
i. Sample a correct output token ¢ uniformly in [N].

ii. Sample z;.7-; according to the following Markov process (1, 7, are distributions on [N]

defined later): z; ~ m,(-), and

1-a, ifx=7,
ﬂ'b('|zt), ifz, # q,
Z1lze ~ Pag(x) = a ifx=r,
Pey(+),  otherwise,

0, otherwise.

iii. Set zr = ¢, and sample the final output y = zr41 ~ pag(-).

Note that the true 7 varies across sequences, so that the model needs to infer it from context,
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e.g., using an induction head as in [Bietti et al. 2023]. Predicting § may thus be seen as a basic
“reasoning” task, yet when training with « > 0, the noisy output also requires the model to learn a
distributional trigger-noise association, similar to the “of/in the” bigram discussed in Section 4.3.
We also consider using multiple trigger tokens in Appendix 4.4.5 and Figure 4.8.

Two-layer transformer. We consider a simplified two-layer transformer formulated below.
The input is a sequence of tokens zy.7 = [z1,...,27] € [N + 117, and the output is & The
embedding matrix Wy € RN*D*4 and un-embedding matrix Wy € RIN*D*4 gre fixed at random
initialization. The two attention layers have learnable weights W, Wy, Wi, Wi, € R4 with
o(-) the softmax on a vector. The two feed-forward layers Fy, F, are also learnable, and typically
we set them as two-layer MLPs with ReLU activation. We will discuss different architectural
choices of Fy, F, in Appendix 4.4.5.1. We use the cross-entropy loss to predict y = z74; from the

logits &7 € RN*L,

x; = Wg(z:) + py,

- o Woaaio) | - Wi,

s
s<t

=
~ =
>

—
>

Xt + h} + Fi(x; + hy),

Be Y oGl Wher| - Wikl

s<t

(4.1)

x} + h? + Fy(x} + k%),

=
>

& = Wyx?t,

Experimental observations. Following [Bietti et al. 2023], we take m, and 7, to be the
unigram and brigram character-level distributions estimated from the tiny Shakespeare dataset
with N = 65. The model setup includes d = 256 and two-layer MLPs with ReLU for both F;, F.
The training setup includes batch size as 512 and the context length T = 256. When evaluating
trained models, we consider LASER on the input weight U;, of F,. We consider a noise level

a = 0.5 for training data (though any other constant value would lead to similar observations).
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Figure 4.2: Noisy in-context recall. Purpose of design: understand mechanisms of attention and feed-
forward layers for tasks with in-context reasoning (predict §) and distributional association (predict
7). Task: predict tokens § v.s. T from a sentence [...,q,9,...,4,7,...,q] where q is trigger, § is sampled
target token for a sentence, and 7 is a fixed generic token across sentences. Our findings: in a two-layer
transformer, the second-layer attention (Attn-2) only attends towards target tuples [q, §j] while the feed-
forward layer (FF-2) learns to predict 7.

During test time, we set « = 0 to compute the test loss, aiming to measure how likely the (full or
after-truncation) model predicts the ground-truth 7.

Experimental results are reported in Figure 4.3 and 4.7. The full model predicts noise with
probability close to a, which is expected since it is trained to predict the noise token w.p. a.
However, when dropping the second-layer MLP F,, the truncated model predicts the ground-
truth § with an almost perfect probability ~ 0.98. This suggests that F, is responsible for storing
the distributional association “[trigger] + [noise]”. Another observation is that the full model first
learns to predict the noise with high probability in very early steps, after which it starts learning to
predict the correct ¢, which resembles the dynamics observed for learning the “to/in the” bigram
in Pythia models in Figure 4.13. This suggests that learning the (distributional) trigger-noise
association is easier than predicting 7, and we will study this theoretically in Section 4.4.1.

After the distributional noise association is learned, we observe a slower learning of an in-

duction head mechanism, with similar dynamics to Bietti et al. [2023]. Compared to Bietti et al.

[2023], we notice that the induction head (i.e., the second layer attention head) filters out the
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Figure 4.3: Left three: Average probability of predicting correct and noise tokens, and test loss on clean
data (¢ = 0), with different fractions p of preserved rank in Uj, of the second-layer MLP F,. The full
model learns to predict noise with probability around a = 0.5, as expected from training data. When F,
is dropped (p = 0), the model predicts the correct token § with probability ~ 0.98. Rightmost: the FF-2
margin of 7 v.s. all the other tokens with input as g, i.e., [WyF2(WEg(q))]; — maxg<n [WuF2(WE(g)) k- It
reveals that FF-2 learns trigger-noise association in early steps.

noise tokens and only attends to non-noisy output tokens following the trigger, corresponding to
the correct 7, as shown in Figure 4.4. We present theoretical understanding for this mechanism
in Section 4.4.2. Figure 4.2 and Appendix 4.4.4.2 summarize the roles of all components of the
two-layer transformer in this task.

Simplified architecture and data for theoretical analysis. Understanding the full dy-
namics of the model used in our experiments is out of the scope of the present paper, due to the
many moving parts and the complexity of non-linear MLPs. Instead, we focus on a simpler model
involving one linear feed-forward layer and one attention layer, and look at the gradient dynam-
ics near initialization. We consider the following simplified 1-layer model. The input x; € R¢ at
position ¢ is defined as x; = Wg(z;) + WE(zt_l), where z; € [N + 1] is the token at position ¢,
WE(z;) is its embedding and WE(zt_l) is a different embedding of the previous token to a differ-
ent direction, as in the previous token head construction of Bietti et al. [2023], where the value
matrix remaps the previous token to a different subspace. We assume all embeddings to be or-
thogonal (Assumption C.2.1), which requires large enough d, and holds in the infinite-width limit
with random embeddings. This model allows us to simplify our analysis by considering a single

attention layer with no positional embeddings, while capturing the difficulty of long-range inter-

actions. We note that such a simplification is standard in the in-context learning literature [e.g.,
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Figure 4.4: The second-layer attention scores of models trained with noise (left), fine-tuned with noise
(right, initialized as a model pre-trained without noise), given the same input. It turns out both models
learn to attend to the informative structure “[trigger]+7” instead of “[trigger]+noise”. This implies that
the attention in these models is only responsible to predict 7, although the training input and output have

noise with probability « = ©(1). The fine-tuning setting is in Appendix 4.4.4.1.

Akytrek et al. 2023; Mahankali et al. 2024; Zhang et al. 2024], For data generation, , and 7, are

RTXd

uniform distributions on [N]. Given a sequence of inputs, x;.7 € , the output of model is

§ = fattn + §H as

xr = WEg(zp) +WE(Zt—1) € Rd,

¢ (xr, x1.7) = Z [o (xf Wokxi7)], - Wyx, € RY,
t<T (4.2)
Wy (xr, x1.7) € RN,

&attn (x1:7)

§ff(x1;T) WUF(XT) = WUWFXT c RNH,

where Wy € RIN+DX4 s the unembedding matrix, ¢(s, t) is the attention module with query s
and context t, and F(-) is a linear feed-forward layer. This architecture is similar to a one-layer
transformer, but already highlights the difference between feed-forward and attention layers in a
way that we expect to still hold for more layers. In the above parametrization, the learnable ma-
trices are Wox, W, Wy € R4 At initialization, we set Woxk, Wr, Wy = 0, noting that random

initialization in high dimension would lead to similar behaviors thanks to near-orthogonality.
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4.4.1 FEED-FORWARD LAYERS STORE THE GENERIC NOISE

As we saw in Figure 4.3 and 4.7, the model very quickly learns to predict the noise token after a
few steps. Then the gap between p = 0 and 1 in Figure 4.3 suggests that the feed-forward layer F;
is responsible for storing the distributional association about noise, which is verified in Figure 4.6
(middle). We now provide theoretical justification for this behavior. In particular, we will show
that, at initialization, the gradients over the feed-forward parameters are much more informative
than the attention gradient, which is dominated by noise unless the sample size is very large. This
shows that the feed-forward layer is much more likely to capture the distributional association.
We now look at the first gradient step from initialization, which has commonly been used to
understand feature learning and sample complexity in neural networks [Damian et al. 2022a; Ba
et al. 2022; Dandi et al. 2023; Oymak et al. 2023; Bietti et al. 2023]. Note that Wk has no gradient
at initialization, so that the gradient of Wy is most relevant initially [see also Snell et al. 2021; Li

et al. 2023; Oymak et al. 2023; Bietti et al. 2023].

Theorem 4.1 (Logits after one gradient step). Assume N,T > 1, = ©(1). For the model in
Eq(4.2), consider one gradient step update from zero-initialization on m i.i.d. samples of zi.r with
separate learning rates ny for Wr and n, for Wy (note that the gradient on Woy is zero). With
probability 1 — 6, the resulting logits for the feed-forward and attention blocks satisfy, for any test

sequence z1.T,

In 2(N+1)
[
|A(§ﬂ(x1:T))—i7f-a| < T]f-O T ,
0 L4+ 1yn 2N+ 20N+
‘A(é:attn(xlzT)) - % cal<ny-0 \/ TN ~ N? 5 N 5 ’
m m

where A(&) = &y — maxjen & is the margin of predicting the generic noise token and & =

(a*q+a(1-q)), where G = 1 ¥,<r 1{z; = N + 1} is the fraction of noise tokens in z1.r.
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The margin A(&) reflects how much signal there is in the logits for predicting the noise to-
ken, and the theorem provides concentration bounds on the contributions of the updates on Wp
and Wy to the margin. Note that § < 1 w.h.p. for large N, T, so & ~ a. We make the following
observations:

i. When m = Q(1), there is enough signal in W to predict the noise, say with r=1,and a

choice of n, = O(1) will lead to a small but controlled contribution to the prediction from Wy.

ii. When m = Q(N), Wy can also reliably predict the noise by setting 7, = O(N) (i.e., with
small deviation on the r.h.s.), at the cost of many more samples.

Our result shows that in the initial phase of training, feed-forward layers are more likely to pick

up the noise token, leading to a structure of the form Wr ~ Wy (N + 1)Wg(g) T, while attention

will be slower due to additional noise and possibly smaller step-sizes. We may then expect the

attention layers to focus instead on in-context reasoning, as we observe empirically and discuss

next.

4.4.2 ATTENTION ATTENDS TO IN-CONTEXT TARGETS AND AVOIDS NOISE

When the feed-forward weight learns to predict the noise as shown in Theorem 4.1, Figure 4.4
reveals that the second-layer attention in the two-layer model attends only towards the correct
tokens. In contrast, a model pre-trained without noise has second-layer attention attend towards
all tokens just after the triggers [Bietti et al. 2023], as observed in the attention pattern at the
first step in Figure 4.4(right). Then, after being fine-tuned on noise data, the attention becomes
only focused on the correct tokens. Understanding this mechanism requires the analysis of the
dynamics of Wok.

Following the simplified model and data distribution in Eq(4.2), we take a step towards under-
standing how attention “avoids” the noise tokens. Concretely, this mechanism appears because,

after the initial training phase when FF learns noise association much faster than the attention,
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Wy has a structure of 3 < ny1 Wu (k) (WE (k) +Wg(k))T, similar to the non-noise setting in [Bietti
et al. 2023]. After such a Wy is learned, the trigger-label association provides a stronger gradient

signal on Wy than the trigger-noise association. We show this in the following theorem.

Theorem 4.2 (Attention attends to in-context targets). Assume N, T > 1 and Assumption C.4.1
hold. Consider the simplified model in Eq(4.2) with infinite samples as m — oo. After Wr learns
the noise association as in Theorem 4.1, in one step the attention weight Wk learns to attend to
positions t € [T]| where the correct label follows a trigger word, i.e., z;_1 = q,z; = .

More concretely, Wok has the following structure

fq—»j — &1 = Q(N_B) >0, lfk #q V) L (43)

Egmsj — Egonr1 = Q(NTH >0, Vj <N, (4.4)

where &_,; = WE(q)TWQK(WE(i) + WE(j)) denotes the attention logit for different combinations

Oth_l =1i,z; = j, with l,_] < N+1.

Note that a set of logits induces a probability distribution via differences between them as
exp(&;)/ 2 exp(§)) = 1/X; exp(&; — &). Therefore, the above theorem reveals that the attention
has two patterns: Eq. (4.3) shows that Wok prefers attending to locations just after a trigger g,
i.e., such that z;_; = g, similar to [Bietti et al. 2023], and Eq. (4.4) shows that among all positions
that follow a trigger q, Wok places less attention on the noise token, i.e., z; = N + 1, compared
to correct tokens z; = § < N. Such a key difference for attention between noisy and non-noise

tasks verifies our experimental observations in Figure 4.4.
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4.4.3 NO FEED-FORWARD LAYERS: VALUE MATRIX STORES GENERIC NOISE

ASSOCIATION

In the above discussion, we’ve seen separate roles of attention and feed-forward layers play to
conduct noisy in-context learning. A natural question is, when there is no feed-forward layer,
how the attention layer stores both in-context and distributional information. Figure 4.12 indi-
cates that the value matrix stores the noise association in subspace with smaller singular values.
In this section, we propose a setting of linear associative memory with noise to understand this
mechanism.

Unlike Theorem 4.1 and 4.2 showing the separate roles of attention and FF, the attention in a
non-FF model has to handle both noise and in-context information once the model is sufficiently
trained to reach a global minimum. Due to symmetry from uniformly random sampling § from
N tokens, we consider passing the output x € R? of the attention to the value matrix Wy and
output matrix Wy to predict next-token probability y € RN*! given z;.7 € [N + 1] with noise

probability of « as follows

x|, z1.7 £ Wg(9) + W(zyr) € RY €2 WyWyx € RN,
(4.5)

Pa(yli) =(1-a) - I{y=g}+a-1{y=N+1}

where W (zy.7) is an aggregate embedding independent of §. When T — oo, W(zy.1) converges
to a fixed embedding W independent of 7, so that we may consider a simplified model x|j £
Wi (9), € £ Wx € RV*! with W € RN+UX4 gince W only contributes a fixed offset in all logits
that can be easily canceled in the softmax predictions. Therefore, we investigate the following
linear associative memory with noise.

Model and data. Consider a learnable weight matrix W € R%? with d > N. Consider

N

embeddings for N input tokens as {e;};., C R? and embeddings for (N + 1) output tokens as
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{u ¥ R?. Given any pair of input and output tokens, the associative memory model takes
the form f(i, j; W) = (u;, We;), Vi,j € [N] X [N + 1], as logits to approximate p,(-|i) in (4.5).
When k < d, we denote the rank-k approximation of f as f®) by replacing W with W) where
W) is its rank-k approximation.

Experiments. During training, the dataset 9, is generated with non-zero noise probability
a > 0. At test time, the dataset 9 is without noise as @ = 0, so the computed loss is called pure-
label loss. The full model is trained with Gradient Descent (GD) subjected to cross-entropy loss.
The results are reported in Figure 4.5, with more discussions in Appendix C.5.

Low-rank subspace stores noise. In Figure 4.5, the rank-1 subspace corresponding to the

smallest non-zero singular value is responsible to store the noise. We prove this mechanism as

follows. Note that, here N = 2 is for simplicity, which is easy to extend to any N > 2.

Theorem 4.3. Assume Assumptions C.5.1 and C.5.2 hold, considering N = 2 and a € (0.2,0.4),
we train the full model f(-,-; W) with gradient flow. Denote P(i, j; W) as the model’s predicted

probability for output j conditioned on input i. Then, fort — co and i € {1,2}, we have

P(i,jW)=(0-a) - I{j=i}+a-1{j =N+1},

PG, ;WY =(1-0@¢ ) -1{j=i}+0(t ) - 1{j = N+ 1}.

The above theorem implies, the full model always predicts noise w.p. «, while the rank-1
model eventually predicts correctly without noise, although training is only on the full model
with noise. Actually when N > 2, the noise is stored in rank-1 subspace and the correct corre-
spondence is stored in rank-(N — 1) space. Therefore, this explains how the value matrix stores
both in-context and noise information when the model is without FF.

Randomness in experiments. Assume both {e;}? | and {u;}{_, are i.i.d. uniformly drawn

from sphere S%~!. Also assume the model is initialized as W; i~ N(o, é). Due to randomness
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from embeddings and model initialization, let’s first conduct 20 runs of experiments to obtain
significant factors before moving the theoretical argument.

Note that only full models are trained, and we track loss for low-rank models by conducting
SVD in each step without manipulating training. In Figure 4.5, we illustrate the pure-label loss
v.s. training steps for models of different ranks, where n = 3, @ = 0.03 and d = 8 or 12. It turns
out, while the full model (rank> 3) has a constant pure-label loss (~ 0.03, dependent on «), the
rank-2 model is very likely to have a significant loss than the full model. Meanwhile, the larger

d has more stable results than small d.

Pure-label loss for rank-1,2,3,4 models: dim=12 Pure-label loss for rank-1,2,3,4 models: dim=8

=== rank-1

] 2
Q ] rank-2
— —
rank-3
107 4 107 4
----- rank-4
— -3
107 4 . . . . 107 4 . . . .
0 500 1000 1500 2000 0 500 1000 1500 2000
Training step Training step

Figure 4.5: Pure-label loss for rank-1,2,3,4 models with n = 3, @ = 0.03 and d = 12 (left) or 8 (right). Only
full models are trained, and we report low-rank results by conducting SVD in each step without manip-
ulating the training. In both figures, the experiments are run for 20 times to examine the randomness.
For each rank, we plot curves of the median, 25% and 75% out of 20 runs. It turns out: i) rank-2 models
are very likely to have significantly lower pure-label loss thant full models (rank> 3), and ii) the larger
dimension d has more stable results.

Therefore, we can qualify the following important factors for this model:

i. d vss. n,c: when d > n,c, random drawn embeddings tend to be orthogonal to each other,
with inner product in O(1/vd). If n,c = Q(d), embeddings will be in strong correlations,
making the problem extremely difficult to understand. [Cabannes et al. 2024] also discussed

about such particle interaction in associative memory.
ii. Low-rank subspace storing the noise. In Figure 4.5, the rank-1 subspace between the full
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and rank-2 models is responsible to store the noise, removing which will induce a model
ideally predicting the ground-truth without noise. This is understandable if the embeddings

are orthogonal, as shown in Theorem 4.3.

iii. a v.s. n. When n is large, orthogonal embeddings still induces a low-rank subspace storing
the noise, but « decides whether the low-rank subspace corresponds to the smallest singular
values of W. If not, it requires more careful manipulation of the spectrum instead of low-rank

approximation of W.

444 How DoEes THE Two-LAYER MODEL SOLVE Noi1sY IN-CONTEXT RECALL?

4.4.4.1 TRAINING SETTINGS

In most parts of this work, we consistently train the model with a fixed level of « > 0. However,
we also present numerical results of fine-tuning in Figure 4.7 and 4.4 to show the mechanism
of avoiding generic noise token in the second-layer attention. The details of such a fine-tuning
setting is as follows.

Fine-tuning: there are two phases of training as

« phase 1 (pre-training): starting from a model with random initialized weights, we train the
model on data generated with @ = 0. This is exactly the same as [Bietti et al. 2023]. At
the end of this phase, the second-layer attention is expected to attend all tokens after the

trigger token, i.e., t < T such that z;,_; = g no matter what z; is.

« phase 2 (fine-tuning): starting from a model after phase 1, we train all weights in the model
on data generated with @ > 0. At the end of this phase, the second-layer attention learns to

avoid the generic noise token, i.e, t < T such that z; = Ny, z;_; = g, as shown in Figure 4.4.
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4.4.4.2 SUMMARIZING: ROLES OF KEY COMPONENTS IN THE TWO-LAYER TRANSFORMER

Recall the architecture of two-layer transformers in Section 4.4 as

>

We(z:) + ps,

> o Wi | - Wi,

s<t

Xt

=
~
|I>

L x; +h} +Fy(x; + b)),

2 3 ot Waxl | Wi,

s<t

Ral
Il

=
BN
Il

)
>

x} +h? + Fy(x} + h?),

§t = WUxtz.

When the task is without noise, i.e., « = 0, [Bietti et al. 2023] point out the first-layer attention
attends to the previous token through WlQK =3I, pi1p] . Therefore, when z; = § with z,_; = g,
the output of the first layer is x; ~ Wg(7) + W{,Wg(q). Then they show that the second-layer
attention matches such x; with zr = g by WZQK = (WyWEg(q))WEe(g) T, through which the infor-
mation of § in x} is copied to last token as h% 2 W%,WE(Q) Finally W%, = Xz¢[N] Wy (z)We(z) T
helps output the correct label of 7.

In our work with noise & > 0, the key difference is that there is a fixed probability « for a

2
0K

but also avoid the noise token after trigger. Let’s first summarize the whole pipeline of this model

noise token N +1 to appear after each trigger g. This requires W%, . to not only match the trigger
for our task.

Roles of key components. The first layer will be basically the same as [Bietti et al. 2023],
where WlQK =3 pr1p, attends to the previous token. Consider two positions f7, t; with
Zt-1 = Zy,-1 = @2, = U, 2z, = N + 1, then outputs of the first layer at these two positions
are x; ~ Wg(7) + Wy, Wg(q), x, ~ Wg(N +1) + W;Wg(q). Then the second-layer attention

Wok = (WyWg(q) — ¢ - Wi(N + 1))Wg(q) T with some positive ¢ makes the attention attend
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Figure 4.6: Left: first-layer attention attending to the previous token from the current token. Middle:
logits to predict noise from (Fo(WE(i)), Wy (j)) with input i € [N +1] and output j € [N + 1], where the
output channel 2 is set as the noise channel. It turns out, for all input i, the logits on output 2 are large,
which matches our construction that, at least for trigger q as input, the output 2 has large logits. Right:
logits to predict singal from (W%,WE(i),WU(j)) forinputi € [N + 1] and output j € [N + 1]. It matches
our construction that i = j has large logits. Meanwhile, i = j = 2 does not have large logits since 2 is the
noise channel.

to t; and avoid f; simultaneously, matching with the last token z; = g. Therefore, the output
of the second-layer attention at T is basically h% & W%,WE(Q) Similar to the noiseless case,
W? = 3cn) Wu(2)WE(2) T helps output the correct label of §. Meanwhile, note that x;. actually
contains Wg(q) through xr, so F; is able to predict the noise N + 1 when seeing a fixed Wg(q).
As a result, combining the two streams from h% and F, (x}), the full model is able to predict any
y w.p. 1 — a and predict the noise N + 1 w.p. .

Evidence. Figure 4.4 illustrates that the second-layer attention learns to attend to z;, = § and
avoid z;, = N +1, with Appendix 4.4.4.3 presenting a primitive exploration on how the avoidance
islearnt in a simplified setting. Figure 4.6 (left) shows the attention pattern from WlQ  of attending
to the previous token. Figure 4.6 (middle) shows the memory recall of Wy (N + 1) T F,(Wg(q)) to
predict the noise. Figure 4.6 (right) illustrates the memory recall of WU(i)TW‘Z/WE(i) to predict

the correct token.
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Fine-tuning: prediction diversity
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Figure 4.7: Fractions of predicting the noise token and the other non-noise tokens with a = 0.5. (Left)
pretraining steps on noisy data; (right) finetuning steps on noisy data, after pretraining on clean data
with @ = 0. In both cases, the models learn to predict noise with probability nearly 0.5. In the first few
(~ 5) steps, the models quickly learn to predict noise with probability close to 1. The fine-tuning setting
is in Appendix 4.4.4.1.

4443 How DOES ATTENTION ATTEND LESS TOWARDS THE NOISE TOKEN?

We use the same simplified model as in Section 4.4.1 to understand how the second-layer attention
learns to avoid the noise. When using the same learning rate n = 1, = 1y, Theorem 4.1 implies
that the feed-forward W makes the most contribution for predicting the noise after the first-step
update. Denote the logits for the noise of the model at time ¢ as ;. The arguments in this section

make the following assumptions, which hold at least after the first-step update:
i. W dominates the logits & of predicting the noise token, compared with Wy.

Logits for predicting any k < N is close to 0, which means the predicted probability p; is

exp(é:)
N+exp(&:)”

1l

approximately p; ~
iii. The predicted probability p; < a.
iv. The attention matrix Wog is approximately 0, inducing a uniform attention.

The dataset has T, N > 1 and m — oo, so the gradient is from population loss.

The first assumption holds after the first step from Theorem 4.1 with ¢ = 1,.
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Then, since |[Wy (k)T (Vw,L)Wg(q)| = O(x) - [Wy(N +1)T (Vw,L)Wg(q)| for any k < N in
Lemma C.1, the second assumption holds. Meanwhile, the projection of Vw, L onto any direction
in Lemma C.2 is also smaller than Wy (N + 1) " (Vw,.L)WEg(q) by a factor of O(1/n).

Let’s check the condition of the third assumption. In the proof of Lemma C.1, the gradient of

Wr has the form of

Wy(N+1)"(-Vw,L)WE(q) = @ - pr.

This update induces &, to increase by n(a — p;). This implies
exp(&:) )
N+exp(Z) )

&~ & +’7(Of—

This sequence {&};>1 has stationary point & = log N + log(7%;). Denoting ft £ & — & with

51 = —¢&* < 0, the iteration becomes
gt+l ~ gt + ’7(05 - H{expi)A)
= +exp(&)

If we would like to have §At not hit the positive region by controlling 7, it suffices to bound n with

any gc <0,

A

¢

exp()
L vexp(é)

where RHS is continuous and decreasing on ¢ < 0 when a < 0.5. Hence, we have n < ﬁ
evaluated at f = 0 by L’Hospital rule. This bound of 7 is very strong, since n = O(log N) can still
have £ < 0 after one step.

The fourth assumption is basically from what we will show at the end of this section, as the

second observation.
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Then consider the dynamics of Wy, which is much slower than Wr. From the proof of

Lemma C.2, the gradient of Wy satisfies

N+1 T
VL =Ee | ) (pw(klx) - 1{y = k})%(k)(% >, xt) ] ,
k=1 t=1

Wy (N +1)T(=Vw, L) Wg(k) ~ % Z(a —p)(I{k < N}+a-1{k=N+1}) (4.6)

t>1

1
o 1{k <N}+c-a-L{k=N+1}=0(),

where the projection on Wg(N + 1) is always positive and smaller than that on other directions

when p; < a. Projections onto other directions Wy (j)WEg(k) ",V j < N, are smaller as @(ﬁ).
Finally, let’s consider the dynamics of Wog. At initialization, Wox = 0 and VwoL =0 due

to zero initialization of Wy. After one-step, Wy has such a structure in Eq.(4.6). Then, with

X1r = % 2i1<t<T Xt from uniform attention, the gradient of Wk satisfies

N T
D1y =k} - pw ko) D (Wu (k) Wy - (v - xl;ﬂwﬁ(qf]
k=1 t=1

N (lma _1-p B
N N
k=1

~VwgiL = Ex

T
% Z Wy (k) "Wyx, - (x; — -’Z'l:T)WE(q)T]
t=1

(4.7)

ZA

T
+(a—-p)E % Z(WU(N +1) " Wyx;) - (x; — XlzT)WE(q)T] )

t=1

80



Then, we have

T
WEg(N +1)"BWg(q) =E % Z(WU(N +1) "Wyx) - We(N+1)7 (x; — J_ClsT)]
t=1

[ T
@ g %;(u cla=1) 1z, =N+1}) - We(N +1)7 (3, — F1.7)

[T
® E %Z(c(a 1) - 1{z;=N+1}) - Wg(N+1)"(x; — X‘l;T)]

t=1

1

N2) < 0.

= 5 ela-1)(1-5) =6

where (a) is from Eq.(4.6), (b) is due to X1.7 = % >.; x; and note that ¢ = @(%)

Similarly, we also have

WE(N +1)TAWE(q) = E (Wy (k) "Wyx)WE(N +1)7 - (x; — J_ClzT)]

=E

1 T
72
| © =1
,1 T
72

t=1

®($) H{zs =N+ 1}WE(N+1)" - (x; = %1.7) | = @(% ‘

For any k < N, we have

T
Wi (k)" BWr(q) = B % D (W (N+1)TWyx,) - Wi(k) T (x; - m)]
t=1

T
=B %;(C(a —1) - {z; =k}) - WE(N+1)7 (x — fl:T)]
= & ea=1)(-1) =0(5) > 0
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and

LT
W (k)TAWE(q) =E %;(WU(k)TWth)WE(k)T - (x = 561:T)]

_ 1
= 0(7):

[ T
_E % ; @(%) Az = N+ LWe(K) T - (x¢ — £17)

Combining the above four esimation of projections of A and B with Eq.(4.7), we have

WE(N +1)T (=Yg LW (g) = @(%) <0,
Yk <N, We(h)(~Vwg D)Wi(q) = O(<) > 0.

Then we have three observations
i. Wy in this phase avoids the noise token N + 1 and uniformly attends to all tokens k < N.

ii. The update of Wk is in O( %), while the update of Wp is ©(1) in Lemma C.1 and that
of Wy is @(%) in Lemma C.2. These three levels of updating speed also coincide with the
assumptions that Wy dominates first and then Wy has a micro structure that induces the

evolving of Wok.

iii. The current proof for Wok strongly depends on the fact that the noise token appears less
than other token by a factor « in expectation. The proof will have the opposite result if the
noise token is made to appear more by manipulating the data distribution. Therefore, we

leave a new proof that is robust to such an assumption in data distribution as future work.

4.4.5 MULTIPLE TRIGGERS

In Section 4.4, we assume there is only one fixed trigger ¢ € [N] for simplicity. Actually the

case of multiple triggers has the same mechanism. As discussed by [Bietti et al. 2023] and
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Appendix 4.4.4.2, for the case of only one trigger, the second-layer attention has large logits
in (W‘l,WE(l)T,WéKWE( j)) only for i = j = g. For the case of multiple triggers, basically

(WL WE(i)T, WZQKWE (j)) only have large values when g € Q. This is verified in Figure 4.8.

One trigger: attention Five triggers: attention
0= 0

10 A 10 -
o 207 o 207
Q Q
= <
2 301 2 30
Z Z
S 40 - £ 40 .

50 1 50 1

601 60 -

0 20 40 60 0 20 40 60
output token output token

Figure 4.8: Logits of (W%,WE(i)T,WéKWE(j» for input i and output j when there is one trigger (left,
g = 1) and five triggers (right, ¢ € Q = {1,39,43,53,58}). In both cases, the logits only have large values
when i = j = q, verifies the matching mechanism in Appendix 4.4.4.2.

4.45.1 ARCHITECTURAL CHOICES

In Section 4.4 and Appendix 4.4.4.2, we were focused on experiments with both F;, F, being two-
layer ReLU MLPs. Meanwhile, we have also tried other choices of Fy, F, and then search for the
best truncation method for each architecture. In this section, we would like to summarize our
experimental results for better understanding of all modules in the two-layer transformer.

Generally, the feed-forward layer can be two-layer ReLU MLPs, one-layer Linear or “None”,
where None stands for there is no feed-forward layer so that the value matrices in attention layers
are the only weight matrices that transform features.

Both Fy, F, are two-layer MLPs. This is our main setting. The best truncation method is to
fully drop F,. We also try to fully drop Fj, as reported in Figure 4.9. It turns out fully dropping F;

makes the model predict the noise with high probability.
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Figure 4.9: Test performance of fully dropping F, F, when both Fy, F, are two-layer MLPs. It turns out,
while dropping F, makes the model predict correctly w.p. near 1, dropping F; has the model predict noise

with high probability.

F; is MLPs and F; is Linear. Figure 4.10 reports the results. Dropping F; and F, both im-
prove the correct prediction, and dropping F; is better with lower test loss. Note that, when test
accuracies are near 100%, lower test loss is a better measurement of the prediction quality, be-

cause accuracies are taken by argmax over the output logits while test loss are about the exactly

predicted probability.
MLPs + Linear: Test accuracy MLPs + Linear: Test loss
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Figure 4.10: Test performance of fully dropping F;, F, when both F; is MLPs and F; Linear. Both dropping

methods turn out to help predict more correctly than the full model. Meanwhile, dropping the MLP F; is

better with lower test loss.

F; is Linear and F, is MLPs. Figure 4.11 reports the results. Dropping F, improves the
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correct prediction while dropping F; makes the model predict noise more.

Linear + MLPs: Test accuracy Linear + MLPs: Test loss
e e e
! ]
I
084 1 i
> ! i
g I 10°4 1
£ 0.6 : —— dropF 1 " 1 drop F_1
§ | === dropF 2 8 | === dropF 2
=044 1 full = \ full
= ! \
f -1 \
0.2 1 : 10 \\
~
N\
I -
J ”f\k i Y A
0.0
0 2000 4000 6000 8000 0 2000 4000 6000 8000
Training step Training step

Figure 4.11: Test performance of fully dropping F;, F, when both F; is Linear and F, MLPs. Only dropping
F, helps predict more correctly. Dropping F; makes the model predicting noise more.

Both F; and F, are None. Figure 4.12 reports the results. While there is no feed-forward layer
any more, low-rank truncating a part W, of the first-layer matrix improves the model’s prediction
a little. This implies that, when there is not feed-forward layers, the noise association is possible
stored in the first-layer value matrix of attention. Note that the improvement of such low-rank
truncation is clearly smaller than fully dropping one of feed-forward layers in the previous cases.
Meanwhile, a smaller p = 0.01 destroys the model’s performance. This implies fully dropping
is not the optimal choice for low-rank truncation of the value matrix, and there is low-rank
subspace in it that is useful for predicting the correct tokens. Our discussion of the role of Wy, in

Appendix 4.4.4.2 is a possible answer to this phenomena.

4.4.5.2 TRAINING DETAILS ABOUT EXPERIMENTS

All of the training is with SGD optimization with learning rate in {0.001, 0.03}. The batch size is
512. The dimension is 256. The context length is 256. All results in the experiments are stable
for any learning rate between 0.001 and 0.03. Each run of experiments is on a single Nvidia Tesla

V100 GPU. It takes 3 hours to finish each run for 2K steps, which probably can be optimized a
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Figure 4.12: Test performance of low-rank truncating of W}, when there is no Fy, F,. Here p is the fraction
of preserved rank of W1, where actually we re-parametrize the first-layer value matrix in attention as
W Wi, € R4 _ It turns out the best p = 0.05 improves the model’s prediction a little. Meanwhile, a

smaller p destroys the model’s performance.

lot since we are tracking a lot of measurement along training, not limited to hundreds of possible

truncations at each test time.

4.5 EXPERIMENTS ON PRE-TRAINED LLMs

In this section, we empirically investigate how LLMs process distributional vs in-context associ-
ations, and how this evolves during training. Meanwhile, we provide numerical results of how
much low-rank truncation improves complex reasoning on a real-world reasoning benchmark,

GSMSK. Appendix C.8 provides another synethetic IOI dataset that requires counting tokens.

45.1 AN INVESTIGATION ON GPT-2 SmALL AND PYTHIA MODELS

We consider GPT-2 small and Pythia models on the indirect object identification (IOI) and factual

recall tasks described in Section 4.3.1.

Quick demonstration: IOI on GPT2 Small. Different from [Wang et al. 2022], we would

like to consider whether a model proposes an output beyond the input x. A quick demonstration
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is to consider the IOI task with input x =“When Mary and John went to a store, John gave a
drink to”!. The top 4 predicted tokens for GPT-2 Small [Radford et al. 2019] on x are [“Mary”,
“them”, “the”, “John”]. Although GPT-2 Small successfully predicts Mary (the IO target) instead
of John (S), the other two top candidate tokens, i.e., “them” and “the”, do not even appear in the
context. This prominence of such “generic” words is similar to the factual recall example from
Section 4.3.2, and plausibly follows from a distributional associative mechanism conditioned on
the preposition “to”.

Comprehensive experiment: 101 on Pythia-1B. Now we would like to verify this obser-
vation on more models and, more comprehensively, track the behavior of these models along
training. We choose to conduct the IOI experiments on Pythia [Biderman et al. 2023], a fam-
ily of models ranging in sizes from 14M to 12B trained on web data, with hundreds of training
checkpoints for each size. We generate an IOl dataset of 100 sentences with random names for
[IO] and [S] in each sample. Figure 4.13 reports the test results of Pythia-1B along training. Here
LASER is conducted on MLP weights, with parameters given in Appendix C.1.2. LASER boosts
the probability ratio of [IO] over “the” from 2.3X to 12.3X at 14K steps.

Factual recall on Pythia-1B. As in Table 4.1, we verify factual recall with input as “Madrid
is located in”. The full model of Pythia-1B generates “Madrid is located in the north of Spain”,
while the model after LASER generates “Madrid is located in Spain”. We track the probability of
predicting “Spain” and “the” along training in Figure 4.13. LASER turns out to boost the proba-
bility ratio of “Spain” over “the” from 0.16X to 11.3X at 14K steps. We note that better prompting
could avoid the need for LASER in this case (e.g., “Madrid is located in the country of” predicts
“Spain”), but increases the context length and thus the inference cost, though this is outside the
scope of this paper.

Training dynamics on Pythia. The behavior of the Pythia models on the IOI and factual

INote that here we use “a” store instead of “the” store in the original example of [Wang et al. 2022]. The reason
is to rule out the word “the” from the input context.
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Figure 4.13: Left: average probability of tokens [10], [S] and “the” in 100-sentence 0l task in the predic-
tion by Pythia-1B along training. Right: average probability of tokens “Spain” and “the” in a factual task
predicted by Pythia-1B along training, with input as “Madrid is located in”. In both tasks, the full model
learns to predict “the” with high probability starting from ~10 steps, and then learns to solve the tasks.
LASER boosts the probability of correct answers against “the” in both tasks: the average probability ratio
of correct answers against “the” improves from 2.3x to 12.3x (in 10l) and from 0.16X to 11.3X (in factual)
at 14K steps.

recall tasks during their pre-training process displays several phases, as shown in Figure 4.13. For

IOI, we observe:
i. Initialization: all tokens have similar logits since the weights are random initialized.

ii. Between 10 and 1000 steps: the models consistently output “the”. They cannot solve IOI task
at all, as long as they have almost the same prediction for [IO] and [S]. After 500 steps, [I0]

starts the growth towards one of the top predictions.

iii. After 2000 steps: Pythia starts to be able to solve IOI task by preferring [IO] than [S] and

“the”. Meanwhile, the benefit of LASER appears as enhancing the leading position of [IO].

Therefore, the training process reveals the capacity of predicting “the” is learnt much earlier
than predicting [IO]. The reason might be that predicting “the” requires a simpler grammar struc-
ture, while predicting [IO] requires a complicated architecture of attention heads of different roles
across layer [Wang et al. 2022]. Then we note that the IOl task always has “to” before the masked
[I0], which means “to” may be an indicator for the model to predict “the” with non-negligible
probability. Similarly, for factual recall we see early learning of the “generic” answer, while the
factual answer is learned later. Conceptually, if LLMs are able to write natural text or have been

trained sufficiently with natural texts, it is not surprising for the model to predict “the” with high
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probability after seeing “to”. This is verified in Appendix C.1.1.

4.5.2 THE EFFECT OF TRUNCATING FEED-FORWARD LAYERS ON GSM8K

As our previous examples of in-context reasoning tasks are too simple for real-world reasoning,
we verify whether truncating MLPs improves reasoning on the GSM8K benchmark [Cobbe et al.
2021]. As shown in Table 4.2, LASER improves the few-shot Chain-of-Thought [Wei et al. 2022]
reasoning performance on GSM8K when only using 1 or 2 shots, although the performance is
worse in the standard 8-shot setting. This suggests that truncating MLPs may help promote in-
context reasoning even in more complex settings, perhaps by removing spurious distributional
associations.

Table 4.2: Few-shot accuracy (%) of pretrained and finetuned language models on GSM8K. Truncating
MLPs (LASER) improves reasoning performances in few-shot CoT settings while it has worse performance
in the standard 8-shot setting. The LASER hyper-parameters are in Appendix C.1.2.

1-shot 2-shot 4-shot 8-shot (standard)

Phi-3 [Abdin et al. 2024] 56.0 72.2 78.2 82.7
Phi-3 + LASER 66.1 74.4 77.0 82.3
Llama-3.1-8B [Al@Meta 2024] 44.7 50.0 57.6 56.0
Llama-3.1-8B + LASER 46.1 50.7 55.9 53.8
Llama-3.1-8B-Instruct [Al@Meta 2024]  72.6 74.7 78.5 79.7
Llama-3.1-8B-Instruct + LASER 73.6 75.6 77.7 77.0

4.6 DISCUSSION AND LIMITATIONS

In this chapter, we studied the questions of how transformer language models learn to process
distributional associations differently than in-context inputs, and how truncating specific weights
or layers, particularly feed-forward layers, can help in-context reasoning. While our work pro-

vides some initial theoretical understanding of how this may arise on simple controlled settings,

89



it would be interesting to study how these ideas may extend to more complex tasks where in-
context reasoning and distributional knowledge interact in more intricate ways.

Our contribution focuses on understanding the different roles of attention and FF weights in
disentangling distributional vs in-context associations, both empirically and theoretically. The
application of low-rank truncation is simply a way to verify our claims, and is consistent with
the findings in the LASER paper that truncating some FF layers may improve performance on
some reasoning tasks.

Nevertheless, our perspective based on distributional associations versus in-context reasoning
may be helpful in thinking about how to allocate parameters to feed-forward versus attention
layers: for instance, in Figure 4.14 on our synthetic task, we found that for a fixed total parameter
budget, models with fewer MLP parameters achieve higher loss on distributional predictions (e.g.,
non-contextual bigrams) compared to models with more MLP parameters (and fewer attention
parameters). These notions may also provide a different way to reason about circuit discovery
in mechanistic interpretability from the perspective of training dynamics and properties of the
training data. Finally, this disentanglement may inform more effective ways to fine-tune models,

e.g., by selectively choosing which layers to fine-tune.
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Figure 4.14: The training loss of approximating the global bigram ;, with various allocations of parame-
ters in MLP and Attentions. For each configuration of total parameters and ratios, we use the correspond-
ing best learning rate after search to train 100 steps.
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A APPENDIX: SUPPLEMENTARY MATERIALS

FOR CHAPTER 2

A.1 GA-MLP WITH GENERAL EQUIVARIANT GRAPH OPERATORS
FOR NODE FEATURE AUGMENTATION

For a graph G = (V,E) with n nodes, assume without loss of generality that V = [n]. Let S,
denote the set of permutations of n, and Vr € S,, it maps anode i € [n] to z(i) € [n]. Forz € S,
and a matrix M € R™", we use 7 * M € R™" to denote the 7-permuted version of M, that is,
(m *x M);j = My(i)n(j).- For m € S, and a matrix Z € R™4 we use 7 x Z € R™ to denote the
r-permuted version of M, that is, (7 * Z);, = Za(i)p-

Below, we define a more general form of GA-MLP models that extend the use of equivariant
linear operators for node feature propagation to that of general equivariant graph operators. We
first define a map w : R™" x R™?4 — R™?’ whose first input argument is always the adjacency
matrix of a graph, A, and second input argument is a node feature matrix. We say the map
satisfies equivariance to node permutations if Vz € S,, VZ € R™, there is w(7r *x A, 7 % Z) =
7 * w(A,Z). With a slight abuse of notations, we also use w[A](Z) to denote w(A, Z), thereby
considering w[A] : R™¢ — R™ a5 an operator on node features. If w satisfies equivariance to

node permutations as defined above, we then call @w[A] an equivariant graph operator. We can
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then define a general (nonlinear) GA-MLP model as

X = w[A](X)

Z = p(X) (A1)

where o is an equivariant graph operator, and p is a node-wise function.

It is easy to see that

Proposition A.1. If w[A](X) = m(A) - X, where m(-) = R™" — R™" is an entry-wise function

or matrix product or compositions thereof, then w[A] is an equivariant graph operator.

A.1.1 EXTENDING THE PROOF OF PROPOSITION 2.6 AND 2.7 TO GENERAL

GA-MLPs

An extension of the first half of Proposition 2.6 is

Proposition A.2. If w[A] is an equivariant graph operator, then there exist exponentially-in-K
many equivalence classes in & induced by the general GA-MLPs with w[A], each of which intersects
with doubly-exponentially-in-K many equivalence classes in & induced by depth-K GNNs, assuming

that |X| > 2 and m > 3.

Proof: Similar to the proof of Proposition 2.6 given in Appendix A.8, we consider the set of
full m-ary rooted trees of depth K, 7, x x, that is all rooted trees of depth K in which the nodes
have features belonging to the discrete set X € N and all non-leaf nodes have m children. 7, x x
is a subset of &, the space of all rooted graphs. Suppose f is a function represented by a general
GA-MLP defined in (A.1) with an equivariant graph operator w[A]. Let V. denote the set of nodes
at depth k of T. Notice the following symmetry among nodes in each Vj: if 7 is the permutation

of a pair of nodes in some Vi for 1 < k < K, then 7 * A = A. By the equivariance property of o,
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this implies that

w[A]l(r % Z) =w|[1 *x Al (1 % Z)

=1 % w[A](2) (A.2)

Let X denote the node feature matrix associated with T, and 7 * T denote the rooted tree in 7, x x
with the same topology (i.e., also a full m-ary rooted tree) but node feature matrix 7 x X. Then,

since the root node is not permuted under 7, we know that

F(T) =p ([ Al (X)1)
=p ((71’ * a)[A] (X))l)
=p (w[A](7 * X)1.)

=f(r*T) (A.3)

This implies that for two trees T and T” € T, x x,if VO < k < K, Vx € X, they satisfy |Wk(T; x)| =
|'Wi(T'; x)|, then f(T) = f(T’) for all such f’s, and hence T and T’ belong to the same equiva-
lence class in & induced by GA-MLPs. Therefore, by the rest of the argument given in Proposi-
tion 2.6, Proposition A.2 can be proven analogously for GA-MLPs with general equivariant graph
operators. O

Similarly, Proposition 2.7 can also be extended to

Proposition A.3. For any sequence of node features {xi }xen, € X, consider the sequence of func-
tions fi (Gl := | Wi (Gl; (xq, ... x1))| on &. For all k € Ny, the image under fi of every equiv-
alence class in & induced by depth-k GNNs contains a single value, while for any GA-MLP using
equivariant graph operators, there exist exponentially-in-k many equivalence classes in & induced

by this GA-MLP whose image under f;. contains exponentially-in-k many values.

The proof replies on the same extension as described above in the proof of Proposition A.2.
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A.2 EXAMPLES OF EXISTING GA-MLP MODELS

For € € R, let A(E) = A+el, D(e) be the diagonal matrix with D(e),ii = 2jAij + € and A(e) =

A-1/2 7 ~-1/2
D *AD )

« Simple Graph Convolution [Wu et al. 2019]:

Q(A) = {(A(l))K } for some K > 0. In addition, ¢ is the identity function and p(H)

softmax(HW) for some trainable weight matrix W.

+ Graph Feature Network [Chen et al. 2019a]:
Q(A) = {I,D, A(e), (A(e))K} for some K > 0 and € > 0. In addition, ¢ is the identity

function and p is an MLP.

« Scalable Inception Graph Networks [Rossi et al. 2020]:
Q(A) = {I}UQ1(A) UQ,(A)UQ3(A), where Q1 (A) is a family of simple / normalized adja-
cency matrices, Q;(A) is a family of Personalized-PageRank-based adjacency matrices, and
Q3(A) is a family of triangle-based adjacency matrices. In addition, writing X = [)21, X &l
there is Z = p()~() = o01(0oo( [)~(1Wl, )N(KWK])Wout), with o7 and o, being nonlinear activa-
tion functions and W, ..., Wx and Wy, being trainable weight matrices of suitable dimen-

sions.

A.3 EQUIVALENCE CLASSES INDUCED BY GNNs AND GA-MLPs
AMONG REAL GRAPHS

Given a space of graphs, G, and a family # of functions mapping G to R, ¥ induces an equivalence
relation that we denote by ~g.+ among graphs in G such that for G, G, € G, G; ~g.# G if and
only if Vf € ¥, f(G1) = f(Gz). For example, if ¥ is powerful enough to distinguish all pairs

of non-isomorphic graphs, then each equivalence class under ~g # contains exactly one graph.
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IMDBBINARY IMDBMULTI  REDDITBINARY REDDITMULTI5K COLLAB

# Graphs 1000 1500 2000 5000 5000

K GNN GA-MLP GNN GA-MLP GNN GA-MLP GNN GA-MLP GNN GA-MLP
1 51 51 49 49 781 781 1365 1365 294 294

2 537 537 387 387 1998 1998 4999 4999 4080 4080

3 537 537 387 387 1998 1998 4999 4999 4080 4080
ground truth 537 387 1998 4999 4080

Table A.1: The number of equivalence classes of graphs induced by GNN and GA-MLP on real datasets
with node features removed. The last row gives the ground-truth number of isomorphism classes of graphs
computed from the implementation of [Ivanov et al. 2019].

Thus, by examining the number or sizes of the equivalence classes induced by different families
of functions on G, we can evaluate their relative expressive power in a quantitative way.

Hence, we supplement the theoretical result of Proposition 2.2 with the following numeri-
cal results on five real-world datasets for graph-predictions. For graphs in each of the two real
datasets, we remove their node features and count the total number of equivalence classes among
them induced by depth-K GNNs (equivalent to K-iterations of the WL test, as discussed in Sec-
tion 2.3.2) as well as GA-MLPs with Q = {I, A, ..., AX} for different K’s. We see from the results
in Table A.1 that as soon as K > 2, the number of equivalence classes induced by GNNs and the
GA-MLPs are both close to the total number of graphs up to isomorphism, implying that they
are indeed both able to distinguish almost all pairs of non-isomorphic graphs among the ones

occurring in these datasets.

A.4 ADDITIONAL NOTATIONS

For any k € N, and any rooted graph Glll = (V,E, i) € &, define

Wi(GU) = {(iy, i) TV : Ay, A SAy i > 0} (A.4)

i,ip>

WG = {(iy, ooy it) € Wi(GI) i # iy, iy # s, o ijes # pers kg # ik} (A.5)
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as the sets of walks and non-backtracking walks of length k in Gl/l starting from the root node,
respectively. Note that when Gl is a rooted tree, a non-backtracking walk of length k is a path
from the root node to a node at depth k. In addition, for 0 < di,...,dx < m and x3,...,x; € X,

define the following subsets of ‘W (G!1):
W, (GW; (dy, .., dk),xk) = {(igy i) € We(G) < {dy ooy Yon = {drs oo i} X, = %0} (A6)

W, (G[fl; (x1, ...,xk)) = {(i1, .o ix) € Wi(GITY 1 (X, .0 X3) = (X1, o0 xp) } (A.7)
Wi (G x) = {(iny oo ir) € Wi(GH) 1 X5, = 31} (A.8)

We also define Wy (G[i]; (dy, ..., dk),xk), W, (G[i]; (x1, .o0s xk)) and W (Gl x;.) similarly.

A.5 PROOF OF PROPOSITION 2.2

With node features being identical in the random graphs, we take X € R™! to be the all-1 vector.

Thus,
(DX);i = d;, (A.9)
and
(AD™*X); = Z . (A.10)
JEN(D)

Since (2.4) and (2.2) together can approximate arbitrary permutation-invariant functions on mul-
tisets [Zaheer et al. 2017], if two graphs G = (V,E) and G’ = (V’, E’) cannot be distinguished by
the GA-MLP with an operator family Q that includes {D, AD™*} under any choice of its parame-

ters, it means that the two multisets {(d;, 2 jen (i) d]._“) 21 € Vi ={(dr, Zjenin d].‘,“) eV,

97



and therefore both of the following hold:

{di 11 € V}m :{d,‘/ = V/}m (All)
{ Z 7% i€ Vi ={ Z A% i € V'}y (A.12)
JEND) JEN(D)

To see what this means, we need the two following lemmas.

Lemma A.4. Let S, be the set of all multisets consisting of at most n elements, all of which are
integers between 0 and n. Consider the function hy(S) = Y ,csu™* defined for multisets S. If

logn . L .
A > o Tlog (il hy is an injective function on S,,.

Proof of Lemma A.4: For h, to be injective on S,, it suffices to require that VI < n — 1, there is

logn

I > n(l1+1)~%, for which it is sufficient to require that (n—1)"% > n™*"! or a > TognTog(n=1)"

O

Lemma A.5 ([Babai et al. 1980], Theorem 1). Consider the space of graphs with n vertices, G,. There
is a subset K, C G, that contains almost all such graphs (i.e. the fraction convergesto1l asn — o)

such that the following algorithm yields a unique identifier for every graph G = (V,E) € K,:

ALGoriTHM 1:  Setr = [3logn/log2], and let d(G) be the degree of the node in V with the rth
largest degree; For each node i in G, define the multisety; = {d; : j € N(i),d; > d(G)}; Finally
define a multiset associated with G, F(G) = {y; : i € V'},,, which is the output of the algorithm.

In other words, VG, G’ € K,, G and G’ are isomorphic if and only if F(G) = F(G’) as multisets.

In particular, we can choose K, such that the top r node degrees of every graph in K, are distinct.

Based on these lemmas, we will show that when o > logni?o% and for G,G’" € K, (A.11)
and (A.12) together imply that G is isomorphic to G’. To see this, suppose that (A.11) and (A.12)
hold. Because of (A.11), we know that G and G’ share the same degree sequence, and hence

d(G) = d(G’). Because of (A.12), we know that there is a bijective map ¢ from V to V’ such that
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VieV,

Z 7% = Z d, (A.13)

JEN (D) JEN()
which, by Lemma A.4, implies that {d; : j € N(i)}n = {dy : j/ € N(i')}». We then have
Vo= {dy i j € NDbn = {d; 1 j € N()}m 01 (d(G),00) = {dj : J € N()}m 0 (d(G), ) = 1,
and therefore F(G) = F(G’), which implies that G and G’ are isomorphic by Lemma A.5. This
shows a contradiction. Therefore, if G,G’ € K, are not isomorphic, then it cannot be the case
that both (A.11) and (A.12) hold, and hence there exists a choice of parameters for the GA-MLP
with {D, AD™*} C Q that makes it return different outputs when applied to G and G’. This proves

Proposition 2.2. O

A.6 PROOF OF PROPOSITION 2.3

As argued in the main text, to estimate the number of equivalence classes on & induced by GNNs,
we need to estimate the number of possible rooted aggregation trees. In particular, to lower-
bound the number of equivalence classes on & induced by GNNs, we only need to focus on a
subset of all possible rooted aggregation trees, namely those in which every node has exactly m
children. Letting ‘7:;?1(, x denote the set of all rooted aggregation trees of depth K in which each
non-leaf node has degree exactly m and the node features belong to X, we will first prove the

following lemma:
Lemma A.6. If|X| > 2, then |7:nAKX| > (m - 1)(2K_1)'

Note that a rooted aggregation tree needs to satisfy the constraint that each of its node must
have its parent’s feature equal to one of its children’s feature, and so this lower bound is not
as straightforward to prove as lower-bounding the total number of rooted subtrees. As argued
above, this will allow us to derive Proposition 2.3.

Proof of Lemma A.6: Define 8 := {0, 1}. Since |X| > 2, we assume without loss of generality that
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B C X. To prove a lower-bound on the cardinality of 7%, ,, it suffices to restrict our attention to

m,K, X’

: A _ gA
its subset, 7:nK =7

KB where all nodes have feature either 0 or 1. Furthermore, it is sufficient

to restrict our attention to the subset of 7 which contain all 2X possible types of paths of length

K from the root to the leaves. Formally, with W defined as in Appendix A.4, we let
‘i:n[}K ={T € 7,'nAK :Vxq, ..., xg € B, WK(T; (x1, .oy XK)) = 1}, (A.14)

and it is sufficient to prove a lower bound on the cardinality of ‘i:nAK Define Py = {(xy, ..., x¢) :
X1, .. Xk € B} to be the set of all binary k-tuples. By the definition of (A.14), we know that
V1 € Pk, "Wk (T; )| > 1. This means that V7 € Pk, there exists at least one leaf node in T such
that the path from the root node to this node consists of a sequence of nodes with features exactly
as given by 7. We call any such node a node under r.

We show such a lower bound on the cardinality of 7~;n {*K inductively. For the base case, we
know that ‘f:nAl consists of all binary-featured depth-1 rooted trees with at least 1 leaf node of
feature 0 and 1 leaf node of feature 1, and hence ‘i:nAl = 2(m—1). Next, we consider the inductive

step. For every K > 1 and every T € 7~;1A , we can generate rooted aggregation trees belonging

toTe’]~~A

mK+1 Py assigning children of feature 0 or 1 to the leaf nodes of T. First note that, from

two non-isomorphic rooted aggregation trees T and T’ € (i;nAK, we obtain non-isomorphic rooted

in this way. Moreover, as we will show next, for every T € TA  we

aggregation trees in 7 K>

m,K+1

can lower-bound the number of distinct rooted aggregation trees belonging to 7%, . . obtained

m,K+1

from T in this way.
There are many choices to assign the children. To get a lower-bound on the cardinality of
(i—A

x+1» We only need to consider a subset of these choices of assignments, namely, those that

assign the same number of children with feature 0 to every node under the same 7 € Pg. Thus,
we let §x+1,r denote the number of children of feature 0 assigned to every node in 7. Due to the

constraint that each node in the rooted aggregation tree must have its parent’s feature equal to
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one of its children’s feature, not all choices of {Gk+1:}-ep, lead to legitimate rooted aggregation
trees. Nonetheless, when restricting to the choices where V7 € Pk, 1 < gx41, < m — 1, we see
that every leaf node of T gets assigned at least one child of feature 0 and another child of feature
1, thereby satisfying the constraint above whether its parent has feature 0 or 1. Moreover, for
such choices, the rooted aggregation tree of depth K + 1 obtained in this way contains all 2X*!

possible paths of length K + 1, and therefore belongs to 74 Hence, it remains to show a

m,K+1"

lower bound on how many distinct trees in 72, .. can be obtained in this way from each T. Since

m,K+1
for 7,7’ € Pk such that ¢ # 7/, a node under 7 is distinguishable from a node under 7/, we see
that every legitimate choice of the tuple of 2K integers, (Gk+1,r)repy. leads to a distinct rooted

aggregation tree of depth K + 1, and there are (m — 1)2K of these choices. Hence, we have derived

~ K, ~ ~ K ok K_
that [7.%,,| = (m = 1)*" |72 |, and therefore |7 5| = (m - 1)Z=? = (m - 1)1,

A.7 PROOF OF PROPOSITION 2.4

According to the formula (2.3), by expanding the matrix product, we have

i —ag(atf)  (arh) -
A= > ded P d P a P p(x,)
(i1t EWe(GIH)
=4 > > (dy...dp-1)" P dio(x)
{d1ndi-1}ms (L,i1,..0k) €

dex  Wi(GUL{dy,.di—1 b mdi,x)

=% Y ((@de) P dip()) WG {dy i b di )| (A15)

{J1’~-~idk—l}m,
dk,x

with Wk(G[i]; {di, ..., di—1}ms di, x) defined in Appendix A.4. Hence, for two different nodes i in

G and i’ in G’ (G and G’ can be the same graph), the node-wise outputs of the GA-MLP at i
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and i’ will be identical if the rooted graphs G' and G’ satisfy (Wk(G[i]; {dl, ey dk_l}m, dy, x) =
(Wk(G’[i’]; {di, ..., di_1}ms di, x) for every combination of choices on the multiset {di,....di—1}m,
the integer dy and the node feature x, under the constraints of d;, ..., dy < m and x € X. Note

that there are at most (k+m12) < (k+m—2)""! possible choices of the multiset {Jl, ey dk—l}m’ m

m—

)m—l

choices of di and |X| choices of x, thereby allowing at most | X |m(k +m — 2 possible choices.

Because of the constraint

> WG i de )| = WG] < it (A16)

{dl""idk—l }m’
dk,x

We see that the total number of equivalence classes on & induced by such a GA-MLP is upper-
bounded by (mkw%ﬁnm—_zizntl_l) which is on the order of O(m*") with k growing and m bounded.
Finally, since the total number of equivalence classes induced by multiple operators can be upper-

bounded by the product of the number of equivalence classes induced by each operator separately,

we derive the proposition as desired.

A.8 PROOF OF PROPOSITION 2.6

Consider the set of full m-ary rooted trees of depth K, 7, x x, that is all rooted trees of depth K in
which the nodes have features belonging to the discrete set X € N and all non-leaf nodes have
m children. 7, x x is a subset of &, the space of all rooted graphs. If f is a function represented

by a GA-MLP using operators of at most K-hop, then for T € 7, x x, we can write

F(D) =p(D aX;), (A.17)

jev

where we denote the node set of T by V and the vectors a;’s depend only on the topological

relationship between j and the root node. Let V; denote the set of nodes at depth k of T. By the
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assumption that the operators depend only on the graph topology, and thanks to the topological
symmetry of such full m-ary trees among all nodes on the same depth, we have that V1 < k < K

and Vj, j’ € Vi, thereis a; = a;. =: afx]. Thus, we can write

£ =p( Y > (X))

0<k<K jeVk
=p( Y D Al Wi(T:x))) (A.18)

0<k<K xeX
for some other set of coefficients ay, s, and where Wk(T;x) is defined in Appendix A.4. In
other words, for two trees T and T” € Tk .x, if VO < k < K,Vx € X, they satisfy |Wk(T;x)| =
|'We(T'; x)|, then f(T) = f(T’) for all such f’s, and hence T and T’ belong to the same equiva-
lence class in & induced by GA-MLPs. Thus, for a certain subset of these equivalence classes, we
can lower-bound the number of equivalence classes in & induced by GNNs that they intersect
by lower-bounding the number of distinct trees in 7, x x that they contain, because GNNs are
able to distinguish non-isomorphic rooted subtrees. In particular, as a lower-bound is sufficient,
we restrict attention to the subset of those trees with node features either 0 or 1, that is, trees

belonging to Tk = Tmk.8, with B := {0, 1}.

In a rooted tree T, (Wk(T; x) gives the total number of nodes with feature x at depth k. For

integers qo, q1, ..., qx such that 0 < g < mk, Vk < K, define
TT;I,K,(qo,ql,...,qK) = {T € Tn,K : Vk S Ka |Wk(T’ 0)| = Qk} bl (Alg)

that is, the subset of trees whose per-level-node-counts, {|W(T; 0)|}x<k (and then, therefore,
{|W(T; x)|}k<k xes) are given by the tuple (qo, q1, .., k). From the argument above, all trees
in the same 7,k (¢o.q1....qx) P€long to the same equivalence class in & induced by GA-MLPs. On
the other hand, every pair of non-isomorphic trees belong to different equivalence class in & in-

duced by GNNs. Thus, to show Proposition 2.6, it is sufficient to find sufficiently many choices of
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(9o q1, .- qx) such that 7,k (g0.91....qx) contains sufficiently many non-isomorphic trees. Specifi-

cally, we will show the following:

Lemma A.7. For all integers qo, q1, .., qx such thatV2 < k < K,

1
2k —2k2 < g < —m*, (A.20)

[\

there is

2K*l_
|7:n,K,(q0,q1,...,qK) | > 2 ! (A.Z 1)

Proof of Lemma A.7: To prove such a lower bound on the cardinality of 7, k. (go.q1....qx)- it 15 suffi-

cient to prove a lower bound on the cardinality of its subset,
(i;LK,(q(),ql,...,qK) = {T € Tn,K,(qo,ql,...,qK) : VXI, LR xK € B; WI((’T5 (xl’ ey xK)) Z 1} . (A.22)

A similar construction is involved in the proof of Lemma A.6 in Appendix A.6. Then, we will
prove this lemma by induction on K. For the base cases, it is obvious that |7~;n,0,(0)| = |7~;n,0,(1)| =1,
and |'7~:n,1,(0,0)| = |'7~:n,1,(0,1)| = |‘7~:n,1,(0,2)| = |‘7~7n,1,(1,o)| = |7~;n,1,(1,1)| = |(ir;1,1,(1,2)| = 1. We next prove the

inductive hypothesis that, for K > 2 and when qq, g1, ..., gk satisfying (A.20), there is

~ ZK_Z ~
|7;n,K,(q0,q1 ..... qK)l > 2 . |7r~n,K—1,(q0,q1,...,qK_1)| . (A-23)

To see this, we will next show that VT € ‘f:n,K_L(qO,qlqu_l), we can generate enough number of
depth-K treesin 7y, K.(¢oq1,.-qx) PY @appending children to the leaf nodes of T. Since any two depth-
K trees generated from two non-isomorphic depth-(K — 1) trees in this way are non-isomorphic,
this will allow us to lower-bound the total number of trees in (if—n,K,(qo,th,QK)‘

Consider the set of binary k-tuples, Py = {(x1,....,xx) : x1,...xx € B}, of cardinality 2k,

AsT € (fr;l)K_ls(Qanlsmqu—l)’ we know that Vr € Px_y, [Wk_1(T;7)| > 1. This means that Vz €
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P, there exists at least one leaf node in T such that the path from the root node to this node
consists of a sequence of nodes with features given by 7. We call any such node a node under
7. The total number of the children of all nodes under 7 is thus m - |Wx_1(T;7)| > m. Thus,
the total number of children with feature 0 of all nodes under 7 is bounded between 0 and m -
|'Wx_1(T; 7)|. Conversely, for any 28~!-tuple of non-negative integers, (gk.z)repk_,» Which satisfy
Vr € Pxk_1,1 < g < m- |WK_1(T; 7)| — 1 can be “realized" by at least some depth-K tree T
obtained by appending children to the leaf nodes of T, in the sense that V7 = (xy, ..., xx-1) € Px_1,
there is Wi (T’; (x1, ..., xk-1,0)) = Gxr and Wx(T’; (x1, ... xk-1,1)) = m - [ Wg_1(T;7)| — Gx.ov
and hence T" € Tk (qo....qx-1.qx)> With Gk = X;ep,_, G-~ Because of the requirement that 1 <

qxr <m- |'Wk_1(T;7)| — 1, we further have that V&’ € Px, Wi (T’,7’) > 1, which implies that

.....

.....

forall T € ﬁn,K—l,(qo,ql,...,qK_l)) on the number of 2K-1

qKk = Z dK,r

T€PK_1

-tuples, (qx 7)repy_,» Which satisfy

Vr e Px_1,1 <qgr <m- |WK_1(T; )| -1 (A.24)

A simple bound can be obtained in the following way. For every such T, we sort the 2K~1-

tuples in Px_; in ascending order of |'Wx_1(T;-)|, and define Pi_, 1 to be the subset of the first

2K-2 of these elements according to this order. Thus, for example, V7 € P}<—1,T’ Y’ € Px_; \P}<—1,T’
there is [ Wx_1(T;7)| < [ Wx_1(T;7)|. As a consequence, we have ZTGP}HT |'Wk_(T;7)| <
Dreri i\, | Wk-1(Ts 1) and so Yeepr | [ Wi-1(T57)] < 3 Yrepp, Wi (Ti1)| = gm*1 <

K-1T

ZTEPK_l\P}(_LT |Wi_1(T;7)|.

Lemma A.8. Let K > 2 and qx satisfy (A.20). Then for all choices of the 2X~%-tuple of integers,
(Gk.c)rep, ., suchthatVt € Pi_, 1, qx,r = 1 or 2, we can complete it into at least one 2K=1tuple of

integers, (Gk.r)rep_,» Which satisfy (A.24).
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2K—2

Proof of Lemma A.8: For any such -tuple, (Gk,r)rep, . in order to satisfy the constraints of

(A.24), it is sufficient to find another 2X~2 integers, (QK’T)TepK_l\p}(_l ,» which satisfy

Z dK,r =9K — Z dk.r (A.25)

’ ’
TEPK,l\PK_LT T€PL i1

Vr € Pgi \Py_ 11 <Gkr < m- [Wi_i(T;7)| - 1 (A.26)

On one hand, since gk = 1 or 2, Vr € Py_, ;, there is gx — 2Kl < g = Yiep

q <
K-1,T 9K =

gk — 2572, On the other hand, with the only other constraint being (A.26), it is possible to find

(qK.r)repii\p)_, , such that ZTGPK_l\P}(_LT equals any integer between 2572 and

me > [Wka(Tyo)] - 2572,

TGPK’I\P;(—I,T

and hence any integer between 2X2 and m - %mK_l - 2k=2 = %mK — 2K=2_ Hence, as long as
2K _ oK=2 < gx < %mK , which is the assumption of (A.20), Lemma A.8 holds true. O

Lemma A.8 implies that VT € ri:n,K_l,(qo,QL-w,QK—l)’ there are at least 22~ distinct choices
of 28~ 1-tuples (qx.)rep,_, that satisfy the constraint of (A.24), and hence at least 22" hon-
isomorphic trees in (i-;nsKs(qo,ql,ms(IK—lqu) obtained by appending children to the leaf nodes of T.

This proves the inductive hypothesis. Hence, we have
K k
~ ok-2 oK-1_
|7:n,K,(q0,Q1 ..... qK)l = 1—[ 2 =2 ! s (A.27)
k=2

which implies Lemma A.7. ]
Since m > 2 by assumption, 2mX — (2K — 2X72) grows exponentially in K. This proves Propo-

sition 2.6.
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A.9 PROOF OF PROPOSITION 2.7

Since the number of walks of a particular type that has length at most k is completely determined
by the rooted aggregation tree structure of depth k, it is straightforward to see that all egonets in
the same equivalence class induced by k iterations of WL (and therefore GNNs of depth k), which
yield the same rooted aggregation tree, will get mapped to the same value by f;.

For the second part of the claim pertaining to GA-MLPs, we assume for simplicity that X =
B = {0, 1}, as the extension to the general case is straightforward but demanding heavier nota-
tions. Following the strategy in the proof of Proposition 2.6, it is sufficient to find exponentially-
in-k many choices of the tuple (qo, ¢1, ..., g¢), with 0 < g < m¥, such that image of Tk (o q1seesqt)
(as defined in (A.19)) under f; contains exponentially-in-k many values.

To make it simpler to refer to different nodes in the tree, we index each node in a rooted
tree by a tuple of natural numbers: for example, the index-tuple [1,3,2] refers to the node at
depth 3 that is the second children of the third children of the first children of the root. Since
there is no intrinsic ordering to different children of the same node, there exist multiple ways of
consistently indexing the nodes in a rooted tree. However, to specify a tree, it suffices to specify
the node features of all nodes under one such way of indexing.

Given x1, ..., xx € B, we consider a set of depth-k full m-ary trees that satisfy the following:
Vk' < k-1land lj,...lp € [m], xq1, 1,11 = X if I = 1 and —xp if ; > 1. Note that these
trees satisfy, for K’ < k=1, g = m¥ 'if xp = 0and g = (m — 1)m* 1 if x, = 1. Thus,
whereas for I; > 1, the node [l 1, ..., lx] is not under the path 7 regardless of the feature of
[1,1, ..., It]. Therefore, fi (GI) = |'Wi(G; (x4, ..., x1))| equals the number of node of feature x;

among the set of m*~! nodes, {[1, L, ..., I ] . Hence, if for k¥’ < k—1, we set gr = m¥' "1 if
g k1, e[m) qk

k— k-1

xp = 0and g = (m—1)mF ' if x;» = 1, then choosing any g between m*~' and (m—1)m*~!, we

have that for every integer between 0 and mk=1, there exists a tree T in Tk, (go....qr) Such that fi (T)
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Figure A.1: A pair of graphs with identical node features, G (left) and G’ (right), which can be distin-
guished by 2 iterations of the WL test but not by the GA-MLP with Q C {AF}cp.

equals this integer. Since there are (m — 2)m*~! choices of g (and therefore the tuple (qo, ..., gx))

.....

A.10 PROOF OF PROPOSITION 2.1

We will first prove that the pair of graphs cannot be distinguished by any GA-MLP with Q C
{AF}ten. Let X and A, X’ and A’ be the node feature vector and adjacency matrix of the two
graphs, G and G’, respectively. As these two graphs both contain 14 nodes that have identical

features, we have X, X’ € R1¥1 both being the all-1 vector. Moreover, Vi € [14],
(AX); = wie(i), - ((A)(X)i = wi. (i) (A.28)

where we use wy (i) and w, (i) to denote the numbers of walks (allowing backtracking) of length
k starting from node i in graphs G and G’, respectively. Thus, to show that any GA-MLP with
Q C {AF}ran necessarily returns the same output on G and G, it is sufficient to show that

Vk € N, AKX = (A")*(X?), and therefore sufficient to show that Vk € N and Vi € [14], there is

wi (i) = wy (7). In fact, we will prove the following lemma:
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Lemma A.9. Vk € N,

wi (i) =w), (i), Vi € [14] (A.29)
wi (1) =wi(2) (A.30)
wk(3) + Wi (9) =wi(6) + wi(8) (A.31)
wi(5) + Wi (7) =wi(4) + wi(10) (A.32)

Proof of Lemma A.9: We prove this lemma by induction. For the base case, we have that wy (i) =
wy (i), Vi € [14]. Next, we assume that (A.29) - (A.32) hold for some k € N and prove it for k + 1.
A first property to note is that Yk € N, wiy1(i) = Xjen) we(J) and wi (i) = Xjenr ) Wy (),
where we use N (i) and N’(i) to denote the neighborhood of i in G and G’, respectively.

To show (A.29) for k + 1, we look at each node separately:

e i=1
Wi1(1) =wi(3) + wi(5) + Wi (7) + wi(9)
=wi(5) + Wi (6) + wi(7) + wi(8)
=w(5) + w.(6) + wi.(7) + wi(8)
=/, (1) (A33)
e i=2

Wir1(2) =wi(4) + Wi (6) + Wi (8) + wi(10)
=wi(3) + wr(4) + wr(9) + wr(10)
=w;(3) + Wi (4) + wi.(9) + w;.(10)

:W]/C+1 (2) (A.34)
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Wiea1(3) =wie (1) + wi (11) + wi(12)
=wr(2) + wr(11) + wr(12)
=w;(2) + wi(11) + w; (12)

=w,,(3)

Wit1(4) =wi(2) + wi (13) + wi(14)
=w(2) + w (13) + w(14)

=w,,(4)

Wi1(5) =wi (1) + wi (13)
=w; (1) + w(13)

=W, (5)

Wi+1(6) =wi(2) + wi(11)
=wi (1) + wr(11)
=w; (1) + w(11)

=wj,,(6)
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i=8

i=9

i=10
i€ {11,..,

14}

Wi1(7) =wi (1) + wi (13)
=w;. (1) + w; (13)

=Wy, (7)

Wi41(8) =wi(2) + wi(12)
=wi (1) + wi(12)
=w, (1) + w (12)

=W, (8)

Wit1(9) =wi (1)
=wi(2)
=w,.(2)

=wy,,(9)

Wi41(10) =wi(2)
=w;.(2)

=w;,,(10)
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For each of these i’s, N (i) = N’(i). Therefore,

wen () = D we())

JEN(i)

= >, w)

JEN' (i)

=wj, (1)
Next, for (A.30) - (A.32) at k + 1,

Wi1(1) =wi(3) + Wi (5) + Wi (7) + wi(9)
=wi(4) + wr(6) + wi(8) + wi(10)

=Wis1(2)

Wi+1(3) + Wi+1(9) =2wi (1) + wi (11) + wi (12)
=2wi(2) + wi(11) + w(12)

=Wi+1(6) + Wi11(8)

Wies1(5) + Wi 1(7) =2wie (1) + wie(13) + wic(14)
=2wi(2) + wr (13) + wi(14)
=Wi11(4) + Wi11(10)

This proves the inductive hypothethis for k + 1.

(A.43)

(A.44)

(A.45)

(A.46)

O

We next argue that these two graphs can be distinguished by WL in 2 iterations. This is

because 2 iterations of WL distinguish neighborhoods up to the depth-2 rooted aggregation trees

(as will be defined in Section 2.5), and it is not hard to see that the multiset of depth-2 rooted

aggregation trees are different for the two graphs. Note that a depth-2 rooted subtree can be

represented by the multiset of the degrees of the depth-1 children. Then for example, the depth-2
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rooted aggregation trees of 1 and 2 in G are both {3, 2, 2, 1},,, while their rooted aggregation trees

in G" are {2,2,2,2},, and {3, 3, 1, 1},,, respectively.

A.11 EXPERIMENT DETAILS

A.11.1 SPECIFIC ARCHITECTURES

In Section 2.6, we show experiments on several tasks to confirm our theoretical results with

several related architectures. Here are some explanations for them:

+ GIN: Graph Isomorphism Networks proposed by [Xu et al. 2019]. In our experiment of
counting attributed walks, we take the depth of GIN as same as the depth of target walks.
The number of hidden dimensions is searched in {8, 16, 32, 64, 256}. The model is trained
with the Adam optimizer [Kingma and Ba 2014]. The learning rates are selected from
{0.1,0.02,0.01,0.005,0.001}. We also train a variant with Jumping Knowledge [Xu et al.

2018].

« sSGNN: Spectral GNN proposed by [Chen et al. 2019b], which can be viewed as a learnable
generalization of power iterations on a collection of operators. While the best performing
variant utilizes the non-backtracking operator on the line graph, for a fairer comparison
with GA-MLPs, we choose a variant with the base collection of operators being {I, A, A*}
on each layer and depth 60, which then has the same receptive field as the chosen GA-MLP
models. The model is trained with the Adam optimizer with learning rate selected from

{0.001,0.002, 0.004}.

« GA-MLP: a multilayer perceptron following graph augmented features. For counting at-
tributed walks, we choose the operators from {I, A’{(E}}. The number of hidden dimensions

is searched in {8, 32, 64, 256 }. We take the highest order of operators as the twice depth of
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target walks at most. For comminity detection, we choose the operators from {I, A’{Ce}, H k}
where H is induced from the Bethe Hessian matrix H. The highest order of operators is
searched in {30, 60, 120}. The number of hidden dimensions is searched in {10, 20}. On both
tasks, the model is trained with the Adam optimizer [Kingma and Ba 2014] with learning
rate selected from {0.1,0.02,0.01, 0.005, 0.001, 0.0001}. Additionally, we use Batch Normal-
ization [loffe and Szegedy 2015] in community detection after propagating through each
operator, following the normalization strategy from [Chen et al. 2019b]. We choose ¢ to

be the identity function.

A.11.2 BEeTHE HESSIAN

The Bethe Hessian matrix is defined as
H(r):=(r* =1)I -rA+D.

with r being a flexible parameter. In SBM, an optimal choice is r. = +/c, where c is the average
degree. Spectral clustering [Saade et al. 2014] can be performed by computing the eigenvectors
associated with the negative eigenvalues of H(r.) to get clustering information in assortative bi-
nary stochastic block model, which is the scenario we consider. In order to utilize power iterations

for eigenvector extraction, we induce a new matrix H as

H :=«xI - H(r.),

so that the smallest eigenvalues of H become the largest eigenvalues of H. We choose k = 8 in

our experiments. For GA-MLP-H, we then let Q = {I, H,.. HX }.

A.11.3 RESULTS FOR GA-MLP-AU) IN COMMUNITY DETECTION
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Table A.2: Results for community detection on binary SBM by GA-MLP-A ;)

Rank of hardness‘ 1 2 3 4 5
Overlap ‘0.128 0.164 0.262 0.707 0.563
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B APPENDIX: SUPPLEMENTARY MATERIALS

FOR CHAPTER 3

B.1 ADDITIONAL RESULTS

B.1.1 ON A 2-D FUNCTION

Similar to f(x) = i(x2 — )2, consider a 2-D function f(x,y) = %(xy — )% Apparently, if x
and y initialize as the same, then (x*), y¥) would always align with the 1-D case from the same
initialization. Therefore, it is significant to analyze this problem under different initialization for
x and y, which we would call “in-balanced” initialization. Meanwhile, another giant difference is
that all the global minima in 2-D case form a manifold {(x,y)|xy = p} while the 1-D case only
has two points of global minima. It would be great if we could understand which points in the
global minima manifold, or in the whole parameter space, are preferable by GD.

Note that reweighting the two parameters would manipulate the curvature to infinity as
in [Elkabetz and Cohen 2021], so the inbalance strongly affects the local curvature. Viewing f(x)
as a symmetric scalar factorization problem, we treat f(x,y) as asymmetric scalar factorization.

The update rule of GD is

D = 0 (OO0 (031 g0 (00 (0) (B.1)
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Consider the Hessian as

Rf oonf| | ¥ 2xy-p

odyf Oif 2xy—p  x?

H 2 (B.2)

When xy = p, the eigenvalues of H are 1; = x? + y?, 1, = 0. Note that A; = (x — y)? + 2. Hence,
in the global minima manifold, the local curvature of each point is larger if its two parameters
are more inbalanced. Among all these points, the smallest curvature appears to be A; = 2 when
x = y = /. In other words, if the learning rate n > 2/2y, all points in the manifold would be
too sharp for GD to converge. We would like to investigate the behavior of GD in this case. It
turns out the two parameters are driven to a perfect balance although they initialized differently,

as follows.

Theorem B.1 (Restatement of Theorem 3.4). For f(x,y) = 3 (xy — )2, consider GD with learning
raten =K - % Assume both x and y are always positive during the whole process {x;, y; }i>o. In this
process, denote a series of all points with xy > p as P = {(x;, y;)|x;y; > p}. Then |x — y| decays to 0

in®P, forany1 < K < 1.5.

Proor skeTcH The details of proof are presented in the Appendix B.7. Start from a point
(x®, y®) where xWy® > j1. Because y*V) — x(+1) = (y® — x®) (1 + n(xBDy® — 1)), it suffices

to show

y(t+2) _ x(t+2)

g | = 1Oy =) (Y - )] <1 (B.3)

Since 1 + n(x®y® — ;) > 1, the analysis of 1 + 5(xVy**D — 1)) is divided into three cases

considering the coupling of (x®, y®), (x(*1 y(t+1)), i

Remark 5. Actually, for a larger K > 1.5, it is possible for GD to converge to an inbalanced orbit.

For instance, Figure 15 in [Wang et al. 2021] shows inbalanced orbits for f(x) = %(xy - 1)% with
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K=1.9.

Combining with the fact that the probability of GD converging to a stationary point that has
sharpness beyond the edge of stability is zero [Ahn et al. 2022], Theorem 3.4 reveals x and y would
converge to a perfect balance. Note that this balancing effect is different from that of gradient
flow [Du et al. 2018], where the latter states that gradient flow preserves the difference of norms
of different layers along training. As a result, in gradient flow, inbalanced initialization induces
inbalanced convergence, while in our case inbalanced-initialized weights converge to a perfect
balance. Furthermore, Theorem 3.4 shows an effect that the two parameters are squeezed to a
single variable, which re-directs to our 1-D analysis in Theorem 3.3. Therefore, actually both
cases converge to the same orbit when 1 < K < 1.121, as stated in Prop 3. Numerical results are

presented in Figure B.4.

Proposition 8 (Restatement of Prop 3). Following the setting in Theorem 3.4. Further assume
1 < K < V4.5 -1 = 1.121. Then GD converges to an orbit of period 2. The orbit is formally written

as{(x =y =6;)|i = 1,2}, with 61 € (0,~/p1), 52 € (N1, 24/l1) as the solutions of solving § in

Remark 6. Actually this convergence is close to the flattest minima because: if the learning rate
decays to infinitesimal after sufficient oscillations, then the trajectory walks towards the flattest
minima.

However, one thing to notice is that the inbalance at initialization needs to be bounded in
Theorem 3.4 because both x and y are assumed to stay positive along the training. More precisely,

we have

x(t+1)y(t+l) — x(t)y(t)(l _ I](x(t)y(t) _ ,u))2 _ U(x(t)y(t) — 1) (x(t) _ y(t))Z, (B.4)
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and then x(**Vy(*) < 0 when |x® — y®| is large with xy®) > ;s fixed. Therefore, we provide

a condition to guarantee both x, y positive as follows, with details presented in the Appendix B.8.

lyo—2xo]

Lemma B.2. In the setting of Theorem 3.4, denote the initialization as m = 7 and xoyo > M.

4

(m+\/m)z and

Then, during the whole process, both x and y will always stay positive, denoting p =

q=(1+p)if

4 2 1
max {U(Xoyo - 1), > (1 +K)3 + ng - =

K2
K+ _r m? 2
3 2(K+1)

qm —K} < p.

B.1.2 ON MATRIX FACTORIZATION

In this section, we present two additional results of matrix factorization.

B.1.2.1 AsYMMETRIC CASE: 1D FUNCTION AT THE MINIMA

Before looking into the theorem, we would like to clarify the definition of the loss Hessian. Inher-
ently, we squeeze X, Y into a vector 6 = vec(X,Y) € R™*P4, which vectorizes the concatnation.
As a result, we are able to represent the loss Hessian w.r.t. 6 as a matrix in R (mp+pq)x(mp+pq)
Meanwhile, the support of the loss landscape is in R™*P4. Similarly, we use (AX,AY) in the
same shape of (X,Y) to denote . In the following theorem, we are to show the leading eigenvec-
tor A £ vec(AX, AY) € R™*P4 of the loss Hessian. Since the cross section of the loss landscape
and A forms a 1D function fa, we would also show the stable-oscillation condition on 1D function

holds at the minima of fj.

Theorem B.3. For a matrix factorization problem, assume XY = C. Consider SVD of both matrices
asX = Z?:ln{m’p} Ox il 0, ; andY = Z?:ln{p’q} ay,iuy,,-v;i, where both groups of o.;’s are in descending

order and both top singular values o1 and 0,1 are unique. Also assumev uy, # 0. Then the leading
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T : _ Oyt _ Ox,1
eigenvector of the loss Hessian is A = vec(Ciuyu, szx,loy’l) withC; = —=,C, = 2k

5
"O' +O'y1 'O' +O-y1

Denote fp as the 1D function at the cross section of the loss landscape and the line followmg the

yr

direction of A passing vec(AX, AY). Then, at the minima of fa, it satisfies

(32 _ @) g (B.5)

The proof is provided in Appendix B.10.1. This theorem aims to generalize our 1-D analysis
into higher dimension, and it turns out the 1-D condition is sastisfied around any minima for two-
layer matrix factorization. In Theorem 3.1 and Lemma 3.2, if such 1-D condition holds, there must
exist a period-2 orbit around the minima for GD beyond EoS. However, this is not straightforward
to generalize to high dimensions, because 1) directions of leading eigenvectors and (nearby) gra-
dient are not necessarily aligned, and 2) it is more natural and practical to consider initialization
in any direction around the minima instead of strictly along leading eigenvectors. Therefore, be-
low we present a convergence analysis with initialization near the minima, but in any direction

instead.

B.2 ADDITIONAL EXPERIMENTS

In Appendix B.2.1, we provide numerical experiments to verify our theorems. Then, we provide

additional experiments on MLP and MNIST.

B.2.1 PROVEN SETTINGS

1-D FUNCTIONS.  As discussed in the Section 3.4.1, we have f(x) = 1(x* — 1)? satisfying the
condition in Theorem 3.1 and g(x) = 2sin(x) satisfying Lemma 3.2, so we estimate that both f

and g allow stable oscillation around the local minima. It turns out GD stably oscillates around
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the local minima on both functions, when n > I%(X) slightly, as shown in Figure B.1.

0.010 1051 — -1.925 -1.44 /
. o o oo

~1.950
= 1.00
Z 0005 * ) x X _1.6-
A\ ~1.975 1
0.95 A — ° oo
0.000 4, - i Ll —2.000 - -1.81 —

0.9 1.0 1.1 10°© 10 102 -1.75 -1.50 10° 10' 107
X epochs X epochs

f(x)

Figure B.1: Running GD around the local minima of f(x) = ‘—11(x2 — 1)? (left two) and f(x) = 2sin(x)
(right two) with learning rate n = 1.01 > ]%(x) = 1. Stars denote the start points. It turns out both
functions allow stable oscillation around the local minima.

TWO-LAYER SINGLE-NEURON MODEL. As discussed in the Section 3.5, with a learning rate €
(d, 1.1d], a single-neuron network f(x) = v - o(w'x) is able to align with the direction of the
teacher neuron under population loss. We train such a model in empirical loss on 1000 data points
uniformly sampled from a sphere S, as shown in Figure B.2. The student neuron is initialized
orthogonal to the teacher neuron. In the end of training, wy decays to a small value before the
inbalance |0 — wy| decays sharply, which verifies our argument in Section 3.5. With a small w,
this nonlinear problem degenerates to a 2-D problem on o, w,. Then, the balanced property makes
it align with the 1-D problem where v and w, converge to a period-2 orbit. Note that the small

residuals of |[o — w| and wy are due to the difference between population loss and empirical loss.

loss V, W_X, W_y |v-w_x| w_y
0.25 osssmmm— | 1071
1.04
0.20 1 10714
0.8 4 L e s iasenmes
0.15 1 v ~
0.6 wx | 10724
0.101 0.4 . ° Wy
1072 4
0.05 0.2
-3 4
0.0 10

T T T T T T T T T T T T
10° 10t 102 10° 10t 102 10° 10t 102 10° 10t 10?
epochs epochs epochs epochs

Figure B.2: Running GD in the teacher-student setting with learning rate = 2.2 = 1.1d, trained on 1000
points uniformly sampled from sphere S! of ||x|| = 1. The teacher neuron is w = [1,0] and the student
neuron is initialized as w(® = [0,0.1] with o(® =0.1.
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QUASI-SYMMETRIC MATRIX FACTORIZATION. As discussed in the Section 3.6, with mild assump-
tions, the quasi-symmetric case stably wanders around the flattest minima. We train GD on a
matrix factorization problem with X,X] = C € R®*®. The learning rate is 1.02x EoS threshold.
Following the setting in Section 3.6, for symmetric case, the training starts near (Xo, Xo) and, for
quasi-symmetric case, it starts near (X, /aXo) with @ = 0.8, as shown in Figure B.3. Although
starting with a re-scaling, the quasi-symmetric case achieves the same top singular values in Y
and Z, which verifies the balancing effect of 2-D functions in Theorem 3.4. Then, the top singular

values of both cases converge to the same period-2 orbit, which verifies Observation 2.

| — alpha=0.8
—— alpha=1

o 01(2)

60{ ° X S --...._<._ A)

5.81

o1
[}

5.6 9

5.4+

IS
s,

10° 10! 102 10° 10° 10t 102 10° 10° 10! 102 103
steps steps steps

Figure B.3: Symmetric and Quasi-symmetric Matrix factorization: running GD around flat (o = 1) and
sharp (@ = 0.8) minima. In both cases, their leading singular values converge to the same period-2 orbit
(about 6.1 and 5.3). (Left: Training loss. Middle: Largest singular value of symmetric case. Right: Largest
singular values of quasi-symmetric case.)

B.2.2 2-D FUNCTION

As discussed in the Appendix B.1.1, on the function f(x,y) = %(xy —1)%, we estimate that |x — y|
decays to 0 when 5 € (1, 1.5), as shown in Figure B.4. Since it achieves a perfect balance, the two
parameters follows convergence of the corresponding 1-D function f(x) = 1(x*—1)%. As shown
in Figure B.4, xy with n = 1.05 converges to a period-2 orbit, as stated in the 1-D discussion of
Theorem 3.3 while xy with n = 1.25 converges to a period-4 orbit, which is out of our range in

the theorem. But still it falls into the range for balance in Theorem 3.4.
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Figure B.4: Running GD on f(x,y) = %(xy —1)? with learning rate n = 1.05 (top) and 1 = 1.25 (bottom).
When 1 = 1.05, it converges to a period-2 orbit. When n = 1.25, it converges to a period-4 orbit. In both
cases, |x — y| decays sharply.

B.3 PRroor or THEOREM 3.1

Theorem B.4 (Restatement of Theorem 3.1). Consider any 1-D differentiable function f (x) around
a local minima %, satisfying (i) f®) (%) # 0, and (ii) 3[fP]? = f7f@ > 0 at . Then, there exists
€ with sufficiently small |e| and € - f® > 0 such that: for any point x, between X and X — e, there

exists a learning rate ) such that the update rule F;, of GD satisfies F,(F,(xo)) = xo, and

2 2
@ TS @ 0w

Proof. For simplicity, we assume f(® (%) > 0. Imagine a starting point xo = ¥ — €, € > 0. We omit

F1(z), f7(x), fOx), fDR) as f, f7, fO, f@. After running two steps of gradient descent, we
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have

Xo =% — €,
fi(xo0) =f" = f"e+ %f(s)e2 - %f(4)e3 +0(eh
= —fre+ [0 - S f0E L O(e),
x1=x0—nf (x0) =x—e—n(-f"e+ %f(3)€2 _ %f(4)€3) +0(Y),
fea)=f" Gn-x)+ %f“) (- %)+ %f(‘*) (x1 = %)* + O(eh),
xz =x1 = nf"(x1),

X2 — Xo __ (_f//e + %f(s)ez _ %f(é})e"a‘) _f// . (—6 _ ’7( _f//€ + %f(3)62 _ %f(4)€3))
n

2
-3 [Femnl=gren 0@ W) <1 (e n(prey s O
( f f//f//) €+ (__f(3) f//f(3) f(3)(_l + Uf”)z) 62
( —f@ - f"f<4> +- < 1+nf")nf@ e - (—1 - nf”>3f<4>) e +O0(e*).

When 5 = fl,,, it holds

Xy — X 1 1
2 0 - _r’f(3)f(3) — _f(4) 63 +O(64), (B6)
n 2 3
which would be positive 1f nf®fFe — lf(4) 1,, GIfP]2 = f7f@) > 0 and |€] is sufficiently
small.

When 5 = = thennf” =2+ 2%6 +O(€%), it holds

f<3>

X2 — Xo

1 1
—2f®e? 4 -5 O+ f® - 5 fOe+0() = 2P+ 0(%),  (B7)
n

which is negative when |e| is sufficiently small.
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Therefore, there exists alearning rate y € (fl,,, ;) such that x, = x( due to the continuity

fr/_e_f(’j)
of (x3 — x) with respect to 7.
The above proof can be generalized to the case of x) = x — ¢ with €’ € (0, €] and the learning

rate is still bounded as n € (%, j#f“)) =

B.4 PROOF OoF LEMMA 3.2

Lemma B.5 (Restatement of Lemma 3.2). Consider any 1-D differentiable function f(x) around a
local minima %, satisfying that the lowest order non-zero derivative (except the f”) at % is £ (x)
with k > 4. Then, there exists € with sufficiently small |e| such that: for any point x, between x and

X — €, and

1. ifk isodd and € ~f(k) (x) >0, f(k“)()'c) < 0, then there existsn € (fl,,, W),

2. ifk is even and f) (%) < 0, then there exists € (fi,,, W),

such that: the update rule F, of GD satisfies Fy,(F,;(x,)) = xo.
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Proof. (1) If k is odd, assuming f®) > 0 for simplicity, we have

Xo =X — €,

fl(x0) = —f"e+ = f(k) k-1 _ ‘f(k+1)€k +O(6k+1),

1)'

/ = 74 - 1
x1=xo—nf (x0) =x—e+nf’e nf(k)ek Ty an(k“)ek + O(e),

(k-1
f(k) ( x| — X’)k_l + %f(k+l) . (xl _ J?)k + O(€k+l),

frx)=f" (o —%)+

(k— 1!
X~ Xo _ X1~ nf'(x1) - = —f"(x0) — f'(x1)

n n
= f - nf" S
(k) 1 (k) (k) . 1\ k—1
| G - e e

+ (ka-ﬂ _ Enf//f(k+1) _ Ff(k+1) . (_1 + ’7f”)k) Ek + O(6k+1)
When 5 = fi,,, it holds

X2 — X 2
20 - fEDEE L O, (B.8)

When n = W then nf” = 2 + ZJ},, €2 + O(€%*), then it holds

X2 — X
n

—2f k=1 L 0(N). (B.9)

Since k is odd and € - f(®)(x) > 0, f*+V (%) < 0, the above two estimations of x2—%/» have one
positive and one negative exactly. Therefore, due to the continuity of x; — xo wrt 7, there exists

a learning rate € (fi,,, ) such that x; = x,.

2
f//_f(k) k-2
The above proof can be generalized to any x, between X and x — € with the same bound for 7.
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(2) If k is even, we have

X0 =X — €,

f(x0) =—f"e = ———fPe 11 0(h),

(k- 1)‘

x1=x0—nf(x0) =x—€+nf'e+ f(k) k= 1+O(45k)

(k-1)! 1)'
FR L (= )+ O,

fixa)=f" (G —x)+

(k 1)'
X2 — Xo _ x1—nf'(x1) - = —f’(xo) —f,(xl)

n n
— (zf// _ nf//f//) €
1
(k) _ 17 (k) _ 1 k-1 k-1 k
(k_l)!f = 1),r7ff = 1),( +nf")" e+ O0(€).
When 5 = fi,,, it holds
X2 — X0 _ (k) k-1 k
. (k 1)'f + O (€%).
When 5 = W with ¢ > 0 as some constant implying nf” = 2(1—cj;,k,) ) +0 (%4,
then it holds
X2 —Xo _ 1 (k) k-1 k
n —Z(C—m)f € +O(€ ),

where we then set ¢ = 1.

Hence, the above two estimations of x2—x/; have one positive and one negative with suffi-
ciently small |e|. Therefore, due to the continuity of x; — xy, there exists a learning rate €
(J%, W) such that x, = xo.

The above proof can be generalized to any x, between X and x — € with the same bound for

. m
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Corollary 1. f(x) = sin(x) allows stable oscillation around its local minima x.

Proof. Its lowest order nonzero derivative (expect f”)is f(¥x = sin(x) = —1 < 0 and the order 4

is even. Then Lemma 3.2 gives the result. O

B.5 PRroorF orF Pror 1

Proposition 9 (Restatement of Prop 1). Consider a 1-D function g(x) , and define the loss function

f as f(x) = (g(x) — y)? Assuming (i) ¢’ is not zero when ¢(x) =y, (i) ¢ (%)g® (%) < 6[g"(%)]%
then it satisfies the condition in Theorem 3.1 or Lemma 3.2 to allow period-2 stable oscillation around

X.

Proof. From the definition, we have

f(x) = 2[g(x) —ylg" (x) +2[g (x)]%, (B.10)
FO(x) = 2[g(x) - y]g® (x) + 69" (x)g (x), (B.11)
FP(x) = 2[g(x) — ylg¥ (x) + 6" (x)g" (x) + 8 (x)g"® (x). (B.12)

Then at the global minima where g(x) = y, we have f”(x) = 2[¢'(x)]? and f® (x) = 69" (x)¢'(x).
If we assume y is not a trivial value for g(x), which means ¢’(x) # 0 at the minima, and g is
not linear around the minima (implies g” # 0), then f satisfies f*)(x) # 0 in Theorem 3.1.

Meanwhile, we need 3f® f® — f7 £ > 0 as in Theorem 3.1, hence it requires

m369”<x>g"<x>g'<x>g'<x> - % (69" (0)g"(x) +89' ()9 (x)) > 0 (B.13)

69" (x)g" (x) > g (x)g"® (x). (B.14)

The remaining case is, if g’(x) # 0 and g” = 0 at the minima, it satisfies the condition for

Lemma 3.2 with k = 4, because f(3) =0and f(4) < 0 due to (B.12, B.14) m]
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Corollary 2. f(x) = (x? — 1)? allows stable oscillation around the local minima x = 1.

Proof. With g(x) = x?, it has ¢’(1) = 2 # 0,¢”(1) = 2 # 0. All higher order derivatives of g are

zero. Then Prop 1 gives the result. m]

Corollary 3. f(x) = (sin(x) —y)? allows stable oscillation around the local minima x = arcsin(y)

withy € (-1,1).

Proof. With g(x) = sin(x), it has ¢’(%) = cos(%) # 0,9 (%) = —cos(x). We have ¢©® (%) is

2

bounded as ¢’g®® — 6[¢”]? = — cos?(X) — 6 sin®(%) < 0. Then Prop 1 gives the result. o

Corollary 4. f(x) = (tanh(x)—y)? allows stable oscillation around the local minima % = tanh™ (y)

withy € (-1,1).
Proof. With g(x) = tanh(x), ithas ¢'(%) = sech?(x) # 0,and ¢g'® (¥) = —2sech®(%)+4sech?(x) tanh?(x)
is bounded as

79® —6[g"]? = —2sech® + 4sech* tanh? —24sech? tanh? = —2sech® — 20sech® tanh? < 0.

Then Prop 1 gives the result. m]

Corollary 5. f(x) = (x*—y)? (withk € Z,k > 2) allows stable oscillation around the local minima

X = yl/"‘ excepty = 0.

Proof. With g(x) = x%, it has ¢/ (%) = ax® !, ¢"(%) = a(a - 1)x%"2,¢® (%) = a(a—1)(a - 2)x*3.

Then we have ¢'g® — 6[¢”]% = a*(a — 1)(=5a + 4)x**~* < 0. Then Prop 1 gives the result. O

Corollary 6. f(x) = (exp(x) — y)? allows stable oscillation around the local minima x = log y for

y > 0.

Proof. With g(x) = exp x, ithas ¢’(%) = ¢” (%) = ¢® (%) = exp(%). Then we have ¢'¢®® —6[¢"]? <

0. Then Prop 1 gives the result. O

129



Corollary 7. f(x) = (log(x) — y)? allows stable oscillation around the local minima X = exp y.

Proof. With g(x) = logx, it has ¢'(%) = 1,¢"(%) = —%,9(3) (%) = —%. Then we have ¢’g(® —

6[g”]% < 0. Then Prop 1 gives the result. m]

Corollary 8. f(x) = (m — y)? allows stable oscillation around the local minima x =

sigmoid ' (y) fory € (0,1).

it has g’(f) — exp(—x) g”(a?) — _EXP(X)(eXP(X)—l)’9(3)()?) —

Proof. With g(x) = (exp(—x)+1)2° (exp(x)+1)3

exp(x)(—4 exp(x)+exp(2x)+1)
(exp(x)+1)*

1
1+exp(—x)°

A

. Then we have ¢’g® —6[¢”]? o« —4 exp(x) +exp(2x) +1—6(exp(x) —1)?

0. Then Prop 1 gives the result. m]

Proposition 10 (Restatement of Prop 2). Consider two functions f,g. Assume both f(x), g(y) at
x = X,y = f(X) satisfies the conditions in Prop 1 to allow stable oscillations. Then g(f(x)) allows

stable oscillation around x = x.

Proof. Denote F(x) = g(f(x)). Then we have

F'(x) = g/ (f(x)f (x),
F’(x) = g"(FCO) ' (01 + g (F(x)) f (x),
FO(x) = gD (F) L' ()12 + 39" (FC)f () f" (x) + g (F () P ().

Thus, omitting all variables X and f(x) in the derivatives, it holds

F,(JZ')F(S) (JZ') _ 6[F”()Z')]2 — g/f/ (9(3) (fl)3 + 3g//f/f// + g/f(S)) -6 (g//(f/)Z + g/f//)Z

< _9g/g// (f/)zf”’

where the inequality is due to all conditions in Prop 1. So the only problem is whether we can

achieve ¢g’g” f” > 0. The good news is that, even if it holds ¢'g” f” < 0, we can still find functions
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A

to re-represent g(f(x)) as §(f(x)) such that §'¢” f” < 0 and all other conditions in Prop 1 are
satisfied by g, f .
For ¢g'q” f” < 0, construct §(y) = g(—y),f(x) = —f(x). In this sense, it holds ﬁ(f(ic)) =

g(f(x)). It is easy to verify that both ¢, f at y = —f(x), x = x satisfy the conditions in Prop 1,

because

JW) =-g(-y) =-g(f®), §"@) =9"(-y) =g" (@), §¥ ) =-9"(-y) = -9 (f(x)),

f(@)==f (), f'@ ==, fOu) =-f=).

Then, it has g”(y)g”’(y)f”(x) =—¢g'g"f" > 0aty = —f(%), x = x. Therefore, we have F'(x)F® (x)—

6[F”(x)]? < 0 and Prop 1 gives the result. |

B.6 PROOF OF THEOREM 3.3

Theorem B.6 (Restatement of Theorem 3.3). For f(x) = }l(x2 — p)?, consider GD withn = K - %
where 1 < K < V4.5 -1 ~ 1.121, and initialized on any point 0 < xo < +/ji. Then it converges to an
orbit of period 2, except for a measure-zero initialization where it converges to \/ii. More precisely,

the period-2 orbit are the solutions x = 5y € (0, /1), x = 82 € (\/l1, 24/11) of solving § in

(B.15)

Proof. Assume the 2-period orbit is (%o, 1), which means

3?1:fo—ﬂ'f'(fo)=??o+’7'(ﬂ—f§)??o,

Xo=% —n-f (%) =% +n-(u—x2)%.

First, we show the existence and uniqueness of such an orbit when K € (1, 1.5] via solving
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a high-order equation, some roots of which can be eliminated. Then, we conduct an analysis of
global convergence by defining a special interval I. GD starting from any point following our
assumption will enter I in some steps, and any point in I will back to this interval after two steps
of iteration. Finally, any point in I will converge to the orbit (%, X1).

Before diving into the proof, we briefly show it always holds x > 0 under our assumption. If
xt—1 > 0 and x; < 0, the GD rule reveals n(y — x2_;) < —1 which implies x? | > p+ % However,
the maximum of x+7(u—x?)x onx € (0, \/u + %) is achieved when x? = %(,u+ %) so the maximum
value is /3 (p + %)(% +Znp) < 1.4\/%(;1 + %) < \/y + % As a result, it always holds x > 0.

Part I. Existence and uniqueness of (X, X1).

In this part, we simply denote both Xy, X; as xo. This means x, in all formulas in this part can

be interpreted as xy and x;. Then the GD update rule tells, for the orbit in two steps,

Xo > X1 = X0+ n(p — xg)xo,

—_ 2
X1 xo = x1 +n(p — x7)x1,
which means

2
0 =n(p—x5)%0+1 (,U — (%o + 11 = x3)x0) ) (x0 + 11 (1 = x§)%0) ,
2
0= =+ (= (xo+ (= )x0)”) (14 = x2))
Denote z := 1+ n(u — x3), it is equivalent to

0=p—xt+(u—2°x2)z=(z+1)(~x22* + x2z + p — x2)

1 3
=(z+1) [-x}(z- =) +p—->x7].
2 4
If z+ 1 =0, it means x; = —x( which is however out of the range of our discussion on the x > 0
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domain. So we require —xg(z - %)Z +pu - %xg = 0. To ensure the existence of solutions z, it is

natural to require

Then, the solutions are

N | =
H

Shl=

»-lk_l w

However, z = % - /% - % can be ruled out. If it holds, n(u - xg) =z-1< —% which means
0

< e . 3 2

contradicting with y > £xg.

x5 > p+ % Since we restrict nu € (1,1.121], it tells x3 > p(1+ ﬁ)

Hence, z = % + /% - 431 is the only reasonable solution, which is saying
0

1 uo 3

2
—x5) =—=+.]5—-.
1 xO) 2 xg 4

Given a certain 7, the above expression is a third-order equation of x to solve. Apparently
x5 = p is one trivial solution, since for any learning rate, the gradient descent stays at the global
minimum. Then the two other solutions are exactly the orbit (%, %), if the equation does have
three different roots. This also guarantees the uniqueness of such an orbit.

Assuming x; # y, the above expression can be reformulated as

n= . (B.16)

=
=N\
—
=
|
N[N}
+
N
N —

One necessary condition for existence is p > ?ng. Note that here x; can be both X, ¥, one

of which is larger than /. For simplicity, we assume Xo < /i < ;. Since n from Eq(B.16) is
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increasing with xZ when p < x2, let x2 = % u and achieve the upper bound as

ne < (B.17)

5

DN | W

which is satisfied by our assumption 1 < pu < V4.5 -1 ~ 1.121.
Therefore, we have shown the existence and uniqueness of a period-2 orbit.
Part II. Global convergence to (%, X1).

The proof structure is as follows:

1. There exists a special interval I := [x;, /1) such that any point in I will back to this interval

surely after two steps of gradient descent. And x, € I.

2. Initialized from any point in I, the gradient descent process will converge to x (every two

steps of GD).

3. Initialized from any point between 0 and /i, the gradient descent process will fall into I in

some steps.

(IL.1) Consider a function F,(x) = x + n(y — x*)x performing one step of gradient descent.
Since Fj(x) = 1+ nu - 3nx?, we have Fy(x) > 0for 0 < x? < % (,u + %) and Fy(x) < 0 otherwise.
It is obvious that the threshold has x? := % (,u + %) < pt. In the other words, for any point on the
right of x;, GD returns a point in a decreasing manner.

To prove anything further, we would like to restrict X, > x;, which is

b3 lyeosl)

Vv

1
_2

Solving this inequality tells

L. (B.18)



Consequently, by applying Eq(B.16), we have
np < V4.5 -1~ 1.121. (B.19)

With the above discussion of x;, we are able to define the special internal I := [x;, y/i1). From
the definition of F,, consider a function representing two steps of gradient descent F,? (x) =
F,(F,(x)). From previous discussion, we know F; (%)) = Xo. What about F; (x;)?

It turns out F,? (xs) > x5: we have Fy(x5) = x5(1+np — nx?) = x; - %(1 + np) and, furthermore,
F,?(xs) = Fy(x, - %(1 +np)) = x5 - %(1 +np) - (L+nu— %(1 +np)?). Then we get F,?(xs) > X

because
2 4 3 .
§(1+77;1)- 1+r7,u—5(1+t7;1) >1 if nppe(1,V45-1). (B.20)

Combining the following facts, i) F; (x) — x is continous wrt x, ii) F; (x;) = x; > 0, and i) F; (%) —

Xo = 0 is the only zero point on x € [xs, Xo], we can conclude that
F,?(x) > x, Vx € [xs, X0). (B.21)

Meanwhile, we can prove F,? (x) < xforany x € (%o, y/Ji). Since F,? ()—p = 0and F,? (%9)—%o =
0 are the only two zero cases, we only need to show 3 x € (X, /i), such that F,‘? (x) < x. We
compute the derivative of F; (x)—x at x* = y, which is %F; (x)=x|y2zy = —1+F (F(x))F'(x)| 22, =
—1+ [F'(yB)]* = =1+ (1 - 2pp)* > 0. Then combining it with F,?(J?O) = Xy, there exists a point

X € (X0, /i) that is very close to /i such that F,? (%) < x. Hence, we can conclude that
F,?(x) <x, Vx € (%o, vVH). (B.22)

Since Fy () is decreasing on [x;, 00) and F;(x) > x, for x € [x;, 4/, it is fair to say F,? (x) is
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increasing on x € [x;,+/1]. Hence, we have Fi(x) < F,?()_CO) = Xo, Vx € [x;,%0]. And F,?(x) >
F,? (X0) = Xo, Vx(Xo, /1)

Combining the above results, we have

F,?(x) € (x,%0], Vx € [xs,%0), (B.23)

F}(x) € [%0, %), Vx € (%0, V). (B.24)

(IL.2) A consequence of Exp(B.23, B.24) is that any point in I will converge to X, with even
steps of gradient descent. For simplicity, we provide the proof for x € [x, Xo).

Denote agy € [xs, %) and a, := F,?(a,,_l), n > 1. The series {a;};>¢ satisfies
Xo = Apy1 > aAn > dg. (B25)

Since the series is bounded and strictly increasing, it is converging. Assume it is converging
to a. If a < %, then

Xo = F,?(a) >a> F,?(an).

Since F,"f(-) is continuous, so 3 § > 0, such that, when |x — a| < §, we have
|F3(x) - F3(a)| < Fi(a) - a. (B.26)

Since a is the limit, so 3 N > 0, such that, whenn > N,0 < a — F,?(a,,) < 4. So, combining with
Exp(B.26), we have

IF2(F(an)) - F2(a)] < F2(a) - a.

But LHS = F,?(a) — dpyo > F,?(a) — a, so we reach a contradiction.
Hence, we have {a;} converges to X.

(I1.3) Obviously, any initialization in (0, 4/i) will have gradient descent run into (i) the interval
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I, or (ii) the interval on the right of /11, i.e., (1/, 00). The first case is exactly our target.
Now consider the second case. From the definition of x, in part IIl.1, we know F,(x,) =
maXye[o,yu] Fy(%). So it is fair to say this case is x, € (y/i, Fy(x;)]. Then the next step will go into

the interval I, because
Fy(xn) = Fy(Fy(x5)) = F7 (x5) > X,

where the first inequality is from the decreasing property of F,(-) and the second inequality is

due to Fj(x) > x on x € [x, Xo). o

B.7 PROOF OoF THEOREM 3.4

Theorem B.7 (Restatement of Theorem 3.4). For f(x,y) = % (xy — p)?, consider GD with learning
raten =K - ,lll Assume both x and y are always positive during the whole process {x;, y; }i>o. In this
process, denote a series of all points with xy > p as P = {(x;, y;)|xiy; > p}. Then |x — y| decays to 0

inP, forany1 < K < 1.5.

Proof. Consider the current step is at (x;, y;) with x;y; > p. After two steps of gradient descent,

we have

Xee1 = X + (L — Xy Yy (B.27)
Yrer = Yr + (= X)X (B.28)
Xtz = Xp1 + (1 = Xer1Yee1) Yt (B.29)
Yesz = Yra1 + (= Xe41Yra1) Xea1, (B.30)
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with which we have the difference evolve as

Yer1 — X1 = (Yr — x1) (1= (= x2y1)) (B.31)

Ytz — X2 = (Yer1 — Xe31) (1= (0 = Xp41Y141)) - (B.32)

Meanwhile, we have

X+1Yer1 = XeYp + 1 (4 — Xt Yr) (xt2 + ytz) + ’72 (p— xtyt)2 XYy

=xpyr (1+n(p— xtyt))z +1 (g = xyp) (xp — yt)2 (B.33)

Note that the second term in Eq(B.33) vanishes when x and y are balanced. When they are not
balanced, if x;y; > p, it holds x41yi1 < xyr (1+ 1 (1 — xtyt))z. Incorporating this inequality

into Eq(B.31, B.32) and assuming y; — x; > 0, it holds

Yrsz — Xrp2 < (Yr — x1) (1 =1 (g — x:y1)) (1 -n (/1 —xy (1+n(p— xtyt))Z)) . (B.34)

To show that |x — y| is decaying as in the theorem, we are to show
L Yre2 = X2 < Yr — Xy
2. Yraa — Xpa2 > —(Yr — xt)

Note that, although x;y; > p, it is not sure to have x42y:+2 > p. However, for any 0 < x;y; < p

and K < 2, we have

|Xi+1 - yi+1|

=[1-n(p-xy)| <1, (B.35)
|x; — yz‘|

which is saying |x — y| decays until it reaches xy > p. So it is enough to prove the above two

inequalities, whether or not x;42y:42 > p.
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Part I. To show y;2 — x40 < yr — Xt

Since we wish to have y;42 — x142 < y; — Xy, it is sufficient to require

(1=n(p—xy) (1—n (g —xy: (1+n (g —xy))?)) < 1. (B.36)

Since we assume x;41, Y41 > 0, Eq (B.27, B.28) tells n (u — x1y;) > —mm{xt y’} which is

Xt yt}

equivalentto 1 —n (g —xy;) < 1+ mm{y o

L) If n(p = Xenyen) > 3

Then we have 1 — n(u — x441Y14+1) < % As a result,

— X
Y2 ZT02 (1 -y (= xeye)) (1= (p - xt+1yt+1))<(1+mm{ Lo )X— (B.37)
Yt — Xt yt Xt 2
1,
= 24 -min{X & (B.38)
2 2 Yt Xt

(L2) If n(p — xp41Y141) < 5 and Xe1Yre1 < X2 = % (y + %)

The second condition reveals

- X 1 1
le_’?(ﬂ—xmym)<1—’7(#—§(#+—))

Yr+1 — Xt41

4 2
-~k (B.39)
3 3

The first condition is equivalent to X1y > pft — % Since the second term in Eq(B.33) is

negative, we have

1
xeye (141 (g = xy)® > p - o (B.40)

with which we would like to find an upper bound of x;y;.

Denoting b = x;y;, consider a function q(b) = b (1+ 7 (u - b))*. Obviously q(y) = p. Its
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derivative is ¢’(b) = (1+nu —nb) (1 +nu —3nb) < 0 on the domain of our interest. If we can
show an (negative) upper bound for the derivative as ¢’(b) < —1 on a proper domain, then it is

fair to say that, from Exp(B.40), x;y; < p + % Then we have

_ 1 3
Yre1 — Xt41 =1 -n(u-xy) < 1_,7(’[1_('”__)) =2 (B.41)
Yy — Xt

Then, combining Exp(B.41, B.39), it tells

Yt42 — X2
Yt — Xt

<2-K. (B.42)

The remaining is to show ¢’(b) < —1 on a proper domain. We have ¢'(b) = (1 + nu —
2nb)? — (nb)?, which is equal to 1 — 27u < —1 when b = p. Meanwhile, the derivative of ¢’(b) is
q"(b) = -2n(nb + (1 + nu — 2nb)) = —2n(1 + nu — nb), which is negative when b < u + % Asa
result, it always holds ¢’(b) < —1 when b < py + %

(L.3) If Xpr1ys41 > x2

Denoting again b = x;y;, the above inequality in is saying, with b > f,
p)=(1=n(u=b) (1-n(p=b+n(u-b)’)) <1 (B.43)
After expanding p(-), we have
p(b) —1=n(u—="b) (-2+n (g —b)+2nb—n’b (u—b) —n’b (1 - b)*).
Apparently p(p) = 1. So it is necessary to investigate whether p’(b) < 0 on b > p, as

p'(b) =2—2nb+ (u—b) (n? (1+n(u—b)) (—pu+3b) +1°b (1 - b))
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Since nb > 1 and b > , it is enough to require

(1+n(u=0)) (=p+3b)+nb(p->b) >0

(1+n(p=0))(=p+b) +nb(p—b) +2b(1 +n(pu—b)) > 0.
It suffices to show
np—->b)+2(1+n(p—->))=2+3n(u—>b) >0. (B.44)
Since xy41Yse1 > x2 = % (;1 + %), it holds
b(1+n(u—b))>* o .
n(u 1 G
2+3q(u-b) > \——2 —1>0,

where the last inequality holds because: if b > 3 (u + %), then 1+n(u—>b) < —2nu—2 < 0, which
contradicts with the assumption that both x;41, y;4+1 are positive. As a result, the above argument

gives

Yr42 — Xt42
Yr — Xt

<p(b) <1-2(K-1)(b - p). (B.45)

Part II. To show y;2 — x40 > —(yr — x¢)

Since x;y; > p, we have 1 — n(u — x;y;) > 1. Combining with 1 — 5(p — x;y;) < 2, it holds

Yt+1 — Xt41

Yr — Xt

=1-n(g-xy:) € (1,2).
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Yt+2—Xt+2

So the remaining is to have
Yre1—Xr41

> —0.5. Actually itis 1 — n(y — x41yp1) 2 1 —npu=1-K.

Therefore, we have

Yr42 — Xt42

> —1+ (3 — 2K), (B.46)
Yr — Xt

as required.

Part I11. To show y; — x; converges to 0

From Exp (B.38, B.42, B.45, B.46), we have for points in #, |y — x| is a monotone strictly
decreasing sequence lower bounded by 0. Hence it is convergent. Actually it converges to 0. If
not, assuming it converges to € > 0, the next point will have the difference as é < € as well as all

following points. Hence, the contradiction gives the convergence to 0. m]

B.8 Proor or LEMMA B.2

Lemma B.8 (Restatement of Lemma B.2). In the setting of Theorem 3.4, denote the initialization

asm = % and xoyo > p. Then, during the whole process, both x and y will always stay positive,

denoting p = —2—— andq = (1+ p)?, if

(m+ m2+4)

4 2 1 K?
max {U(xoyo —p. 5 (0 +K)* + ng - 5K+ ﬁmz) qm? — K} <p.

Proof. Considering x;y; > 1, one step of gradient descent returns

Xpr1 = Xp + ([ — XY Yy

Yrs1 = Yr + (1 — X1Y) X
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To have both x;4; > 0,y > 0, it suffices to have

n(xy; — p) < min {%, ?} . (B.47)
t Ut

This inequality will be the main target we need to resolve in this proof.

First, we are to show

) {yo xo} 4
min{ <, =} > 5
%o Yo (m+'Vm2+4)

With the difference fixed as m = (yo —xo)/~/}1, assuming yo > xo, we have m/yo = (1—x0/y0)/+/H.
if xoyo increases, both x( and y, increase then m/y, decreases, which means xy /1, increases. As

a result, we have

4

PR
XoYo=H (m + sz + 4)

) {yo Xo} . {yo xo}
min{=—,—; > min{—, —
Xo Yo Xo Yo

Therefore, at initialization, to have positive x; and y;, it is enough to require

4 A
n(xoyo — p) < 7 =T
(m+\/m2+4)

From Theorem 3.4, it is guaranteed that |x; — y;| < |xo — yo| with t > 2 until it reaches x;y; > f,
with which r is still a good lower bound for min{y;/x;, x;/y;}. So what remains to show is it
satisfies n(x;y; — p) < r for the next first time x;y; > p. If this holds, we can always iteratively
show, for any x;y; > p along gradient descent,

Yr Xt

XYy — ) < r < min{ =, .
n(xeyr — p) {xt yt}

Note that r itself is independent of x;y; and all the history, so it is ideal to compute a uniform
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upper bound of n(x;y; — p) with any pair of (x;_1,y;—1) satisfying x;_;y;,—; < p. Actually it is
possible, since we have |x;_; — y;—1| bounded as in Theorem 3.4.

Assume x;y; > p and it satisfies the condition of n(x;y; — ) < r and |x; — yi| < |xo — yo|. As
in (B.31), we have

Xi+1 — Yi+1
Xi — Vi

=1-n(p-xy) € (L, 1+7r). (B.48)
Hence, it suffices to get the maximum value of g(z), with z € (0, p), as

9(2) =z (1+ (k= 2)* +n(p = 2) (1 +1)*(x0 — 40)*, (B.49)

which is from (B.33). Denote Z = argmax ¢g(z). Obviously z < %(,u + %) £ 23, because the first
term of ¢g(z) achieves maximum at z = %(,u + %) and the second term is in a decreasing manner

with z. Then let’s take the derivative of g(z) as

g'(z) = (1+n(p—2)) (1+np—3nz) = n(1+1)*(x0 — yo)°

n(1+7r)*(x0 — yo)°
1+n(p—2)

=(1+n(p—2)(1+nu—3nz-

where the first term is always positive, so we have

n(1+71)%(xo —y0)® _
T (B.50)

1+nu—-3nz-
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which means

_ 1 ( 77(1+r)2(x0—y0)2)
5= —
3n 1+n(p—2)
1, ( n(1+1)2(x0 - yo)z)
31 (-t )
1 1 3(1+r)?
—g( 5—2( +1)(o—yo)2)
= zs,

where the inequality is from z < 3 (p + %). As a result, it is safe to say

+1(p = 2)(1+71)(x0 ~ yo)?

z=2zp

9(2) <z (1+n(p-2)*

4 1 1
=—(1+nu)’ = +n(1+r)? ( Hogot yo)z) (x0 = Yo)%,
27 n 3y

with which we are able to compute max 1(g(z) — u), which is exactly the final result.

B.9 PROOF OoF THEOREM 3.5

(B.51)

(B.52)

(B.53)

(B.54)

(B.55)

(B.56)

Theorem B.9 (Restatement of Theorem 3.5). In the above setting, consider a teacher neuron w =

[1,0] and set the learning rate n = Kd with K € (1,1.1]. Initialize the student as ||w(°)|| =0

€ € (0,0.10] and (w(o),ﬁ)) > 0. Then, fort > T; + 4, wét) decays as

t _T._
wi? < 0.1- (1 -0.030K)" T~ -

10g2561;ﬂ, ﬁ:(1+—)6.
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Proor skeTcH The proof is divided into two stages, depending on whether w;, grows or not.

The key is that the change of w,, follows (omitting all superscripts t)

w
Aw =
— Y« —ow, + —W—’;,, wé”l) = |wy + Awy| . (B.57)
Wy 1+ (30)?

where the second term in Awy/w, is bounded in [0, ﬁ]. In stage 1 where vw, is relatively small, we
show the growth ratio of wy is smaller than those of w, and vwy, resulting in an upper bound of
number of iterations for vw, to reach i, so max(wy) is bounded too. Although the initialization
is balanced as 0(® = ||w(0)|| for simplicity of proof, v — w, is also bounded at the end of stage 1.
From the beginning of stage 2, thanks to the relatively narrow range of K, we are able to compute
the bounds of three variables (including v — wy, vwy and wy) and they turn out to fall into a basin
in the parameter space after four iterations. In this basin, w, decays exponentially with a linear

rate of 0.97 at most. m]

Proof. We restate the update rules as

(1) (t) (£)
w 1 w w
Av® = oD — @ = K | (moOw + 1) — O 2 — Z larctan | — | - =1,
SO R wi?) wt)
X X X
(®) 1), ()
1 w wy'w
= Kw,(ct) (—v(t)w,(f) +1)— — (arctan( zt)) S yz )]
4 we | w®
()2 (t),, (1)
w o Dw
(wy ) Wy 2 (B.58)
o® 7 [w|
(®) ®), (1)
1 w Wy W
Awl = wiD — ) = k@ | (o@D 4 1) — = |arctan !(/t) . yz , (B.59)
4 we | w®
),
0w
Aw® = w® K —(®)2 4 — Y| (B.60)
y y 2
7 [[w

W!(/Hl) = ‘w;t) + Awét) : (B.61)

For simplicity, we will omit all superscripts of time ¢ unless clarification is necessary. From (B.61),
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if the target is to show w, decaying with a linear rate, it suffices to bound the factor term in (B.60)

(by a considerable margin) as

B 2 Z)Wy
2<K|-0v+ Tl < 0. (B.62)
T ||Ww

The technical part is the second inequality of (B.62). If v, w, > 0, it is equivalent to

WxWy WxWy

oWy > = ,
mllwll® m(wi+wy)

1

where the RHS is smaller than or equal to ﬁ Hence, ;- is a special threshold with which we

will frequently compare vw,. Another important variable to control is v — wy that reveals how

the two layers are balanced. If it is too large, for the iteration z)(”l)w,(fﬂ)

may explode as shown
in the 2-D case.
The main idea of our proof is that

WxWy

« Stage 1 with ow, < in this stage, wy, grows but it grows in a smaller rate than that

alwl?”
of v and w,. Therefore, since we have an upper bound for vw, to stay in this stage, we
are able to compute the upper bound of #iterations to finish this stage, which is T; in the

theorem. At the end of this stage, both of v — w, and w, are bounded under our assumption

of initialization.

WxWy
2
mllwll

« Stage 2 with ow, > : in this stage, w, decreases. Since our range of a large learning
rate is relatively narrow (1 < K < 1.1), we are able to compute bounds of vw,,v — w, and
wy. After eight iterations, it falls into (and stays in) a bounded basin of these three terms,

in which w; decays at least in a linear rate.

Stage 1.

We are to show that, in the last iteration of this stage, there are three facts: 1) ow, < 2)

1
21’

v — wy € [-0.017,0.17], and 3) w, < 0.44.
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At initialization, we assume 0(?) = ||w(0)||. Denote oy = arctan(w!(/o) / W}({o)) € [0,7/2]. So for

next iteration we have

1
W!(Jl) — U(O) (1 +K (_(U(O))z + — Sin ao)) s (B.63)
T

(B.64)

w)(cl) =0 [cos ap+K (1 — (02 cos g + €08 o SN 0 — ao)] .
/s

Apparently wél) increases with @y increasing. And

— sin?

Q) + cos? ap— 1
T

aaow,ﬁl) = [— sinag + K ((U(O))Z sin o +

. i
=0 [— sinay + K (((v(o))2 A% ao) sin oy + —om % ao)} )
T T

Since in stage 1 it holds Aw, > 0 which means —(v(?)? + Lsinay > 0 in (B.63). So it follows

aaow,(cl) < 0. Combining the above arguments, we have

1
w,(c)>wx

K K
wél) < w;1)|a0_z = (1 +— - K(U(O))z) 0l < (1 + —) 0©,
2 I T

2K

wél) 2+ =
< 2.7.

W0 S TK

Regarding Wiy, it has 0 > w}(lo) at initialization due to 0¥ = ||w(0)||. From (B.58, B.59, B.60),
2
we have vAv = wyAwy + wyAwy. So it holds vAv > yAy. Meanwhile, % = K(-owy + ﬁ) €

[0, %] From Lemma B.11, given o) > W!St)

and % € [0,1] for any ¢ in this stage, it always
holds oV > wé”l).

Therefore, it is fair to say

U(l)wJ(cl) N 1

(W;U)z 27
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Additionally, to bound the term ow,/ |w||? in Awy, we would like to show it always has vw, <
lwl||?. At initialization, it naturally holds. Then, for the every next iteration, given it holds in the

last iteration, we have

(v + A0) (wy + Awy) — [(wy + Awy)? + (wy + Awy)?]

WxAwy + wyAwy ) 5
=(v+ . ) (wy + Awy) — [(wx + Awy)” + (wy + Aw,)?]

_ Wy Wy 2 Wy 2 2
= 0wy + 0AWy, + WeAwy (— + ——) + (WyAwy + (Awy) ") — — [(wyx + Awy)” + (Wy + Awy)7]
v v v
Wy oo 2 2
< owy + 0Awy + wyAw, (wy +wy + 2wy Awy + (Awy)?)
v
< Wy 2
< vAwy + WyAWyT — 2wyAwy, — (Awy)
w
= 0Awy (1= —2)% — (Awy)?
v

< 0Awy — (Awy)?

where the first equality uses vAv = wyAw, + wyAwy, the first inequality uses the proven v > w,
and v > Awy, the second inequality uses the assumption ow, < lw||?>. Now we are to show

vAwy — (Awy)? < 0. We have

w2 ) 2
vAw, — (Awy)? < Kvo®—— — K%0? (l -— - y(t)) ,

7 [|wll* 27

(1) (1), (1)

0 _ 1 wy Wy Wy
Y/ = — |arctan ol OIE ]

i we') [

Since we have proven w_lgl) / w,(cl) < 2.7, it is easy to check that

1 1
— < (1= — - y(l))z.
w®) 2

/4 (1 + (= )2)

(1)
Wy

As a result, vAwy — (Awy)? < 0 at time 1. Furthermore, by checking each term, vAw, — (Awy)?
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decreases with w,/w, decreasing. We will soon show that w;,/w, itself decreases, by showing
the growth ratio of wy is larger than that of wy,.

Our target lower bound of the growth ratio of w, is that

Aw 1
>1-=—-y, (B.65)
Wy T

which is larger than the growth ratio of w, bounded by }r due to vAw, < lw||%. So it suffices to
show Kv/w, > 1. Assuming Kv/wy > 1 for the current step, we need to show KU(”I)/W,(CHI) >1

also holds for the next step. Let’s denote

1 w® WDy ®

AW =g (—v(t)w,(f) +1)— — (arctan( Zét)) - = y2 )] . (B.66)
4 we | [lw®]

Then
1 w Av

(v+ Av) — E(wx+wa) >0+ Aw, — ?x e

(0 - 25 (1 - KA) +0(K - —)A (B.67)
=(0— — — 0 - - . .
K K

If KA < 1,since K > 1 and A > 0, we have (B.67) as positive, which is what we need. If KA > 1,

then

(B.67) > (0= 22)(1- K%) +0(K - %)A

= (K + Ao+ ) (K = =),

where the first inequality is due to A < K and the assumption of Kv(®)/ w,(ct) > 1. Then it suffices
to show (—K +A)v+wx > (—K+%)v+wy > 0. Note that -K +1/K € (=0.2,0] when K € (1,1.1].

It is easy to verify that o™V < 5W,((1). Then, for the next step, we need to show o**?) < 5w,(ct+l)
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given 0 < 5wt To prove this, we are to bound v — wy, as

2

w ow
oD — Y = (1 A) (0 — w) + K—2(—0% + ! 5)
v m||wli
Y Kwy
< 0.4(v —w) + Kwy——— < 0.4(0 —w) + —, (B.638)
||l 4

where the first inequality is due to, when w,/w, < 2.7,

1 w0 1 wi?
A=K —U(t)w)(ct) + —u] +K [1 — — arctan (L)]
S A .
1 w,
> K|1- —arctan|——=|]| > 0.6.
o 5)

We will later show that o) — w1 > —0.1(0® — w(®). Combining this with (B.68), it is safe
to say
K X 5w

Kw
o) — () < 0.4(0 — w) + —2 < 0.4 X 4w + < 4w,
T T

where the second inequality is due to v < 5w and v > w,. Since w1 > () (due to A > 0) in
this stage, we have o) < 5w)(ct+1).

Combining the above discussion, we have prove (B.65). Obviously, when w,/w, < 2.7, RHS
of (B.65) is at least 0.55, larger than 1.1/, which is the upper bound of the Awy / wy. As a result,
wy /wy keeps decreasing.

The next step is to show the growing ratio of vw, is much larger than that of w,. From (B.59,

B.60), it holds

U(Hl)w,(fﬂ) = (v + Av) (wx + Awy) > owy + KA(® + w2) + K2 A%ow,

> owy(1+A)%
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where the first inequality is due to Aw, > 0. It follows U(”l)w,(fﬂ) Jo® w,(ct) > 1.6 = 2.56.
So far, we have shown the following facts: under the defined initialization at time 0, starting

from time 1, we have
1. owy < 1/27.
2. Awye/wy +1 > 1.55.
3. Awy/wy +1< 1+K/m.
4. wy/wy < 2.7 and keeps decreasing.
5. oD D (04,0 5 9 56
6. 0 = wy.
7. 0Awy < (Awy)?

Now we are to use the above facts to bound vw,, w, and v — w, to the end of stage 1.
For vwy, in previous discussion, we have shown that ow, < % Actually, there is another

special value

WyW.
———— =10.104 when w, /wy = 2.7. (B.69)
(Wi + wy)

This value is slightly larger than 1/47. Hence, we would like to split the analysis into three parts:

in the first step of stage 2,

1
L owy > 5.

1 1
2. in S owy < 5

1

3. owy < i
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Note that, although we are discussing the stage 1 in this section, investigating the lower bound
of the first step in stage 2 helps calculate the number of iterations in stage 1. Furthermore, it helps
bound several variables in stage 1.

Case (I). If ow, > ﬁ in first step of stage 2:

o)l

Since we have prove ( > 1/2.7 and 0 Vw1504, 5 2 56 the number of iterations

(1)
wy ')?

for vw, to reach 1/27 is at most

T, <

1
log, ., ——22—|. (B.70)

2.56 (W;l))2/2.7
Meanwhile, starting from time 1, the growth ratio of wy is

(wy + Awy) fwy < 1+ K(=02+1/m) < 1+1.1/71— @2 <1+ 1.1/7— (w8 (B.71)
y ) y y

where the first inequality is due to owy < ||lw||%, the second is due to K > 1 and the third is from

v > wy. Therefore, combining with (B.70), we can bound wy in the end of stage 1 as

%
2% (w2 j2g

wy < (1 +1.1/7 - (w;”)z)[log (B.72)

Since it initializes as ||w(°)|| < 0.1, we have wzgl) < 0.1(1+1.1/m) = 0.135. Then, it can be verified

that, when wlgl) € (0,0.135], it holds

wy < 0.44. (B.73)
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The next is to bound v — w,. Combining the update rules of v and wy in (B.58, B.59), we have

Ao —wy) = (0 —w™) = (0 - i)

WxW
arctan(wy/wy) — W w2

y ) owy
= K(v— wy) |owy — 1+ +K— (-0 + 2). (B.74)
T (4 7 [|wl|
Note that
Wy W
arCtan(Wy/Wx) - ”W”g arctan(wy/wx)
—-1<ow,—1+ < -1+ ) (B.75)
T T

where the left is due to ow, > 0 and, the right is from Aw, > 0. When w,/w, < 2.7, the RHS

follows —1 + %:y/wx) < —0.6. So combining both sides tells

arctan(wy/wy) — Py

2
1+K|ow, —1+ Il

€ [-K+1,0.4] c [-0.1,0.4]. (B.76)
T
2 2
Since Aw, > 0, we have 0 < K=¥(=0? + ==%) < X4, % Note that at initialization
v m|wll 7wl

wj(co) < 0. Then it is easy to verify that

K K
—0.01 < =0.1(0@ = w®) < oW M < (14 = - E)u“)) < 0.082. (B.77)
T

Because the coefficient on the positive side in (B.76) is larger than 0.4 > 0.1, it is appropriate to
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upper bound the v — w, as

T
0 — wy < max {0.082, 0.082 - 0.47 + Z 0.4
t=1

K (t) (Wét))z }
oy 2
[w @]

T
K
< max {0.082,0.082 - 0.47 + > 0.4 ="
- T 1 ( 155
t=1 1+

1.1-44 1

5

T
< max 4 0.082,0.082 - 0.47 + Z 0.41

=1 T 4L (s
27 \1+1.1/x

)2(1‘—1)

where the second inequality is from the different growth ratios of wy and w,. Note that here we

take all T > 1 and pick the largest value of RHS to bound wy,. It turns out
v — wy < 0.17. (B.78)
Furthermore, to lower bound v — wy, since obviously |v — w,| < 0.17, it follows
0 —wye > —0.1" |0 — Wy|max > —0.017. (B.79)

Case (II). If - < owy < 5 in first step of stage 2:
Similar to the discussion in Case (I), we are able to compute the number of iterations for ow,

to reach 1/4. It is at most

1

Ty < [log, < (B.80)

4r
(ws)2/2.7
Accordingly, wy is bounded as

()2 log, 56 %]
wy < (1 +1.1/7m = (wy ) ) vy D727 <0.37. (B.81)
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For simplicity, we just keep the bounds for v — w, as in Case (I), as

v —wy € [—0.017,0.17]. (B.82)

Case (III). If ow, < ﬁ in first step of stage 2:

From the condition, we know vw, < é as well in the last step of stage 1. Since Aw, > 0 in

stage 1, it tells

1 wxyw 1
22 cowe < —, (B.83)
2
7T {|w]| 4
which means
W, W
max{—, —} > 2+ V3. (B.84)
Wy Wy

Since 2 + V3 > 2.7, if wy/wy > 2+ V3, then for time 1, (0(1), w,((l), wél)) is already in the stage

2. However, it is not possible because ||w(0)|| = 99 < 0.1, which means 0(1)w,(cl) can not reach

Therefore, the only possible is % > 2+ V/3. In this case, we are able to bound wy as
Yy

[1
wy < (2= V3)we < (2-V3) ( L +0.00852 +0.0085
JT

where the second inequality is due to ow, < é and v — wy, > —0.017. Note that here we still use

< 0.078, (B.85)

the bound of v — w, from Case (I), although it is loose somehow but it is enough for our analysis.

We leave the analysis of the bound of number of iterations to the end of this section.

Stage 2.

In the case (I) of stage 1, where the first step in stage 2 is with ow, > %, it hasov — w, €
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[-0.017,0.17] and w; < 0.44. In the case (II), where the first step of stage 2 is with ow, € [ﬁ L

5 2]7- b
it has o — wy € [-0.017,0.17] and wy < 0.37. In the case (IIl), where the first step of stage 2 is

with ow, € [45, 5], it has 0 — wy € [-0.017,0.17] and wy, < 0.078.

To upper bound vwy in the first step of stage 2, there are two candidates. One is from the case

(@,

/wx 2
arctan(—2) — —2x Wyew?
o 1+ N ow
0w = gy [ 1+ K(1 - owy — = (gl )|+ k— (— 2 : 2)
7 |[wli
arctan(%) - Mvivy—%)z
+K(—we)?|1+K(Q1 —ow, — kil
T
2 waj WxWy
Sowy (1+K(1—owy))"+K —owy + ———
x m|wli

+K(—wy)? (1+K(1—owy))

1 1.)? 11 1
<—|1+1.11- —)| +1.1-044° [——+ —|+1.1-017*[1+1.1(1 - —)
21 21 4T 27 21

< 0.668, (B.86)

where we use ow, > 1/4rx, x/(1+x?) < 0.5 for any x.

One is from the case (II),

2
Wyw Wyxw
U(t“)w,(ctﬂ) <owy (1+K(1—owy))? +K i (—wa + x—yz)
X

+K(—wy)? (1+K(1-owy))

1 1.\’ o[ 1 ) 1
<—|1+11(1- =) +1.1-0372[—]+1.1-0172 {1+ 1.1(1 - —)

4 4 2 4

T

< 0.48, (B.87)

where we use ow, < 1/47x, x/(1+x?) < 0.5 for any x.
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Therefore, we can see that, in the first step of stage 2,
owy < 0.668. (B.88)

Next we are going to show how the iteration goes in the stage 2. In Case (), there are three

facts:
1. wy < 0.44.
2. v —wy € [—0.017,0.17].
3. oWy € [5,0.668].
Similarly, in Case (II), there are three facts as well:
1. wy < 0.37.
2. 0 — wy € [-0.017,0.17].
3. owy € [ﬁ, ﬁ]

The main idea is to find a basin that any iteration with the above properties (i.e., in the interval)
will converge to and then stay in. The method is to iteratively compute the ranges of the variables
for several steps, thanks to the narrow range of K. Before explicitly computing the ranges, let’s
write down the computing method, depending on whether or not ow, > 1.

Consider any iteration with ow, € [my, mz],0—wy € [dy, dz2], wy < e, we compute the bounds

ofv(t”)w,(ctﬂ), p(t+D) _ w,((Hl), wé(,tﬂ) in the following process (naturally assuming d; < 0 < d)

1. Ifm1 > 1:

(a) Compute wy = \mq + (d2/2)? —dy/2 = f.

(b) Compute % <e/f =g
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wx Wy
WI® ¢ arctan(9)=g/(1+¢%) & p
P = T -

arctan(wy/wy)—

(c) Compute

(d) Compute o*Dw (™ > m,(1+1.1(1 = my — b)) + 1.1(1 — my — h) max{|dy, |dy|}? -

1.1e?m,. This is from

Wyew? ow
v(t“)wfctﬂ) > owy (14 K(1 —owe — h))?+K * Y (—02 + ” y”z)
7 ||w

+ K —wy)? (1+K(1—owy —h))
> 0wy (1+ K(1 —owy — h))? —Kws S OWy

+K@w-wy)?(1+K(1—owy —h)).

(e) Compute U(”l)w,(ctﬂ) < m;(1+1.0(1—m;))?. This is due to x(1+K(1—x))? decreases

with x increasing when x > 1.

(f) Compute 0™V — 1w € [d;(1+1.1(my—1+h) —1.1€%- (Nms + (d2/2)2+d>/2)), do (1+
1.1(my — 1+ h))]. This is due to

1 WaWy Wy (o, oWy
Av — Awy, = K(v — wy) [owy, — 1 + —(arctan(a) — )|+ K—[-0v"+ AR
4 wl v ||l

where vw, > 1, the last term is between —Kij and 0.

(t41) <

(2) Compute wi™") < e - max{]ji |jz|}, where

Vvmi + (dz/Z)z +d2/2

=1+1. - (~my), B.
i 1+11m_d2/2 (=my) (B.89)
p=1+103t (dif2)" —dij2. (=my + —). (B.90)

Vo @2+ 2 2

This is due to
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then we would like to have the smallest value as j; — 1 and the largest value as j; — 1.

Since wy is always non-negative, taking the maximum absolute value gives the upper

bound.

2. Ifmg <1:

(a) Compute wy > \my + (d2/2)? —dy/2 = f.

(b) Compute % <e/f =g
wx Wy

— _ 2
s i arctan(g)ﬂg/(lw) L

arctan(wy /wx)—

(c) Compute

(d) Compute o+ > MiNye[m, my] X(1+1.0(1—x—h))*—1.1e?x. Compared with the

case of m; > 1, we drop the term 1.1(1 — m, — h) max{|d;|, |d>|}? because it is possible

to have v — w, = 0 in some iterations.

(e) Compute U(”l)w,(ctﬂ) < maXye[m, m,] ¥(1+ 1.1(1 = x))? + 1.1(1 — x) max{|d;], |da|}*.
Compared with the case of m; > 1, we add a term depending on the |[v — Wy|max

because it enlarges vwy in the in-balanced case.

(f) Compute o1 —wi € [d)(1+1.1(my—1+h) —1.12- (\mz + (d2/2)2+d,/2)), dy(1+
1.1(my — 1+ h))]. In fact, a rigorous left bound should include more terms to select a
minimum from. Here it is simple because it keeps 1+ K(m; — 1) > 0 in the following
computing, so we do not need to worry about the flipping sign of d; and d;.

(g) Compute wé”l) < e - max{|ji], |j2|}, where ji, j» are the same with those in the case

ofm; > 1.

Therefore, with the above process, we are able to brutally compute the ranges of U(”l)w,(ctﬂ),

o) — w)(CHl), W;HI) from the current ranges. Note that this process plays a role of building a
mapping from one interval to another interval, which covers all points from the source interval.

However, it is loose to some extent because gradient descent is a mapping from a point to another
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point. The advantage of such a loose method is feasibility of obtaining bounds while losing
tightness. To achieve tightness, later we will also include some wisdom in a point-to-point style.

Also note that, a nice way to combine tightness and efficiency in this method is to split and
to merge intervals when necessary.

For Case (I):

Now we are to compute the ranges starting from the interval where I = {w, < 0.44,0 — w, €

[-0.017,0.17], 0w, € [ﬁ, 0.668]}. First, we split it into three intervals:
1. I = {w, < 0.44,0 — wy € [<0.017,0.17], 0w, € [0.213,0.4]}.
2. I = {wy < 0.44,0 — w, € [~0.017,0.17], 0w, € [0.4,0.668]}.
3. Iy = {wy < 0.44,0 — wy € [-0.017,0.17], 0wy € [5-,0.213]}.
Then, following the above method with splitting and merging intervals, we have
1. Starting from I,

(a) Step 1: I; mapps to I3 = {w, < 0.416,0 — wy € [—0.162,0.068],vw, € [0.55,1.12131]}.
(b) Step 2: Splitting I3, we have
i I = {w, < 0.416,0 — wy € [~0.162,0.068],vw, € [0.55,0.8]}.
i, Is = {w, < 0.416,0 — wy € [~0.162,0.068], 0w, € [0.8,0.9]}.
iii. Iy = {w, < 0.416,0 — w, € [~0.162,0.068], 0w, € [0.9,1.0]}.
iv. I = {wy < 0.416,0 — wy € [0.162,0.068], vw, € [1.0,1.12131]}.
Then, we have

1. I mapps to
Is = {wy < 0.214,0 — wy € [-0.309,0.0545], vw, € [0.942,1.25786]}.
ii. Is mapps to

Iy = {wy < 0.0966,0 — wy € [~0.335,0.0613], ow, € [0.880,1.19649] }.
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1ii. I mapps to
Iip = {wy < 0.0756,0 — wy € [-0.362,0.068], 0w, € [0.777894,1.11178]}.
iv. I; mapps to
Iy = {wy < 0.134,0 — wy € [-0.394,0.0782], 0w, € [0.595,1]}.
(c) Step 3: Splitting and merging I, Iy, I10, 11, we have
i. Iz = {wy < 0.134,0 — wy € [-0.394,0.078], 0w, € [0.595,0.777]}.
ii. 13 = {wy < 0.214,0 — wy € [-0.394,0.078], 0w, € [0.777,1]}.
iii. I14 = {wy < 0.214,0 — wy € [-0.362,0.068], 0wy € [1,1.11178]}.
iv. Its = {wy < 0.214,0 — wy € [-0.309,0.061], 0w, € [1.11178,1.25786] }.
Then, we have
i. I;2 mapps to
Iis = {wy < 0.0372,0 — wy € [-0.317,0.061], 0w, € [1.14493,1.31246]}.
ii. I;3 mapps to
Ii7 = {wy < 0.0432,0 — wy € [—0.448,0.078], 0w, € [0.943633,1.24393]}.
iii. I;4 mapps to
Iig = {wy < 0.0662,0 — w, € [-0.462,0.077], 0wy € [0.77846,1]}.
iv. I;5 mapps to

Iy = {wy < 0.0998,0 — Wy € [~0.456,0.0785], 0w, € [0.550,0.878]}.
2. Starting from I,

(a) Step 1: I mapps to Iy = {w, < 0.332,0—w, € [~0.205,0.114], 0w, € [0.864, 1.25894]}
(b) Step 2: Splitting I,;, we have
i Iy = {w, < 0.332,0 — wy € [~0.205,0.114], vw, € [0.864,1]}.

ii. I3 = {wy < 0.332,0 — wy € [—0.205,0.114], vw, € [1,1.125894]}.
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Then, we have

1. I, mapps to
Iy = {wy < 0.081,0 — wy € [-0.336,0.114], 0w, € [0.858,1.14813]}.
ii. I»3 mapps to

Is = {w, < 0.184,0 — w, € [—0.409,0.148], 0w, € [0.463,1]}.
(c) Step 3: Splitting and merging I»4, Ir5, we have
i I = {wy, < 0.184,0 — w, € [~0.409,0.148], 0w, € [0.463,1]}.
i, Ly = {w, < 0.081,0 — wy € [~0.336,0.114], vw, € [1,1.14813]}.
Then, we have
i. I»¢ mapps to
Lg = {w, < 0.083,0 — w, € [-0.452,0.148], 0w, € [0.952783,1.31778]}.
ii. I»; mapps to
Lo = {wy < 0.034,0 — w, € [0.399,0.133], 0w, € [0.777,1]}.

3. Starting from I3,

(a) Step 1: I3p mapps to I3y = {wy < 0.44,0 — wy € [-0.124,0.037], 0w, € [0.422,0.767] }
(b) Step 2: Splitting I3, we have
i, Iy = {w, < 0.44,0 — w, € [~0.124,0.037], 0w, € [0.422,0.5]}.
i, Iy = {wy < 0.44,0 — wy € [~0.124,0.037], 0w, € [0.5,0.6]}.
iii. Tsy = {w, < 0.44,0 — wy € [~0.124,0.037], 0w, € [0.6,0.767]}.
Then, we have

i. I3, mapps to
I35 = {w, < 0.301,0 — wy € [-0.218,0.0185], 0w, € [0.901,1.20971] }.
ii. Iz3 mapps to

Iis = {wy < 0.262,0 — wy € [0.245,0.023], ow, € [0.96322,1.25093]}.
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iii. Iz4 mapps to
Iy = {wy, < 0.213,0 — w, € [~0.288,0.029], ow, € [0.947,1.25345]}.
(c) Step 3: Splitting and merging I5s, I4, I37, we have
i Iy = {w, < 0.301,0 — w, € [0.288,0.029], 0w, € [0.901,1]}.
i, Ig = {wy < 0.301,0 — wy € [~0.288,0.029], 0w, € [1,1.1]}.
iii. I = {w, < 0.301,0 — w, € [~0.288,0.029], 0w, € [1.1,1.25093]}.
iv. Iy = {wy, < 0.262,0 — w, € [~0.245,0.029], 0w, € [1.25093,1.25345]}.
Then, we have
1. I3g mapps to
Iy = {wy < 0.0404,0 — w, € [~0.392,0.029], 0w, € [0.888,1.11696]}.
ii. Iz9 mapps to
Iy = {w, < 0.0740,0 — w, € [—0.428,0.033], 0w, € [0.741,1]}.
1ii. Iy mapps to
Iy = {wy < 0.125,0 — w, € [~0.482,0.038], 0w, € [0.497,0.891]}.
iv. I4; mapps to
Iis = {wy < 0.109,0 — w, € [—0.400,0.038], 0w, € [0.534,0.702]}.
(d) Step 4: Splitting and merging Iy, I43, Is4, Is5, we have
i Ijg = {wy < 0.125,0 — w, € [~0.482,0.038], ow, € [0.497,0.891]}.
ii. Iy = {wy < 0.074,0 — wy € [0.428,0.033], vw, € [0.891,1]}.
iii. Iig = {w, < 0.041,0 — wy € [~0.40,0.029], 0w, € [1,1.11696]}.
Then, we have

1. Iy mapps to

Iip = {wy < 0.0424,0 — wy € [~0.442,0.034], ow, € [1.07853,1.34708]}.
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ii. I47 mapps to
Iso = {wy < 0.0110,0 — wy € [-0.435,0.033], 0w, € [0.993,1.13943]}.
iii. I4g mapps to

Is; = {wy < 0.0109,0 — wy € [—0.454,0.033],vw, € [0.497,0.891]}.

For Case (II):
Now we are to compute the ranges starting from the interval where I = {w, < 0.37,0 — w, €

[-0.017,0.17], 0wy € [=

i ﬁ] }. First, we denote it as

1. Is = {wy < 0.37,0 — wy € [-0.017,0.17], 0wy € [1=, 5]

21
Then, following the above method with splitting and merging intervals, we have

1. Starting from Is,,

(a) Step 1: Is; mapps to Is3 = {w, < 0.37,0 —wy € [-0.079,0.0271], ow, € [0.222,0.616] }.
(b) Step 2: Is3 mapps to Is4 = {wy < 0.343,0—w, € [-0.171,0.017], 0w, € [0.621,1.24894]}.
(c) Step 3: Splitting 54, we have
i. Iss = {wy, < 0.343,0 — w, € [-0.171,0.017], ow, € [0.621,1}.
i, Isg = {wy < 0.343,0 — wy € [~0.171,0.017], 0w, € [1,1.24894]}.
Then, we have

i. Is5 mapps to
Is7 = {wy < 0.150,0 — wy € [-0.305,0.017], ow, € [0.840,1.25908] }.
ii. Is¢ mapps to

Iss = {wy < 0.137,0 — wy € [-0.367,0.022], vw, € [0.472,1]}.

(d) Step 4: Splitting and merging Is7, Iss, we have
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ii. Iso = {wy < 0.150,0 — wy € [—0.367,0.022], vw, € [0.472,1}.
iii.

iv. Ip = {wy < 0.150,0 — wy € [~0.305,0.017], 0w, € [1,1.25908}.
Then, we have

1. I5o mapps to
Isy = {wy < 0.0705,0 — wy € [-0.393,0.022], 0w, € [0.971,1.304]}.
ii. I¢o mapps to

Isz = {wy < 0.0613,0 — wy € [~0.421,0.0219], 0w, € [0.583,1]}.

For both Cases (I, II):

From Ij6-20, I28, 129, Is9-51, I61, Is2, We can see that it has fallen into an interval Iy = {w, <
0.1,0 — wy € [-0.462,0.148], vw, € [0.497,1.34078]}. Something special here is that w, has been
much smaller than w,. More broadly, let’s define an interval I generated by I, = {w, = 0,0—wy €

[—0.464,0.148], 0w, € [1,1.5]}. Here “generated” means

I = 1D, wi? wy)lof, wi, wi) € 1}, (B.91)

T>t
Then each element (v, wy, wy) € I has the following properties:
1. wy =0.
2. ow, € [0.181,1.5].
3. If ow, < 1, then v — w, € [—0.735,0.23]. If ow, > 1, then v — w, € [—0.474,0.148].

The first property is obvious. The third can be proven as follows: for each element (v, wy, wy) € I,
it has v(”l)—w,(fﬂ) = (v—wy) (1 + K(owy, — 1)), where the ratio 1+K (ow,—1) € [1,1+1.1(1.5-1)]

when vw, € [1,1.5]. Furthermore, in the proven 2-D case, we have shown that “if ow, > 1 with
D(:+z)_wj(ct+2) v(”z)—w,(c”z)

some mild conditions, then € (-1,1)” Actually it can be tighter as €

V—Wy
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(—0.2,1) because here K < 1.1 while the original bound is for K < 1.5. The condition of bounded
lv — wy| can also be verified, the purpose of which is to keep v, w, always positive. Then the

bound [-0.2, 1] will tell v — w, € [—0.474,0.148] on vw, > 1, because

0.148 0.474
— > 0.2, — > 0.2
0.474 0.148

For the second property, the left bound can be verified as

n[qin ]x(l +1.1(1-x))%+1.1(1 —x) - 0.474* = [x(1 + 1.1(1 = x))* + 1.1(1 — x) - 0.4742)
x€|1,1.5

x=1.5

> 0.181.
The right bound can be verified as

max x(1+1.1(1 - x))? +1.1(1 — x) % 0.735% < 1.5.
x€[0,1]

After proving these three properties, we would like to bound how far I is away from I;. More

precisely, the distance is measured by w,. We are going to show w, decays exponentially.

Remind the update rules in (B.58, B.59). Denote y = j—lt(arctan(a) - My again and § =

2
lwll

KW?ZJ 2 uwy
< (=07 +

), then it is

2
x|wll

Av = Kwy(—owy + 1) — Kwyy + 6, (B.92)
Awy = Ko(—owy + 1) — Koy, (B.93)
d€ [—Kij, 0]. (B.94)

Note that both y and § are very small, so we are to show their effects separately, which is
enough to be a good approximation.

Consider an iteration where v(® w,(ct) > 1 and the corresponding y*). Let’s denote o1, wfcm)
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as the next parameters with no corruption from y*). Similarly, we denote 5(*1) 15, (1)
corrupted with y*). From the 2-D analysis, we know
o (1+2) w(t+2)
([)—’(‘t) = 1+ KDWY — 1)1+ K@D wi — 1)) < 1. (B.95)
o) —w,
We would like to show, with a small y*) and ignoring §,
A(t+2) _ a5 (142)
L T (1+K0PW — 14O 1+ KEE D 14y <1 (B.96)

o) — w,(ct)

are

where y(*1) is in time (¢ + 1) accordingly. The difference of LHS of the above two expressions

turns out to be

B.96) — (B.95) = K (t)(l +K U(t"'l)w(“'l) _ 1)
Y x
+ (1 +K(v(t) 1))K(U(t+1) (t+1) _ (t+1)w)(ct+1) + Y(Hl)) + O(yz)
— Ky(t)(l +K(U(t+1)w,(ct+l) _ 1))

+K+ KW = 1)) (K@) O = K2y + ) + 0 ()

(t41)
<Ky<f>(1+(1+1<(o<f>w§” — 1)) (- K@®)? - K(w?)?+ L 5 ))+O(y)
Y

(1+1)
<Ky<f)(1+(1+K(o<”w,(f) — 1)) (- 2K0Ww® + L o ))+O(y) (B.97)
Y

A

Since == = K- ( owyx + 1 — ), we have

W(t+1) (
X 4 K (—0Dw® 1 -0y <1, (B.98)
W O
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Also we have

(t+1) W(z+1)w(t+1)
Yy X Yy
y(t+1) arCtan(W)(cm)) - || ([+1)||Z
= ) 0,0
y(t) w, Wy
arctan(—%) —
W o “)II
Since w;tﬂ) < wét) and
arctan(mx) — 25—
1+m = < md, for any m > 0,x > 0,
arctan(x) — 17
we have
y(t+1) 1
t (1) 37
P (1 K (00w 41—y 0)

For general ow, € (1,1.5], (B.101) holds as

y(t+1)

1
< 22

y(t)

Since 1 + K (v w!"

(B.96) — (B.95) $ Ky (1 + 1.55 % (=2 + 22)) + O(y?) = 35.2y'Y + O(}?).

Actually y*) is bounded by

(t)
Wy

<
T (1 4+ 1.1 V20074240074 g 54 q))3

" V140.0742-0.074

—1) <1+1.1%0.5=1.55,itis fair to say

0.099
< = 0.1066,
w V1400742 - 0.074
arctan(x) — <2610~
- . .

O <
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As a result,

(B.96) — (B.95) < 0.0084. (B.106)

Note that this small value is very easy to cover in (B.95), requiring

o(1+2) _ W,(CHZ)
1- —0 > 0.0084, (B.107)
o) — w,

except when vwy is pretty close to 1. When vw, — 1, from the analysis of 2-D case, (derived from

2
the case of x;41y1+1 > X5)

(t+2) _ ., (t+2)
1- 2 "W 5 oKk - 2) (0w — 1), (B.108)
o(® — !t

For (B.96) — (B.95), denote a function p(x) as

p(x) =14+ (1+Kx)|-2K(x+1) +

-1, (B.109)
(1 + Kwix(—x))

where x = v(t)w,(f) — 11in (B.97, B.101). It is obvious that p(0) = 1+ (-2K + 1) < 0. When x is

small, it turns out

o(®
—2K —143— |x+O0(x?) (B.110)

p(x)=-2K+2+K
N0
X

As aresult, (B.96) — (B.95) < 0 when ow, — 1 = o(K — 1). What if ow, — 1 = Q(K — 1)? Actually,
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we can get a better bound by a more care analysis, as

(B.96) — (B.95)
Ky(t)

}/(Hl)

<1+ 1+ K@ - 1) (- K@) = K(w) + —)
Y

+K 00wl (14 K(1 - oDwi)? - 1], (B.111)

where the last term is due to v(”l)w,(cm) < v(t)w,(ct) (1+K(1-0W® w,(f)))z. Hence, with this bound,

by expanding the last term, (B.110) becomes

(®)
p(x) = —2K+2+K |-2K -1+ 30_«) x+K(1-2K)x + O(x?) (B.112)
Wy
o®
=-2K+2+K|-4K +3— x +0(x?), (B.113)
WX
which is definitely negative because
0 V140.0742 +0.074 4

<116< . (B.114)

<
w® " V1+0.0742 — 0.074

Meanwhile, we are to prove the § in (B.92) will not make I, make v — wy < —0.474 starting
from v — w, > —0.462. First, in the region of {ow, € [1,1.5],0 — w, < 0.148}, we have Kvw; <
1.1- (V1.5 +0.074% + 0.074) * 0.1% < 0.0144. Also note that in this region with v — wy, > —0.462,

we have

wy*V _,_ Vivoasr-o2s1

X

Wy V1+0.2312 +0.231

=0.37. (B.115)

Hence KU(wét))2+KU(wl(/t+1))2 < 0.0144 % (1+0.37%) = 0.0164. Since [0+ —w (2| < o) — 1))
if there is no 8, we shall see that there is no need to discuss the case of v —w, > —0.462+0.0164 =

—0.4456 because it still holds vV — w{™V > —0.462. When 0® — w? € [-0.462, —0.4456], we
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shall see that in (B.36), after adding the term of § in o,

o(t+2) _ W(HZ)
— X <1-(1+K(owy —1)) - Kw,, (B.116)
o® — wJ(f)

which means the absolute value of v — w, decays at least by a margin depending on §. After

multiplying the current difference v(*) — w)(ct) on both side, it gives

(02 — (DY _ (0 _ ) (1) 5 (0,0, (05 (B.117)

5([+1)
s

Note that here o(1*?) — w)(CHZ) does not include §) and §(**)). As stated above, we have
0.372 < 0.16 due to the decay of wy. So it is safe to say 6 + §¢*) > 1.166Y). Combining with

the above inequality, it gives

(0 — () (0 _ 40y 4 50 4§05 (04,00 4 16)50), (B.118)
where
0OwDwh 4116 < vwy - (\/vwx + (0'4:56)2 _ 0496 16 <0, (B.119)
Furthermore, from our previous discussion, w;Hz) < W;t+2) gives that the sum of (B.118) is
bounded by
06 505 06 (—0.0144) > —0.0103. (B.120)

1-0.16 ~ 1-0.16

Since —0.474 — (—0.462) < —0.0103, we shall see that the term of § cannot drive v — w, < —0.472.
Note that (B.118) shall include a factor (< 1) in front of §), but we have ignored it to show a
more aggressive bound.

Therefore, we are able to say an Interval generated by I also has the following properties:
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for each element (v, wy, wy) € fs,
1. owy € [0.181, 1.5].
2. If ow, < 1, thenv — w, € [—0.735,0.23]. If ow, > 1, then v — w, € [—0.472,0.148].

Then the decreasing ratio of Aw,/w, is bounded by

Aw 1 Wew
g2 (—vwx+— u Z) (B.121)
wy Wy T lwl|
€ [—1.1(V1.5 +0.0742 + 0.074)%, —0.030K (B.122)
= [~1.87,-0.030K]. (B.123)

Hence, wy decays with a linear ratio of 0.97 (or 1 — 0.030K) at most for Cases (I, II) in stage 2.
For Case (III), in the first step of stage 2, it already has w, < 0.078 and v —w, € [-0.017,0.17].
So surely it will also converge to I;.
Here we present the time analysis for Case (III) of both stages. The number of iterations in

the first stage is apparently similar to that of case (I, II), as

ﬂ} (B.124)

T < 1032.56[ iz

where ¥ < ﬁ is the value of vwy in the first step of stage 2. In stage 2, since our target is to find

how many steps are necessary to get vwy > 0.181, so it is

arctan(2 — V3) — _2V8

BRI (B.125)

oD (D) 5 0,0y 0 181 +1 - y
JT

> 3.2800 W (B.126)
where obviously it still holds +* < 2 — V3 and w2 < 0.1% in stage 2. Since 3.28 > 2.56, we have
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the total number of steps to have vw, > 0.181 bounded as

2.7¢ 0.181] [ 0.675 0.181
log, 56 7 + |log; o5 7 < |log, 56 ﬂ—,ﬁz + |logs o5 — |t 2
4

0.675

< |logy s |3
1.35

< 10g2.56 71_’[32 +4,

which is not beyond the bound for Cases (I, II). O

B.10 PROOF OF MATRIX FACTORIZATION

Consider a two-layer matrix factorization problem. It’s parameterized by learnable weights X e

R™P Y € RP*Y, and the target matrix is C € R™9. The loss L is defined as
1
L(XY) = > XY - CJ|5. (B.127)

Obviously {X,Y : XY = C} forms a minimum manifold. Focusing on this manifold, our targets
are: 1) to prove our condition for stable oscillation on 1D functions holds at the minimum of L for
any setting of dimensions, and 2) to provide an observation of walking towards flattest minima

with theoretical intuition.

B.10.1 AsYMMETRIC CASE: 1D FUNCTION AT THE MINIMA

Before looking into the theorem, we would like to clarify the definition of the loss Hessian. Inher-
ently, we squeeze X, Y into a vector 6 = vec(X,Y) € R™*P4, which vectorizes the concatnation.
As aresult, we are able to represent the loss Hessian w.r.t. 6 as a matrix in R (mp+p@)X(mp+pq) Mean-
while, the support of the loss landscape is in R™7*P4. In the following theorem, we are to show

the leading eigenvector A = vec(AX, AY) € R™*P9 of the loss Hessian. Since the cross section
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of the loss landscape and A forms a 1D function fa, we would also show the stable-oscillation

condition on 1D function holds at the minima of fx.

Theorem B.10. For a matrix factorization problem, assume XY = C. Consider SVD of both matrices

asX = me{mp} O, iy, i0y; and Y = me{P a ayluylv , where both groups of o.;’s are in descending

order and both top singular values o1 and o, are unique. Also assume Ux,1“y,1 # 0. Then the leading
CZ — Ox,1

2 2 2 -
/o +0 yl /Ux,1+oy,1

Denote fo as the 1D function at the cross section of the loss landscape and the line following the

eigenvector of the loss Hessian is A = vec(Ciuyu Cgvx’lz};) with C; =

yr
direction of A passing vec(AX, AY). Then, at the minima of fa, it satisfies
[ (3) (Z)f(4) (B.128)

Proof. To obtain the direction of the leading Hessian eigenvector at parameters (X, Y), consider
a small deviation of the parameters as (X+AX, Y+ AY). With XY = C, evaluate the loss function

as
1
L(X+AX Y +AY) = 5 |AXY + XAY + AXAY||%. (B.129)

Expand these terms and split them by orders of AX, AY as follows:

1

O(||AX||* + ||AY|]?) : > |AXY + XAY||7, (B.130)

O(|AX|]® + |AY|?) :  (AXY + XAY, AXAY), (B.131)
1

o(|AX||* + || AY||Y) : 5 |AXAY][%. (B.132)

From the second-order terms, the leading eigenvector of V2L is the solution of

vec(AX,AY) = argmax ||AXY+XAY||129. (B.133)
[AXIIE+HIAYIE=1
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Since both the top singular values of X, Y are unique, the solution shall have both AX, AY of rank

1. Actually the solution is (here for simplicity we eliminate the sign of both)

Oy,1 Ox,1

ux,lull, AY = —’vx,lvll. (B.134)

2 2 2 2
oyt 0y, oyt 0y,

AX =

Equipped with the top eigenvector of Hessian, vec(AX, AY), we consider the 1-D function fj
generated by the cross-section of the loss landscape and the eigenvector, passing the minima

(X,Y). Define the function as
fa(p) = L(X+ pAX Y + pAY), peR. (B.135)

Then, around p = 0, we have
fap) = % |AXY + XAY||% - p# + (AXY + XAY, AXAY) - pi® + % |AXAY||% - pt. (B.136)

Therefore, the several order derivatives of fa(y) at p = 0 can be obtained from Taylor expansion

as

2 (0) = [ AXY + XAY]Z, (B.137)
£2(0) = 6(AXY + XAY, AXAY), (B.138)
£2(0) = 12[|AXAY]l}. (B.139)

Then we compute the condition of stable oscillation of 1-D function as

31712 = £2 £ (0) = 108(AXY + XAY, AXAY)? — 12 || AXY + XAY||% [AXAY|[%  (B.140)

= 96 || AXY + XAY||% || AXAY]|% > 0, (B.141)
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because all of AXY, XAY, AXAY are parallel to uX,lU;:l and v uy; # 0.

B.10.2 QUASI-SYMMETRIC CASE: WALK TOWARDS FLATTEST MINIMA

Observation 5 (Restatement of Observation 2). Consider the quasi-symmetric matrix factoriza-
tion with learning raten = aif + . Assume 0 < fo? < V4.5—1 ~ 1.121. Consider a minimum (Y, =
aXo, Zo = 1/aXy), « > 0. The initialization is around the minimum, asY, = Yo + AY, Z, = Zy + AZ,4,
with the deviations satisfying u] AY0; # 0,u] AZyjv; # 0 and ||AY1]|,||AZ;]| < €. The second

largest singular value of X, needs to satisfy

O 5,0 5,
n-max{(; + o, 2 +oja )} < 2. (B.142)

Then GD would converge to a period-2 orbit y, approximately with error in O(¢), formally written

as

(Y. Zy) = vy + (AY,AZ),  [|AY], IAZ]] = O(e), (B.143)

)/,7 = { (YO + (pl — 0[) O'lull)ir,Z() + (pl — 1/0() oqulvlT) }, (l =1, 2) (B144)

where p1 € (1,2), p, € (0,1) are the two solutions of solving p in

1
1+ Bo? = : (B.145)

T

w0
D=

Remark 7. What is missing for a rigorous proof?
1. Control of error terms in non-asymptotic analysis.

2. Resolving assumptions of spectrum Qg , , (ys, z;) in early stages.
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Proof. Without loss of generality, we assume X, = diag([oy, 03, . . ., 04]) € R??, where (Xo);; =
o; or 0 in all other entries. This can be easily achieved by rotating singular vectors of X. Accord-
ingly, we have Y, = diag([o1a, 2@, .. ., 04]) € R4 and Z, = diag([o1/a, 02/a, ..., 04/a]) €
RdXd )

Starting from time ¢t = 1, we denote the learnable parameter matrices as Yy, Z;, and their
deviation as AY; = Y, — Yo, AZ; = Z, — Z,. By assumptions, we have ||AY;|| < ¢, ||AZ4]| < e.

Furthermore, we split AY;, AZ; as follows,

@, | & ®,; | @,
AY; = |[———| ,AZ; = |——|, (B.146)
@, | @, ®, | ®,
0,6, €R, @,0, cREV @, @ RV @, ®, ¢ RV, (B.147)
Since the update rules of Yy, Z; are
Yiii =Y —1n (AYtZOT +YoAZ, + AYtAZtT) (Zo + AZ;) (B.1438)
Zivi=2Z,—1 (AZth +ZoAY, + AZtAYtT) (Yo + AY;) (B.149)
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The update rules of © — ® are

Opr1 = Oy — ] (AY(Zg +YoAZ] + AY,AZ]) (Zo + AZy)]4
@141 = @ — I, (AY:Zg + YoAZ] + AY:AZ]) (Zo + AZ)],
@1 = @ — I (AY:Zg + YoAZ] + AY(AZ]) (Zo + AZ,)Ls,
@y = @, — I, (AY:Zg + YoAZ] + AYAZ]) (Zo + NZy)1s,
®r1 = ©p — ] (AZ,Yy +ZoAY, +AZ,AY]) (Yo +AY))
©r1 = ©; — 1, (AZ,Y) +ZoAY,] + AZ,AY]) (Yo + AY))
@41 = @y — I} (AZ Y] +ZoAY] + AZ,AY]) (Yo + AY,) I,

®r1 = ®; — L, (AZY] + ZoAY] + AZ;AY]) (Yo + AY;) Is,

(B.150)
(B.151)
(B.152)
(B.153)
(B.154)
(B.155)
(B.156)

(B.157)

where I; = (Ij).; € R*, Iy = (Ig).2.4 € R™@D are the dimension-reduction matrix, defined

from blocks of the d X d identity matrix I. In other words, I; (respectively I,) is to pick the first

row/column (respectively all remaining rows/columns) from a matrix, which is extracting @, —®;

from AY;, AZ;.

Denote M; = (AY,Z] + YoAZ + AY:AZ]) = Y, Z] — XoX] .

At initialization, we assume all of @, @, ®, ®{, ®, ®, @, ®; are in O(¢), which means all

1T ML, (T2 ML |, [T My Iso]l, | I52M1I52]| are in ©(e) as well. Our goal is to show that, as

t — oo,
1. @, ® are in a period-2 orbit,
2. @, @0, Do, ®po, Do, ®, are in O(€),

3. IIsaMooli ||, I MecIs2ll, 1Is2MeoIs2ll, |1 ZoZLIs2||, |12, Yoo Y5 I52 | decay to zero.
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Then, following the above definitions, we have another representation of

(AY:Zy +YoAZ] + AY,AZ]),

or equivalently its transpose (AZ;Y, + Z,AY, + AZ,AY]), as

1T (AY,Z] +YoAZ] + AY,AZT) I = @07 Z] T + 1T Yo, ®, + @, 6, + ®,@]
I[;Z (AYtZ(—)r + Y()AZ;[_ + AYtAZ;r) I[l = @JIITZOTL + I[;ZYol[)z@;r + ®t®t + @t®;l'

I} (AY:Zy +YoAZ] + AY,AZ]) 155 = @11, Z 150 + 1] Y11 ®] + @,©0, +©®,®,

I, (AY:Zg + YoAZ] + AY,AZ]) 155 = @11,Z5 155 +11,Y015:0] + @,6] + @,8, .
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After substituting with ®;,; — ®,;, we have

I Ml = I M — gl My(Zo + AZ)LI Zg Ty — g YoliI (Yo + AY;) T M,T,

— @I (Yo +AY,) T MLy — gI] My(Zo + AZ)1®, — 5] My(Zo + AZ;)15,®@]
— @I, (Yo + AY:) " MiIy + 0’1 My (Zo + AZ)I521L, (Yo + AY:) " M/,
+7°I My (Zo + AZ)TLI] (Yo + AY,) " MyT

= [T My — gl My (L] + 15210,)(Zo + AZ) LI Z T
— L Yol] (Yo+AY,) " (L] + 15200, M/ I
— @07 (Yo +AYe) T (L] + L5200 )MeIy — gl Me(LI] +155010,)(Zo + AZ)[, 6,
— I My (L] +152010,)(Zo + AZy)52®@] — n®IL, (Yo + AY,) " (L] + 5,00, MeIy
+n’ I My (L] + I5I0,) (Zo + AZ) 5210, (Yo + AYy) T (LI + L5010, M,
+n? I My (L] + IsoIl,) (Zo + AZ)LI] (Yo + AY,) T (L] + I5I0,) ML

= I M1, — 1] MLI] ZoIL I ZJ T — 1] MBI Z) T — nlf My I50©,11 ZJ T
— 71 Yol I} Yo, I MeI; — I Yo I, @, 17 MeI; — pIf Yo I, @ T1,M, I,
— @07 Yo, I My — n@,@,I] M1, — n@,®@; I1,M,I;
— gl M{LI] Zo1;®; — I My1;®,8); — 5] M;15,©®,8),
— I M1 ZoLs,®, — nI; ML, @@, — nl] M,1;®,®@
— @11, YoIsI , MLy — n®®, 1] M;I; — n®,®, I],M,];
+ 0?1 My (15211, Z0 152 + 1@y + 152@,) (11, Yo IoI0, + @1 + @] I1,)M, I

+ UZI[ITMt(I[ll[lTZOL + 1,8, +15,©,) (1] YoILI] + @] + @:H;z)Mtl[l
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IL,Mely = IL,MI — nIl,My(Zo + AZ)LI Zg T — 711, YolsoIl, (Yo + AY:) T ML,
— @] (Yo +AYy) " My — nI1,Mi(Zo + AZ)®; — n11,M(Zo + AZ)15,@]
—n®IL, (Yo + AY:) T MiLy + n°I1,M(Zo + AZy)I521L, (Yo + AY:) T My
+ 0’ I1,M(Zo + AZ)LLT (Yo + AY,) " M/,
= IL,M L — pIL, M (L] + I50I0,) (Zo + AZ) LI Zg I
— 1, YolsoIl, (Yo + AYy) " (L] + 15010 ,) ML

— @0 (Yo+AYy) " (LI + 15200 MLy — pILMe (LT[ + 15510,)(Zo + AZ,) 1, ®),
— LI, M (L] + I5200,)(Zo + AZy) @) — n@®,11, (Yo + AYy) " (L] + L5010 ) MeIy
+ I, My (LI + I5oI0,) (Zo + AZ) 521, (Yo + AY,) T (LT + 500, ) MeI,
+ 0I5, M (LI + I5oI0,) (Zo + AZ)TLIT (Yo + AY,) T (L] + Iso10,) M4

= I3,MiIy — I, ML I ZoLh 1] Zg Iy — pIZ, M @0 Zg Ty — I, MyI50@, 0 Z T
— 11, YolsoI L, Yols oI, Myl — 711, YoIs2® I MeIy — 711, Yols @) 11, M, I
— @07 Yo, I My — n@,@,I] M1, — n®,®; I],M,I;
— nIL,MLL ZL®; — nI],M 18,8, — nl1,MI.,®,®),
— L1, MI5,10,Z0152®@, — nIL,M L@@, — I, M15,®,®;
— @11, Yol I, M/} — 1@, 1] MI; — n@®,®,1],M,];
+ 0?10, M (15210, Z0Is2 + 1@ + 152@,) (12, Yo 5010, + @ 1] + @ I1,) M,

+ I’]ZH;ZMt(I[ﬂ[IZOIq + I[1®t + I[}g@t)(I[IY()HlHI + @tl[;— + ®;I—I[;2)Mtﬂl
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I MLz = T Moy — 71T My(Zo + AZ) 15010, Z0 sy — pI] Yo IT (Yo + AY;) T M/Is,

— @0 (Yo +AY,) T MiIsy — nIf My(Zo + AZ);®] — nl] My(Zo + AZ,)]5,®]
— @I, (Yo + AY:) " Milsy + n?I] M (Zo + AZ) 110, (Yo + AY,) T ML,
+7°I My (Zo + AZ)TLT] (Yo + AY,) T M,

= I MLy — I My (L] + 15010,)(Zo + AZy) 15511, Z I
— I Yol I} (Yo+AYy) " (LI + 15200 ) M5,
— @] (Yo +AYy)" (LI + IoI0 )Moy — gl My (L] + I5,00,) (Zo + AZ),®]
— I M (LT + I5000,)(Zo + AZ)I52®] — n@dL, (Yo + AYy) " (L] +I5200)MeIs,
+ P I My (LI + I5oI0,) (Zo + AZ) 5210, (Yo + AY,) T (LI + 1510, ) M L5,
+ P I M (LI + IooI0,) (Zo + AZ)LIT (Yo + AY:) T (L] + 15210 ,) ML

= I M5z — 1] MiLsol 0, Zo 15010, Z Ty — I ML @11, Z T
— I M L52®11,Z) I,
— 71 Yol I Yol I MiIsz — 7] YoI, @/ 1] My L — nI} Yo [, @ 11, M, 5
— n®OLI] Yol,I] MiIs2 — n@,@, 1] M,I52 — n@,@/ 11, M,I5,
- nII M LI Zo1;®,; — nI] M,[;®,®, — I M,15,©,®,
— I MI5010,Z0152®, — nlf M1 @,®, — nI] M;15,®,®,
— @11, YoI5I , M55 — 1®,@, I} MyIs, — n®®, T, M1,
+ 0?1 My (15211, Z0Is2 + 1, @ + 152@,) (11, YoloI0, + @ 1] + @] 11,)M, L,

+ T’]ZI[IMt(LIquHI + I[l@t + H)g@t)(I[IYoﬂﬂ[;— + @t]q— + @:H;Z)Mﬂ[>2
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11, MLz = ILM Iy — 11, M (Zo + AZ) 5010, 7 Tso — 111, YoIso1L, (Yo + AY:) T MLy,
— @] (Yo +AY:) " MIsz — nI1,Mi(Zo + AZ)1®, — 11, M (Zo + AZ)15,®]
- U@J;z (Yo + AYt)T ML, + ’72]I Mt(Zo + AZt)]I>21[ >2 (Yo + AYt) ML,
+ 0’ I1,Mi(Zo + AZ)LL] (Yo +AY:) " MiIs,
= I,M L — nIL, M (L] + 15000,)(Zo + AZy)15511,Z s,
— 11, Yolsoll, (Yo + AYy) " (I + 15210 ) MeIso
— @] (Yo+AY:) T (LI + LIl MiIsp — pILM (L] + I5500,) (Zo + AZ),©
— LI, M (L] +15200,)(Zo + AZ)]5,®;)
—n®,I1, (Yo +AY) " (LI + 15200, M, L,
+ I, My (LI + I5oI0,) (Zo + AZ) 5210, (Yo + AY,) T (LI + IooIl,) M D5,
+ 0’ LM (L] + I5oI0,) (Zo + AZ)LIT (Yo + AY,) T (LI] + I5200,) My
= I1,MIsp — n11,M L5000, Z0 15010, Z Ty — nI,M152®, 10, Z I
— LML ®I1,Z 1,
— 711, Yols210, YoIs Il ,MiIs s — plL, Yolso®, T, M Iss — nl,Yol52®, 1) M,I5,
- 1@,1] YoI,I] ML — n@,@,1] ML, — n@,®, 1] M,L5,
— nIL,M LI Zo[;®] — I, M1,8,®, — nIl,M,15,©,®,
— 1L, M L2110, Z015,®] — pIL,M,L@®, — nI1,M,L,,®®,
— @11, Y51, M55 — @, I MyIs2 — @@ T, M1,
+ 0?10, M (15210, Z0 152 + L@ + 152@) (11, Yo oI, + @ 1] + @] 11, )M, L5,

+ n*ILM (LI ZoIT + 1,6, + 15,@,) (1] Yol 1] + @17 + @, 11,) M1,

In the following equations, red terms are expected to be O(1) while blue terms are expected
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to be O(e).

D4y = @y — gIT M (Zo + AZ))],
= @; — nI] ML (Zo + AZ)L — ] MiIs011,(Zg + AZ)),
=®; — rﬂllTMtI[l]IlTZoL - ryﬂlTMtJh@t - ryﬂlTMtI[>2®t,

@11 = @ — PIL,MLI (Zo + AZ)T; — pIL,MIs010,(Zo + AZ)T
= @; — nlL,M I ZoI; — nIl, M1, 8, — nlL,M,1.,®),,

a1 = @ — nlf M{LI[ (Zo + AZ) sz — nI MiIso10,(Zo + AZy) s,
=@ — nl] M1, @y — 1] MiI5211,Z0T50 — nl] M/I5,®),

@1 = @; — nIL,MILI] (Zo + AZ) sz — nIL,M L5010, (Zo + AZy)Ts,
= @, — pI,M1,@; — 11, M 15010, Z0T50 — nI1,MI,®),

®rs1 = ®; — gIf M{ LI (Yo + AY,) I; — I M{ L5010, (Yo + AY,) [
=6 - UHIMHJIYOL - UHMtTL@t - UEIM;F]I>2®t,

©p41 = ©; — nIL,M LI (Yo + AY) I — I, M/ LI, (Yo + AY) [
=®; — nIL,M I} YoI; — nIL,M/ T, ®; — nI1,M/L5,®@,

@1 = @y — I MJ LI (Yo + AYy) Iz — g M 5010, (Yo + AY,) Iy
= @; — I M 1;®; — 1] M 15210, Yols, — nIT M, I.,®,,

®pp1 =®; - nl

=@, -

;ZM;l—I[l]I;r (Y() + AYt) 1[22 — l’]]I MTI[>21[ >2 (Yo + AYt) ]I>2

T]E;ZM;—I[l@t - UE;ZM:I>2H;2Y()I[>2 — T]I;ZM;r]:;z@t,
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(B.164)
(B.165)
(B.166)
(B.167)
(B.168)
(B.169)
(B.170)
(B.171)
(B.172)
(B.173)
(B.174)
(B.175)
(B.176)
(B.177)

(B.178)



By expanding the definition of I; M,I;, the update rules of @; and ®; are

®t+1 = ®t - T](@t% + Uld@t + ®t®t + ®t®;l')(% + ®t) — UHIMtI[>2@t (B179)
o1 01 T T.,01

=@, - ’7(®t; + 0100, + ®t®t)(; +®;) — nl; MiI;,®; — n®,@; (; +©y), (B.180)

®t+l = ®t — T](@t% + O'ﬂX@t + ®t®t + ©t®;r)(0'10( + ®t) - T]IIM:]I;z@t (B181)

= ®) - (D, 2 + 6126, + D,8)) (0100 + Dy) — M/ 15,®; - 1®,®@] (o1a + D;) (B.182)
04

At initialization t = 1, all of I] M;I>5, @;, ®;, ®;, @; are in O(€)

Since we have assumed

I, Mplse & IL,MIsp — g1, MI5001,Z0I5 010, Z s,
- Ulngohzngo]bzgthb2

+0(e-€)

186



I MLz = I MLy — gl MiIs 10, Zo Lo oI0, Z0 Tsy — I ML @, 10, Z I
— 1] YoIiI] Yo, I} M, Is, — I} YoI, @,1] M/ I,
- nO,LL Yo, I} ML, — n@,@,1 My,
— I LI Zo1,®, — nI] M,1,5,®,
— UJIIMtIh@ttT
+7°I ML (I] ZoIT + ®;) (1] Yol + @)1 M I,
+0(e-¢)
= T MiIsz — 7] MyLss (I Yoly + @) = gl MI5,10, ZoT5,10, 7] I,

— UHIML‘I[I (]IIZ()L@;— + ®t®;l' + @t;l' + @J[;ZJI[;Z)

=1 (Zo+AZy) (Zo+AZ;) T,
+° I ML (I ZolT + ®,) (1] Yol + @I M, I,

+O0(e- &)
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]gngJh x H;ZMt]Il — rﬂ;thMIlTZO]IlLTZHl — nI[;ZMtIh@t]IlTZHl
— I, Yol oIl YoIs I, M Iy — nIl, Yolso®) 17 My,
— @I Yo 1] M/I; — n®,®,I] M,I;
- pI,M 1] Zo[;®, — nIl,M,1;5,6),
- n@t®tTI[IMtI[1
+ 1’ LMLy (I ZoI] + ) (I Yol + @)1 MI,
= IL,M Iy — pIL, M (I Zoly + 6)? — 1L, YolooIL, YolsaI L, M1

- I’]I[;th]Il (]I;ZY()I[>2®;— + @thYoI[l + ®t®t + @t®2—)

=17, (Yo+AY,) (Yo+AY,) T

>

+ 711, M L (I Zol] + ®¢) (I Yol + @)1 M1

IT My ~ ML — gl ML ZoL I ZJ Ty — pl) ML, 1T Z] T
— I Yol I Yol 1T M Iy — 17 Yol @17 M, I
— @I Yol IT M/I; — n®, @17 M,I,
— T M{LT] Zo1,®, — ] My, ®,®),

+ 7?1 ML (I Zoly + ®,) (1] YoI; + @)1 M,I,
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I3, (Yo + AYs1) (Yo +AY) T I
=11, (Yo +AY,) (Yo +AY,) ' [
— T2, M (Zo + AZ)T5,®] — n(11,Y oI5 + @)IL,(Zo + AZ;) TM] T,
— nI1,Mi(Zo + AZ) (D + o) — n@1[ (Zo + AZy) ™M T,
+ 0211, M(Zo + AZ)15010,(Zo + AZ) ™™ T,
+ 0 1L, M (Zo + AZ)L L] (Zo + AZy) TM]T,
=11, (Yo +AY,) (Yo +AY,) " T
— nIL,MI5,10,Z015,®, — nIl,M,I] @,®] — nIl,M,1,®,®;
— (11, Yols2 + @)1, ZoL5,I 0, M T; — n(11, Yol + @)@ IT M/ T
- (15, Yols2 + @)®IL,M/ I
- nﬂletlll[lTZoﬂl(@t +o1a) — nl[gthl[l@t(@)t + o1)
- T]]I;th]I>2©t(®t + o1)
— @I ZoLiI] M/ T; — n@®,I] M/ I; — n@®,; I],M, T
+ 0PI, M(Zo + AZ) 1000, (Zo + AZ) ™™ T
+ 0?10, M (Zo + AZ)LI] (Zo + AZy) M
~ I3, (Yo + AYy) (Yo + AYy) " Ty = nIT, Yolsol D, Zols 10, M T
— (@, + 510) (B + %)H;Mtﬂl

- UI[IMtl[l (®IIZOI[1 + @@[HI + (H;ZYO]I?Z + @t)®;|')

=I7,M,I;
+ 0?10, ML (1] Zoly + @) (1] Zoly + ®)IT M/
=11, (Yo + AYy) (Yo + AY,) T I; — 11, Yol ,Z0l5,10, M,/ T
_y ((@t + 010)(®, + %) ML (1 - (), + %)2)) IT,MI;
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I} (Zo+ AZy1y) (Zo + AZyyy) " T
~ I[;— (ZO + AZt) (ZO + AZt)T I[>2
o
1 (@1 + 1) (®: + 2) + T (1= (@1 + 1)) T ML
— 1L, Yol oIl , Zo Lol M T
Therefore, we have built a 4 X 4 matrix to characterize the dynamics of I[IZM,J[l, I[IMJ;Z,

1T, (Yo + AYy41) (Yo + AYyiy) "I, 1T (Zo + AZysr) (Zo + AZyyy) T I as, for Vp € {2,3,...,d}
(12, (Yo +AY,) (Yo +AY) "],
[I[I (Zo+ NZy) (Zo + AZy)T L2]p

(LI, (Yo + AYp1) (Yo + AY 1) " 1],
[]Iir (ZO + AZl‘+1) (ZO + AZl‘+1)T ]122]])
— Qa,q,p(yt, zZt)
[I;ZMHI]Il]p []I;Mtlh]p
[HlTMt+1H>2]p ] [HMtI[>2]p
A 0 1 _770'2 Uyt
Qa,n,p(yt, Zt) = p ,
~1(yz: — 07) 0 wiy 0
0 —1n(yizs — 012) 0 Wot
Zt = ®t + Ul/ap,

z ®t + o014,

Ut
-n (ytzt + (Yrz — 0'12)(1 - ’72? ) )

>

Uy
=1 (yeze + (yeze — 01) (1 = ny}))

A

1-nz - ’70}%052 +n°yze (yeze — o7),
2

Uzt
A
Wit =
2 2 2
wor = 1= ny; — no/e* + n°y:z: (Y2 — 07),

where [-], means the p-th value in a vector.
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Recall we have y;, z; following the training dynamics of minimizing %(0'12 —yz)? with learning

1
25
9

rate n > where leads to y = z = y;, with y; (i = 1,2) are the two roots of solving the 1-
D function (3.4) as 5. We denote their corresponding Q as Qg (y1,y1) and Qg (y2, y2). We
assume that their product Qg . (y2, ¥2)Qa.p (y1, 1) is diagonalizable with all eigenvalues falling
into (-1, 1), which means its infinite power limy_,co [Qu5.p (Y2, ¥2) Qanp (Y1, y1)]¥ = 0. Meanwhile,
due to the 2-D analysis of dynamics of GD on %(0'12 —yz)?, we know (y;, z:) = {(y1, 1), (y2, v2)}
exponentially after finite steps. This is equivalent to say, there exists finite ¢;, for any ¢t > t,, there

exists i € {1,2}, constant Cy and R; € R*, such that

Qunp (Yr+1, 2641) Qanp (Yes 2) = Qupp (V3-is ¥3-1) Qupp (vis Vi) + Ry [IRe]l < Cor’, 0<r < 1.

The decay rate r can be estimated via local analysis around the convergence orbit. As a result, it
is safe to say lim;co Qu.pp (Y241, 22041) Qanp (Y21, 22¢) = 0, which means all of I],M,I, I M;LL;.,
IT, (Yo + AYrh1) (Yo + AYpi1) I, 1] (Zo + AZysr) (Zo + AZy41) T I exponentially go to zero.
There is one concern here: what happens before t,? More concretely, ¢, is dependent of 1/c
because it requires more steps (intuitively proportional to log 1/e) to increase to a certain value
from a small €. Assuming t, ~ log /e holds, the product {Qgp»(Y2t+1, Z21+1) Qup (Y21, 221) 121
gives a (loose) upper bound with the norm of products grows exponentially with time log /e,

which introduces /e to the upper bound of ||I[;2Mt1[1|| and ||I[1TMtI[>2

, breaking the assumption of
the norms staying in O(e). Fortunately, there are two aspects to resolve this. Firstly, with initial-

ization € small enough, for a relative long time, Q5 » (Y2:+1, Z2+1) Qe,pp (Y2, 22¢) is approximately
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having eigenvalues bounded by 1. More precisely, Q and the product are

10 —no? -na,
01 —no? —naf
Qugp() » ! : (B.183)
0 0 1-poi/e® —noja’ 0
0 0 0 1 —nota® — nop/a?
_ 2/ , 2 2\2 2 2 2/ 2\2
A(Qa,r],p('s ’)Qa,r],p('s ) ={L1,(1—-no/a? - nop,x )% (1= noja” — nop/a?)”, } (B.184)

where the eigenvalues in A are upper bounded by 1, if assuming 7(i/a? + opa®) < 2 and 1 -
nola’ — noj/a* < 2. As a result, in these steps, |[IZ,MI|| and [[[T M;I,| stay in O(e) due
to Quyp (5 *)Qupp(s+) is a semi-convergent matrix. Secondly, the eigenvectors of Qg Q0 n.»
corresponding to eigenvalue 1 are [1,0,0,0] " and [0,1,0,0] 7, which means both ||I[;2Mt111|| and
||JIlTMtI[>2|| are decaying exponentially. Therefore, it’s fair to say smaller € strengthens the as-
sumption of ||H;2Mt111|| and ||1IlTMtI[>2|| staying in O(¢) instead of breaking it.

Also note that ||I[;2Mt+1ﬂ>2|| < ||JI;2MJ>2|| -max{|1 — noy (a® + 1/a?) |, |1 = nog—1 (& + /a?) |},
S0 ||H;2Mt+11[>2|| decays exponentially.
|
them are have the sum upper-bounded, which means ||@;||, [|®;]|, |®:]|, ||©:||, ||@:]|, ||®;|| stay
in O(e).

Since all of”JI;thI[l

I[lTMtJI>2|| and ||JI;2MH1I[>2|| decay exponentially after some steps, all of

To summarize, it holds
L @], (|, (1D ][, |© ], | D], ||®]] stay in O(e).
2. ||JIlTMtI[>2|| and ||JI;2MH1I[>2|| decays to zero.

3. ||IT ML, || stays in a period-2 orbit.
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B.11 USEFUL LEMMAS

Lemma B.11. Assumea-Aa > b-Ab anda > b. All of a,b, Aa, Ab are positive. If Ab < a, then

a+Aa > b+ Ab.

Proof. (a+Aa) — (b+Ab) >a+b2 —b—Ab= (2L —1)(b-a) > 0. O

B.12 ILLUSTRATION OF PERIOD-2 AND PERIOD-4 ORBITS

In the setting of f(x) = (x?—1)? local convergence is guaranteed if < V51 ~ 1.236 by taylor
expansion of F,? around the orbit. Conversely, if the learning rate is larger than it, although the
period-2 orbit still exists, GD starting from a point infinitesimally close to the orbit still escapes
from it. This is when GD converges to a higher-order orbit.

Figure B.5 precisely shows the effectiveness of such a bound where GD converges to the

period-2 orbit when 7 = 1.235 < V/5 — 1 and a period-4 orbit when = 1.237 > V5 — 1.

0.08 1 — Ir=1.05 0.08 1 — Ir=1.235 0.08 1 — Ir=1.237

0.06 - 0.06 - 0.06 -
Z 0.04 A Z 0.04 - Z 0.04 -

0.02 A 0.02 - 0.02 A

\
0.00 1 . : 0.00 - . : 0.00 A . :
0.8 1.0 0.8 1.0 0.8 1.0
X X X

Figure B.5: The convergent orbits of GD on f(x) = i(x2 —1)? with learning rate=1.05, 1.235 and 1.237.
The first two smaller learning rates drive to period-2 orbits while the last one goes to an period-4 orbit. The
significant bound between period-2 and period-4 is predictable by Taylor expansion around the period-2
orbit, as n = V5 -1~ 1.236.
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C APPENDIX: SUPPLEMENTARY MATERIALS

FOR CHAPTER 4

C.1 MORE EXPERIMENTS ON PYTHIA

C.1.1 LEARNING ASSOCIATION WITH PREPOSITIONS

We would like to verify our guess about the structure of “to + the” in Pythia in Section 4.5.1. To
make the argument generalizable than IOI dataset, we consider a structure of “[preposition] +
the”, where [preposition] has a pool of 30 prepositions in English, including “to”. The input is
a raw “[preposition]” or a random sentence ending with “[preposition]”, with some examples in
Appendix C.7.1. For both kinds of inputs, Pythia-160M/410M/1B turns out to learn the structure

of “[preposition] + the” around 10 steps, as shown in Figure C.1.

C.1.2 LASER PARAMETERS FOR EVALUATED LLMs

Following the definition of LASER in Section 4.3.2, we search for the optimal layer, p and target
weights in Pythia models and GPT-2 Small for each dataset.

I0I on Pythia-410M. The model has 24 layers. The truncation is on the input matrix of MLPs
on the 22-th layer with p = 0.02.

IOI on Pythia-1B. The model has 16 layers. The truncation is on the input matrix of MLPs
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average ranking of ' the": input = prepositions average ranking of ' the': input = sentence + prepositions

100 4 100 b

10" 3 10'
2 10”3 22 107 — 160M
g g
g = -—= 410M

10° 10 — B

10" 10

10° 10' 10° 10° 10* 10° 10° 10' 10° 10° 10" 10°
training steps training steps

Figure C.1: Average ranking of tokens “the” in the prediction by Pythia-160M/410M/1B along training.
The inputs are 30 preposition words (left) and 40 sentences ending with prepositions. It turns out “the”
becomes one of top predictions around 10 steps.
on the 11-th layer with p = 0.008.

Factual recall on Pythia-1B. The truncation is on the input matrix of MLPs on the 16-th
layer with p = 0.0125.

Factual recall on Pythia-1.4B. The model has 24 layers. The truncation is on the input
matrix of MLPs on the 24-th layer with p = 0.025.

Factual recall on Pythia-2.8B. The model has 32 layers. The truncation is on the input
matrix of MLPs on the 32-th layer with p = 0.04.

I0I on GPT2 Small. Related parameters have been contained in Section 4.5.1.

Phi-3 on GSM8K. The model has 32 layers. The truncation is on the output matrix of MLPs
on the 28-th layer with p = 0.02.

Llama3.1-8B(-instruct) on GSM8K. The models have 32 layers. The truncation is on the

output of MLPs on the 27-th layer with p = 0.02.

C.1.3 OrtHER PyTHIA MODELS ON IOl AND MORE EXAMPLES OF FACTUAL RECALL

IOI. In the same setting of Figure 4.13 (left), we plot the prediction distributions of Pythia-410M
and 1B on the 100 IOl inputs in Figure C.2. The model checkpoints are the final ones after training,.

LASER turns out to decrease the probability of the” while keeping that of the correct [I0] high.
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More examples of Factual Recall. In additional to the factual query “Madrid is located
in” in Figure 4.13 (right), we consider more such examples in Table C.3. We plot the prediction
distributions of Pythia-1B, 1.4B and 2.8B on these inputs in Figure C.3, where LASER significantly

lowers the probability of predicting “the” vesus the correct outputs.

Pre-trained Pythia-410M evaludated on 101

1.0

o
)
1

e
N
1

<
~
1

probability

0.2 4

[IO]: full  [IO]: LASER  [S]:full  [S]:LASER  'the: full  'the: LASER

0.0

Pre-trained Pythia-1B evaludated on 101

1.0

""$*44

00 T T T
[IO]: full [IO]: LASER  [S]:full  [S]: LASER  'the: full  'the': LASER

=4
[o)}
1

probability

S
AN
1

=]
[\S)
1

Figure C.2: The prediction distributions of Pythia-410M and 1B on the 101 task. The setting is the same
as in Fgure 4.13 (left). The evaluated models are the final checkpoints after training. LASER turns out to
decrease the probability of "the” while keeping that of the correct [10] high.
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C.2 Proor oF THEOREM 4.1

In this section, we will present the expectations and variances of VWVI: and VWFﬁ with Wy

Wrpr = 0 at initialization. The targets are to show:
1. a gap between lim,—,o vaﬁ and lim,, VWFI: so that a step of GD with large learning
rates is enough to learn the noise in Wp, and

2. sample complexity of Vy, L and VL based on expectations and variances.

Assumption C.2.1 (Orthonormal embeddings). The embeddings u € R? are assumed to be or-

thonormal, i.e, uu; = 1{i = j}. Meanwhile, if a matrix W € R4 is random initialized, it holds

T —
U; Wu; = 0.
GRADIENT FOR THE FEED-FORWARD MATRIX Wr

C.21
Lemma C.1. Consider zero initialization, Wy = Wp = Wog = 0 and N > 1. Then with probability

1-6, forany j,k € [N + 1], it holds

Wy (k)T (Vw,L)WE(q) — u(k)|
(C.1)

m

\/402(@ (In(N +1) +In(2))  4R(k) (In(N +1) +In(2))
X + 5
m

where p(k), o?(k),R(k) are expectation, variance and range for different choices of k € [N] as

R(N +1) = max{a, 1 — a},
R(k) = 1.

follows:
?(N+1)=a(l-a),

(N +1) = —a,
VK< N: y(k):ﬁ—l%‘, O'z(k):%,

R

Proof. Due to zero initialization, i.e., Wy = WF = 0, the current predicted probability is uniform
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as pw (k|x;) = ﬁ foralli € [m] and k € [N + 1]. Therefore, from Lemma C.12, we have

N+1
Vw,L = %Z [Z (ﬁ - Ny = k})WU(k)xi,TT] ;

where x;7 € R? = Wg(zi7) + pr is the input embedding with input token z; 7 at position T in
sequence i, together with positional encoding pr for position T. Since z; r is set to be the trigger
q in the data generation process and pr is assumed to orthogonal to any other vector in Wg in

Assumption C.2.1, we have the following projections for VwFﬁ: Vke[N+1],

Wy (k)T (Vw,.L)WE(g) = %Z ( - Hy; = k}|.

— N+1

From the data generation process, it is obvious to get

1 1 l1-«
E — —M{y=k} | =———-a-1{k=N+1} - - 1{k < N}. C.2
w5y - M=) = g -1 ) (k<N)L (€2
Since o = ©(1) is much larger than ﬁ when N > 1, due to law of large numbers, we have the

population gradient VL satisfying

Wy (N +1)"(=Vw,L)Wg(q) ~ a = 0(1),

Vk<N: Wy (k)" (-Vw,L)WE(q) < 0, with absolute value in O(1/N).
The variance of the gradient projection onto Wy (N +1)Wg(g) " of a single data point follows

that of Bernoulli distribution with parameter «, which means

1
N+1

Var

- I{y=N+1}|=a(1-a). (C3)

Similarly, for any k < N, the variance of the gradient projection onto Wy (N + 1)Wg(q) " of a
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single data point follows that of Bernoulli distribution with parameter 5%, which means

—-a
N

VM[ —nﬁpzmlzlgg(1—l ):eomg (C.)

N+1

The ranges of the gradient projections’ deviation from the expectation are

1 1
‘m—ﬂ{y:N-l-l}—(m—a) SmaX{a,l_a},

(C.5)
—Jl{y=k}—( : —1_—a)

<1l

~

N+1

Vk<N:
N+1 N

For each choice of k € [N +1] individually, after having the expectation p(k), variance o%(k)

and range R(k), by applying Bernstein’s inequality, then: for each k € [N + 1], with probability

i 402(k) In(%)  4R(k)In(%
|WU(k)T(VWFL)WE(q) _,U(k)| < o ( ;1’1(5) + ( znn((s)‘

Then by the union bound in probability, we need (N + 1) events above to hold at the same

1 -6, it holds

time, so we can substitute § with % to have: with probability 1 -6, for any k € [N + 1], it holds

%%mamN+n+m@n+4mmamN+n+m@»

m m

[Wo (k)T (Vw, L)W (q) - (k)| < \/

(C.6)
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C.2.2 GRADIENT FOR THE VALUE MATRIX Wy

Lemma C.2. Consider zero initialization, Wy = Wp = Wog = 0. Then with probability 1 — 5, for

any j,k € [N + 1], it holds

(Wu ()T (Vw, L)Wg(k) — u(j, k)|

(C.7)

B

_ \/402(]-, 0 (2In(N +1) +In(3)) 4RG.K) (2In(N +1) +In(3)

m m

where j1(j, k), o*(j, k), R(j, k) are expectation, variance and range for different choices of (j, k) at
listed in Table C.1.

Table C.1: u(j, k), o2(j, k), R(j, k) for different choices of (j, k) in Lemma C.2.

Jj k ‘ U o’ R
N+1 N+1 -& £+ “3]\;2“4 3
N+1 q ~ - 1
N+1  [N]\{g} | -% o+ e 1

q N +1 2%—21 3 T;IZ\I? + azl_\i%;l %

a a ol At N

¢ NI | & eea(derd) 1

[NI\{gp  N+1 | & - +i)
NI\{a} g & - (detss) 3
[N]\ {q} j _az;\-]?;a_l 1+(1}(2§2—a) + 1+(1—0}i])3(2—a)2 1
[NI\{g} INI\{g.j}| & -0 (+ss) 1

Proof. Due to zero initialization, i.e., Wy = Wp = 0, the current predicted probability is uniform

as pw(k|x;) = ﬁ for alli € [m] and k € [N + 1]. Meanwhile, the attention score is uniform as
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% for all context positions due to Wk = 0. Therefore, from Lemma C.12, we have

=

5|35 (s -2t 3 33 |

t=1
where x;; € RY = WE(zi) + py is the input embedding with input token z;; at position ¢ in se-
quence i, together with positional encoding p; for position t. With the assumption of orthonor-

mality in Assumption C.2.1, we have the projection of Vw,L: V j, k € [N + 1],

m

Wu() (Y, DWs(k) = — >

i=1

1 1 —
(N+1 - Hy; :j})(fz Iz = k})] :

t=1

Since each sample is drawn i.i.d., it suffices to discuss the expectation and variance of

L1 )1 ~
L(jk) = (m - H{zir = J})(f ; 1{z;; = k}),
f(J’k) = %Zrl(.]sk),

i1

where we use the fact y; = z; 141.

Recall that, for each sample in the data generation process, the trigger g is fixed while the
correct next token § ~ Uniform([N]). Hence, conditioning on z;7 = g, it has probability a for
ziT+1 = N+1 and probability 1 -« for z; 741 = §. This leads to the necessity of discussing whether
or not §j = k. Meanwhile, a corner case of §j = q is also necessary to consider, as this implies an
event that increases the counting 1 ST 1{z;; = q} than the case of § # q.

Therefore, generally there are 10 cases due to different choices of (j, k) as follows:
1. j=N+Lk=N+1,

2. j=N+1k=gq,

3. j=N+1k €[N\ {g},
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4. j=qk=N+1,

5. j=¢k=gq

(@)}

. J=q.k € [N]\{q},

N

je[NI\{gtk=N+1,

*®

j €[N\ {q}k=q,
9. j € [NI\{q} k=,
10. j € [N]\ {q}.k € [N]\ {q. j}.

For each T;(j, k) individually, if we have its expectation u(j, k), variance o2(j, k) and range
R(j, k), by applying Bernstein’s inequality, then: for each j, k € [N + 1], with probability 1 — 4, it
holds

40°(1K) In(3) 4R, K) In(3)

m

Then by the union bound in probability, we need (N + 1)? events above to hold at the same

é

N to have: with probability 1 — §, for any j, k € [N + 1], it

time, so we can substitute § with

holds

40%(j, k) (2In(N+1) +In(%)) 4R(j,k) (2In(N + 1) +In(%))
+ .

m m

[0 k) = uji k)| < \/ (C38)

As a final step of the proof, now we elaborate the expectation, variance and range of I;(j, k)

for these 10 cases.

Casel: j=N+1L,k=N+1.
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There is probability % for § = g and probability % for § # q. Hence, we have

N-1

E[L(J. )G # ql,
N-1

B, 0] = LRI K)g =gl +

E[Li(j,k)*7 # q.

BN, b?] = BTG K1 = gl +

From Lemma C.5 and the independence between 1{z;74+; = N + 1} and >,y 1{zi; = k},

we have

1
E[LG.K)G=q] ~ —a- —,
50 0lg =gl ~ —a -
E[Li(j, k) |lg=q] ~ - L_,.L
ARV TNy TN )

where the second is from

1 2 1 \° 1 2
(N+1—IL{Z,-,T+1:N+1})]:(l—a)-(m) +a~( —1) ~ Q.

E

Similarly, from Lemma C.8, we have

(04
EI} ',k 1 ~ - —,
[L:(j, k)1g # q] @
2
o N a o«
E[L;(,k)g #q] ~ a - (_TN + ﬁ)
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Therefore, it holds

N —1-a? a®

1—a+
NN N N N’
E[T;(j, k)?] = N E[L(j, k)*g = q] +
1 1 1
~ —0 |—+ —
N (TN N2)

Var[L;(j, k)] = E[Li(j, k)*] - B[Li(j, k)] =~

E[L(.K] =+

E[L(j, k)? Iy # 4]

o ~0(
NN'“NNZ’

2
z .z
TN N2

The range of T;(j, k) is

IL(j, k) —E[LG, B <

Nlr—k

and the extreme case is when half of the sequence is N + 1 with the rest all being q.

Case2: j=N+1k=q.
Similar to Case 1, we have 1{z;r+; = N + 1} is independent of },.r 1{z;; = k}.

From Lemma C.4, we have

E[L;(L,Kg=q] = —a- a_’

2 1

From Lemma C.7, we have

1
E[L(j, k)| # q] ~ —a - —,
LK) # gl ~ —a-

e 11
E[L(,k)g #q] ~ a - (ﬁ+ﬁ)
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Therefore, we have

E[L:( k)] = %E[D(j, g =ql+ N-lging, k)|g#q] ~ _%,
E[L(j. k)] = %E[ri(j, K219 = g + =BG, k)29 # q] ~ % + %
_ 2
Var[I;(j, k)] = E[Ti(J, k)z] - E[T;(, k)]2 ~ %\] + aNza )

The range of I;(j, k) is

1L, k) - EILG.OI £ 1L,

and the extreme case is when § = q and the sequence is all g’s.

Case3: j=N+1,ke[N]\{q}.
Similar to Case 1, we have 1{z;r+;1 = N + 1} is independent of }},.r 1{z;; = k}.

From Lemma C.6, we have

1
BILG Rl =gl ~ —a
BING K15 =gl ¥ o =+ o
1 ]’ y_q ~ TN N2 *

From Lemma C.10, we have

1
E[L,R)g #q]l ~ —a - =,

N
BILG K7 # gl ~ - (== + 1
l]a y q ~ TN Nz *
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Therefore, we have

EIL( 0] ~ o
BT, k)°] ~ - (% N ﬁ)
2
Var[T;(j, k)] = E[T:(j, k)?] - E[L(j, k)]? ~ % + Osza

The range of T;(j, k) is

L0, k) —E[LG. O] £ 1,

and the extreme case is when all of the sequence except the last one is k.

Case4: j=qk=N+1.

If § # q, we always have z; 7.1 # q because z;1+1 € {7, N + 1}. If conditioning on § = g, it

has probability 1 — & for z; 741 = q, independent of } ;7 1{z;; = N + 1}.

From Lemma C.8, we have

E[L(,K)G # q] =

E[L(. k)G #q] =
From Lemma C.5, we have

BILGRIg = 4]~ ~(1-0) - 1

BIGLkPg =) = (-0 7+ )
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Case 5:

Therefore, we have

B0, K] = BTGBl = g] + ~ LG RG # gl ~ o,
B0, K] = GBI K1 = gl + o BING K # g] ~ s + “ =
var[L,(. k)] = B[L (k)] = E[L (. k)] ~ = + i .
The range of T;(j, k) is
TG = BILG DI £ 5.

and the extreme case is when §j = g and half of the sequence is N + 1 with the rest all being
q.
j=ak=gq

Similar to Case 4, if § # q, we always have z;74; # q. If conditioning on § = ¢, it has

probability 1 — « for z; 741 = ¢, independent of >}, 1{z;; = q}.

From Lemma C.7, we have

E[L(, k)G # q] =

E[L(j, k)*|g # q] ~
From Lemma C.4, we have

E[LG. )G =ql »~(1-a) - —,

aN
1 2 1
E[L(. k)5 =ql ~ (1-a)- (ﬁ (_1 * E) " ocZNz) '
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Therefore, we have

N-1 . _ 2a — 1
E[L(. k) # q] = N

B[00, b)] = LG, blg = q] +

BN, K] = BTG 02l = g] + ~——EILG kg # d]

-’ -a+2 adA-a+1

+ )
a3TN? a’N3
3

2 2
_ B . Nz et —a+2  at—a+l
Var[Li(j. k)] = E[L (7. )] - BILG. O] » — o —+ —— 3

~

The range of I;(j, k) is

L0, k) —E[LG. O] £ 1,

and the extreme case is when §j = q and all of the sequence are q.

Case 6: j=q,k € [N]\ {q}.

Similar to Case 4, if § # q, we always have z;74; # q. If conditioning on § = ¢, it has

probability 1 — & for z; 111 = q, independent of >, r 1{z;; = k}.
Moreover, we need to consider whether §j = k or not.

From Lemma C.9, we have

1 2—«

E[L(j.k)g # ¢k =14] ~ TN

[GGRIG# k=9~ - —
o 1 2—a (2-a)?
ELURNg#qk=0l~ -\ * Nz |-
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From Lemma C.10, we have

1 1

B[L(RIG # a.k € [N]\{q.9}] ~

=+
—_
Z|

BTG Kg # .k € IN]\ {g.9)] = ——— (%V R %) |

From Lemma C.6, we have

E[L(, k)7 = q] ~ —(1-a) - %

BILGR9 =)~ (=) (g + 3

Therefore, we have

BTG, K)] = EIRGRIg = g1 + EIRGRg # 6.k = 7]
+ 2RI # ok € INT\ {4,
.

BIG (K] = BTG 02l = gl + BTGPl # gk = g

E[L(J. k)7 # g.k € [N]\ {q.7}]

N
o [t
Var[[;(j, k)] = E[L;(J, k)*] - E[L(,K)]* ~ (2 - a) - (# + %) :

The range of T;(j, k) is
LG k) —E[LG. Ol £ 1,

and the extreme case is when all of the sequence except the last one are k.
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Case7: je [N]\{gL,k=N+1.

If § # j, we always have z;141 # j because z;741 € {7, N + 1}. If conditioning on § = j, it

has probability 1 — « for z; 741 = j, independent of )}, 1{z;; = N + 1}.
Moreover, in the case of §j # j, we need to discuss whether or not § = q.

From Lemma C.5, we have

E[L(LK)Ig=q] =

E[G(j, k)*lg = q] =

From Lemma C.8, we have

1

E[L(U, R #¢.7# jl =

Z
=+
. zjg

E[LGL g+ q0#j]~

Z
+
—
—_——
bﬂ
2|
+
21A
N —

From Lemma C.8, we have

B[, k)7 =j]~-(1-a)- %,

2
BIL(. k7= ]~ (1-a) - (% R ;—) |
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Therefore, we have

N-2

BTG, K] = EILGRIg = g1 + EIRG R = j] + BTGy # .9 # ]

az

~

~ _NZ’

BIG( 0] = L BIRG K = gl + BN Ry = ]+~

(2 ) a + 0.’2
x2—-a)|l—+—],
TN? N3

2
Var[[;(j. k)] = E[L,(. 6] - B[R] ~ (2 - ) (% s %) |

The range of T;(j, k) is

L. k) —E[LG. 01 £

5

[SSHIE

and the extreme case is when § = j and one-third of the sequence are k, where the sequence
has a repeated pattern like [q, j, N+ 1,q, j, N+ 1,...].
Case 8: j € [N]\{q}.k=q

Similar to Case 7, if § # j, we always have z;741 # j. If conditioning on § = j, it has

probability 1 — « for z; 111 = j, independent of 3}, 7 1{z;; = N + 1}.
Moreover, in the case of § # j, we need to discuss whether or not § = q.

From Lemma C.4, we have

o 1 1
E[G(, k)| =q] ~ Nil aN'

, ) 1 T 2 T?
BILGR G =al ~ g (m (1—) —N)
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From Lemma C.7, we have

E[LG.RIg # ¢.9# j] =

E[L:(, k)15 # .9 # j] ~
From Lemma C.7, we have

BILGRIg = /1~ ~(1- ) 1

BILG. k7= /] ~ (1-a) - (% R Ni) |

Therefore, we have

B[, 0)] = LEIT0 0l = gl + LG Dlg = ]+~ B Rly £ .9 % J)

o

~

~ ﬁ’
1 1
E[L;(j, k)°] = ~NELG, k)G =q]+ ~NELG, k)lg = j1+
1 1
= (2—“) (mﬁ'ﬁ),

Var[L(j, k)] = BTG, k)] - BIL(, k)1 ~ (2 - @) (TLNZ . %) |

N -2

The range of I3(j, k) is

5

L0, k) —E[LG, O]l £

N | =

and the extreme case is when § = j and half of the sequence are q.
Case 9: j € [N]\{q}Lk=.
Similar to Case 7, if § # j, we always have z;7,1 # j. If conditioning on § = j, it has
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probability 1 — & for z; 111 = j, independent of 3}, 7 1{z;; = N + 1}.
Moreover, in the case of §j # j, we need to discuss whether or not § = q.

From Lemma C.6, we have

E[L(L k)G =q] =

E[G(j k)*lg = q] =

From Lemma C.10, we have

E[L(,R)IG #q.7# j] =

E[LGLK)? g+ q7# j]~

From Lemma C.9, we have

B[N RIg =]~ ~(1-@) - =,
_ _ 2
B R =11 ~ (- o) (258 C).

Therefore, we have

N

BTG, K] = EILG I = g1 + EIRG kI = j] + BTGl # .9 # ]
—a’+3a -1
N2

. 2 1 . 2 - 1 . 2 - .
E[L(J: 071 = GEILG. k)19 = gl + GEIL . k)5 = /T +

1+(1-a)(2-a) 1+(1-a)(2-a)?

- TN? ¥ N3 ’

_ _ _ _ 2
Var[L.(.B)] = E[T,(. b2 - E[L(. R ~ 1+ (1 T;)Z(Z @) L (1 ;1(2 ) ‘

=~
]

E[Li(j, k) ly # q¢.§ # Jj]
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The range of I;(j, k) is

L0, k) - EILG.OI £ 1L,

and the extreme case is when ¢ = j and all of the sequence are j = k.

Case 10: j € [N]\ {q},k € [N]\ {q. j}.

Similar to Case 7, if § # j, we always have z;7,1 # j. If conditioning on § = j, it has

probability 1 — « for z; 741 = j, independent of >, 1{z;; = N + 1}.
Moreover, in the case of § # j, we need to discuss whether or not §j = q.

From Lemma C.6, we have

E[L(J, k)G =q] =

E[L(, k)% =q] =
From Lemma C.10, we have

BILGRIg = /1~ ~(1- ) 1

1 1
_+_

E[LG.K)g=j1~(1-a)- (TN N?

)

From Lemma C.9, we have

1 2-«a
E[Li(j,k)|g =k] = .
GGl =k~ —— 2,
1 2—a (2-a)?
ED ', 2_: = . .
LG0T =k~ 7 (TN+ NZ )
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From Lemma C.10, we have

E[LGRIg#q.5#),5#k ~

E[L(j, k)G # q.0# j.§ # k] =

Therefore, we have

BT, 0] = L EIG(.R)g = gl + SEILG R = j] + EILG, bl = K
N-3

+ E[LG, Ry # 9.5 # j]

(04

[ —

N%
BTG, K] = LB, K = g1+ EILGRlg = 1 + LEIT K = K]

E[L(j,k)ly # .9 # j]

o[
YT YN\TN TN )

Var[T;(j, k)] = E[T;(j, k)*] - E[Li(j, k)]* ~ (2 - a) (# + %) :

+

The range of I;(j, k) is

L0, k) —E[LG. O] £ 1,

and the extreme case is when § = j and all of the sequence except the last are k.
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C.2.3 COMPLETING THE PROOF OoF THEOREM 4.1

Theorem C.3 (Restatement of Theorem 4.1). Assume N, T > 1, @ = ©(1). Consider a one gradient
step update from zero-initialization on m i.i.d. samples of zy.T with separate learning rates ny for Wr
and n, for Wy (note that the gradient on W is zero). For a test sequence zy.7, the resulting logits

for the feed-forward and attention blocks satisfy, with probability 1 — 6

ln 2(N+l)

|A(§ﬁ(x1:T)) —nr- a| <np-0 -

m

+ )

Aam(x11) = 2 - @4+ a(1= )| <o - O
m m

N
\/(ﬁ N %)ln 2( 5+1) In 2(1\?1)

where A(§) = Eny1 —maxje[n) &) is the margin of predicting the noise token and § = % 2u<r Hze =

N +1}.

Proof. For W, since the input is always zr = ¢, the logits will be [&x]r = Wy (k) TWEWE(q),
Vk € [N+1]. As Wr is initialized from 0 and updated by GD with learning rate 7¢, after one-step

update, we have

&g = WU(k)T( — 1/ Vw, L )WE(Q) e RN+,

Wr=0

By Lemma C.1, with probability 1 — %5, we have

\[&&lner —np-a| <np-O 75 ,

5 5
<nr-0 + ,
f Nm m
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and then triangle inequality finishes the proof for &g.

For Wy, since the gradient on Wy at initialization is zero, W being zero after the first step
induces a uniform attention over the input sequence. Consider the input sequence {z;}__,, then
the logits will be [£n]; = Wy (j) "Wyt X, We(z), ¥V j € [N +1].

Then considering the concentration bound of Wy after one-step update in Lemma C.2, de-

noting I'(j, k) = Wy (j) "Wy WEg(k), we have

lwalj =2 D TG = = 2 me TG

t<T k<N+1

with concentration bound for each I'(+,-) in Lemma C.2. From Table C.1, note that for all j =
N + 1,k < N, the expectation and variances are the same, while k = N + 1 has slightly dif-
ferent expectation and variance (but still in the same order of the others). Hence, denoting

q= % 2«1 1{z: = N + 1} dependent of the test sample z;.7, we have

N % )In 2(1\(1;1) In 2(1{;1)

1
[Satm (1) Inves = % (a*q+a(l- é))| <10 \/(TN - .

Meanwhile, as the terms in Table C.1 for j # N + 1 always have much smaller mean and variance
by a factor 1/N, using the Bernstein’s inequalites for these terms in Lemma C.2 finishes the proof

for Wy.

C.3 PROOF FOR FIRST AND SECOND MOMENTS IN LEMMA C.2

In this section, we will show the proof of the first and second moments of [Zl<t<T 1{z = k}|]
for all cases. Note that we do not consider z7 = g, but including it will not change the results, as

T > 1 and zr is explicitly fixed as q during data generation in Section 4.4. Generally, there are
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three factors to classify the cases as follows:

1. The i.i.d. uniformly sampled correct token § € [N]:

(@ 7=gq,

(b) §#q.

2. The target token k € [N + 1]:

(@) k=gq,
(b) k=N +1.
© k<N k+#qk#7,

d) (fg#q9k<Nk#qk=7,
3. A condition about the token z, before the sequence {z;};>1:

(@) z0=4¢,

(b) zo € [N +1]\ {q}.

Note that when z; will be implicitly or explicitly considered. When there is no condition on the
first token, which means z; ~ Uniform([N]), this belongs to Case (3b), i.e, zo € [N + 1] \ {q},
following the data generation process.

Table C.2 summarizes all lemmas about the seven cases classified by the first two factors. The

third factor about z; is explicitly presented in the proof of each corresponding lemma.

Table C.2: All lemmas about the seven cases classified by § and k.

| (2a) (2b) (20) (2d)

(la)| C4 C5 C6 NA
(1b)| C7 C8 C.10 C.9
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C3.1 WHEN{§ =q

Lemma C.4 (§ = g,k = q). Following the data generation process, assuming N,T > 1 and o =

©(1), ifj = q and k = q, it holds

|
E Wz, =k}|j=qk=q| ~ —,
; {2 }‘y Gh=q|~—5
S ) : (C.9)
E Z 1{ k}) |9 k d 1+ 2 + r
Zy = =4dq, = ~ — | — _— .
~ ! y=1 1 aN a? a’N?

Proof. For simplicity, we omit the condition of §j = g, k = ¢ in this proof. Denote

Zo=q],

z0 € [N+1],z0 # ¢q

Y(T) = E Z 1{z, = k}

| t<T

Y(T) £ E Z 1{z, = k}

| t<T

Then the data generation process implies, V T > 1,

Y(T)=p(zi=qleo=q) - (1+Y(T =1)) +p(z1 = N +1]zg = @) - Y(T - 1),

Y(T) = p(z1 = qlzo # ) - (1+Y(T = 1)) + p(z1 € [N]\ {g}lz0 # q) - V(T - ).

The iteration becomes

Y(I)=(1-a)-Y(T-1)+a-Y(T-1)+1-aq,
N-1

?(T):%-Y(T—1)+ -?(T—1)+%.
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This gives

Y(T)—f/(T):(l—a—%)(Y(T—l)—f/(T—l))+1—a—%,

1 N 1 A 1
—Y(T)+aY(T)==Y(T-1)+aY(T-1)+ —.
SH(T) +a¥ (1) = SV (T =) +af (T 1)+
Consider the initialization Y (0) = Y (0) = 0. This implies
. l-a-+ 1\!
Y(T) -V (T) = ——F|1-{1-a-—] |,
(1) - 1(1) = —— ( ( N))
1Y(T)+ Y(T) Ly
— o =—T.
N N

Then we obtain

a 1 N?
Y(T) ~ (T — aN) + = T —aN +
aN +1 (a+%)2 aN +1 aN +1
T 1
~—— -1+ —,
aN a?
R 1 N 1
Y(T) = T — +
aN +1 (aN+1)2 aN+1
N T
T aN’

Since the data generation process implicitly assumes zy # g, we have the desired expectation as

2,

t<T

N T
=Y(T) ~ —.
(T) N

E

1{z = k}'y =qk=q

To obtain the expectation of the quadratic term, we similarly denote the following terms with
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different z:

Z(T) 2 E (Z 1z = k})

| M <T

2
2(T) 2 E (Z 1z = k})

| M t<T

Zozq],

zo € [N+1],z0 £ ¢

Then the data generation process implies, VT > 1,

Z(T)=p(z1=qlzo=q) - (1+2Y(T-1)+Z(T-1)) +p(z1 =N+ 1|z =q) - Z(T - 1),

Z(T)=p(z1=qlao #q) - (1+2Y(T - 1) + Z(T - 1)) + p(z1 # qlz0 # q) - Z(T - 1),

where 2Y(T — 1) is due to E[(1 + X ocicT V=14 2E[Yoci<tr 1 +E[(Zoci<r 9)2].

Then the iteration becomes

ZM=(1-a)-1+2Y(T-1)+Z(T-1) +a-Z(T - 1)

=(1-a)Z(T-1D)+aZ(T-1)+(1-a)(1+2Y(T - 1)),

Z(T):%-(1+2Y(T—1)+Z(T—1))+ - Z(T-1)

N}\; 12(T —1)+ %(1 +2Y(T - 1)).

1
=—Z(T-1)+
N ( )
This gives

Z(N)-Z(T)=(1-a- %)(Z(T —)-Z(T-1)+(1-a- %)(1 +2Y(T - 1)),

%Z(T) +aZ(T) = %Z(T ) 4aZ(T—1)+ %(1 +2Y(T - 1)).
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Considering the initialization Z(0) = Z(0) = 0, we have

Zuj—ZGyzzlu—a—%ﬂ4u+mqm

t<T—1
1 2t 2
zZ(l—a——)T‘t 1+ — -2+ —
N aN o’
t<T—1
2\11- 2(1 -
i a . (1 oc)'z.
a? a o’ N
1 A T 2
—Z(T)+aZ(T) = — + — Y(t
S +aZ(T) =+ 3 Y()
1<t<T-1
T 2 t 1
X —+ — :E: — -1+ =
N N aN a?
1<t<T-1
T 2 2
~—|-1+—=|+—.
N a? aN?

Then we obtain

Z(T)zz(_z+£+i)+T_2+1_a i_l
N\ a o a3 a?N? a ol ’
Z(T) ~ (—1+£)+T—2.

a? a’N?

Since the data generation process implicitly assumes zy # g, we have the desired expectation as

(zalet:k}Y

t<T

TZ

E INT'

j=q.k=q

=2(T) ~ L L 2)s
- " aN a?

Lemma C.5 (§ = g,k = N + 1). Following the data generation process, assuming N,T > 1 and
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a=0(1), ifj=qandk = N + 1, it holds

2,

t<T

(Z 1{z, :k})z

t<T

E

E J=qk=N+1

]l{ztzk}‘g:q,k:N+1

&

Q

zl8 =z

(C.10)

TZ
+ ﬁ

Proof. For simplicity, we omit the condition of § = ¢,k = N + 1 in this proof. Denote

Y(T) £ E

Z 1{z, = k}

| t<T

Z 1{z, = k}

| t<T

Zo=q],

Y(T) £ E

Then the data generation process implies, V T > 1,

20 € [N+1],z0 # q

Y(T) =p(z1 =qlzo = q) - Y(T = D) +p(z1 = N +1|z0 = q) - (1+ ¥(T - 1)),

Y(T) = p(z1=qlz0 # ) - Y(T = 1) +p(z1 € [N\ {g} |20 # ¢) - V(T - D).

The iteration becomes

Y(I)=(1-a) - Y(T-1)+a-Y(T-1) +a,

N-1

?(T):%‘Y(T—l)+

This gives

SY(T -1).

Y(T) = ¥(T) = (1—a — %)(Y(T ) -V(T-1)+a,

V(D) +a (1) = LY(T = 1) +al (T- 1)+ 5
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Consider the initialization Y (0) = Y(0) = 0. This implies

A a 1 T
Y(T)—Y(T):a+i(1—(1—a—ﬁ) )
N

1 A a
—Y(T)+aY(T) = —T.
SV +al(T) = =

Then we obtain

Since the data generation process implicitly assumes z; # g, we have the desired expectation as

E Z]l{zt:k}‘gzq,k:N+l

t<T

A T
=Y(T) ~ —.
(1)~

To obtain the expectation of the quadratic term, we similarly denote the following terms with

Zozq],

zo € [N+1],z0 £ ¢

different z:

2
Z(T) 2 E (Z 1{z = k})

t<T

2
2(T)  E (Z 1{z = k})

t<T

Then the data generation process implies, V T > 1,

Z(T) =p(z1=qlzo=q) - Z(T=1) +p(z1 =N +1|zg = q) - (1 +2Y(T - 1) + Z(T - 1)),

Z(T) =p(z1 =qlzo # q) - Z(T = 1) + p(z1 # qlzo # q) - Z(T - 1),
where 217(T —1)isdue to E[(1+ Xocscr V]=1+ 2E[Yoci<r 1 +E[(Zoci<r 9)2].
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Then the iteration becomes

Z(M=(1-a)- Z(T-D+a-(1+2Y(T-1)+ Z(T - 1))

=(1-a)Z(T-1)+aZ(T - 1) +a(1+2Y(T - 1)),
N-1

. 1 .
Z(T):N-Z(T—1)+ -Z(T -1).
This gives

Z(T)-Z(T) =(1-a - %)(Z(T ~1)=Z(T-1)) +a(1+2Y(T - 1)),

1 A 1 N a A

—Z(T)+aZ(T)==Z(T-1)+aZ(T-1)+ =(1+2Y(T -1)).

SZ(T) +aZ(T) = L Z(T = 1)+ aZ(T = 1) + 1+ 20(T - 1)
Considering the initialization Z(0) = Z(0) = 0, we have

Z(T) - Z(T) = Z a(l—a - %)T—Hu +2Y (1))

t<T-1
1 2t
< Y ai-a- L1
N N
t<T-1
2T
~ — +1,
N
1 A aT 2« .
—Z(T)+aZ(T) = —+— Y(t
SZ(M+aZ(T) =+~ > V()
1<t<T~1
T 2 t
N N N
1<t<T-1
aT aT?
N —+—.
N N2

Then we obtain

T 2
Z(T) z3aﬁ+am+a,
A T T?
Z(T) ~ —+ —.
M~5* Nz
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Since the data generation process implicitly assumes z, # g, we have the desired expectation as

(Z 1z = k})z

t<T

E J=qk=N+1

:ZA(T)%N'F—

Lemma C.6 (§ = ¢,k < N,k # q). Following the data generation process, assuming N,T > 1 and
a=0(1), ifj=qandk € [N] \ {q}, it holds

E

X

t<T

(Z 1{z :k})2

t<T

> 1z = k}‘y =gk e [N]\ {g}
: (C.11)
E

&

zl= Zl-

23

g=gke[N]\{q}

Proof. For simplicity, we omit the condition of §j = ¢,k € [N] \ {g} in this proof. Denote

Zozq],

z0 € [N+1],z0 #q

Y(T) £ E Z 1z = k}

[ t<T

Y(T) £ E Z 1{z; = k}

| t<T

Then the data generation process implies, VT > 1,

Y(T)=p(zi=qleo=q) - Y(T - 1) +p(z1 =N+ 1lzg = q) - V(T - 1),
Y(T) = p(z1 =qlzo # q) - Y(T - 1)

+p(z1 € [N\ {g}lz0 # q) - (p(z1 = k|z ~ Uniform([N] \ {g}) + Y(T - 1)).
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The iteration becomes

Y(TI)=(1-a)-Y(T-1)+a-Y(T-1),
N-1

1
1)'

?(T):%~Y(T—1)+ IT-1+

This gives

A 1 . 1
YO -YM=010-a-HW(T-1)-¥YT-1) -

YD) +ad (1) = ZV(T =)+ al (T 1)+ 5

Consider the initialization Y (0) = Y(0) = 0. This implies

N

_1 \T
Y(T)-V(T)=— |1-[1-a-—]| |,
(1)~ ¥(1) a+1( [1-a N))
1 A a
—Y(T Y(T) = —T.
SY(D) +al (1) = £
Then we obtain

Y(T) ~

>

f’(T) ~

Z| =z~

Since the data generation process implicitly assumes z; # g, we have the desired expectation as

2,

t<T

z| ~

E =Y(T) ~

]l{zt:k}‘gzq,k:N+1

To obtain the expectation of the quadratic term, we similarly denote the following terms with
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different z:

Z(T) 2 E (Z 1z = k})

t<T

Zozq],

zo € [N+1],z0 £ ¢

2
2(T) 2 E (Z 1z = k})

t<T

Then the data generation process implies, VT > 1,

Z(T)=p(z1=qlzo=q) - Z(T - 1) +p(z1 = N+ 1|zg = q) - Z(T - 1),
Z(T)=p(z1=qlzo #q) - Z(T = 1) +p(z1 # qlzo # q) - Z(T - 1)

+p(zi =klzo # @) - (1+2Y(T - 1)),

where 2?(T —1)isdue to E[(1+ Xocscr ]=1+ 2E[Yoci<tr 1 +E[(Xoci<r )2].

Then the iteration becomes

Z(MN=(1-a)-Z(T-1)+a-Z(T -1),
N-1

N 1 A 1 -
Z(T)=—-Z(T-1 Z(T-1)+—=(1+2Y(T-1)).
(M =5 ZT-1)+ (T-1)+50+2¥(T-1))
This gives

. 1 . 1 .
Z(1) = 2(T) = (1= a = )(Z(T =1) = 2(T = 1)) = (1 +27(T = 1)),

%Z(T) +aZ(T) = %Z(T D +aZ(T-1)+ %(1 +27(T - 1)).
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Considering the initialization Z(0) = Z(0) = 0, we have

Z(T) - Z(T)_—— Z (1-a- )T—l—f(1+z?(t))

t<T 1

- Z (1-a- )T‘H (1+%)

t<T 1

1 (2T
— = +1],
aN \ N
2a A
vy 2 Yo
1<t<T-1

[04
N
al 2a t
STty XN
T
N

Q

—Z(T) +aZ(T) =

1<t<T-1
aT?

Nz‘

Then we obtain

Since the data generation process implicitly assumes zy # g, we have the desired expectation as

(Z 1{z: :k})z

t<T

5 T T?
:Z(T)’Vﬁ-'-ﬁ

E

g=gq.ke[N]\{q}
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C3.2 WHENY #q

Lemma C.7 (§ # q.k = q). Following the data generation process, assuming N,T > 1 and a =

©(1), ify # q and k = q, it holds

E

Q

Zﬂ{zt=k}‘y¢q,k=q

t<T

(Z 1{z, = k})2

t<T

(C.12)

E +

Q

z|l=8 z[S

T2
m.

j#qk=q

Proof. For simplicity, we omit the condition of §j # g, k = g in this proof. Denote

Zo=q],

20 € [N+1],z0 # q

Y(T) = E Z 1{z, = k}

| t<T

Y(T) £ E Z 1{z, = k}

| t<T

Then the data generation process implies, V T > 1,

Y(T) = Y(T - 1),

Y(T) = p(z1 = qlzo # ) - (1+Y(T = 1)) + p(z1 € [N]\ {g}lz0 # q) - V(T - ).

The iteration becomes

Y(T) = Y(T - 1),
N-1

P(T) =~ . y(T-1)+

A 1
-Y(T-1)+ —.
N ( ) N
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This gives

V(1) - ¥(1) = L (Y (T =) = (T = 1) -

YD)+ V(1) = Y (T =)+ V(T - 1)+

Consider the initialization Y (0) = Y (0) = 0. This implies

. -+ 1\7
Y(T) - Y(T) = 1+N (1_(_N) )

1
N

1 A 1

—Y(T)+Y(T) = —T.

SYM+1(1) = <
Then we obtain

Y(T) ~

>

Z| =z~

}A/(T) ~

Since the data generation process implicitly assumes zy # g, we have the desired expectation as

2,

t<T

= ?(T) ~

E

z|~

1{z; = k}‘g #q.k=q

To obtain the expectation of the quadratic term, we similarly denote the following terms with

different z:

[ 2
Z(T) 2 E (Z]l{zt:k}) zozq],
N
[ 2
Z(T) £ E (Z]l{zt:k}) zo € [N+1],2z0 # q| .
t<T
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Then the data generation process implies, VT > 1,

Z(T) = Z(T - 1),

Z(T)=p(z1 =qlzo # q) - (1+2Y(T — 1) + Z(T - 1)) + p(z1 € [N]\ {q}|z0 # q) - Z(T - 1),

where 2Y(T — 1) is due to E[(1 + X< )l=1+ 2B[ Yot ] +E[(Xocter 921

Then the iteration becomes

Z(T) = Z(T - 1),

2(T) = %Z(T _1) 4 %ZA(T _1) 4 %(1 +2Y(T - 1)).

This gives

Z(T) = 2(T) = —%(Z(T ) 2(T-1) - %(1 +2Y(T = 1)),

%Z(T) +2(T) = %Z(T D4 2(T-1)+ %(1 +2Y(T - 1)).

Considering the initialization Z(0) = Z(0) = 0, we have

2(1) - 2(T) = -1 > (04 2v (1)
t<T-1
o1 2T

N N?

Z Y(t)

1<t<T-1

SZ(T) 4 2(T) = +

X

+
zlo Z|e

-
N
-~
N
7
—_

X

zl= zl=8 zZ|-

+
S



Then we obtain

Z(T) ~ T+T2

"N N?
N T T2
Z(T) ~ —+ —.
(T) vt N

Since the data generation process implicitly assumes z; # g, we have the desired expectation as

(Z 1{z, :k})z

t<T

T T?

E =2(T) ~ — + —.
(M) ~

g=gke[N]\{q}

Lemma C.8 (§j # q.k = N + 1). Following the data generation process, assuming N, T > 1 and

a=0(1), ifj #qandk = N + 1, it holds

| aT
E E]lz=k J+qk=N+1|~ —,
e {t }‘y q N
- ) - - (C.13)
al a“T
E § I{z; =k 7] k=N+1|~ —+ .
(t<T = }) 74 N N?

Proof. For simplicity, we omit the condition of § # ¢,k = N + 1 in this proof. Denote

Zo=q],

20 € [N+1],z0 # q

Y(T) £ E Z 1{z, = k}

| t<T

Y(T)E Z 1{z, = k}

| t<T
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Then the data generation process implies, VT > 1,

Y(T) = f/(T —1)+p(z1 = N+1|zg = q),

Y(T) =p(zi = qlzo # q) - Y(T = 1) + p(z1 € [N] \ {q}|z0 # q)
The iteration becomes

Y(T)=Y(T-1)+a,

N-1 .
(T -1).

N 1

Y(T)=—-Y(T-1

(T)= % Y(T-D+
This gives

Y(T) - Y(T) = —%(Y(T -1 -Y(T-1)+a,

SYD+¥(D) = YT =)+ V(T -1 +

Consider the initialization Y (0) = Y(0) = 0. This implies

N o 1 T
V() - ¥ = (1—(——) )

%Y(T) +¥(T) = %T.

Then we obtain

Y(T) ~ ¢ + a,

Y(T)

X

z|}=z[§
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Since the data generation process implicitly assumes z, # g, we have the desired expectation as

2,

t<T

aT

E ]l{zt:k}‘g;tq,k:q =Y(T) ~ ~

To obtain the expectation of the quadratic term, we similarly denote the following terms with

different zy:

[ 2
Z(T) £ E (Zn{zt:k}) zO:q],

t<T

Z2(T) 2 E (Z 1z = k})

t<T

z0 € [N+1],z0 #q

Then the data generation process implies, VT > 1,

Z(T)=Z(T-=1)+p(z; =N +1|zg = q) - (1+2Y(T - 1)),

Z(T) = p(z1 = qlzo # ) - Z(T = 1) + p(z1 € [N] \ {g} |20 # q) - Z(T — 1),

where 2Y (T — 1) is due to E[(1 + Yocter )21 = 14 2E[Xocicr -1 + E[(Zociar )]

Then the iteration becomes

Z(T)=Z(T = 1) + a(1+2Y(T - 1)),
N-1

A 1 A
Z(T):NZ(T—1)+ Z(T-1).
This gives

Z(T) = 2(T) = —%(Z(T C1) = Z(T=1)) +a(1+2Y(T - 1)),

%Z(T) +2(T) = %Z(T )+ 2T - 1)+ (20T - 1),
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Considering the initialization Z(0) = Z(0) = 0, we have

20 -2 =a Y (- 1+ 28 (0)

t<T-1

> (—%)T-H (1+%)

t<T-1

2

Q

1 A al 2a N
—Z(T)+Z(T + Y(t
Z(T) + Z(T) EDIRLG
1<t<T-1
T 2
of 2w 5 o
N N
1<t<T-1
alT  o?T?
—+ .
N N2

R

Q

Then we obtain

T, a’T?
Z(T)zﬁ(Za +a) + e +a,
A aT  o?T?

Z(T)~ —+ .
MD~5+xz

Since the data generation process implicitly assumes zy # g, we have the desired expectation as

(Z 1z = k})2

t<T

. al  o?T?
= ZKI) =~ 76'+' PJZ.

E g=qke[N]\{q}

Lemma C.9 (§ # q.k = 7). Following the data generation process, assuming N,T > 1 and o =
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©(1), ifg # q and k = g, it holds

E

_ T
Zﬂ{zt:k}‘giq,k:g ~ (Z—a)ﬁ,

t<T

(Z 1{z, = k})2

t<T

. C.14
_@-oT s (2 — a)?T? (€19

E J#qk=7 N N2

Proof. For simplicity, we omit the condition of § # ¢, k = § in this proof. Denote

Zo=q],

z0 € [N+1],z0 # ¢q

Y(T) £ E Z 1{z; = k}

| t<T

Y(T) £ E Z 1{z: = k}

| t<T

Then the data generation process implies, V T > 1,

Y(T) = Y(T - 1) + p(z1 = §lz = q),

Y(T)=p(zi=qleo #q) - Y(T = 1) + p(z1 € [N] \ {q}Hzo # q) - V(T — 1) + p(21 = glzo # q).

The iteration becomes

Y(T)=Y(T-1)+(1-a),
N-1

P(T) == Y(T—1)+

A 1
-Y(T-1)+ —.
N ( ) N

This gives

V()= V(1) =~ (Y(T =) = V(T = 1) + (1 —a— 1),

%Y(T) +Y(T) = %Y(T -~ +Y(T-1)+ Z_Ta
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Consider the initialization Y (0) = Y(0) = 0. This implies

P T
Y(T) - ¥(T) :11i—iN(1— (—%) )
N

%Y(T) +V(T) = T“T.

Then we obtain

YT)~(1—a)+(2- a)%,

. T
Y(T)~= (2-a)—.
()~ 2-a)y
Since the data generation process implicitly assumes z; # g, we have the desired expectation as

E

Zﬂ{zt:k}‘giq,k:q

t<T

=Y(T) ~ (2 - a)%.

To obtain the expectation of the quadratic term, we similarly denote the following terms with

Zozq],

zo € [N+1],z0 £ ¢

different z:

2
Z(T) 2 E (Z 1{z = k})

t<T

2
2(T)  E (Z 1{z = k})

t<T

Then the data generation process implies, V T > 1,

Z(T)=Z(T = 1) + p(z1 = glzo = q) - (1 +2Y(T - 1)),
Z(T) =p(z1=qlzo £ q) - Z(T = 1) + p(z1 € [N] \ {q}z0 # q) - Z(T - 1)

+p(zi =glzo # q) - (1+2Y(T - 1)),
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where 2?(T —1)isdue to E[(1+ Yocicr )?] = 14 2E[ Yot 1 + E[(Xacicr )21

Then the iteration becomes

Z(M) =Z(T-1)+(1-a)(1+2Y(T -1)),
N -1

2(T) = %Z(T—1)+ ZA(T—1)+%(1+2?(T—1)).

This gives

Z(T) = 2(T) = —%(Z(T ) 2(T-1)+(1-a- %)(1 +20(T = 1)),

%Z(T) +2(T) = %Z(T D+ 2(T-1)+ Z_T“(l +20(T = 1)).

Considering the initialization Z(0) = Z(0) = 0, we have

20 -2 = (1-a-=) Y (- 1428 (0)

t<T-1

~(1-a- i) Z (—%)T_l_t (1 + @)

22-a)T
)

%Z(T) +2m) = 8 _N“)T + 2(21\; %) RO

z(l—a)(1+

1<t<T-1

2-a)T 22-a) (2-a)t
~ + Z —

N

1<t<T-1
2-a)T (2-a)’T?
B~ + .
N N2

Then we obtain

Z(T) ~ %(2 —a)(3 - 2a) + (Z_T“Z)ZTZ +(1-a),
(2-a)T s (2 — a)?T?

N N2

Z(T) ~
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Since the data generation process implicitly assumes z, # g, we have the desired expectation as

(Zﬂ{zt :k})2

t<T

2-a)T N (2- a)ZTZ.

E
N N2

§=qke[NI\{g}|=2(T) ~

Lemma C.10 (j # ¢k < N,k # gk # 7). Following the data generation process, assuming
N, T > 1landa =0(1), ify # qand k € [N] \ {7, q}, it holds

5|3 e =g ake N\ g < 1.
i<t - (C.15)
B[S =k})2y¢qke[m\{yq} S
t<T ’ ’ | N N2

Proof. For simplicity, we omit the condition of § # ¢,k € [N] \ {7, q} in this proof. Denote

Y(T) 2B Zﬂ{zt=k}z0=q],
| t<T

Y(T) £ E Z]l{zt =k}|zo € [N+1],20 # q| .
| t<T

Then the data generation process implies, VT > 1,

Y(T) = Y(T - 1),

Y(T) = p(z1=qlz0 # ) - Y(T = 1) + p(z1 € [N\ {g}lz0 # q) - V(T = 1) + p(z1 = klzo # g).

240



The iteration becomes

Y(T)=Y(T-1)+(1-a),
N-1

?(T):%-Y(T—1)+ -?(T—1)+%.

Note that these two equations are exactly the same as those in Lemma C.7 with same initial-

ization as Y(0) = Y(0) = 0. Therefore, we have

Y(T) =

>

2z~ 2z~

Y/(T) ~

Since the data generation process implicitly assumes zy, # q, we have the desired expectation

as

z|~

E =Y(T) ~

2,

t<T

1{z; = k}‘g #q.k=q

To obtain the expectation of the quadratic term, we similarly denote the following terms with

different z:

Z(T) 2 E (Z 1z = k})

t<T

20=q],

2
2(T) 2 E (Z 1{z = k})

t<T

zo € [N+1],z0 £ ¢
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Then the data generation process implies, VT > 1,

Z(T) = Z(T - 1),
Z(T) =p(z1 =qlzo # q) - Z(T = 1) + p(z1 € [N]\ {q}|z0 # q) - Z(T - 1)

+p(z1 = klzo # ) - (1+2Y(T - 1)),

where 2Y(T — 1) is due to E[(1 + Xpcrar )°] = 14+ 2E[Zocrer 1 + E[(Zacier )*1-

Then the iteration becomes

Z(T) = Z(T - 1),
Nl r-n+ %(1 +29(T - 1)).

A 1
Z(T)=—=Z(T-1)+
(1) = £2(T - 1)
Again note that, since Y(T) ~ Y(T), these two equations are the same as those in Lemma C.7.

Therefore, we have

Since the data generation process implicitly assumes zy # g, we have the desired expectation

as
T T?

§=qke[N]\{q} :Z(T)“N+ﬁ-

E

(Z 1{z: :k})z

t<T

242



C.4 PrOOF OF THEOREM 4.2: TRAINING DYNAMICS OF THE
ATTENTION LAYER

We consider the following simplified 1-layer model for the noisy in-context recall task.

x; = Wg(z;) +WE(Zt—1) e R,

Z [0 (ngQlezT)]t -Wyx; € R,
< (C.16)

Latn(x17) 2 Wy (oer, x1.7) € RN

¢ (xr, x1.7)

gﬁ(xl:T) = WUF(XT) =WyWgxr € RN+1,

With zero initialization of Wog, Wy, Wp, we analyze the training dynamics of these three

matrices in three phases:

1. Wr learns the noise association in O(%) time,

2. Wy learns to be identity for all tokens k € [N + 1],

3. Wox attends to any position ¢ such that z;_; = g and z; = 7.
Assumption C.4.1. In this section, we make the following assumptions

1. (orthonormal embedding) Wi (i) TWE(j) = Wg()) TWg(j) = 1{i = j} and Wg(i) TWE(j) =

0 foranyi, j € [N +1].

2. (Feed-forward learns noise association) After phase 1, the prediction for noise always satisfies
P(N +1|z1.7) = a for any z;7 € [N +1]®L. If p deviates from o, W will learn the noise
association in a more quick speed than the other weights, so that it is fair to assume p = a for

computing gradients of these weights.

3. (Infinite samples) m — oo so the training loss L is population loss.
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4. a < 1.5-+/5/2 ~ 0.38. This is to ensure the sign Wy (j)T(~Vw,L)Wg(k) > 0 for any

j=k < Nin(C.18).

Phase 1: In this phase, the impact of We(zr_1) on Wy and Wy is negligible compared with
that of Wg(zr) because Zr_; is close to uniform in [N + 1] while zr = q is fixed.

Lemma C.1 gives

(1), ifk=N+1,
Wy (k)" (-Vw,L)WE(q) =

O(L), ifk<N.

Lemma C.2 gives

(%), ifj=N+1Vk,
Wu ()" (=Vw, L)Wg(k) = (C.17)

O(3z). ifj<N,Vk.

Note that the entries of the above projection have the following signs, with details as —p in

Table C.1,

>0, if(j=N+1)or(j=k)or(j=qk=N+1),
Wy ()" (=Vw, L)WE(k) (C.18)

< 0, otherwise.

The arguments in Appendix 4.4.4.3 show

-0(5z), fj=N+1,
We(j) " (~Ywo L)WE(q) = (C.19)
O(33). ifj<N.

Therefore, during this phase, W learns the noise association with effective graident norm

of ©(1) as Wy(N + 1) " (-Vw,L)WE(gq) = ©(1). Meanwhile, Wy moves in the other directions
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uniformly in @(%) as Wy (k)" (-Vw,.L)WEg(q) = @(%) for any k < N, which in fact ensures
p(klzyr) = w for any k < N and z;.7 € [N + 1]®7.

After O(n7!) steps in this phase, we have p(N +1|z1.7) = a and p(k|z1.1) = 1_7"‘ forany k < N
and z;.1.

Phase 2: Assume p(N +1|-) = « starting from the beginning of this phase as discussed above.
Due to symmetry for the rest k channels, we have p(k|-) = I_T“ Note that the attention scores in
¢ (-, -) are still close to uniform, i.e., [a (X;WQKXI:T)L ~ %, since the update of W is in O(N7?)
whose impact on attention scores is also in O(N~2) through exp(x) ~ 1+ x for x ~ 0. Then we

track the movement of Wy under these conditions.

p(k|x) - 1 -
]E[g((yik))x] = E[x] since

>

Since m — oo, taking ¥ = %ZiTzl xi, t = Bl[x|y = k] and ji
p(klx) = al{k = N+ 1} + ;521{k < N} = p(y|k), Lemma C.12 gives

N+1

Vw, L= py =KWy (k)(B[%] - B[]y = k])
k=1

N
= > ply =)Wy (k) (B[%] - E[%]y = k])"
k=1

N
= 3 W k) (BIE] - Elxly = k)T
k=1
l—a & = % AT
=~ 2 Wuk)(We(k) - Wi+ We(k) - W),
k=1

where the second equality is due to E[x] = E[x|y = N + 1] due to y = N + 1 is uniform for any

correct token § < N, and the last equality is from
_ _ 1 — 1 ~ -
E[x] - Elxly = k] ~ — (Wg(k) - W) — - (Wr(k) - W)

with W = N~! Zf\il WEg(i), WE = N7! Zf\il Wg(i) because E[x] = Ey[Ex[X|y]], and the ex-

pected number of the tuple (g, §) in a context length T is ©( %) by comparing Lemma C.9 and C.10.
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Therefore, the gradient for Wy has the following structure

1

WU () (~Vw, DWi(K) = 1) = k} +0 ( e

),Vj,k <N,
) ) (C.20)
Wu ()T (-Vw, DWi(k) ~ 51 =k} +0 (ﬁ) Vik<N.

Denote steps of phase 1 and phase 2 as t; and t,. Combined with the structure of Wy in phase
1 as in Eq.(C.17,C.18), ignoring projections that are O(N~>) or negative, Wy has the following

structure after phase 2

O(nt,N™), if j = N +1, Vk,

Wy () "Wy We(k) = {@(nt,N2 + nt,N72), if j=k <N, co)
C.21

O(nt;N2), if j=qk=N+1,
Wy () TWyWg(k) = O(nt;N72),if j = k < N.
Phase 3: now assume Wy has the structure in Eq(C.21). The model still predicts pw(k|z) =

al{k = N+1}+1_T“1L{k < N} because the above projections of Wy onto Wy (j : j < N) is o(ﬁ).

Meanwhile, the attention scores are uniform as % as Wog ~ 0. Therefore, the gradient of Wk is

N+1
VwoiL = % ; ;p(y = k) (B[(Wy (k) TWyx;) - xr(x = %) 7]
—E[(Wy (k) TWyx;) - xr(x; = %) |y = k])
N
-2 D DBy (0T W) ar(r =)

~E[(Wy (k) "Wyx,) - x7(x = 2) "y = k]),

where x = T™' ¥, x; and the last equality holds due to the condition of y = N + 1 uniform

for any correct token § < N. Then, considering the above structure of Wy, we notice that
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Wy (j)"Wyx, = Bi1{z; = j} + fol{z:_1 = j} with B; = nt; N2 + nt,N~2 and B, = nt,N 2 for any
Jj.k < N. Here note that we ignore the projection of j = ¢,k = N + 1 in Eq(C.21) because g = q is
with probability 1/N = 0(1) so that it will not influence much the following derivation.

Plug-in Wy (j) "Wy x; and we get

~ 11—«
W) (~Vwge L) (We(b) + Wi(bo) = —— > > E[A{) , ly=k| ~E[A{) ,] (C22)
k<N t<T

where

Al = (Bil{z =k} + ol {z 1 = k})

ZS<T l{zs = bl}
T

ngT 1{23—1 = bz}
T .

|\ 1{z; = b1} - + 1{z;—1 = by} —

Now we are to control Agp, b, = i<t E[Al(cfl))l,bg ly = k] - E[Algl)al,bz] for different choices of
(1)

kbiby® SO the additivity of expectation allows us to

by, b,. Note that b; and b, co-exist by sum in A

discuss choices of by, b, separately and then combine the results. Denote

B’(‘le = (Pil{z =k} + P2 l{zi-1 = k}) (ﬂ{zt = b1}~ fat A= bl}),

T

Dis<r MHzs1 = bz}) (C.23)

C]Efzz = (ﬂl]]-{zt = k} +ﬁ2ﬂ.{zt_1 - k}) (]]-{Zt—l = bZ} — T
i () 10— 11— 7.
Controlling 3, <7 E[B; [y = k] - E[B, |:

« If b; = k, from Lemma C.9 and C.10, we have

E|) Pil{z =k}1{z = k}'y =k|-E

t<T

Zﬁlﬂ{zt =k}1{z = k}] =p1(1- o:)%.

t<T

247



= Bil{z =k}

t<T

= Bil{z =k}

t<T

T T

Zs<T 1{23 = k}‘

Sser Mz = k}]

- _E ﬁlT_l(Z 1z, =k} y=k|+E ,BlT‘l(Z 1{z, = k})zl
s<T s<T
T T? @2-a)T (2-a)’T? 3 T
=AT (N NN TN )_O(ﬁlﬁ)'

The terms involving 1{z;—; = k} are negligible as O(T/N?). Therefore, we have

ZE [B)ly = k] - E[B{}] ﬁl(l—a)— (C.24)

t<T

« If by # k, all terms are O(T/N?) because
- Ifb; < N,itholds p(z; = by|z;—1 = k) = 1/N with the expected number of k in context
of length L being ©(T/N) from lemmas in Appendix C.3.

- If by = N+ 1,itholds p(z; = N + 1|z;-y = k) = O(1/N) - 1{k = q} and the expected

number of q in context of length T is ©(T/N) from Lemma C.4 and C.7.

- E[X, 1{z;—1 = k}#b,/T|-] = E[#k - #b,/T] = O(T/N?) no matter it is with condition

y = k or not.

Therefore, for any b; # k, we have

ZE B | ~E[B}) ] = o(T/N). (C.25)

t<T

Controlling 3, E[C, ct b,y =kl —El ,ﬁtg I:
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« If by = g, Lemma C.7 gives

E Zﬂlﬂ{zt =k} (Il{zt_l =q} - #?q) ‘y = k]

t<T

-E Zﬁll{zt =k} (ﬂ{zt—l =q} - #?q)

,tST

+ 0 (ﬁlg)

=(1-p(=k) -E|Y fil{z =k) (ﬂ{zt l—q}——) y=k

| t<T

~ f1(1 - a)g,

where the last equality is from p(z; = k|g =k, z;-1 =q) =1 - «a.
All the other terms are negligible with the same reason as above.

Therefore, we have

D EICly =kl -EIC)] = ﬁ(l—a)—- (C.26)

t<T

« If by = k, similar to the above discussion about Bk, we have

D EICly = k] - B[] ﬁ2(1—a)—. (C.27)

t<T

Note that the key difference is that here we use f; instead of f;, and S, < f;.

« If by # q and b, # k, similar to the discussion for Eq(C.25), we have

ZE [C{) Iy = k] —=E[C{) ] = o(T/N). (C.28)

t<T

Therefore, combining the above results in Eq(C.24, C.25, C.26, C.27, C.28), taking sums of the

249



corresponding B and C from Eq(C.23) gives

ﬁl(l—a)TN_1+ﬁ1(1—a)TN_1, if by =k, by =q,

Bi(1—a)TN"  + Bo(1 — )TN"Y, if by =k, b, = k,

A pi(1-a)IN7, if by = k, other b,,
=4
e Bi(1—a)TNY, itby # k,b, =q,
Bo(1— )TN, ifby # k,by =k,
O(TN™Y), otherwise.

To take the summation over all k < N in Eq(C.22), we discuss the following cases of b; and

by for WE(q) T (—Vwo L) (WE(b1) + WE(b2)).
. Ifbl < N,bl F bz,bg =q:

- when k = by, we take Ay, 5, under the condition of b; = k, b = q.

- when k # by, we take Agj, », under the condition of by # k, b, = g. Note that there

are (N — 1) such k.
Therefore, it holds

1

WE(9)T (~Vwo LW (b1) + Wi(@) = —Bi(1 = )T(1+ N7, (C.29)

T

o If bl = bz =q-:
- when k = by, we take Ay, p, under the condition of by = k, b, = k to achieve a lower
bound of the gap later.

- when k # by, we take Ay, », under the condition of by # k, b, = g. Note that there

are (N — 1) such k.
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Therefore, it holds

~ 11—« -
WE(9) T (—=Vwo L) (WE(br) + WE(q)) > N (Bi(1 = )T+ f2(1-a)TN7').  (C.30)
« If by = N +1,b; = ¢: for any k < N, it holds k # by, so we take Ay}, », under the condition

of by # k, by = q. Therefore, it holds

1—-«a
TN

WE(9) T (Vo L) (WE(N +1) + Wg(q)) = pr(1-a)T. (C.31)

« If b, # q,V by: To get an upper bound of the projection length, we take Agp, 5, under the
condition of b_k, by = k or b; # k, by = k. Therefore, it holds

1—-«a
TN

W(q) T (—~Vwe L) (W (b1) + WE(b2)) < (B1+2f,)(1 - )TN (C.32)
Comparing the above four cases, for any 7 < N, the attention weight Wok to attend more to

x; = WEg(9) +WE(q) than to x; = Wg(N + 1) +W5(q), with

WE(Q) T (~Vwo L) (WE(G) + WE(g) = WE(9) T (Vg L) (WE(N +1) + W(g))

Y
S (1N2a) 5.

Meanwhile, any other setting of by, b, has smaller projection in (—VWQKL).

In summary, Wox has the following patterns
1. it learns to attend to indices t such that z;_; = q is the trigger word,

2. when there are multiple ¢;’s such that z;,_;-, it learns to attend to those with z; = §j more

thanz; = N + 1.
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C.5 EXPERIMENTS SETUP: LINEAR ASSOCIATIVE MEMORY

In Section 4.4, we showed that fully truncating a feed-forward layer can be helpful for reasoning.
We now present a setting where noisy associations are stored in a rank-one subspace of a layer,
so that intermediate levels of truncation are more useful to remove noise.

Model and data. We consider a simple associative memory setting where the goal is learn
an fixed permutation from input tokens to output tokens (w.l.o.g. taken to be the identity), with
a linear model similar to Cabannes et al. [2024]. Consider a learnable weight matrix W € R%*9.
Consider embeddings for n input tokens as {e;}!_, C R? and embeddings for ¢ output tokens as
{ui}i, C R?. In contrast to Cabannes et al. [2024], we consider an additional “common noise”
output token ¢ = n + 1, which is chosen for any input with probability a € (0, 1). For any input

x € [n], the target distribution p,(-|x) is defined by

Pa(ylx) = (1 -a) - My =x}+a-1{y = c}. (C.33)

In other words, the last channel (c) for output is the common noise with probability « for
any input. The training dataset O, consists of uniformly distributed inputs x € [n], and outputs
conditionally sampled as y|x ~ py(+]|x).

Given any pair of input and output tokens, the associative memory model takes the form

f, jsW) = (uj, We;), Vi, je [n]x[c], (C.34)

When k < d, we denote the rank-k approximation of f as f¥) by replacing W with W),
where W) is the rank-k approximation of W.
Training. During training, the dataset O, is generated with non-zero noise probability & > 0.

At test time, the dataset 9, is without noise as @ = 0, so the computed loss is called pure-label
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loss. The model is trained with Gradient Descent (GD) subjected to cross-entropy loss.

C.5.1 PRrRoOOF OoF THEOREM 4.3

Now we present a theoretical analysis of this problem with some assumptions.

Assumption C.5.1 (Orthonormality). Embeddings of input and output tokens are orthonormal,

ie,elej=1{i=j},Vijandu u;=1{i=j}Vij.
Assumption C.5.2 (Initialization). The learnable matrix W is initialized from 0 when t = 0.

Theorem C.11 (Restatement of Theorem 4.3). Assume Assumptions C.5.1 and C.5.2 hold, consid-
eringn = 2,¢c = 3 and a € (0.2,0.4), we train the full model f(-,-; W) with gradient flow. Denote
P(i, j; W) as the model’s predicted probability for output j conditioned on input i. Then, fort — oo

andi € {1,2}, we have

P(i, ;W) =(1-a) I{j=i}+a-1{j=c},

P(i, ;W) = (1-0(™) - 1{j =i} + O ™) - 1{j = c}.
Remark 8. Note that here the assumption a € (0.2, 0.4) is a technical choice. In experiments, any
value a € (0, 0.4) still has the same result.

Proof. W.lo.g., we assume the embeddings are standard basis in R%. For any W, the gradient Vi L

can be decomposed as

1 1
VwL =1 |-1 [1 -1 0]+Y2 1 [1 1 o]. (C.35)
0 —2

253



Since W initializes from zero, this implies W can always be decomposed with the same basis

1 1
W =B [-1 [1 -1 0]+/32 1 [1 1 0]. (C.36)

0 -2

Then gradient flow gives the following ODE

exp(=pi1 + f2) — exp(f1 + f2)

D= N = R+ o) +exp(Br+ B rexp (2B T
_ exp(—2p;) — 1 —
exp(=21) +exp(=fr - 3f) + 1 ’
3exp(—2p2) s

3a

P = e (B Bo) + exp(Br + B + exp(—2)
3exp(—p1 —3p2)

= - 3a.
exp(—2p1) +exp(—f1 —3p) + 1
Denoting a = =21, b = —f5; — 3f,, the ODE becomes
2-2
a= exp(a) -2+ 2a,
exp(a) +exp(b) +1 (C38)
2 —8exp(b) ’
— 2+ 10a.

- exp(a) + exp(b) +1
Lemma C.14 gives the solution as, when t — oo,

a
1-a

a — —log(t) —log(1-a)(4—2a), b — log

For the full model, taking the scores W of the first input token as an example, we have

W11 = ﬂl + ﬂz,le = _ﬁl + ﬁz,ng = —Zﬁz, so the margins are

Wi =Wy =28 =—-a, Wy — W3 = f; +38, = —b.
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For the rank-1 model (assuming f; > f;), the margins are
1 1 1 1
Wi) W()—Zﬁ W() W§3):ﬁ1.

The proof finishes by computing softmax on the margins. m]

C.6 USseruL LEMMAS

Lemma C.12. Let p be a data distribution on (x,y) € RY x [N]. Consider training data as m i.i.d.

samples D 2 {(x;,y:)}™, € RY X [N + 1] from p. Consider the following classification problem,

i=1

with fixed output embeddings Wy :

EW) = = 3 [0 Wo W)

m
i=1

The gradients take the following form: denoting pw (k|x;) as the current predicted probability of class
k in [N + 1] classes for input x;,

m

N+1
TWEW) = = 3" |3 (k) - 1y = K Wo (k)]

i=1 | k=1
When m — oo, the above equation becomes
N+1

VwL(W) = )" p(y = ) Wu (k) (i — )7,

k=1

where . £ Elxly = k] and ji £ By 2444 1).

Remark 9. This lemma is from Lemma 2 in [Bietti et al. 2023].

255



Proof. Recall the form of the cross-entropy loss for classification with K classes:

K

&k
Hye) == 3 1y =k} log -

k=1

Its derivatives take the form

.f (y, &) = s(Or — Uy =k},

where s(&) =

J

The gradlent of L is then given by

m [N+1 ]
VwLl(W) = %; kz; :f (ylaWUle)VW(WU(k)Tle)]
1 m [N+1
; Z Z(ﬁw(kbﬁ) - 1{y; = k})WU(k)xl-T] _
i=1 | k=1

When m — oo, the above equation becomes

N+1 N+1
VwL(W) = > Wy (E[pw(klx)xT] - > B[1{y = k}Wy (k)E[x[y] ]
o
= D Wu(OE[pw(kl)xTT = > ply = k) 1{j = K}Wu (OE[xly = 17
k=1 jk
N+1

= > Py = YWy (k) (i — )"
k=1

Lemma C.13. Consider a sequence {S;};>1 withS; = a' -t wherea # 1. Then Y1 ;<1 St = a((;__f;) +

aT+1'T
a-1 °

Proof. Denote X; = Y <,<rS;. Then we have a - X; = Y,c;cr4q @' - (£ — 1). Hence, it holds
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T
(a=1)X; = = Yocrera —a+a’™ - T = =2U=2) 4 gT+1 . T Therefore, we have

a(l1-a') o™ T
~ (a-1)2 a-1"

Lemma C.14. Consider the following ODE with with a(0) = b(0) = 0 and a € (0.2,0.4),

2 —2exp(a)
= -2+ 2a,
exp(a) +exp(b) +1
2-38 b
exp(b) -2+ 10a.

B exp(a) +exp(b) +1

Then, when t — oo, we have

a — —log(t) —log(1—a)(4-2a), b — log n ¢
—a

Proof. The ODE can be re-written as

., (@—2)exp(a)+(a—1)exp(b)+a , 2D
a=2 exp(a) + exp(b) + 1 ~ exp(a) +exp(b) + 1’
. (a— %) exp(a) + (¢ — 1) exp(b) + a R 10E

=10 exp(a) + exp(b) + 1 ~ exp(a) +exp(b) +1°

Att =0, it holds a(0) < 0, b(O) <0sinceD=30—-3<0,E=3a- g < 0. Hence, a and b start to
decrease from t = 0. The ending of the decreasing happens when one of D and E gets positive.
Let’s show D and E will never be positive when « € (0.2,0.4) by contradiction.

Assume time T; is when one of E and E equals to 0 for the first time. This means E = 0,
because, for any time t, it always holds D < E since exp(a) > 0 for any a € R. Then at T, we

have a¢ < 0,b = 0, which means exp(a) will decrease for any small time window At > 0 and
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exp(b) stays unchanged. Together with o > 0.2, this means it has E < 0 again at time T; + At.
Therefore, it is possible for E to be 0, but E will never be positive. Meanwhile, this also guarantees
D will always be negative because D < E.

Then, we make an observation that when D is always negative and E is always non-positive,
the decreasing nature of a will have D ~ E when t — oo by exp(a) ~ 0. This implies b = log 7=

Then, by taking exp(a) = - t7Y, the ODE gives

1 a-4p-t77
e

1

which giVCS Yy = 1,ﬂ = m

Therefore, when t — oo, we have

1
G-a(d-2a)

_1), b — log

1 .
a — log -

C.7 Input ExAMPLES FOR LLMs

C.7.1 EXAMPLES FOR PREPOSITIONS

For experiments in Appendix C.1.1, we use two synthetic datasets: inputs are 30 prepositions,
and inputs are 40 incomplete sentences ending with a preposition.

The 30 prepositions are:

"non "non "non non non

"about", "above", "across", "after", "against", "along", "around", "at", "before", "behind", "below",

" on

near", "of", "on",

noni_none "on: "non

"beneath", "beside", "between", "by", "during", "for", "from", "in", "inside", "into",
" n

"over", "through", "to", "under", "with", "without".

Generated by Claude 3 [Anthropic 2024], the 40 incomplete sentences are:

258



[ "Inspired painter gazed at pristine canvas, envisioning next creation about", "Children’s
delighted squeals filled yard as they frolicked, stumbling across", "Singer inhaled deeply, calm-
ing nerves before gracing stage before", "Ominous storm clouds amassed, promising downpour
that would soon roll in", "Awestruck trekker admired breathtaking summit vista, looking over",
"Rich aroma of freshly roasted beans permeated cozy cafe, enticing during", "With deft sleight of
hand, illusionist made coin vanish, leaving spectators in awe without", "Majestic oak stood tall,
branches reaching skyward above", "Gentle waves caressed shoreline, soothing rhythm lulling
along", "Meticulous investigator scoured crime scene, searching for any evidence left behind",
"Radiant sunbeams filtered through sheer curtains, warming hardwood floor beneath", "Con-
cert pianist’s nimble fingers glided across ivory keys, room resonating with melody around",
"Crickets’ evening chorus filled silent field from nearby meadow during", "Jubilant laughter re-
sounded down corridor as jovial group headed towards celebration without", "Struggling poet
tapped pen restlessly, seeking words to capture elusive emotion beneath", "Soothing patter of
raindrops danced on windowpane, inviting serene relaxation with", "Mouthwatering scent of
fresh bread beckoned passersby into cozy bakery without", "Mighty waves thundered against
jagged cliffs, echoing roar along rugged shoreline around", "Seasoned trekker carefully navi-
gated winding trail, cautiously avoiding exposed roots and rocks beneath", "Graceful ballerina
flowed across stage, movements blending seamlessly with melody during", "Crackling campfire
cast dancing shadows across gathered faces around", "Vibrant brush strokes danced across can-
vas, bold hues bursting into life before", "Photographer framed breathtaking sunset, capturing
fleeting beauty over glistening ocean without", "Stern librarian hushed raucous group, reminding
them to stay quiet inside", "Ink flowed from author’s pen, words brimming with raw passion as
page filled during", "Earthy aroma of freshly steeped tea perfumed air, inviting moment of seren-
ity along", "Masterful guitarist’s fingers danced nimbly across strings, room alive with haunt-

ing melody around", "Meticulous chef artfully garnished plate, adding delicate finishing touches

over", "Indomitable marathoner pushed through punishing final stretch, fortitude driving every
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stride before", "Engrossed scientist examined specimen’s intricate structures through microscope
beneath", "Nervous thespian steadied breathing, striding into dazzling spotlight, delivering flaw-
less performance with", "Skilled artist’s pencil glided gracefully, deftly capturing subject’s essence
without", "Weary hiker paused to catch breath, marveling at sweeping panorama from lofty peak
above", "Deep in thought, writer drummed fingers, seeking perfect phrasing to convey profound
emotion without", "Lost in reverie, violinist swayed gently, fingers dancing across delicate strings
during", "Painter’s brushstrokes burst into radiant life, canvas ablaze with vivid sunset hues over",
"Adept photographer framed picturesque scene, preserving landscape’s beauty without", "World-
renowned chef meticulously garnished plate, each component strategically placed around”, "Ded-

icated researcher scrutinized specimen under microscope, documenting minute details beneath",

"Seasoned actor inhaled deeply, embodying character as bright lights engulfed stage with", ].

C.7.2 More ExaMPLES OF FACTUAL RECALL

We consider more examples of factual recall with pairs of input and output shown in Table C.3.

C.8 SynNTHETIC IOI TASK

Data and task. Here we consider a synthetic data model similar to the IOI task [Wang et al.
2022], with additional noise. Consider a vocabulary V = {1,2,..., N, N+1}. The token7 = N+1
is the generic noise token. We fix a trigger token q € [N], which governs in-context recall, and

a context length T. Each sequence of tokens z;.7 = [z, 22, . .., zr] is generated as follows:
i. Sample a correct output token § and a different distractor token y” uniformly in [N].

ii. Sample three indices iy, iy, i3 € [T — 2] such that their distances are no smaller than 2. (This

is for non-overlapping.)
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Table C.3: Inputs and Outputs of Factual Knowledge

Input Target output
The Great Wall is located in China

Mount Kilimanjaro is located in Tanzania

The Nobel Prize is awarded in Sweden

The Statue of Liberty stands in New York Harbor
Vatican City is enclosed within Rome

The Acropolis is situated in Athens

The Sydney Opera House is located on Bennelong Point
The Galapagos Islands belong to Ecuador

The Aurora Borealis can be seen in Norway

The Amazon River flows through Brazil

The Andes Mountains extend through  Chile

Machu Picchu is found in Peru

The Kremlin is located in Moscow

Uluru is a landmark found in Australia

Petra is an archaeological city in Jordan

Angkor Wat is located in Cambodia

The city of Toronto is in Canada

The city of Barcelona is in Spain

The city of Mumbai is in India

The Eiffel Tower is located in Paris

iii. Set z;, = z;, = z;, = q. Among the three indices i; + 1, iy + 1, i3 + 1, random select one of them

with z;, 11 = § with the other two as z;, 1 = yD.

iv. Set zr = q and sample z74; ~ py5(-) with

1-a, ifx=7,
Pag(x) = a, ifx=r,
0, otherwise.

v. Random fill with tokens from V' \ {g} into the remaining positions in [T+1]\ {i1, i1 +1, iz, iz +

1,i3, i3+1,T,T+1}.
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The key difference between the above data and noisy in-context recall in Section 4.4 is that,
in additional to detecting the tokens 7j and y after the trigger g, this task also requires counting
to decide which of 7 and y” appear more. This mechanism is exactly the definition of the correct
IO token in [Wang et al. 2022].

Most of the other settings are the same as that in Section 4.4, including the training procedure,
the architecture of a transformer layer, dimensionality and the vocabulary size.

Results. Figure C.5 shows the test performance for models with layers L = 3,4, 5, 6, 7, where
the models are trained with SGD. Dropping the last-layer MLP consistently improves the test
performance across all models. Figure C.6 shows the test performance for L = 3,4,5 trained
with Adam [Kingma and Ba 2014]. Truncating the last MLP’s input weights with p = 0.01
significantly improves the performance for L = 3,4. We also note that the model fails to converge
for L = 5, possibly because we do not use any normalization technique in the architecture, so the

Adam training is less stable for deep transformers.
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Pre-trained Pythia-1B on Factual Recall

1.0
0.8 1
2 0.6
z
2
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0.2
0.0 - : —_—
Correct: full Correct: LASER 'the': full 'the': LASER
Pre-trained Pythia-1.4B on Factual Recall
1.0
0.8
2 0.6 1
z
S
£ 0.4
0.2 1
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Correct: full Correct: LASER 'the': full 'the': LASER
Pre-trained Pythia-2.8B on Factual Recall
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0.0 - #

Correct: full Correct: LASER 'the': full 'the': LASER

Figure C.3: The prediction distributions of Pythia-1B, 1.4B and 2.8B on more examples of factual recall.
Compared with the setting in Figure 4.13 (right), here we use 20 examples in Table C.3. LASER turns out
to significantly decrease the probability of "the” against the correct tokens.
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LASER on 9-th Layer , LASER on 10-th Layer ) LASER on 11-th Layer , LASER on 12-th Layer
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Figure C.4: Predicted probability for ¢ € {*Mary”, “them”, “the”, “John”}. LASER is conducted on input
matrices of MLP layers on the layer [ = 9,10, 11, 12 of GPT-2 Small. The input is “When Mary and John
went to a store, John gave a drink to”. The horizontal is the fraction of perserved rank, p € [0, 1], where
p = 1stands for the full model. It turns out LASER clearly decreases probability of “the” and “them” when
p € [0.1,0.8] for layer I = 9,10, 11, compared with the full model.

Test Loss vs Model Layers Test Accuracy vs Model Layers
1.0 4
2.0 1
0.8
>
515 2 0.6
=} =1
2 3
@ <
& 101 % 041 A
F
0.5 1
3 4 5 6 7 3 4 5 6 7
L-layer model L-layer model
—&— Full Drop L-th MLP —4&= Drop (L — 1)-th MLP

Figure C.5: Synthetic 10Ol trained with SGD: test loss and accuracy for transformers with different
layers. Dropping the last-layer MLP consistently improves the test accuracies across all models.

264



3 layers: Test Loss along Training 3 layers: Test Accuracy along Training
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Figure C.6: Synthetic 10l trained with Adam: test loss and accuracy for transformers with layers
L = 3,4,5. Truncating the last-layer MLP’s input weights with p = 0.01 improves the test performances
for L = 3,4, while the model fails to converge for L = 5.
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