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ABSTRACT

Several modern machine learning algorithms can be studied from the perspective of evolution
dynamics on the space of probability measures. Gradient descent-ascent algorithms that are used
to solve minimax problems such as the ones arising in generative adversarial networks (GAN5s)
can be interpreted as a joint evolution of two measures: one over the space of parameters of
the generator, and one over the space of parameters of the discriminator. In chapter 2, we study
systems of this form, and we provide convergence guarantees when possible. Diffusion models,
which are another generative modeling technique, are also based on dynamics on probability
measures, in this case over the space of samples. The dynamics are simulated at inference time;
the starting distribution is a Gaussian, and the final distribution is meant to be the target data
distribution. Diffusion models were generalized by the Flow Matching framework, which allows
to construct different paths between the Gaussian noise distribution and the data distribution. In
chapter 3, we introduce Multisample Flow Matching, which is a generalization of Flow Matching
with intimate connections to optimal transport. Stochastic optimal control is a third problem
where dynamics on measures play a critical role. The goal is to learn a vector field (the control)
in order to drive the behavior of the solutions of a stochastic differential equation. In chapter 4,
we present Stochastic Optimal Control Matching, a least-squares loss that is based on the same
principles that are used to formulate diffusion model losses, and which achieves errors that are

an order of magnitude lower than for existing methods.
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1 INTRODUCTION

A common thread among the three works covered in this thesis is that dynamics on probability
distributions play a central role in all of them. These probability distributions can be defined over
the space of parameters, or over the space of samples. A brief summary of each of the works can

be found below.

MEAN-FIELD ANALYSIS OF TWO-PLAYER ZERO-SUM GAMES [DOMINGO-ENRICH ET AL. 2020] Find-
ing Nash equilibria in two-player zero-sum continuous games is a central problem in machine
learning, e.g. for training both GANs and robust models. The existence of pure Nash equilibria
requires strong conditions which are not typically met in practice. Mixed Nash equilibria exist
in greater generality and may be found using mirror descent. Yet this approach does not scale
to high dimensions. To address this limitation, we parametrize mixed strategies as mixtures of
particles, whose positions and weights are updated using gradient descent-ascent. We study this
dynamics as an interacting gradient flow over measure spaces endowed with the Wasserstein-
Fisher-Rao metric. We establish global convergence to an approximate equilibrium for the re-
lated Langevin gradient-ascent dynamic. We prove a law of large numbers that relates particle
dynamics to mean-field dynamics. Our method identifies mixed equilibria in high dimensions

and is demonstrably effective for training mixtures of GANs.

MurTisAMPLE FLOW MATCHING [POOLADIAN ET AL. 2023]  Simulation-free methods for training

continuous-time generative models construct probability paths that go between noise distribu-



tions and individual data samples. Recent works, such as Flow Matching, derived paths that are
optimal for each data sample. However, these algorithms rely on independent data and noise sam-
ples, and do not exploit underlying structure in the data distribution for constructing probability
paths. We propose Multisample Flow Matching, a more general framework that uses non-trivial
couplings between data and noise samples while satisfying the correct marginal constraints. At
very small overhead costs, this generalization allows us to (i) reduce gradient variance during
training, (ii) obtain straighter flows for the learned vector field, which allows us to generate high-
quality samples using fewer function evaluations, and (iii) obtain transport maps with lower cost
in high dimensions, which has applications beyond generative modeling. Importantly, we do so
in a completely simulation-free manner with a simple minimization objective. We show that our
proposed methods improve sample consistency on downsampled ImageNet data sets, and lead to

better low-cost sample generation.

StocHASTIC OPTIMAL CONTROL MATCHING [DOMINGO-ENRICH ET AL. 2023]  Stochastic optimal
control, which has the goal of driving the behavior of noisy systems, is broadly applicable in
science, engineering and artificial intelligence. Our work introduces Stochastic Optimal Control
Matching (SOCM), a novel Iterative Diffusion Optimization (IDO) technique for stochastic op-
timal control that stems from the same philosophy as the conditional score matching loss for
diffusion models. That is, the control is learned via a least squares problem by trying to fit a
matching vector field. The training loss, which is closely connected to the cross-entropy loss,
is optimized with respect to both the control function and a family of reparameterization ma-
trices which appear in the matching vector field. The optimization with respect to the repa-
rameterization matrices aims at minimizing the variance of the matching vector field. Experi-
mentally, our algorithm achieves lower error than all the existing IDO techniques for stochastic
optimal control for three out of four control problems, in some cases by an order of magni-

tude. The key idea underlying SOCM is the path-wise reparameterization trick, a novel tech-



nique that is of independent interest, e.g., for generative modeling. The code can be found at

https://github.com/facebookresearch/SOC-matching.


https://github.com/facebookresearch/SOC-matching

2 MEAN-FIELD TWO-PLAYER ZERO-SUM

GAMES

2.1 INTRODUCTION

Multi-objective optimization problems arise in many fields, from economics to civil engineering.
Tasks that require optimizing multiple objectives have also become a routine part of many agent-
based machine learning algorithms including generative adversarial networks [Goodfellow et al.
2014], imaginative agents [Racaniere et al. 2017], hierarchical reinforcement learning [Wayne and
Abbott 2014] and multi-agent reinforcement learning [Bu et al. 2008]. It not only remains difficult
to carry out the necessary optimization, but also to assess the optimality of a given solution.

Multi-agent optimization is generally cast as finding equilibria in the space of strategies. The
classic notion of equilibrium is due to Nash [Nash 1951]: a Nash equilibrium is a set of agent
strategies for which no agent can unilaterally improve its loss value. Pure Nash equilibria, in
which each agent adopts a single strategy, provide a limited notion of optimality because they
exist only under restrictive conditions. On the other hand, mixed Nash equilibria (MNE), where
agents adopt a strategy from a probability distribution over the set of all strategies, exist in much
greater generality [Glicksberg 1952]. Importantly, MNE exist for games with infinite-dimensional
compact strategy spaces, in which each player observes a loss function that is continuous in its

strategy. We encounter this setting in different game formulations of machine learning problems,



like GANs [Goodfellow et al. 2014].

Although MNE are guaranteed to exist, it is difficult to identify them. Indeed, worst-case complex-
ity analyses have shown that without additional assumptions on the losses there is no efficient
algorithm for finding a MNE, even in the case of two-player finite games [Daskalakis et al. 2009].
Some recent progress has been made; [Hsieh et al. 2019] proposed a mirror-descent algorithm

with convergence guarantees, which is approximately realizable in high-dimension.

ConNTRIBUTIONS. Following Hsieh et al. [2019], we formulate continuous two-player zero-sum
games as a multi-agent optimization problem over the space of probability measures on strategies.

We describe two gradient descent-ascent dynamics in this space, both involving a transport term.

« We show that the stationary points of a gradient ascent-descent flow with Langevin diffu-

sion over the space of mixed strategies are approximate MNE.

« We analyse a gradient ascent-descent dynamics that jointly updates the positions and weights
of two mixed strategies to converge to an exact MNE. This dynamics corresponds to a gradi-
ent descent-ascent flow over the space of measures endowed with a Wasserstein-Fisher-Rao

(WFR) metric [Chizat et al. 2018].

+ We discretize both dynamics in space and time to obtain implementable training algorithms.
We provide mean-field type consistency results on the discretization. We demonstrate nu-
merically how both dynamics overcome the curse of dimensionality for finding MNE on
synthetic games. On real data, we use WFR flows to train mixtures of GANs, that explicitly

discover data clusters while maintaining good performance.

2.2 RELATED WORK

EQUILIBRIA IN CONTINUOUS GAMES. Most of the works that study convergence to equilibria in

continuous games or GANs do not frame the problem in the infinite-dimensional space of mea-



sures, but on finite-dimensional spaces. That is because they either (i) restrict their attention to
games with convexity-concavity assumptions in which pure equilibria exist [Mertikopoulos et al.
2019; Lin et al. 2018; Nouiehed et al. 2019], or (ii) provide algorithms with convergence guaran-
tees to local notions of equilibrium such as stable fixed points, local Nash equilibria and local
minimax points [Heusel et al. 2017; Adolphs et al. 2018; Mazumdar et al. 2019; Jin et al. 2019;
Fiez et al. 2019; Balduzzi et al. 2018]. Both approaches differ from ours, which is to give global
convergence guarantees without convexity assumptions. Some works have studied approximate
MNE in infinite-dimensional measure spaces. Arora et al. [2017] proved the existence of approxi-
mate MNE and studied the generalization properties of this approximate solution; their analysis,
however, does not provide a constructive method to identify such a solution. In a more explicit
setting, Grnarova et al. [2017] designed an online-learning algorithm for finding a MNE in GANs
under the assumption that the discriminator is a single hidden layer neural network. Balandat
et al. [2016] apply the dual averaging algorithm to the minimax problem and show that it recov-
ers a MNE, but they do not provide any convergence rate nor a practical algorithm for learning
mixed NE. Our framework holds without making any assumption on the architectures of the dis-

criminator and generator and provides explicit algorithms with some convergence guarantees.

MEAN-FIELD VIEW OF NONLINEAR GRADIENT DESCENT. Our approach is closely related to the
mean-field perspective on wide neural networks [Mei et al. 2018; Rotskoff and Vanden-Eijnden
2018; Chizat and Bach 2018; Sirignano and Spiliopoulos 2019; Rotskoff et al. 2019]. These methods
view training algorithms as approximations of Wasserstein gradient flows, which are dynamics
on measures over the space of neurons. In our setting, a mixed strategy corresponds to a measure

over the space of strategies.

PARTICLE APPROACHES FOR TWO-PLAYER GAMES. Our theoretical work sheds a new light on the
results of Hsieh et al. [2019], and rigorously justifies important algorithmic modifications the

authors introduced. Specifically, they give rates of convergence for infinite-dimensional mirror



descent on measures (i.e. updating strategy weights but not their positions). The straightfor-
ward implementation of this algorithm performs poorly unless the dimension is low (Figure 2.1),
which is why they proposed an ‘implementable’ two-timescale version, in which the inner loop
is a transport-based sampling procedure closely related to our Algorithm 1. This implementable
version is not studied theoretically, as the two-timescale structure hinders a thorough analysis.

Our analysis includes transport on equal footing with mirror descent updates.

2.3 PROBLEM SETUP AND MEAN-FIELD DYNAMICS

Notation. For a topological space X we denote by £ (X) the space of Borel probability mea-
sures on X, and M, (X) the space of Borel (positive) measures. For a given measure y € P (X)
that is absolutely continuous with respect to the canonical Borel measure dx of X and has Radon-
Nikodym derivative Z—ﬁ € C(X), we define its differential entropy H(u) = — / log(Z—ﬁ)d,u. For

measures 1, v € P(X), W, is the 2-Wasserstein distance.

2.3.1 LIFTING DIFFERENTIABLE GAMES TO SPACES OF STRATEGY DISTRIBUTIONS

DIFFERENTIABLE TWO-PLAYER ZERO-SUM GAMES. We recall the definition of a differentiable zero-
sum game, and show how finding a mixed Nash equilibrium to such a game is equivalent to
solving a bi-linear game in the infinite dimensional space of distributions on strategies. We will

use gradient flow approaches for solving the lifted problem.

Definition 2.1. A two-player zero-sum game consists of a set of two players with parameters
z=(x,y) € Z =X XY, where players observe a loss functions ¢;: Z — Rand £,: Z — R that

satisfy for all (x,y) € Z, t1(x,y) + t2(x,y) = 0. £ = £; = —£, is the loss of the game.

The compact finite-dimensional spaces of strategies X and Y are endowed with a certain distance

function d (which we assume Euclidean in what follows—subsection A.7.5 derives our results



on arbitrary strategy manifolds). This allows to define differentiable games, amenable to first-
order optimization. We make the following mild assumption over the regularity of losses and

constraints [Glicksberg 1952].

Assumption 1. The parameter spaces X and Y are compact Riemannian manifolds without bound-
ary of dimensions dy, d, embedded in RPx,RPv respectively. The loss ¢ is continuously differen-

tiable and L-smooth with respect to each parameter. That is, for all x,x’ € X and y,y’ € Y,

IVt (x,y) = Vol (X, y) [l < L(d(x, x)+d (y, y)), [[Vy€(x, y) = Vb (', ) l, < L(d(x, x")+d (v, y')).

FrROM PURE TO MIXED NASH EQUILIBRIA. Assuming that both players play simultaneously, a pure
Nash equilibrium point is a pair of strategies (x*,y*) € X X Y such that, for all (x,y) € X X VY,
t(x*,y) < £(x*,y*) < £(x,y*). Such points do not always exist in continuous games. In con-
trast, mixed Nash equilibria (MNE) are guaranteed to exist [Glicksberg 1952] under Assump-

tion 1. Those distributions (5, y) € P(X) X P(Y) are global saddle points of the expected loss

L, py) = ff{’(x, y)dp (x)dpy(y). Formally, for all ., py, € P(X) x P(Y),
Lo ty) < L pry) < Lo 1) (2.1)

We quantify the accuracy of an estimation (/iy, jI,) of a MNE using the Nikaid6 and Isoda [1955]

error

NI(ix, i) = sup L py) — inf Lt fiy). (2.2)
1y eP(Y) fix€P(X)

We track the evolution of this metric in our theoretical results (subsection 2.4.2) and in our ex-

periments. We obtain guarantees on finding e-MNE (4, pp), ie. distribution pairs such that

NI(KE, 4) < e.



2.3.2 TRAINING DYNAMICS ON DISCRETE MIXTURES OF STRATEGIES

We study three different dynamics for solving (2.1). Let us first assume that the two players
play finite mixtures of n strategies ji, = YL, wydx € P(X), py = NIy wydy € P(Y), where
{x',y'}ie[1.n] are the positions of the strategies and wi, w!i/ > 0 are their weights. In the simplest
setting, those mixtures are assumed uniform, i.e. w. = w; = 1/n. Finding the best 2n strategies
involve finding a saddle point of £ (p, p1y) = # 2i 2 t(xi, y;). Starting from random indepen-
dent initial strategies x; = & ~ fix0, Yj) = & ~ Hy0, we may hope that the gradient descent-ascent

dynamics
i

d—xi:—livaxiyf) @:1ivaxfyi) Vie[l:n] (23)

dt ndd PRI gy g L YRR ' '
Jj=1 Jj=1

finds such a saddle point. Yet this may fail in simple nonconvex-nonconcave games, as illustrated

in subsection A.7.2—the particle distributions collapse to a stationary point that is not a MNE.

To mitigate this convergence problem, we analyse a perturbed dynamics analogous to Langevin

gradient descent. Using the same initialization as in (2.3), we add a small amount of noise in the

gradient dynamics and obtain the stochastic differential equations

dxj == JZ:; V. £(X Y] )dt + \/%dwf’ dy; =~ ; V007, Y})dt + \/%dwf’ (2.4)

where W/, W/ are independent Brownian motions. The discretization of (2.4) results in algo-
rithm 1; it is similar to Alg. 4 in Hsieh et al. [2019].
We propose a second alternative dynamics to (2.3), that updates both the positions and the weights

of the particles, using relative updates for weights. We will show that it enjoys better convergence
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Algorithm 1 Langevin Descent-Ascent (L-DA)

Input: IID samples x;, ..., x{ from pi.o € P(X), IID samples y,, ..., y) € Y from pyo € P(Y)
fort=0,...,T do
fori=1,...,ndo
Sample AW ~ N(0,I) xt+l

xt— —ZJ 1 Vs f(xt,yt) +4/2np~ AW’

Sample AW} ~ N(0,I) yi,, =yi+ 1 Z Y {’(xt, y) +4/2nf AW}
end
end
Output: ;i . = .0 o Myt = g Dis lcsyl

Algorithm 2 Wasserstein-Fisher-Rao Descent-Ascent (WFR-DA)

Input: IID samples x(l) .. (") from v,y € P(X), IID samples y(()l), NN (") from vy € P(Y).
Initial weights: For all i€e[1:n],w (l) () _ q,
fort=0,...,T do

—lw

1y = [ = 2wl Vet g,

[chlzﬂ]n ) = [W(lg exp( n Z' (J)[(xt(l)’ytj)))] [Wa(cfgﬂ]lr'l:l = [wa(clgﬂ]n /Z A;(cjt)+1

[y = [0 + 7 S5 wid Ve gL,

[W;lt)ﬂ]n [ ;t)exp (’7 Zj (J)f(xgj)’ytl)))] [W;lt)ﬂ]?l [ ;lt)ﬂ]n /Z Aggjt)-l-l
en

Output vy = = Y I ,(Cf)T5x;i>’ VT = = 77 Zi=o Zim1 zg,i%(sy?

properties in the mean-field limit.

dx! j dw! n . o .
—t = —}/Z wytV t(xly)), d;’t =al|- Z w;’tt’(xj, y}) + K(t) | wy, (2.5)
j=1

and similarly for all y; (flipping the sign of ¢). K(t) = X7 _ >, w; tw L(xhy ) keeps wy ; in the
simplex. We use uniform weights for initialization. When y = 0 and « = 1, only the weights are
updated: this results in the continuous-time version of the infinite-dimensional mirror descent

studied by Hsieh et al. [2019]. The Euler discretization of (2.5) results in algorithm 2.
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2.3.3 'TRAINING DYNAMICS AS GRADIENT FLOWS ON MEASURES
The three dynamics that we have introduced at the level of particles induces dynamics on the
associated empirical probability measures. If {x. y!}ic[1, is a solution of (2.3), then p(t) =

n i=1%x i=1"%y

of L:

Lsn s i and 1, (1) = % ) i are solutions of the Interacting Wasserstein Gradient Flow (IWGF)

Oy =V - (ﬂxvxvx(ﬂys x)), pe(0) = % ?:1 5x(§’ (2.6)

aipy ==V - (1 VyVy (o y)), 1y (0) = % i=1 5y<i>'

The derivation of (2.6) is provided in subsection A.7.3. We use the notation Vy(p, x) = % (Hes piy) (x) =
f £(x,y)dpy,(y) for the first variations of the functional £ (, ). Holding p, fixed, the evolution

of y1, is a Wasserstein gradient flow on L(-, ) We interpret these PDEs in the weak sense, i.e.
equality holds when integrating measures against bounded continuous functions.

The distributions . (t) = % - 5X;~ and 1, (t) = % 7:1 5Yti, where {X', Y'};c[1.n] are solutions

of (2.4) follows a Entropy-Regularized Interacting Wasserstein Gradient Flow (ERIWGEF):

Opix = Vy - (,UxVxVx(,uy’ x)) + ﬁ_le/lxa P (0) = % i1 5x(§ 27)
2.7

at.uy = _Vy : (ﬂyvyVy(/lx; y)) + :B_lAy,Uy, ,Uy(o) = % ?:1 5y3

The derivation of (2.7) is provided in Theorem A.19. It is a system of coupled nonlinear Fokker-
Planck equations, that are the Kolmogorov forward equations of the SDE (2.4). They correspond
to the IWGF of the entropy-regularized loss Lg(pix, pty) = L(ptx, pty) + 1 (H(pty) — H(pt).

Finally, if {x', y', W}, Wy }ic[1.n] SOlve (2.5), then i (t) = X, w;’tchf, py (1) = Xy sz,tayi solve the

11



Interacting Wasserstein-Fisher-Rao Gradient Flow (IWFRGF) of L:

Orpy =YyVyx- (.UxVxVx(ﬂy, x)) — aﬂx(Vx(ﬂy, x) = L(fhxs ﬂy))a px(0) = ?:1 W;ic,o5xé’ 2.8)

Oy = _yvy : (.UyVyVy(ﬂx, y)) + aﬂy(Vy(,Ux: y) — L, lly)), ,Uy(O) = ?:1 ng/,05yé'

The derivation of (2.8) is provided in section A.1 and Theorem A.22. The Wasserstein-Fisher-
Rao or Hellinger-Kantorovich metric [Chizat et al. 2015; Kondratyev et al. 2016; Gallouét and
Monsaingeon 2016] is a metric on the probability space M, (X) induced by a lifting to the space
P(X x R*) of the form v — p = fR+ w dv(-, w). If we keep vy fixed, the first equation in (2.8)
is a Wasserstein-Fisher-Rao gradient flow (slightly modified by the term oy, L (i, p1y) to con-
strain yi, in P(X)). The term —a, (Vi (pty, x) — L(fix, p1y)), which also arises in entropic mirror
descent, allow mass to ‘teleport’ from bad strategies to better ones with finite cost by moving
along the weight coordinate. Wasserstein-Fisher-Rao gradient flows have been used by Chizat
[2019]; Rotskoff et al. [2019]; Liero et al. [2018] in the context of optimization.

Initialization of (2.6), (2.7) and (2.8) may be done with the measures i, and 1,0 from which
{x}}, {y}} are sampled, in which case the measures yi(t) and p, (t) are not discrete and follow the
mean-field dynamics. In subsection 2.4.3 we link the dynamics starting from discrete realizations

to the mean-field dynamics.

2.4 CONVERGENCE ANALYSIS

We establish convergence results for the entropy-regularized dynamics and the WFR dynamics.

2.4.1 CONVERGENCE OF THE ENTROPY-REGULARIZED WASSERSTEIN DYNAMICS

The following theorem characterizes the stationary points of the entropy-regularized dynamics.

12



Theorem 2.2. Suppose that Assumption 1 holds, that £ € C*(X x M) and that the initial measures
fix,05 Hyo have densities in L'(X), L' (Y). If a solution (i (t), py(t)) of the ERIWGF (2.7) converges

in time, it must converge to the point (fiy, fly) which is the unique fixed point of the problem

1 1
pr(x) = Z_e—ﬁft’(x,y) duy(y) py(y) = Z_eﬁft’(x,y) djie(x) (2.9)
x y
(fix, fty) is an e-Nash equilibrium of the game given by L when > 2 log (2%(21([/6 - 1)) , where
Ky := max,, £(x,y) —miny, £(x, y) is the length of the range of ¢, § := €/(2Lip(£)) and Vs is a lower
bound on the volume of a ball of radius § in X, Y.

The proof is in section A.3. Theorem 2.2 characterizes the stationary points of the ERIWGF
but does not provide a guarantee of convergence in time. It implies that if the dynamics (2.7)
converges in time, the limit will be an e-Nash equilibrium of £, with e = O(1/p) (disregarding
log factors). The dynamics (2.7) correspond to a McKean-Vlasov process on the joint probability
measure ji, X j1;. While convergence to stationary solutions of such processes have been studied
in the Euclidean case [Eberle et al. 2019]1, their results would only guarantee convergence for
temperatures 7! > Lip(¢) in our setup, which is not strong enough to certify convergence to
arbitrary e-NE.

There is a trade-off between setting a low temperature !, which yields an e-Nash equilibrium
with small € but possibly slow or no convergence, and setting a high temperature, which has
the opposite effect. Linear potential Fokker-Planck equations (that we recover when both play-
ers are decoupled) indeed converge exponentially with rate e~ for all 8, with A decreasing
exponentially with f for nonconvex potentials [Markowich and Villani 1999, sec. 5]. Entropic
regularization also biases the dynamics towards measures with full support and hence precludes
convergence to sparse equilibria even if they exist. This problem does not arise in the WFR dy-

namics.
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2.4.2 ANALYSIS OF THE WASSERSTEIN-FISHER-RAO DYNAMICS

Theorem 2.3 states that, at a certain time #;, the time averaged measures of the solution (vy, v;)
of (2.8) are an e-MNE, where € can be made arbitrarily small by adjusting the constants y, & of
the dynamics. We define v,(t) = %/ot Vx(s) ds and vy (t) = %/Ot vy(s) ds, where v, and v, are

solutions of (2.8).

Theorem 2.3. Lete > 0 arbitrary. Suppose that vy, vy are such that their Radon-Nikodym deriva-

tives with respect to the Borel measures of X, Y are lower-bounded by e+, e K respectively. For
any d € (0,1/2), there exists a constant Ca,x,y,x;,x_;, > 0 depending on the dimensions of X, Y, their

curvatures and K, K;,, such that ify/a < 1,

RI=

2
=
< (6 / C(s,x,y,K;,K_;/)

~1/2

IA

NI(7x(to), 7y(t)) < € where to= (ay)

The proof (section A.4) builds on the convergence properties of continuous-time mirror descent
and closely follows the proof of Theorem 3.8 from Chizat [2019]. We explicit the dependency
of Csx. Y KK, On the dimensions of the manifolds and the properties of the loss ¢£. Notice that
Theorem 2.3 ensures convergence towards an e-Nash equilibrium of the non-regularized game.
Following Chizat [2019], it is possible to replace the regularity assumption on the initial measures
Vx,0, Vy,0 by a singular initialisation, at the expense of using O(exp(d)) particles. This result is not
a convergence result for the measures, but rather on the value of the NI error. Notice that it
involves time-averaging and a finite horizon. Similar results are common for mirror descent in
convex games [Juditsky et al. 2011], albeit in the discrete-time setting.

Theorem 2.3 does not capture the benefits of transport, as it regards it as a perturbation of mirror
descent (which corresponds to y = 0). When targetting a small error €, we need to set y < «
because of the bound on y/a. In this case, mirror descent is the main driver of the dynamics.

However, it is seen empirically that taking much higher ratios y/«a (i.e. increasing the importance
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of the transport term) results in better performance. A satisfying explanation of this phenomenon

is still sought after in the simpler optimization setting [Chizat 2019].

2.4.3 CONVERGENCE TO MEAN-FIELD

The following theorem (proof in section A.6) links the empirical measures of the systems (2.4),
(2.5) to the solutions of the mean field dynamics (2.7) and (2.8) respectively. It can be seen as a
law of large numbers. It shows that by Theorem 2.4, algorithm 1 and algorithm 2 approximate

the mean-field dynamics studied in subsection 2.4.1 and subsection 2.4.2.

Theorem 2.4. (i) Let pif} = % iz1 0x € C([0,T], P (X)), py = % —10ym € C([0, T, P(Y)) be

the empirical measures of a solution of (2.4) up to an arbitrary timeT. Let i, € C([0,T], P(X)), py €

C([0,T],P(Y)) be a solution of the ERIWGF (2.7) with mean-field initial conditions ji,,(0) = Ly o,

py(0) = pyo. Then,

n—oo

E[WE(U2 . i) + WM iy )] —— 0, E[INI(H2 . 1)) = NEpts, pry)[] —— 0,

uniformly overt € [0, T]. NI is the Nikaido-Isoda error defined in (2.2).

(ii) Let vii = Y1, w;’tSXm € C([0,T],P(X)), py = i w;,tSYm € C([0,T],P(Y)) be the (pro-
jected) empirical measures of a solution of (2.5) up to an arbitrary timeT. Letv, € C([0,T],P(X)), v, €
C([0,T],P(Y)) be a solution of (2.8) with mean-field initial conditions j1,(0) = pix o, py(0) = py0.

Then,
n—oo

n—o0 n - L
E[(WZZ(V;J’ Vx,t) + (WZZ(VZJ» Vy,t)] —0, E[lNI(V;l,ts VZ,t) - NI(Vx,t’ Vy,t)'] — 0,

uniformly over t € [0,T]. Vxy, Vy, Vi . V,,, are the time-averaged measures, as in Theorem 2.3.

15



Figure 2.1: Nikaido-Isoida errors for L-DA,
WFR-DA and mirror descent, as a function
of the problem dimension, for a nonconvex
loss £, (left) and convex loss ¢, (right). L-DA
and WFR-DA outperforms mirror descent for

large dimensions. Values averaged over 20
Di_n'1|2n°i s 1o % T a8 1o % runs after 30000 iterations. Error bars show

—0— Langevin DA —8— Mirror DA —8— WFR DA standard deviation across runs.
=®- 50x2 particles —@— 100x2 particles

Log NI error
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Figure 2.2: Training mixtures of GANs over a synthetic mixture of Gaussians in 2D. WFR-DA converges
faster with models with low number of parameters, and similar performance with over-parametrized

models. Mixtures naturally perform a form of clustering of the data. Errors bars show variance across 5
runs.

2.5 NUMERICAL EXPERIMENTS

We show that WFR and Langevin dynamics outperform mirror descent in high dimension, on

synthetic games. We then show the interests of using WFR-DA for training GANs. Code has

been made available for reproducibility.

60 — GO GL G2 GO G1
—wov R SR L L SRS

e iRl GPEE .. BEEER
P — c 37 /74|

0 e PR e oo R
—— Wreiowon IR 4
l!F’T Eg NCEN 0 > 5 Ol 1 7/ [ 4

MNIST images, WFR, 2 gen. 2 discr.

30

x10°
20 T T T T d
G. lter 0.2 0.4 0.6 0.8 1.0

Figure 2.3: Training mixtures of GANs over CIFAR10. We compare the algorithm that updates the mixture
weights and parameters (WFR-DA flow) with the algorithm that only updates parameters (W-DA flow).
Using several discriminators and a WFR-DA flow brings more stable convergence. Each generator tends
to specialize in a type of images. Errors bars show variance across 5 runs.
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2.5.1 POLYNOMIAL GAMES ON SPHERES

We study two different games with losses £,, £, : S9! x S! — R of the form

t(x,y) = x T Agx + xTAly + yTAzy + yTAg (xz) + agx + alTy

6(x,y) =x AgAox +x Ay +y' A, Ayy +ag x +a| v,

where A, A1, Az, As, ay, a; are matrices and vectors with components sampled from a normal dis-
tribution NV (0, 1), and x? is the vector given by component-wise multiplication of x. £, is a convex
loss on the sphere, while ¢, is not. We run Langevin Descent-Ascent (updates of positions) and
WFR Descent-Ascent (updates of weights and positions), and compare it with mirror descent
(updates of weights).We note that the computation of the NI error (2.2) entails solving two op-
timization problems on measures, or equivalently in parameter space. We solve each of them
by performing 2000 gradient acsent runs with random uniform initialization and selecting the
highed minimum final value. This gives a lower bound on the NI error which is precise enough
for our purposes. We perform time averaging on the weights of mirror descent and WFR-DA, but

not on the positions of WFR-DA because that would incur an O(t) overhead on memory.

Resurts. Wirror descent performs like WFR-DA in low dimensions, but suffers strongly from
the curse of dimensionality (Figure 2.1). On the other hand, algorithms that incorporate a trans-
port term keep performing well in high dimensions. In particular, WFR-DA is consistently the
algorithm with lowest NI error. Notice that the errors in the n = 50 and n = 100 plots do not

differ much, confirming that we reach a mean-field regime.

2.5.2 TRAINING GAN MIXTURES

We now use WFR-DA to train mixtures of generator networks. We consider the Wasserstein-GAN

[Arjovsky et al. 2017] setting. We seek to approximate a distribution Pg,i, with a distribution
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Gy, defined as the push-forward of a noise distribution N(0,I) by a neural-network g,. The
discrepancy between Pyata and Gy is estimated by a neural-network discriminator f,, leading to

the problem

minmax £(x, y) = Ba~pe [ fy(@)] = Be-nion Lfy (9 ()]

We lift this problem in the space of distributions over the parameters x and y (see subsection A.7.4),
that we represent through weighted discrete distributions of Zle W,Ei)éx(i) and Z?:l w!(/j ) ,(). We

solve

P q
min max Z Z w,(cl)wéj)f(x(i), y(j)) ,

xi) weeny YO wyent S
using algorithm 2, where AY is the g-dimensional simplex. The optimal generation strategy cor-
responding to an equilibrium point (x);, wy, (y");, wy is then to randomly select a generator
gx, with I sampled among [n] with probability w,(ci) , and use it to generate gy, (¢), with e ~ N'(0, ).
Training mixtures of generators has been proposed by Ghosh et al. [2018], with a tweaked dis-

criminator loss. Our formulation only involves a lifting in the space of measures, and uses a new

training algorithm.

REesuLTs oN 2D GMMs. We first set Pyara to be an 8-mode mixture of Gaussians in two dimen-
sions. We use the original W-GAN loss, with weight cropping for the discriminators (f,i));. We
measure the interest of using mixtures when a single generator g, cannot fit Pyat, (single-layer
MLP), and when it can (4-layer MLP). We report results in Figure 2.2, measuring the log likelihood
of Gy for the GMM during training. The WFR dynamic is stable even with few particles. When
training under-parametrized generators, using mixtures permits faster convergence (in terms of
generator updates). In the over-parametrized setting, training a single generator or a mixture of
generators perform similarly. WFR-DA is thus useful to train mixtures of simple generators. In
this setting, each simple generator identifies modes in the training data, doing data clustering at

no cost (Figure 2.2 right).
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RESULTS ON REAL DATA. We train a mixture of ResNet generators on CIFAR10 and MNIST. We
replace the position updates in algorithm 2 by extrapolated Adam steps [Gidel et al. 2019] to
achieve faster convergence, and perform grid search over generator and discriminators learning
rates. Convergence curves for the best learning rates are displayed in Figure 2.3 right, measuring
test FID [Heusel et al. 2017]. With a sufficient number of generators and discriminators (G >
5,D > 2), the model trains as fast as a normal GAN. WFR-DA is thus stable and efficient even
with a reasonable number of particles. Using the discretized WFR versus the Wasserstein flow
provides a slight improvement over updating parameters only. As with GMMs, each generator
trained with WFR-DA becomes specialised in generating a fraction of the target data, thereby

identifying clusters. Those could be used for unsupervised conditional generation of images.

2.6 CONCLUSIONS AND FUTURE WORK

We have explored non-convex-non-concave, high-dimensional games from the perspective of
optimal transport. As with non-convex optimization, framing the problem in terms of measures
provides geometric benefits, at the expense of moving into non-Euclidean metric spaces over
measures. Our theoretical results establish approximate mean-field convergence for two setups:
Langevin Descent-Ascent and WFR D-A, and directly applies to GANs, for mixtures of generators
and discriminators.

Despite the positive convergence guarantees our results are qualitative in nature, i.e. without
rates. In the entropic case, the unfavorable tradeoff between temperature and convergence of
the associated McKean-Vlasov scheme deserves further study, maybe through log-Sobolev-type
inequalities [Markowich and Villani 1999]. In the WFR case, we lack a local convergence analysis
explaining the benefits of transport observed empirically, perhaps leveraging sharpness Polyak-
Lojasiewicz results such as those in [Chizat 2019] or [Sanjabi et al. 2018]. Finally, in our GAN

formulation, each generator is associated to a single particle in a high-dimensional product space
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of all network parameters, which is not scalable to large population sizes that would approximate
their mean-field limit. A natural question is to understand to what extent our framework could

be combined with specific choices of architecture, as recently studied in [Lei et al. 2019].

BROADER IMPACT

We study algorithms designed to find equilibria in games, provide theoretical guarantees of con-
vergence and test their performance empirically. Among other applications, our results give
insight into training algorithms for generative adversarial networks (GANs), which are useful for
many relevant tasks such as image generation, image-to-image or text-to-image translation and
video prediction. As always, we note that machine learning improvements like ours come in the
form of “building machines to do X better”. For a sufficiently malicious or ill-informed choice of
X, such as surveillance or recidivism prediction, almost any progress in machine learning might

indirectly lead to a negative outcome, and our work is not excluded from that.
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3 MULTISAMPLE FLOW MATCHING

3.1 INTRODUCTION

Deep generative models offer an attractive family of paradigms that can approximate a data dis-
tribution and produce high quality samples, with impressive results in recent years [Ramesh et al.
2022; Saharia et al. 2022; Gafni et al. 2022]. In particular, these works have made use of simulation-
free training methods for diffusion models [Ho et al. 2020; Song et al. 2021b]. A number of works
have also adopted and generalized these simulation-free methods [Lipman et al. 2023; Albergo
and Vanden-Eijnden 2023; Liu et al. 2022; Neklyudov et al. 2022] for continuous normalizing flows
(CNF; Chen et al. [2018]), a family of continuous-time deep generative models that parameterizes
a vector field which flows noise samples into data samples.

Recently, Lipman et al. [2023] proposed Flow Matching (FM), a method to train CNFs based on
constructing explicit conditional probability paths between the noise distribution (at time ¢ = 0)
and each data sample (at time t = 1). Furthermore, they showed that these conditional probabil-
ity paths can be taken to be the optimal transport path when the noise distribution is a standard
Gaussian, a typical assumption in generative modeling. However, this does not imply that the
marginal probability path (marginalized over the data distribution) is anywhere close to the op-
timal transport path between the noise and data distributions.

Most existing works, including diffusion models and Flow Matching, have only considered condi-

tional sample paths where the endpoints (a noise sample and a data sample) are sampled indepen-
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Figure 3.1: Multisample Flow Matching trained with batch optimal couplings produces more consistent
samples across varying NFEs. Note that both flows on each row start from the same noise sample.

dently. However, this results in non-zero gradient variances even at convergence, slow training
times, and in particular limits the design of probability paths. In turn, it becomes difficult to create
paths that are fast to simulate, a desirable property for both likelihood evaluation and sampling.
Contributions: We present a tractable instance of Flow Matching with joint distributions, which
we call Multisample Flow Matching. Our proposed method generalizes the construction of prob-
ability paths by considering non-independent couplings of k-sample empirical distributions.

Among other theoretical results, we show that if an appropriate optimal transport (OT) inspired
coupling is chosen, then sample paths become straight as the batch size k — oo, leading to more
efficient simulation. In practice, we observe both improved sample quality on ImageNet using
adaptive ODE solvers and using simple Euler discretizations with a low budget number of func-

tion evaluations. Empirically, we find that on ImageNet, we can reduce the required sampling cost
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by 30% to 60% for achieving a low Fréchet Inception Distance (FID) compared to a baseline Flow
Matching model, while introducing only 4% more training time. This improvement in sample
efficiency comes at no degradation in performance, e.g. log-likelihood and sample quality.

Within the deep generative modeling paradigm, this allows us to regularize towards the op-
timal vector field in a completely simulation-free manner (unlike e.g. Finlay et al. [2020b]; Liu
et al. [2022]), and avoids adversarial formulations (unlike e.g. Makkuva et al. [2020]; Albergo
and Vanden-Eijnden [2023]). In particular, we are the first work to be able to make use of solu-
tions from optimal solutions on minibatches while preserving the correct marginal distributions,
whereas prior works would only fit to the barycentric average (see detailed discussion in sub-
section 3.5.1). Beyond generative modeling, we also show how our method can be seen as a
new way to compute approximately optimal transport maps between arbitrary distributions in
settings where the cost function is completely unknown and only minibatch optimal transport

solutions are provided.

3.2 PRELIMINARIES

3.2.1 CoNTINUOUS NORMALIZING FLOW

Let RY denote the data space with data points x = (x!,...,x%) € RY. Two important objects
we use in this paper are: the probability path p; : R? — R., which is a time dependent (for
t € [0,1]) probability density function, i.e., / pi(x)dx = 1, and a time-dependent vector field,
u; : [0,1] x R — R?. A vector field u; constructs a time-dependent diffeomorphic map, called a

flow, ¢ : [0,1] x R — RY, defined via the ordinary differential equation (ODE):

%%(XO) =w(Yr(x0)), Volxo) =x0. (3.1)
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To create a deep generative model, Chen et al. [2018] suggested modeling the vector field u; with
a neural network, leading to a deep parametric model of the flow ¢, referred to as a Continuous
Normalizing Flow (CNF). A CNF is often used to transform a density py to a different one, p;, via

the push-forward equation

pe(x) = [Yelgpo(x) = po(yy ' (x))

det laiil (x)] ‘, (3.2)

where the second equality defines the push-forward (or change of variables) operator #§. A vector

field u; is said to generate a probability path p; if its flow ¢ satisfies (3.2).

3.2.2 FLow MATCHING

A simple simulation-free method for training CNFs is the Flow Matching algorithm [Lipman et al.
2023], which regresses onto an (implicitly-defined) target vector field that generates the desired
probability density path p;. Given two marginal distributions go(x) and g;(x;) for which we
would like to learn a CNF to transport between, Flow Matching seeks to optimize the simple

regression objective,

Expy(x) l10: (x; 0) = ur ()17, (3.3)

where v;(x; 0) is the parametric vector field for the CNF, and u;(x) is a vector field that gen-
erates a probability path p; under the two marginal constraints that p;—g = qo and p;=1 = q;.
While Equation 3.3 is the ideal objective function to optimize, not knowing (p;, u;) makes this
computationally intractable.

Lipman et al. [2023] proposed a tractable method of optimizing (3.3), which first defines condi-
tional probability paths and vector fields, such that when marginalized over go(x) and g1 (x),

provide both p;(x) and u;(x). When targeted towards generative modeling, go(xp) is a simple
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noise distribution and easy to directly enforce, leading to a one-sided construction:

pe(x) :/Pt(x|x1)Q1(x1) dx

) = [ ey PEEIDE g, (4)

where the conditional probability path is chosen such that

Pr=o(x]x1) = qo(x) and pi—i(x|x1) = 5(x — x1), (3.5)

where §(x — a) is a Dirac mass centered at a € R?. By construction, p;(x|x;) now satisfies both
marginal constraints.

Lipman et al. [2023] shows that if u; (x|x;) generates p;(x|x;), then the marginalized u;(x) gener-
ates p;(x), and furthermore, one can train using the much simpler objective of Conditional Flow

Matching (CFM):

Et,ql(xl),p,(x|x1) o (x5 0) — ut(xt|x1)||2, (3.6)
with x; = /4 (x0|x1); see 3.2.2.1 for more details. Note that this objective has the same gradient
with respect to the model parameters 0 as Eq. (3.3) [Lipman et al. 2023, Theorem 2].
3.2.2.1 ConbitioNAL OT (ConDOT) rPATH

One particular choice of conditional path p;(x|x;) is to use the flow that corresponds to the
optimal transport displacement interpolant [McCann 1997] when qo(xo) is the standard Gaussian,
a common convention in generative modeling. The vector field that corresponds to this is

X1 —X
1-¢t°

ur (x¢]x1) = (3.7)
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Using this conditional vector field in (3.1), this gives the conditional flow

xt = P(x0]x1) = (1= t)x0 + tx1 . (3.8)

Substituting (3.8) into (3.7), one can also express the value of this vector field using a simpler
expression,

ur(xt|x1) = x1 = x..

It is evident that this results in conditional flows that (i) tranports all points xo from ¢t = 0 to x;
at exactly t = 1 and (ii) are straight paths between the samples x; and x;. This particular case
of straight paths was also studied by Liu et al. [2022] and Albergo and Vanden-Eijnden [2023],
where the conditional flow (3.8) is referred to as a stochastic interpolant. Lipman et al. [2023]
additionally showed that the conditional construction can be applied to a large class of Gaussian
conditional probability paths, namely when p;(x|x;) = N (x|p:(x1), 0:(x1)2I). This family of
probability paths encompasses most prior diffusion models where probability paths are induced
by simple diffusion processes with linear drift and constant diffusion (e.g. Ho et al. [2020]; Song
et al. [2021b]). However, existing works mostly consider settings where go(xp) and g;(x;) are

sampled independently when computing training objectives such as (3.6).

3.2.3 OpPTIMAL TRANSPORT: STATIC & DYNAMIC

Optimal transport generally considers methodologies that define some notion of distance on the
space of probability measures [Villani 2008, 2003; Santambrogio 2015]. Letting £ (R?) be the
space of probability measures over R, we define the Wasserstein distance with respect to a cost

function ¢ : RY x R? — R, between two measures qo, q; € P (R?) as [Kantorovitch 1942]

ch(q()a CI1) = min Eq(xo,xl) [C(XO, xl)] 5 (39)
9€T'(q0.q1)
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where I'(qo, 1) is the set of joint measures with left marginal equal to gy and right marginal equal
to g1, called the set of couplings. The minimizer to Equation 3.9 is called the optimal coupling,
which we denote by g;. In the case where c(xy, x1) = ||xo — x1]|?, the squared-Euclidean distance,
Equation 3.9 amounts to the (squared) 2-Wasserstein distance W?(qo, g1), and we simply write
the optimal transport plan as g*.

Considering again the squared-Euclidean cost, in the case where g exhibits a density over R?

(e.g. if qo is the standard normal distribution), Benamou and Brenier [2000] states that W,?(qo, q1)

can be equivalently expressed as a dynamic formulation,

1
W2(qo, 1) = min / / g ()2 pe (x)dodt. (3.10)
pusur Jo R4

where u; generates p;, and p; satisfies boundary conditions p;—y = qo and p;=; = ¢;. The optimality
condition ensures that sample paths x; are straight lines, i.e. minimize the length of the path, and
leads to paths that are much easier to simulate. Some prior approaches have sought to regularize
the model using this optimality objective (e.g. Tong et al. [2020]; Finlay et al. [2020b]). In contrast,
instead of directly minimizing (3.10), we will discuss an approach based on using solutions of the

optimal coupling ¢* on minibatch problems, while leaving the marginal constraints intact.

3.3 Frow MATCHING WITH JOINT DISTRIBUTIONS

While Conditional Flow Matching in (3.6) leads to an unbiased gradient estimator for the Flow
Matching objective, it was designed with independently sampled x, and x; in mind. We generalize
the framework from Subsection 3.2.2 to a construction that uses arbitrary joint distributions of

q(xo0, x1) which satisfy the correct marginal constraints, i.e.

/q(xg,xl)dxlzqo(xo), /q(xo, Xl)dXO:ql (Xl). (311)
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We will show in Subsection 3.4 that this can potentially lead to lower gradient variance during
training and allow us to design more optimal marginal vector fields u;(x) with desirable proper-
ties such as improved sample efficiency.

Building on top of Flow Matching, we propose modifying the conditional probability path con-

struction (3.5) so that at t = 0, we define

Pr=0(x0|x1) = q(x0]|x1).

q(xo,x
q1(x;

where g(xy|x;) is the conditional distribution 1)). Using this construction, we still satisfy the

marginal constraint,

po(x) = / po(xlx1)qs (x1)dx, = / g, x)dx = qo()

ie p=o(x) = / q(x,x1)dx; = qo(x) by the assumption made in (3.11). Then similar to Chen
and Lipman [2023], we note that the conditional probability path p;(x|x;) need not be explicitly
formulated for training, and that only an appropriate conditional vector field u;(x|x;) needs to
be chosen such that all points arrive at x; at t = 1, which ensures p;=1 (x|x;) = §(x —x1). As such,
we can make use of the same conditional vector field as prior works, e.g. the choice in ??.

We then propose the Joint CFM objective as

Licrm = Brgiaony 108 (ees 0) = ue (e |x1) 112, (3.12)

where x; = /4 (x¢|x1) is the conditional flow. Training only involves sampling from g(xo, x;) and
does not require explicitly knowing the densities of q(xo, x1) or p;(x|x;). Note that Equation
(3.12) reduces to the original CFM objective (3.6) when q(xo, x1) = qo(x0)q1(x1).

A quick sanity check shows that this objective can be used with any choice of joint distribution

q(xO,x1)-
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Lemma 3.1. The optimal vector field v;(+; 0) in (3.12), which is the marginal vector field u;, maps

between the marginal distributions qo(xo) and q;(x1).

In the remainder of the section, we highlight some motivations for using joint distributions

q(xo, x1) that are different from the independent distribution go(x0)q1(x1).

VARIANCE REDUCTION Choosing a good joint distribution can be seen as a way to reduce the
variance of the gradient estimate, which improves and speeds up training. We develop the gra-

dient covariance at a fixed x and ¢, and bound its total variance:

Lemma 3.2. The total variance (i.e. the trace of the covariance) of the gradient at a fixed x and t is

bounded as:

Ttx = Tr[CoVp, (1) (Vo lloe (x5 0) — ue(xlx1) 1) ] (3.13)

< Vo0 (3¢5 O) 12 By, (o [l () = e (x| ||
Then By p,(x)[07,] is bounded above by:
max Voot (x; 011> X Licrm (3.14)

This proves that E; p, () [otz’x], which is the average gradient variance at fixed x and ¢, is upper
bounded in terms of the Joint CFM objective. That means that minimizing the Joint CFM objective
help in decreasing Ey ,,(x)[07,]. Note also that E; ,,(x)[07,] is not the gradient variance and is
always smaller, as it does not account for variability over x and ¢, but it is a good proxy for it.
The proof is in App. B.4.2.

Sampling xy and x; independently generally cannot achieve value zero for E; ,, () [sz] even at

the optimum, since there are an infinite number of pairs (xo, x1) whose conditional path crosses
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any particular x at a time t. As shown in (3.14), having a low optimal value for the Joint CFM
objective is a good proxy for low gradient variance and hence a desirable property for choosing
a joint distribution q(xo, x1). In section 3.4, we show that certain joint distributions have optimal

Joint CFM values close to zero.

STRAIGHT FLOws Ideally, the flow /; of the marginal vector field u; (and of the learned vy by
extension) should be close to a straight line. The reason is that ODEs with straight trajectories
can be solved with high accuracy using fewer steps (i.e. function evaluations), which speeds up

sample generation. The quantity

8 = B gy [ e (Y (o) 1I” = [l (x0) = x0lI?] (3.15)

which we call the straightness of the flow and was also studied by Liu [2022], measures how

straight the trajectories are. Namely, we can rewrite it as

S= Et,qo(xo) [||ut(¢t(x0)) — By [ur (Y1 (x0))] ||2] > (3.16)

which shows that S > 0 and only zero if u;(/;(x()) is constant along t, which is equivalent to
U1 (x0) being a straight line.

When x and x; are sampled independently, the straightness is in general far from zero. This can
be seen in the CondOT plots in Figure 3.2 (right); if flows were close to straight lines, samples
generated with one function evaluation (NFE=1) would be of high quality. In section 3.4, we show

that for certain joint distributions, the straightness of the flow is close to zero.

NEAR-OPTIMAL TRANSPORT COST By Lemma 3.1, the flow ¢; corresponding to the optimal u;

satisfies that /o (xp) = xo ~ qo and ¥ (x9) ~ q1. Hence, xo — 91(x0) is a transport map between
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qo and g; with an associated transport cost

Eqy(xo) [1¥1(x0) - xol1%. (3.17)

There is no reason to believe that when x( and x; are sampled independently, the transport cost
Eqgo (xo) 11 (x0) = xo||* will be anywhere near the optimal transport cost W2(po, p1). Yet, in Sec-
tion 3.4 we show that for well chosen g, the transport cost for i/; does approach its optimal value.
Computing optimal (or near-optimal) transport maps in high dimensions is a challenging task
[Makkuva et al. 2020; Amos 2023] that extends beyond generative modeling and into the field of
optimal transport, and it has applications in computer vision [Feydy et al. 2017; Solomon et al.
2015, 2016; Liu et al. 2023b] and computational biology [Liibeck et al. 2022; Bunne et al. 2021,
2022; Schiebinger et al. 2019], for instance. Hence, Joint CFM may also be viewed as a practical

way to obtain approximately optimal transport maps in this context.

3.4 MULTISAMPLE FLOwW MATCHING

Constructing a joint distribution satisfying the marginal constraints is difficult, especially since
at least one of the marginal distributions is based on empirical data. We thus discuss a method to
construct the joint distribution q(xy, x1) implictly by designing a suitable sampling procedure that
leaves the marginal distributions invariant. Note that training with (3.12) only requires sampling
from q(xo, x1).

We use a multisample construction for q(xo, x;) in the following manner:
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1. Sample {x(()i)}f:1 ~ qo(x0) and {xii)}f:l ~ q1(x1).

2. Construct a doubly-stochastic matrix with probabilities 7 (i, j) dependent on the samples

{x Y, and {x"}E,.

3. Sample from the discrete distribution,

¢ (x0, 1) = } Zf oy 0(x0 = x0)8(x1 = x]) (i, ).
Marginalizing ¥ (xo, x1) over samples from Step 1, we obtain the implicitly defined g(x, x1). By
choosing different couplings 7 (i, j), we induce different joint distributions. In this work, we focus
on couplings that induce joint distributions which approximates, or at least partially satisfies, the
optimal transport joint distribution. The following result, proven in App. B.4.3, guarantees that

q has the right marginals.

Lemma 3.3. The joint distribution q(xo, x1) constructed in Steps [1-3] has marginals qo(x,) and

CI1(X1)-

That is, the marginal constraints (3.11) are satisfied and consequently we are allowed to use the

framework of Section 3.3.

3.4.1 ConNDOT 1s UN1FORM COUPLING

The aforementioned multisample construction subsumes the independent joint distribution used
by prior works, when the joint coupling is taken to be uniformly distributed, i.e. 7 (i, j) = % This
is precisely the coupling used by [Lipman et al. 2023] under our introduced notion of Multisample

Flow Matching, and acts as a natural reference point.

3.4.2 BarcH OprTiMAL TRANSPORT (BATCHOT) COUPLINGS

The natural connections between optimal transport theory and optimal sampling paths in terms

of straight-line interpolations, lead us to the following pseudo-deterministic coupling, which we
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Figure 3.2: Multisample Flow Matching learn probability paths that are much closer to an optimal trans-
port path than baselines such as Diffusion and CondOT paths. (Left) Exact marginal probability paths.
(Right) Samples from trained models at t = 1 for different numbers of function evaluations (NFE), using
Euler discretization. Furthermore, the final values of the Joint CFM objective (3.12)—upper bounds on the
variance of u; at convergence—are: CondOT: 10.72; Stable: 1.60, Heuristic: 1.56; BatchEOT: 0.57, BatchOT:
0.24.

call Batch Optimal Transport (BatchOT). While it is difficult to solve (3.9) at the population level,
it can efficiently solved on the level of samples. Let {x(gi) }le ~ qo(xp) and {xi")}f.“=1 ~ q1(x1).
When defined on batches of samples, the OT problem (3.9) can be solved exactly and efficiently
using standard solvers, as in POT [Flamary et al. 2021, Python Optimal Transport]. On a batch
of k samples, the runtime complexity is well-understood via either the Hungarian algorithm or
network simplex algorithm, with an overall complexity of O (k?) [Peyré and Cuturi 2019, Chapter
3]. The resulting coupling 7°* from the algorithm is a permutation matrix, which is a type of
doubly-stochastic matrix that we can incorporate into Step 3 of our procedure.

We consider the effect that the sample size k has on the marginal vector field u;(x). The following
theorem shows that in the limit of k — oo, BatchOT satisfies the three criteria that motivate Joint

CFM: variance reduction, straight flows, and near-optimal transport cost.

Theorem 3.4 (Informal). Suppose that Multisample Flow Matching is run with BatchOT. Then, as

k — oo,
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(i) The value of the Joint CEM objective (Equation (3.12)) for the optimal u; converges to 0.
(ii) The straightness S for the optimal marginal vector field u;, (Equation (3.15)) converges to zero.
(iii) The transport cost Eg,(x,)|[¥1(x0) — x0||*> (Equation (3.17)) associated to u; converges to the

optimal transport cost W2 (po, p1).

As k — oo, result (i) implies that the gradient variance both during training and at convergence
is reduced due to Equation 3.14; result (ii) implies the optimal model will be easier to simu-
late between t=0 and t=1; result (iii) implies that Multisample Flow Matching can be used as a
simulation-free algorithm for approximating optimal transport maps.

The full version of Thm. 3.4 can be found in App. B.4, and it makes use of standard, weak technical
assumptions which are common in the optimal transport literature. While Thm. 3.4 only analyzes
asymptotic properties, we provide theoretical evidence that the transport cost decreases with k,

as summarized by a monotonicity result in Thm. B.8.

3.4.3 Barcu EnTrROPIC OT (BATCHEOT) COUPLINGS

For k sufficiently large, the cubic complexity of the BatchOT approach is not always desirable,
and instead one may consider approximate methods that produce couplings sufficiently close to
BatchOT at a lower computational cost. A popular surrogate, pioneered in [Cuturi 2013], is to
incorporate an entropic penalty parameter on the doubly stochastic matrix, pulling it closer to

the independent coupling:

in Exx)~qllXo = x1|* + eH(q)
qert?;(f,lql) (x0,x1) q”xO X1|| € (q)

where H(q) = - %, ; gij(log(gi ;) — 1) is the entropy of the doubly stochastic matrix g, and & > 0
is some finite regularization parameter. The optimality conditions of this strictly convex program
leads to Sinkhorn’s algorithm, which has a runtime of (j(k2 /€) [Altschuler et al. 2017].

The output of performing Sinkhorn’s algorithm is a doubly-stochastic matrix. The two limit-
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ing regimes of the regularization parameter are well understood (c.f. Peyré and Cuturi [2019],
Proposition 4.1, for instance): as ¢ — 0, BatchEOT recovers the BatchOT permutation matrix
from subsection 3.4.2; as ¢ — oo, BatchEOT recovers the independent coupling on the indices

from subsection 3.4.1.

3.4.4 STABLE AND HEURISTIC COUPLINGS

An alternative approach is to consider faster algorithms that satisfy at least some desirable prop-
erties of an optimal coupling. In particular, an optimal coupling is stable. A permutation coupling
is stable if no pair of xéi) and xfj ) favor each other over their assigned pairs based on the coupling.
Such a problem can be solved using the Gale-Shapeley algorithm [Gale and Shapley 1962] which
has a compute cost of O(k?) given the cross set ranking of all samples. Starting from a random
assignment, it is an iterative algorithm that reassigns pairs if they violate the stability property
and can terminate very early in practice. Note that in a cost-based ranking, one has to sort
the coupling costs of each sample with all samples in the opposing set, resulting in an overall
O(k?log(k)) compute cost.

The Gale-Shapeley algorithm is agnostic to any particular costs, however, as stability is only
defined in terms of relative rankings of individual samples. We design a modified version of
this algorithm based on a heuristic for satisfying the cyclical monotonicity property of optimal
transport, namely that should pairs be reassigned, the reassignment should not increase the total

cost of already matched pairs. We refer to the output of this modified algorithm as a heuristic

coupling and discuss the details in Appendix B.1.2.

3.5 RELATED WORK

Generative modeling and optimal transport are inherently intertwined topics, both often aiming

to learn a transport between two distributions but with very different goals. Optimal transport
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Figure 3.3: Sample quality (FID) vs compute cost (NFE) using Euler discretization. CondOT has signifi-
cantly higher FID at lower NFE compared to proposed methods.

is widely recognized as a powerful tool for large-scale generative modeling as it can be used to
stabilize training [Arjovsky et al. 2017]. In the context of continuous-time generative modeling,
optimal transport has been used to regularize continuous normalizing flows for easier simulation
[Finlay et al. 2020b; Onken et al. 2021], and increase interpretability [Tong et al. 2020]. However,
the existing methods for encouraging optimality in a generative model generally require either
solving a potentially unstable min-max optimization problem (e.g. [Arjovsky et al. 2017; Makkuva
et al. 2020; Albergo and Vanden-Eijnden 2023]) or require simulation of the learned vector field
as part of training (e.g. Finlay et al. [2020b]; Liu et al. [2022]). In contrast, the approach of using
batch optimal couplings can be used to avoid the min-max optimization problem, but has not
been successfully applied to generative modeling as they do not satisfy marginal constraints—we
discuss this further in the following subsection 3.5.1. On the other hand, neural optimal transport
approaches are mainly centered around the quadratic cost [Makkuva et al. 2020; Amos 2023;
Finlay et al. 2020a] or rely heavily on knowing the exact cost function [Fan et al. 2021; Asadulaev
etal. 2022]. Being capable of using batch optimal couplings allows us to build generative models to

approximate optimal maps under any cost function, and even when the cost function is unknown.
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3.5.1 MiniBATCH COUPLINGS FOR GENERATIVE MODELING

Among works that use optimal transport for training generative models are those that make use
of batch optimal solutions and their gradients such as Li et al. [2017]; Genevay et al. [2018]; Fatras
et al. [2019]; Liu et al. [2019]. However, naively using solutions to batches only produces, at best,
the barycentric map, i.e. the map that fits to average of the batch couplings [Ferradans et al. 2014;
Seguy et al. 2017; Pooladian and Niles-Weed 2021], and does not correctly match the true marginal
distribution. This is a well-known problem and while multiple works (e.g. Fatras et al. [2021];
Nguyen et al. [2022]) have attempted to circumvent the issue through alternative formulations of
optimality, the lack of marginal preservation has been a major downside of using batch couplings
for generative modeling as they do not have the ability to match the target distribution for finite
batch sizes. This is due to the use of building models within the static setting, where the map is
parameterized directly with a neural network. In contrast, we have shown in Theorem 3.3 that in
our dynamic setting, where we parameterize the map as the solution of a neural ODE, it is possible
to preserve the marginal distribution exactly. Furthermore, we have shown in Proposition B.7
(App. B.4.5) that our method produces a map that is no higher cost than the joint distribution
induced from BatchOT couplings.

Concurrently, Tong et al. [2023] motivates the use of BatchOT solutions within a similar frame-
work as our Joint CFM, but from the perspective of obtaining accurate solutions to dynamic
optimal transport problems. Similarly, Lee et al. [2023] propose to explicitly learn a joint distri-
bution, parameterized with a neural network, with the aim of minimizing trajectory curvature;
this is done using through an auxiliary VAE-style objective function. In contrast, we propose a
family of couplings that all satisfy the marginal constraints, all of which are easy to implement
and have negligible cost during training. Our construction allow us to focus on (i) fixing consis-
tency issues within simulation-free generative models, and (ii) using Joint CFM to obtain more

optimal solutions than the original BatchOT solutions.
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ImageNet 32x32

ImageNet 64x64

NFE@FID=10 NFE @ FID = 20
Diffusion >40 >40
FM %/ CondOT 20 29
MultisampleFM ¥/ Heuristic 18 12
MultisampleFM %/ Stable 14 11
MultisampleFM %/ BatchOT 14 12

Table 3.1: Derived results shown in Figure 3.3, we can determine the approximate NFE required to achieve
a certain FID across our proposed methods. The baseline diffusion-based methods (e.g. ScoreFlow and

DDPM) require more than 40 NFE to achieve these FID values.

Stable

NFE DDPM ScoreSDE BatchOT
Adaptive 5.72 6.84 4.68
40 19.56 16.96 5.94
20 63.08 58.02 7.71
8 232.97 218.66 15.64
6 275.28 266.76 22.08
4 362.37 340.17 38.86

5.79
7.02
8.66
14.89
19.88
33.92

Table 3.2: FID of model samples on ImageNet 32x32 using varying number of function evaluations (NFE)

using Euler discretization.

3.6 EXPERIMENTS

We empirically investigate Multisample Flow Matching on a suite of experiments. First, we show

how different couplings affect the model on a 2D distribution. We then turn to benchmark, high-

dimensional datasets, namely ImageNet [Deng et al. 2009]. We use the official face-blurred Im-

ageNet data and then downsample to 32x32 and 64x64 using the open source preprocessing

scripts from Chrabaszcz et al. [2017]. Finally, we explore the setting of unknown cost functions

while only batch couplings are provided. Full details on the experimental setting can be found in

Appendix B.5.2.
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ImageNet 32x32 ImageNet 64x64
CondOT BatchOT CondOT BatchOT

Consistency(m=4) 0.141 0.101 0.174 0.157
Consistency(m=6) 0.105 0.071 0.151 0.134
Consistency(m=38) 0.079 0.052 0.132 0.115

Consistency(m=12) 0.046 0.030 0.106 0.085

Table 3.3: BatchOT produces samples with more similar content to its true samples at low NFEs (using
midpoint discretization). Visual examples of this consistency are shown in Figure 3.1.

2-D Cost 2-D KL 32-D Cost 32-D KL 64-D Cost 64-D KL
Cost Fn. ¢(xo, x1) B B-st B-FM B-sT B-rm B B-st B-rm B-st B-rm B B-st B-rm B-st B-rm
(|21 —xo||§ 0.90 0.60 0.72  0.07 4E-3 41.08 31.58 38.73 151.47 0.06 92.90 65.57 87.97 335.38 0.14
121 = xo]l4 1.09 0.86 0.98 0.18 4E-3 27.92 24.51 27.26 254.59 0.08 60.27 50.49 58.38 361.16 0.16
1—% 0.03 2E-4 3E-3 5.91 4E-3 0.62 0.53 0.58 179.48 0.06 0.71 0.60 0.68 337.63 0.12
||A(x1—x0)||§ 0.91 0.54 0.65 0.07 4E-3 32.66 24.61 30.13 256.90 0.06 78.70 58.11 78.50 529.09 0.19

Table 3.4: Matching couplings from an oracle BatchOT solver with unknown costs. Multisample Flow
Matching is able to match the marginal distribution correctly while being at least a optimal as the oracle,
but static maps fail to preserve the marginal distribution.

3.6.1 INSIGHTS FROM 2D EXPERIMENTS

Figure 3.2 shows the proposed Multisample Flow Matching algorithm on fitting to a checkboard
pattern distribution in 2D. We show the marginal probability paths induced by different coupling
algorithms, as well as low-NFE samples of trained models on these probability paths.

The diffusion and CondOT probability paths do not capture intricate details of the data distribu-
tion until it is almost at the end of the trajectory, whereas Multisample Flow Matching approaches
provide a gradual transition to the target distribution along the flow. We also see that with a fixed
step solver, the BatchOT method is able to produce an accurate target distribution in just one Eu-
ler step in this low-dimensional setting, while the other coupling approaches also get pretty close.
Finally, it is interesting that both Stable and Heuristic exhibit very similar probability paths to

optimal transport despite only satisfying weaker conditions.
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Figure 3.4: Multisample Flow Matching with BatchOT shows faster convergence due to reduced variance
(ImageNet64).

3.6.2 IMAGE DATASETS

We find that Multisample Flow Matching retains the performance of Flow Matching while im-
proving on sample quality, compute cost, and variance. In Table B.2 of subsection B.2.1, we re-
port sample quality using the standard Fréchet Inception Distance (FID), negative log-likelihood
values using bits per dimension (BPD), and compute cost using number of function evaluations
(NFE); these are all standard metrics throughout the literature. Additionally, we report the vari-
ance of u;(x|xg, x1), estimated using the Joint CFM loss (3.12) which is an upper bound on the
variance. We do not observe any performance degradations while simulation efficiency improves
significantly, even with small batch sizes.

Additionally, in subsection B.2.5, we include runtime comparisons between Flow Matching and
Multisample Flow Matching. On ImageNet32, we only observe a 0.8% relative increase in runtime

compared to Flow Matching, and a 4% increase on ImageNet64.

HIGHER SAMPLE QUALITY ON A COMPUTE BUDGET We observe that with a fixed NFE, models

trained using Multisample Flow Matching generally achieve better sample quality. For these
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experiments, we draw xo ~ N(0,1I;) and simulate v;(-,0) up to time ¢t = 1 using a fixed step
solver with a fixed NFE. Figures 3.3 show that even on high dimensional data distributions, the
sample quality of of multisample methods improves over the naive CondOT approach as the
number of function evaluations drops. We compare to the FID of diffusion baseline methods in
Table 3.2, and provide additional results in subsection B.2.4.

Interestingly, we find that the Stable coupling actually performs on par, and some times better
than the BatchOT coupling, despite having a smaller asymptotic compute cost and only satisfying
a weaker condition within each batch.

As FID is computed over a full set of samples, it does not show how varying NFE affects individual
sample paths. We discuss a notion of consistency next, where we analyze the similarity between

low-NFE and high-NFE samples.

CONSISTENCY OF INDIVIDUAL SAMPLES  In Figure 3.1 we show samples at different NFEs, where it
can be qualitatively seen that BatchOT produces samples that are more consistent between high-
and low-NFE solutions than CondOT, despite achieving similar FID values.

To evaluate this quantitatively, we define a metric for establishing the consistency of a model with
respect to an integration scheme: let x™ be the output of a numerical solver initialized at x using
m function evalutions to reach t = 1, and let x*) be a near-exact sample solved using a high-cost

solver starting from x, as well. We define
Consistency(m) = %quo”?"(x(m)) — F(x™)|?

where F(-) outputs the hidden units from a pretrained InceptionNet!, and D is the number of
hidden units. These kinds of perceptual losses have been used before to check the content align-
ment between two image samples (e.g. Gatys et al. [2015]; Johnson et al. [2016]). We find that

Multisample Flow Matching has better consistency at all values of NFE, shown in Table 3.3.

1We take the same layer as used in standard FID computation.
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TRAINING EFFICIENCY Figure 3.4 shows the convergence of Multisample Flow Matching with
BatchOT coupling compared to Flow Matching with CondOT and diffusion-based methods. We
see that by choosing better joint distributions, we obtain faster training. This is in line with our
variance estimates reported in Table B.2 and supports our hypothesis that gradient variance is

reduced by using non-trivial joint distributions.

3.6.3 IMmPrROVED BAaTcH OrTIMAL COUPLINGS

We further explore the usage of Multisample Flow Matching as an approach to improve upon
batch optimal solutions. Here, we experiment with a different setting, where the cost is unknown
and only samples from a batch optimal coupling are provided. In the real world, it is often the
case that the preferences of each person are not known explicitly, but when given a finite number
of choices, people can more easily find their best assignments. This motivates us to consider the
case of unknown cost functions, and information regarding the optimal coupling is only given
by a weak oracle that acts on finite samples, denoted q](‘)T’c. We consider two baselines: (i) the
BatchOT cost (B) which corresponds to Eq’é (o) [c(x0,x1)], and (ii) learning a static map that

mimics the BatchOT couplings (B-ST) by minimizing the following objective:

Egt (xomry 161 = Yo (x0)[I*

This can be viewed as learning the barycentric projection [Ferradans et al. 2014; Seguy et al. 2017],
ie " (xo) = E gy (11%0) [x1], a well-studied quantity but is known to not preserve the marginal
distribution [Fatras et al. 2019].

We experiment with 4 different cost functions on three synthetic datasets in dimensions {2, 32, 64}
where both gy and q; are chosen to be Gaussian mixture models. In Table 3.4 we report both the
transport cost and the KL divergence between ¢; and the distribution induced by the learned

map, i.e. [}1]3q0. We observe that while B-ST always results in lower transport costs compared
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Figure 3.5: 2D densities on the 8-Gaussians target distribution. (Left) Ground truth density. (Right)
Learned densities with static maps in the top row and Multisample Flow Matching dynamic maps in the
bottom row. Models within each column were trained using batch optimal couplings with the correspond-
ing cost function.

to B-FM, its KL divergence is always very high, meaning that the pushed-forward distribution
by the learned static map poorly approximates q;. Another interesting observation is that B-

FM always reduces transport costs compared to B, providing experimental support to the theory

(Theorem B.8).

FLow MATCHING IMPROVES OPTIMALITY Figure 3.6 shows the cost of the learned model as we
vary the batch size for computing couplings, where the models are trained sufficiently to achieve
the same KL values as reported in Table 3.4. We see that our approach decreases the cost com-
pared to the BatchOT oracle for any fixed batch size, and furthermore, converges to the OT solu-
tion faster than the batchOT oracle. Thus, since Multisample Flow Matching retains the correct
marginal distributions, it can be used to better approximate optimal transport solutions than

simply relying on a minibatch solution.
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Figure 3.6: Transport cost vs. batch size (k) for computing couplings on the 64D synthetic dataset. The
number of samples used for performing gradient steps during training and the resulting KL divergences
were kept the same.

3.7 CONCLUSION

We propose Multisample Flow Matching, building on top of recent works on simulation-free
training of continuous normalizing flows. While most prior works make use of training algo-
rithms where data and noise samples are sampled independently, Multisample Flow Matching
allows the use of more complex joint distribution. This introduces a new approach to designing
probability paths. Our framework increases sample efficiency and sample quality when using
low-cost solvers. Unlike prior works, our training method does not rely on simulation of the
learned vector field during training, and does not introduce any min-max formulations. Finally,
we note that our method of fitting to batch optimal couplings is the first to also preserve the
marginal distributions, an important property in both generative modeling and solving transport

problems.

44



4 StocHASTIC OPTIMAL CONTROL

MATCHING

4.1 INTRODUCTION

Stochastic optimal control aims to drive the behavior of a noisy system in order to minimize a
given cost. It has myriad applications in science and engineering: examples include the simu-
lation of rare events in molecular dynamics [Hartmann et al. 2014; Hartmann and Schiitte 2012;
Zhang et al. 2014; Holdijk et al. 2023], finance and economics [Pham 2009; Fleming and Stein
2004], stochastic filtering and data assimilation [Mitter 1996; Reich 2019], nonconvex optimiza-
tion [Chaudhari et al. 2018], power systems and energy markets [Belloni et al. 2016; Powell and
Meisel 2016], and robotics [Theodorou et al. 2011; Gorodetsky et al. 2018]. Stochastic optimal
has also been very impactful in neighboring fields such as mean-field games [Carmona et al.
2018], optimal transport [Villani 2003, 2008], backward stochastic differential equations (BSDEs)
[Carmona 2016] and large deviations [Feng and Kurtz 2006].

For continuous-time problems with low-dimensional state spaces, the standard approach to learn
the optimal control is to solve the Hamilton-Jacobi-Bellman (HJB) partial differential equation
(PDE) by gridding the space and using classical numerical methods. For high-dimensional prob-
lems, a large number of works parameterize the control using a neural network and train it apply-

ing a stochastic optimization algorithm on a loss function. These methods are known as Iterative
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Diffusion Optimization (IDO) techniques [Niisken and Richter 2021] (see subsection 4.2.2).

It is convenient to draw an analogy between stochastic optimal control and continuous normal-
izing flows (CNFs), which are a generative modeling technique where samples are generated by
solving an ordinary differential equation (ODE) for which the vector field has been learned, ini-
tialized at a Gaussian sample. CNFs were introduced by [Chen et al. 2018] (building on top of
Rezende and Mohamed [2015]), and training them is similar to solving control problems because
in both cases one needs to learn high-dimensional vector fields using neural networks, in contin-
uous time.

The first algorithm developed to train normalizing flows was based on maximizing the likelihood
of the generated samples [Chen et al. 2018, Sec. 4]. Obtaining the gradient of the maximum
likelihood loss with respect to the vector field parameters requires backpropagating through the
computation of the ODE trajectory, or equivalently, solving the adjoint ODE in parallel to the
original ODE. Maximum likelihood CNFs (ML-CNFs) were superseded by diffusion models [Song
and Ermon 2019; Ho et al. 2020; Song et al. 2021c] and flow-matching, a.k.a. stochastic interpolant,
methods [Lipman et al. 2023; Albergo and Vanden-Eijnden 2023; Pooladian et al. 2023; Albergo
et al. 2023], which are currently the preferred algorithms to train CNFs. Aside from architectural
improvements such as the UNet [Ronneberger et al. 2015], a potential reason for the success
of diffusion and flow matching models is that their functional landscape is convex, unlike for
ML-CNFs. Namely, vector fields are learned by solving least squares regression problems where
the goal is to fit a random matching vector field. Convex functional landscapes in combination
with overparameterized models and moderate gradient variance can yield very stable training
dynamics and help achieve low error.

Returning to stochastic optimal control, one of the best-performing IDO techniques amounts to
choosing the control objective (equation 4.1) as the training loss (see (4.12)). As in ML-CNFs,
computing the gradient of this loss requires backpropagating through the computation of the

trajectories of the SDE (4.2), or equivalently, using an adjoint method. The functional landscape
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of the loss is highly non-convex, and the method is prone to unstable training (see green curve
in the bottom right plot of Figure 4.2). In light of this, a natural idea is to develop the analog of
diffusion model losses for the stochastic optimal control problem, to obtain more stable training

and lower error, and this is what we set out to do in our work. Our contributions are as follows:

« We introduce Stochastic Optimal Control Matching (SOCM), a novel IDO algorithm in
which the control is learned by solving a least-squares regression problem where the goal
is to fit a random matching vector field which depends on a family of reparameterization

matrices that are also optimized.

« We derive a bias-variance decomposition of the SOCM loss (Theorem 4.5). The bias term
is equal to an existing IDO loss: the cross-entropy loss, which shows that both algorithms
have the same landscape in expectation. However, SOCM has an extra flexibility in the
choice of reparameterization matrices, which affect only the variance. Hence, we propose

optimizing the reparameterization matrices to reduce the variance of the SOCM objective.

+ The key idea that underlies the SOCM algorithm is the path-wise reparameterization trick
(Theorem 4.4), which is a novel technique for estimating gradients of an expectation of a
functional of a random process with respect to its initial value. It is of independent interest

and may be more generally applicable outside of the settings considered in this paper.

« We perform experiments on four different settings where we have access to the ground-
truth control. For three of these, SOCM obtains a lower L? error with respect to the ground-
truth control than all the existing IDO techniques, with around 10x lower error than com-

peting methods in some instances.
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4.2 FRAMEWORK

4.2.1 SETUP AND PRELIMINARIES

Let (Q, 7, (F1)t>0, P) be a fixed filtered probability space on which is defined a Brownian motion

B = (By);>0. We consider the control-affine problem

inE e X401+ F(X5 1)) d X4
minB[ [ (GOt 0lF + £00) de 906D, @)
where dX* = (b(X", t) + o(t)u(X" t)) dt + VAo(t)dB,, X' ~ po. (4.2)

and where X} € R? is the state, u : RY x [0, T] is the feedback control and belongs to the set of
admissible controls U, f : R? x [0,T] — R is the state cost, g : R? — R is the terminal cost,
b : R¥x[0,T] — R? s the base drift, and o : [0, T] — R% is the invertible covariance matrix and
A € (0,+00) is the noise level. In section C.1 we formally define the set U of admissible controls
and describe the regularity assumptions needed on the control functions. In the remainder of
the section we introduce relevant concepts in stochastic optimal control; we provide the most
relevant proofs in section C.2 and refer the reader to Oksendal [2013, Chap. 11] and Niisken and

Richter [2021, Sec. 2] for a similar, more extensive treatment.

COST FUNCTIONAL AND VALUE FUNCTION The cost functional for the control u, point x and time
. T .

t is defined as J(u;x,t) = E[/t (%Hus(Xs“)ll2 + f(X1)) dt + g(X;‘)lX;‘ = x]. That is, the cost

functional is the expected value of the control objective restricted to the times [t, T] with the

initial value x at time ¢. The value function or optimal cost-to-go at a point x and time ¢ is defined

as the minimum value of the cost functional across all possible controls:

Vix, t) = in(lflj(u;x, t). (4.3)
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HAMILTON-JACOBI-BELLMAN EQUATION AND OPTIMAL CONTROL If we define the infinitesimal
generator L := % Zf jzl(aaT)i j(£)0x,0x; + Z?:l bi(x,t)0y,, the value function solves the following

Hamilton-Jacobi-Bellman (HJB) partial differential equation:

(0 +L)V(x,1) - %II(GTVV)(x» DI* + f(x,1) =0,

V(x,T) = g(x). (4.4)

The verification theorem [Pavliotis 2014, Sec. 2.3] states that if a function V solves the H]B equation
above and has certain regularity conditions, then V is the value function (4.3) of the problem (4.1)-

(4.2). An implication of the verification theorem is that for every u € U,
1 T
Vix, t)+ E[E / loTVV +ul|%(XY,s) ds |Xt“ = x] = J(u,x,t). (4.5)
t

In particular, this implies that the unique optimal control is given in terms of the value function
asu*(x,t) = —a(t)"VV(x, t). Equation (4.5) can be deduced by integrating the HJB equation (4.4)
over [¢,T], and taking the conditional expectation with respect to X} = x. We include the proof

of (4.5) in section C.2 for completeness.

A PAIR OF FORWARD AND BACKWARD SDEs (FBSDEs) Consider the pair of SDEs

dX; = b(X,, 1) dt + VAe(1)dB:,  Xo ~ po, (4.6)

AV = (=F 1) + S1Z0°) de + VM Zu B, Y = g(Xe), @)

where Y : Q x [0,T] — Rand Z : Q x [0,T] — R? are progressively measurable ! random
processes. It turns out that Y; and Z; defined as Y; = V(X t) and Z; = o(t)'VV(X,,t) =

—u*(X;, t) satisfy (4.7). We include the proof in section C.2 for completeness.

!Being progressively measurable is a strictly stronger property than the notion of being a process adapted to the
filtration ¥; of B; (see [Karatzas and Shreve 1991]).
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AN ANALYTIC EXPRESSION FOR THE VALUE FUNCTION From the forward-backward equations

(4.6)-(4.7), one can derive a closed-form expression for the value function V:

T
Vix,t)=-2A logE[ exp (- At / f(Xs,s)ds — /l_lg(XT))|Xt = x], (4.8)

where X; is the solution of the uncontrolled SDE (4.6). This is a classical result, but we still include
its proof in section C.2. Given that u*(x,t) = —o(t)"VV(x,t), an immediate, yet important,

consequence of (4.8) is the following representation of the optimal control:

Lemma 4.1 (Path-integral representation of the optimal control [Kappen 2005]).
T
u*(x,t)=Ac(t) "V, logE[ exp (—A7" / f(Xs,s)ds — A_lg(XT))|Xt = x] ) (4.9
t

Remark that the right-hand side of this equation involves the gradient of logarithm of a condi-
tional expectation. This is reminiscent of the vector fields that are learned when training diffusion
models or flow matching algorithms. For example, the target vector field for variance-exploding

score-based diffusion loss [Song et al. 2021c] can be expressed as

exp(=|lx - Y||?/(20}))
(2mo?)d/?

Vi logpi(x) = Vi log Eyp.. [ ].

Note, however, that in (4.9) the gradient is taken with respect to the initial condition of the process,

which requires the development of novel techniques.

CONDITIONED DIFFUSIONS Let C = C([0, T];R?) be the Wiener space of continuous functions
from [0, T] to R? equipped with the supremum norm, and let £ (C) be the space of Borel proba-
bility measures over C. For each control u € U, the controlled process in equation (4.2) induces

a probability measure in £ (C), as the law of the paths X}, which we refer to as P¥. We let P be
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the probability measure induced by the uncontrolled process (4.6), and define the work functional

T
W(X,t) = /t f(Xs,s)ds + g(X7). (4.10)

It turns out (Theorem C.4 in section C.2) that the Radon-Nikodym derivative d]c%f satisfies d%f (X) =
exp (A71(V(Xo,0) — W(X,0))). Also, a straight-forward application of the Girsanov theorem for

SDEs (Theorem C.3) shows that

-1

dp*
dpv

T T
(X*)=exp (=472 / (@ (X, 0 -u(X!, ), dBy - / I (X", D —u(X, )1 dr),
0 0
(4.11)
which means that the only control u € U such that P* = P* is the optimal control itself. Such

changes of process are the basic tools to design IDO losses, and we leverage them as well.

4.2.2 EXISTING APPROACHES AND RELATED WORK

LOW-DIMENSIONAL CASE: SOLVING THE HJB EQUATION For low-dimensional control problems
(d < 3),itis possible to grid the domain and use a numerical PDE solver to find a solution to the
HJB equation (4.4). The main approaches include finite difference methods [Bonnans et al. 2004;
Ma and Ma 2020; Banas et al. 2022], which approximate the derivatives and gradients of the value
function using finite differences, finite element methods [Jensen and Smears 2013], which involve
restricting the solution to domain-dependent function spaces, and semi-Lagrangian schemes [De-
brabant and Jakobsen 2013; Carlini et al. 2020; Calzola et al. 2022], which trace back characteris-
tics and have better stability than finite difference methods. See Greif [2017] for an overview
on these techniques, and Banas et al. [2022] for a comparison between them. Hutzenthaler
et al. [2016] introduced the multilevel Picard method, which leverages the Feynman-Kac and
the Bismut-Elworthy-Li formulas to beat the curse of dimensionality in some settings [Beck et al.

2019; Hutzenthaler et al. 2019, 2018; Hutzenthaler and Kruse 2020].
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HIGH DIMENSIONAL METHODS LEVERAGING FBSDEs The FBSDE formulation in equations (4.6)-
(4.7) has given rise to multiple methods to learn controls. One such approach is least-squares
Monte Carlo (see Pham [2009, Chapter 3] and Gobet [2016] for an introduction, and Gobet et al.
[2005]; Zhang et al. [2004] for an extensive analysis), where trajectories from the forward pro-
cess (4.6) are sampled, and then regression problems are solved backwards in time to estimate
the expected future cost in the spirit of dynamic programming. A second method that exploits
FBSDEs was proposed by E et al. [2017]; Han et al. [2018]. They parameterize the control using
a neural network ug, and use stochastic gradient algorithms to minimize the loss £ (ug, yo) =
E[(Yr(yo, ug) — g(X7))?], where Yr(yo, ug) is the process in (4.7) with initial condition y, and
control uy. This algorithm can be seen as a shooting method, where the initial condition and the
control are learned to match the terminal condition. Multiple recent works have combined neu-
ral networks with FBSDE Monte Carlo methods for parabolic and elliptic PDEs [Beck et al. 2018;
Chan-Wai-Nam et al. 2019; Zhou et al. 2021], control [Becker et al. 2019; Hartmann et al. 2019],
multi-agent games [Han and Hu 2020; Carmona and Lauriere 2021, 2022]; see [E et al. 2021] for
a more comprehensive review.

Many of the methods referenced above and some additional ones can be seen from a common per-
spective using controlled diffusions. As observed in equation (4.11), the key idea is that learning
the optimal control is equivalent to finding a control u such that the induced probability measure
P* on paths is equal to the probability measure P* for the optimal control. In the paragraphs
below we cover several loss that fall into this framework. All the losses below can be optimized
using a common algorithmic framework, which we describe in Algorithm 3. For more details,
we refer the reader to Niisken and Richter [2021], which introduced this perspective and named
such methods Iterative Diffusion Optimization (IDO) techniques. For simplicity, we introduce the
losses for the setting in which the initial distribution p, is concentrated at a single point xj,jt; we

cover the general setting in section C.2.
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Algorithm 3 Iterative Diffusion Optimization (IDO) algorithms for stochastic optimal control

Input: State cost f(x, t), terminal cost g(x), covariance matrix o(t), base drift b(x, t), noise level A, number
of iterations N, batch size m, number of time steps K, initial control parameters 6y, loss £ €
{Lag(4.12), Lep(3.13), Lyar, (4.15), L% (4.16), Lntom, (4.17)}

forne {0,...,N-1}do

Simulate m trajectories of the process X controlled by v = ug,, e.g., using Euler-Maruyama updates

if £ # Lxq; then detach the m trajectories from the computational graph, so that gradients do not

backpropagate;

Using the m trajectories, compute an m-sample Monte Carlo approximation f(ugn) of the loss L(ug,)
Compute the gradients ng(ugn) of f(ugn) w.r.t. 0,
Obtain 6,,; with via an Adam update on 8, (or another stochastic algorithm)

end
Output: Learned control ug,,

THE RELATIVE ENTROPY LOSS AND THE ADJOINT METHOD The relative entropy loss is defined

as the Kullback-Leibler divergence between P* and P* : Epu [log ;]1;}3; ]. Upon removing constant
terms and factors, this loss is equivalent to (see Theorem C.5 in section C.2, or Hartmann and

Schiitte [2012]; Kappen et al. [2012]):

T
Lagj(u) = E[/O (%llu(le‘, HI® + F(X 1)) dt +g(X'T‘)]. (4.12)

This is exactly the control objective in (4.1). This connection has been studied extensively [Bierkens
and Kappen 2014; Gomez et al. 2014; Hartmann and Schiitte 2012; Kappen et al. 2012; Rawlik et al.
2013]. Hence, the relative entropy loss is a very natural one, and is widely used; see Onken et al.
[2023]; Zhang and Chen [2022] for some examples on multiagent systems and sampling.

Solving optimization problems of the form (4.12) has a long history that dates back to Pontryagin
[1962]. Note that L4j(u) depends on u both explicitly, and implicitly through the process X*.
To compute the gradient Vol adj(ug,) of a Monte Carlo approximation L adj(up,) of Lagj(ug,) as
required by Algorithm 3, we need to backpropagate through the simulation of the m trajectories,
which is why we do not detach them from the computational graph. One can alternatively com-

pute the gradient Vol adj(ug,) by explicitly solving an ODE, a technique which is known as the
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adjoint method. The adjoint method was introduced by Pontryagin [1962], popularized in deep

learning by Chen et al. [2018], and further developed for SDEs in Li et al. [2020].

THE CROSS-ENTROPY LOSs  The cross-entropy loss is defined as the Kullback-Leibler divergence
between P¥" and P¥, i.e., flipping the order of the two measures: Ep.- [log %]. For an arbitrary

v € U, this loss is equivalent to the following one (see Theorem C.6(i) in section C.2):

-1

T T 1 T
Lcg(u) ::]E[(—)L‘”Z/O (u(Xy, t),dBt)—/l_lfo w(X},t),0(X], t)) dt+7/0 lu(X?, )||* dt)

-1

T T
Xexp(—)t_l‘W(X”,O)—)L_l/Z./O (U(X”,t),dBt)—%./o lo(X?, t)||2dt)]. (4.13)

The cross-entropy loss has a rich literature [Hartmann et al. 2017; Kappen and Ruiz 2016; Ru-
binstein and Kroese 2013; Zhang et al. 2014] and has been recently used in applications such as
molecular dynamics [Holdijk et al. 2023].

Furthermore, we note that the cross-entropy loss can be significantly simplified and written in

terms of the L? error of the control u with respect to the optimal control u*:

Lemma 4.2 (Cross-entropy loss in terms of control L? error).

-1

A T . . .
Leg(u) = TE[‘/O lu* (X7, ) —u(X )P dtexp (- A7'V(X,0))] -

This characterization, which is proven in Theorem C.6(ii) in section C.2, is relevant for us because

a similar one can be written for the loss that we propose (see Theorem 4.5).

VARIANCE AND LOG-VARIANCE LOSSES  For an arbitrary v € U, the variance and the log-variance

u* ~1 u* u*
AP ) and L\?fru(u) = Varpo (log dP”_) whenever Epu|%| <

losses are defined as LNVarv (u) = Varpo( T
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+00 and Epo| log %l < +00, respectively. Define

T T T
vie — _9-1 v v -1 v _3-1/2 v
74 = -) /O(u(X,t),v(X,t))dt A /Of(X,t)dt A /O(u(X,t),dBt)

-1 T
e lu(X?, t)||* dt. (4.14)
0

Then, f:\/aru and £$ iv are equivalent, respectively, to the following losses (see Theorem C.7):

Lvar, (1) = Var(exp (Y7 = 17 g(XD))), (4.15)
L (u) = Var(7 - 17 g(xD)), (4.16)

The variance and log-variance losses were introduced by Niisken and Richter [2021]. Unlike for
the cross-entropy loss, the choice of the control v does lead to different losses. When using Lv,;,

or £$ ag} in Algorithm 3, the variance is computed across the m trajectories in each batch.

MoMENT Loss For an arbitrary v € U, the moment loss is defined as
Liviom, (1, 90) = B[(Y}"" +10 — A7 g(X}))°], (4.17)

where 17}“’ is defined in (4.14). Note the similarity with the log-variance loss (4.16); the optimal
value of y, for a fixed u is y; = E[A7'g(XY) - YT“’U], and plugging this into (4.17) yields exactly
the log-variance loss. The moment loss was introduced by Hartmann et al. [2019, Section IILB],
and it is a generalization of the FBSDE method pioneered by E et al. [2017]; Han et al. [2018] and

referenced earlier in this subsection. In fact, the original method corresponds to setting v = 0.
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4.3 StOoCHASTIC OPTIMAL CONTROL MATCHING

In this section we present our loss, Stochastic Optimal Control Matching (SOCM). The correspond-
ing method, which we describe in Algorithm 4, falls into the class of IDO techniques described
in subsection 4.2.2. The general idea is to leverage the analytic expression of u* in Theorem 4.1
to write a least squares loss for u, and the main challenge is to reexpress the gradient of a condi-
tional expectation with respect to the initial condition of the process. We do that using a novel

technique which introduces certain arbitrary matrix-valued functions M;, that we also optimize.

Theorem 4.3 (SOCM loss). For eacht € [0,T], let M; : [t,T] — R%< be an arbitrary matrix-
valued differentiable function such that M;(t) = 1d. Let v € U be an arbitrary control. Let Lsocm :

L2(R? x [0, T];RY) x L2([0, T]%;R%*9) — R be the loss function defined as
1 ! () () 2 ()
Lsocm(u, M) = E[f u(X?, t) = w(t,0, X", B, My)||" dt X a(v, X", B)]| , (4.18)
0

where X° is the process controlled by v (i.e., dX] = (b(X}],t) + o(t)o(X],t)) dt + Vo (t) dB; and
Xy ~ po), and
T
w(t,0, X", B,My) =o(t)" (- / M;(s)Vif(X{,s)ds = My(T)Vg(X7)
t
T
+ [ OO0 a6 (6 (1o, 0
t
T
e / (Mi(5),b(XCs5) = 2M,(9)) (™) (5)dB,),
a(v,X°,B) = exp ( / F(X7 1) ds — A7 g(XD)
-1 T
1/2/ (0(X?, t),dB,) — —/ lo(X?, t)|2d).  (4.19)
0
Lsocm has a unique optimum (u*, M*), where u* is the optimal control.

We refer to M = (M;),¢[o ) as the family of reparametrization matrices, to the random vector field
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w as the matching vector field, and to « as the importance weight. We present a proof sketch of

Theorem 4.3; the full proofs for all the results in this section are in section C.3.

PROOF SKETCH OF THEOREM 4.3 Let X be the uncontrolled process (4.6). Consider the loss

L(w =E[+ / X0, 1) = (X DI e exp ( / X1y dt =270 | (420)
= E[%/ (X, O = 2€u(Xe, 81,07 (X ) + llu” (X, D) dt
0
X exp ( /f(Xt,l‘)dl‘—/1 Q(XT))]

Clearly, the only optimum of this loss is the optimal control u*. Using the analytic expression of

u* in Theorem 4.1, the cross-term can be rewritten as (see Theorem C.8 in section C.3):

5[ [ w0 ot ar e (<17 [ 6 a-2790m)]
= —)LE / (u(Xt, t),o(t) " Vy E[exp / f(Xs,8)ds — A~ g(XT) |Xt =x >dt
X exp ( / f(Xs,s) ds)] (4.21)
It remains to evaluate the conditional expectation V E[ exp (-4 / f(Xs,s)ds—A"g(X7)) |Xt
x], which we do by a “reparameterization trick” that shifts the dependence on the initial value x

into the stochastic processes—here we introduce a free variable M;—and then applying Girsanov

theorem. We coin this the path-wise reparameterization trick:

Proposition 4.4 (Path-wise reparameterization trick for stochastic optimal control). For each

€ [0,T], let M; : [t, T] — R% be an arbitrary continuously differentiable function matrix-valued
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function such that M;(t) = Id. We have that

T
VXE[ exp (- A / f(Xs,s)ds — A_lg(XT))|Xt = x]
t
T
=E[(-2"" / M;(s)Vyf (X, ) ds — A My(T)Vg(Xt)
t
T
A [T 9) - M) (07 (948,
t
T
X exp (— A~ / f(Xss)ds — A7g(X7)) |X: = x]. (4.22)
t
We prove a more general form of this result (Theorem C.10) in subsection C.3.2 and also provide
an intuitive derivation in subsection C.3.3. In the proof of Theorem C.10, the reparameterization
matrices M; arise as the gradients of a perturbation to the process X;. Similar ideas can potentially
be applied to derive losses for generative modeling. If we plug (4.22) into the right-hand side of

(4.21), and then this back into (4.20), and we complete the square, we obtain that for some constant

K independent of u,

y 1 rT T
L(u) = E[T /(; ||u(Xt, )+ O'(t)(/t M;(s)Vyf(Xs,s)ds + My (T)Vg(Xr)

T
S0 [ ) Tb(X,5) — M (51 (67 ()8 e
t
T
X exp (- At / (X, t)dt — )L_lg(XT))] +K.
0
If we perform a change of process from X to X applying the Girsanov theorem (Theorem C.3 in
section C.3), we obtain the loss Lsocm(u, M). |

The following proposition sheds some light onto the role of reparameterization matrices and

connects the SOCM loss to the cross-entropy loss.

Proposition 4.5 (Bias-variance decomposition of the SOCM loss). The SOCM loss decomposes
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into a bias term that only depends on u and a variance term that only depends on M:

1 [T . . .
Lsocm(u, M):E[T/ ||u(X” 1) —ut (X! ,t)”2 dt exp(=A7'V (XY ,0))]+CondVar(w;M),
0

Variance of w
Bias of u

(4.23)

where

Var(w; M)

E[w(t, X, B, M;) exp(-A""W (X, 0))|X;]
E[exp(-=A"W(X,0))[X:]
E[w(t, v, X, B, M;)a(v, X", B) X}
E[a(o, X?, B)|X}]

1 T - 2 -1
:E[T/o [z, X, B, M,) — IF dt exp(-A"'W (X, 0))]

T
:E[%/O ||w(t, 0, X%, B, My)— ]||2dta(U,X”,B)], (4.24)

and

T
w(t,X,B,My) =o(t) (- /t M;(s)Vyf(Xs,s) ds — M,(T)Vg(X1)

T
+ 11/2/ (My(s)Vb(X;, 5) — sM;(5)) (™)) T (s)dB;).  (4.25)

Remark that the bias term in equation (4.23) is equal to the characterization of the cross-entropy
loss in Theorem 4.2. In other words, the landscape of Lsocm(u, M) with respect to u is the land-
scape of the cross-entropy loss Lcg (u). Thus, the SOCM loss can be seen as some form of variance
reduction method for the cross-entropy loss, and performs substantially better experimentally
(section 4.4). Yet, the expressions of the SOCM loss and the cross-entropy loss are very different;
the former is a least squares loss and is expressed in terms of the gradients of the costs.

For good training performance, it is critical that the gradients have high signal-to-noise ratio.
Looking at the SOCM loss, a good proxy for low gradient variance is to have low variance for
%fOT ||u(X”, t) — w(t,u,X° B, Mt)”2 dt X a(v, X?, B), and this holds when both «(v, X%, B) and

w(t,v, X°, B, M;) have low variance. Next, we present strategies to lower the variance of these
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Algorithm 4 Stochastic Optimal Control Matching (SOCM)

Input: State cost f(x, t), terminal cost g(x), covariance matrix o(t), base drift b(x, t), noise level A, number
of iterations N, batch size m, number of time steps K, initial control parameters 6y, initial matrix
parameters wy, loss Lsocym in (C.31)

forne {0,...,N-1}do

Simulate m trajectories of the process X° controlled by v = ug, , e.g., using Euler-Maruyama updates

Detach the m trajectories from the computational graph, so that gradients do not backpropagate

Using the m trajectories, compute an m-sample Monte-Carlo approximation .ESOCM(ugn, M,,,) of the
loss Lsocm(ug,, M,,,) in (C.31)

Compute the gradients V g,.,) Lsocwm (46, M) of Lsocm (ug,, Mo, ) at (0, wn)

Obtain 0,11, wp4+1 With via an Adam update on 68,,, wy, resp.

end
Output: Learned control ug,,

two objects.

MINIMIZING THE VARIANCE OF THE IMPORTANCE WEIGHT « We want to use a vector field v such
that Var[a (v, X%, B)] is as low as possible. As shown by the following lemma, which is well-
known in the literature, setting v to be the optimal control u* actually achieves variance zero
when we condition on the starting point of the controlled process X°. The proof of this result can

be found in Hartmann et al. [2017], but we include it in subsection C.3.5 for completeness.

Lemma 4.6. When we set v = u*, the conditional variance Var[a (v, X", B)|X{ = Xinit] is zero for

any Xinit € R4,

Of course, we do not have access to the optimal control u*, but it is still a good idea to set v
as the closest vector field to u* that we have access to, which is typically the currently learned
control. In some instances, one may benefit from using a warm-started control parameterized as
uws(x, t)+ugy(x, t), where the warm-start uys is a reasonably good control obtained via a different

strategy (see section C.4).

MINIMIZING THE VARIANCE OF THE MATCHING VECTOR FIELD w  We are interested in finding the
family M = (Mt)te[o 7] that minimizes the variance of w(t, v, X°, B, M;) conditioned on ¢ and X;.

Note that this is exactly the term CondVar(w; M) in the right-hand side of equation (4.23). Since
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CondVar(w; M) does not depend on the specific v, the optimal M does not depend on v either. And
since the first term in the right-hand side of equation (4.23) does not depend on M = (M;)¢[o 7>
minimizing CondVar(w; M) is equivalent to minimizing £ (u) with respect to M. In practice, we
parameterize M using a neural network with a two-dimensional input (¢, s) and a d*>-dimensional
output.

Furthermore, the following theorem shows that the optimal family M* = (M;) (o7, can be char-
acterized as the solution of a linear equation in infinite dimensions. The proof is in subsec-

tion C.3.6.

Theorem 4.7 (Optimal reparameterization matrices). Let v be an arbitrary control in U. Define

the integral operator T; : L*([t, T];R™4) — L2([t,T]; R¥9) gs
. T .
[7:(M)](s) = / Mt(s')E[)((s’, X%, B)x(s,X°,B)" x a(o, X“,B)] ds’,
t
where

T
¥(t, X, B) = / Vo f(X2,s) ds + Vg(X2) + (o7) T (H)o (X, 1)

T T
—/ be(st,s)(as_l)T(s)v(X”,t)ds—/ V.b(X?2,5)(a; 1) (s) dB.

If we define Ny(s) = —E[(Vg(X%) + /tT Vo f(X3,s") ds’) (£, X%, B)" X a(v,X”,B)], the optimal
M* = (M{)e[o1) is of the form M;(s) = I + /ts M;(s") ds’, where M is the unique solution of the

following Fredholm equation of the first kind:
Ti(M;) = N (4.26)

Solving the Fredholm equation (4.26) numerically is expensive, as the discretized linear system

has d?K equations and variables, K being the number of discretization time points. However,
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Quadratic Ornstein Uhlenbeck, easy (d = 20) Quadratic Ornstein Uhlenbeck, easy (d = 20)
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Figure 4.1: Plots of the L? error incurred by the learned control (top), and the norm squared of the
gradient with respect to the parameters 8 of the control (bottom), for the QUADRATIC ORNSTEIN UHLENBECK
(EAsY) setting and for each IDO loss. Both plots show exponential moving averages computed from the
trajectories used during training.

since the optimal M* does not depend on v, this is a computation that must be done only once

and that may be affordable in some settings.

PARAMETERIZING THE MATRICES M; In practice, we parameterize the matrices (M;),[o 1) using
a common function M, with two arguments (t,s). A simple way to enforce that M, (t,t) = Id is
to set M, (t,s) = e VO DId + (1 — e VED)M; (¢, s), where w = (y,®), and M; : R x R — R jg

an unconstrained neural network.

4.4 EXPERIMENTS

We consider four experimental settings that we adapt from Niisken and Richter [2021]: QUADRATIC
ORNSTEIN UHLENBECK (EASY), QUADRATIC ORNSTEIN UHLENBECK (HARD), LINEAR ORNSTEIN UH-
LENBECK and DouBLE WELL. We describe them in detail in section C.5. For all of them, we have
access to the ground-truth optimal control, which means that we are able to estimate the L? error

incurred by the learned control u.

In Figure 4.1 (top) we plot the control L? error for each IDO algorithm described in subsection 4.2.2,

62



101 4

1004

10-1 4

10-24

Control L2 error (EMA 0.01)

104 4

Linear Ornstein Uhlenbeck (d = 10)

—SO0CM (ours)
—=SOCM M; =1 (ablation)
----- SOCM-Adjoint (ablation)
—=-Adjoint

-Cross Entropy
—-Log-Variance

Moment

Variance

Control L2 error (EMA 0.01)

10° 4

Double Well (d =10)

—SO0CM (ours)
—=SOCM M; =1 (ablation)
E ----- SOCM-Adjoint (ablation)
A | - —-Adjoint

-Cross Entropy
—--Log-Variance

Moment
Mﬂance
N \ 0

0 10000

30000 40000 50000 60000

Num. iterations

20000

0 10000 20000 30000 40000 50000 60000 70000 80000
Num. iterations

Figure 4.2: Plots of the L? error of the learned control for the LINEAR ORNSTEIN UHLENBECK and DOUBLE

WELL settings.

SOCM SOCM M; =1 | SOCM adjoint | Adjoint

0.222 0.090 0.099 0.169
Cross entropy | Log-variance Moment Variance

0.086 0.117 0.087 0.086

Table 4.1: Time per iteration (exponential moving average) for various algorithms in seconds per iteration,
for the QuabrATIC OU (EASY) experiments (Figure 4.1).

and for the SOCM algorithm (Algorithm 4), for the QuapraTic OU (EAsSY) setting. We also include
two ablations of SOCM: (i) a version of SOCM where the reparameterization matrices M; are
set fixed to the identity I, (ii) SOCM-Adjoint, where we estimate the conditional expectation in
equation (4.22) using the adjoint method for SDEs instead of the path-wise reparameterization
trick (see subsection C.3.4).

At the end of training, SOCM obtains the lowest L? error, improving over all existing methods
by a factor of around ten. The two SOCM ablations come in second and third by a substantial
difference, which underlines the importance of the path-wise reparameterization trick. The best
among existing methods is the adjoint method (the relative entropy loss). In Figure 4.1 (bottom)
we show the squared norm of the gradient of each loss with respect to the parameters 0 of the
control: algorithms with small noise variance tend to have low error values. Table 4.1 shows the

average times per iteration for each algorithm.
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Quadratic Ornstein Uhlenbeck, hard, warm start (d = 20) Quadratic Ornstein Uhlenbeck, hard, warm start (d = 20)
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Figure 4.3: Plots of the LZ error incurred by the learned control (top), and the norm squared of the gradient
with respect to the parameters 6 of the control (bottom), for the QUADRATIC ORNSTEIN UHLENBECK (HARD)
setting and for each IDO loss. All the algorithms use a warm-started control (see section C.4).

In Figure 4.2, we plot the control L? error for LINEAR ORNSTEIN UHLENBECK and DOUBLE WELL.
For LINEAR OU, the error is around five times smaller for SOCM than for any existing method.
For DouBLE WELL, the SOCM algorithm achieves the second smallest error, slightly behind the
adjoint method, but the latter shows instabilities. As we show in Figure C.4 in section C.5, these
instabilities are inherent to the adjoint method and they do not disappear for small learning rates.
Both in Figure 4.1 and Figure C.4, we observe that learning the reparameterization matrices is
critical to obtain gradient estimates with high signal-to-noise ratio.

The costs f and g and the base drift b for QuaDRATIC OU (HARD) are five times those of QUADRATIC
OU (eAsy). Consequently, the factor (v, X°, B) has a much larger variance, and initializing the
control neural network without a warm-start yields poor results for the SOCM and cross-entropy
losses (see Figure C.5 in section C.5). Yet, when we use the control warm-start strategy detailed in
section C.4, Figure 4.3 shows that SOCM is once again the algorithm that achieves the lowest error
and the smallest gradients. Remark that the warm-start control is a reasonable approximation of

the optimal control, as the initial control L? error is much lower than in the other figures.
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4.5 CONCLUSION

Our work introduces Stochastic Optimal Control Matching, a novel Iterative Diffusion Optimiza-
tion technique for stochastic optimal control that stems from the same philosophy as the condi-
tional score matching loss for diffusion models. That is, the control is learned via a least-squares
problem by trying to fit a matching vector field. The training loss is optimized with respect
to both the control function and a family of reparameterization matrices which appear in the
matching vector field. The optimization with respect to the reparameterization matrices aims at
minimizing the variance of the matching vector field. Experimentally, our algorithm achieves
lower error than all the existing IDO techniques for stochastic optimal control for four different
control settings.

One of the key ideas for deriving the SOCM algorithm is the path-wise reparameterization trick, a
novel technique to obtain low-variance estimates of the gradient of the conditional expectation of
a functional of a random process with respect to its initial value. An interesting future direction
is to use the path-wise reparameterization trick to decrease the variance of the matching vector
field for diffusion models.

The main roadblock when we try to apply SOCM to more challenging problems is that the vari-
ance of the factor a(v, X, B) explodes when f and/or g are large, or when the dimension d is high.
We observe this in Figure C.5 in section C.5, which is for the QuADRATIC ORNSTEIN UHLENBECK
(HARD) setting but does not use warm-start. The control L? error for the SOCM and cross-entropy
losses remains high and fluctuates heavily due to the large variance of @. The large variance of
a is due to the mismatch between the probability measures induced by the learned control and
the optimal control. Similar problems are encountered in out-of-distribution generalization for
reinforcement learning, and some approaches may be carried over from that area [Munos et al.

2016].
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5 DiscussioN

This thesis contains three works that study or propose machine learning algorithms from the lens
of evolution dynamics on probability measures.

Looking ahead, several areas warrant further investigation. For the mean-field two-player dy-
namics, a reasonable goal is to get a better understanding of the convergence guarantees of the
proposed algorithms. In the realm of Multisample Flow Matching, experimenting with different
types of couplings and exploring the possibility of performing conditional generation are inter-
esting directions. Lastly, for Stochastic Optimal Control Matching, the application of the repa-
rameterization trick to other types of problems or its integration with reinforcement learning
frameworks could be promising directions.

In conclusion, this thesis not only demonstrates the feasibility and effectiveness of novel ap-
proaches to managing dynamics on probability measures but also opens up numerous avenues of
research. The methodologies developed here are poised to influence a range of applications, from
deep learning and artificial intelligence to complex system optimization and beyond, underscor-
ing the transformative potential of advanced mathematical frameworks in tackling real-world

challenges.
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A APPENDIX: MEAN-FIELD TWO-PLAYER

ZERO-SUM GAMES

A.1 LIFTED DYNAMICS FOR THE INTERACTING
WASSERSTEIN-FISHER-RAO GRADIENT FLow

Recall the IWFRGEF in (2.8), which we reproduce here for convenience.

Orpe =¥V (Vi Vie(y, X)) — apie (Vie(ptys X) — L pty)), - p(0) = pixo

Opy =—yVy - (yVyVy (e, y)) + opty (Vy (1, y) — L, 1)), 1y (0) = pay0

Given v, € P(X X R") define p, = fX wy dvy(, wy) € P(X), that is

/ V() dpx(x) = / e (x) dvs (x, wy),
X XXR*

for all ¢ € C(X). Given v, € P(Y x R"), define y, = /X wy dvy(-, wy) € P(Y) analogously. We
say that vy, v, are “lifted” measures of i, j1, and reciprocally y, y1, are “projected” measures of
Vi, Vy.

By Theorem A.1 below, we can view a solution of (2.8) as the projection of a solution of the
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following dynamics on the lifted domains X X R* and Y x R*:

OVx = wa,x . (ngyy (x, Wx))a Vx(o) = Hxo X 5wx:1
(A1)

atvy = _wa,y ’ (Vygl—lx (y, Wy))a Vy(o) = Hyo X 5wy=1

where

Iuy (x, wy) = (awy (Vs (ﬂys x) — ~£(,UXs ,Uy)), A2 (,Uy, x))),

Gu (Y, wy) = (awy (Vy (i, X) = L(pes f1y)), YV Vy (s ).

Lemma A.1. For a solution vy : [0,T] — P(X X R"),v, : [0,T] — P(Y X R") of (A.1), the

projections Ji, J1, are solutions of (2.8).

That is, given any ¢, € C'(X),{y € C'(Y), we have

d
T 0 di =y [ Va0 Vi) i = OV ) = L)
d
=y [ 09 ) i+ [ 0 0430 = L)

,Ux(o) = Hx,0, lly(o) = Hy,0 (AZ)

From (A.1) in the weak form, we obtain that given any i € C'(X X R*), ¢y € C' (¥ X RY),

d

o Ve (36, wy) dvye(x, wy) = / =¥Vt (36, wy) - ViV (py, x)
XXR*

XXR*
dyy
- awx%(x, W) (Vi (pty> X) = L (s p1y)) dpis,
d
o ) dw) = [ ) )
YXR* YXR*
iy
+ awyﬁ (v, Wy) (Vy (ko y) — L ,Uy)) d/’y’
Yy

Vx(o) = Uy X 5wx:1, Vy(o) = Hyo X 5wy:1- (A3)
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Taking 1 (x, W) = Wy (x), lﬁy(y, Wy) = Wywy(y) yields

d
dt /XxRar Wl (x) dvx (x, wy) = -/XXR+ —ywx Vit (x) - VxVx(ﬂy, x)

— awx i () (Ve (py, ) = L(pxs py)) i,
d

G ) v = [
* Y

wavyl//y(y) . VyVy(/lx; y)
Y xR R+

X

+awy ¥y (y) (Vy (i, y) — L py)) dpy. (A.4)

Notice that (A.4) is indeed (A.2).

A.2 CONTINUITY AND CONVERGENCE PROPERTIES OF THE
NIKAIDO-ISODA ERROR

Lemma A.2. The Nikaido-Isoda error NI : P(X) X P(Y) — R defined in (2.2) is continuous when
we endow P (X), P(Y) with the topology of weak convergence. Specifically, it is Lip(£)-Lipschitz
when we use the distance W1 (pix, 1) + Wi (py, ) between (px, piy) and (1, ) in P (X) X P(Y).

Proof. For any 1, the function Vy (1, ) : X — R defined as x / £(x,y) dpy is continuous and

it has the same Lipschitz constant Lip(¢) as ¢. Hence, for any i, i € P(X),

sup  L(px, py) = sup  L(p, py) = sup / Ve (py, x)dpe —  sup / Vae (py, x)dpty

nyP(y) .uyep(y) .uyep(y) ﬂyep(y)

< sup / Ve (py, x)dpis + sup / Vi (py, x)d (pix = 1) = sup / Vi (py, ) d i
I—’yep(«y) Ilyep(y) ﬂyep(y)

= sup [ Vi x0d( - ) < Lip(O) Wi (s )

HyeP(Y)
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The same inequality interchanging the roles of p, p%. shows that

| sup  L(pepty) = sup Ly py)| < Lip(6) Wi (px, 1)
.uyep(y) pyESD(J/)

holds. An analogous reasoning for #(py, ) : Y — R and the triangle inequality complete the

proof. O

Lemma A.3. Suppose that (ji})nen is a sequence of random elements valued in P (X) such that

n—oo

E[ Wy (1 )] — 0,

where pi € P(X). Analogously, suppose that (py)nen is a sequence of random elements valued in

P(Y) such that

n—oo

E[W; (4, pty)] — 0,

where j1, € P(Y).

Then,

n—oo

E[INI(py, py) — NI(p, pry)|] —— 0

Proof. First,

E[WA (L )] < E[Wo(il p)] < (BIWEGL p)]) 2, (A.5)

which results from two applications of the Cauchy-Schwarz inequality on the appropriate scalar

products. An analogous inequality holds for E[ "W (1, 1y)]. Hence, by Theorem A.2,

E[INI(p, pry) = NI(px, py) 1] < Lip(OE[ Wi (1, p) + Wi (i, py)]
< Lip(0) ((BIWZ (ks ))) ' + (BIWE e o) )

< Lip(£)V2 (B[ W2, )] + B[ W2 p)]) 2,
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where the second inequality uses (A.5) and the third inequality is another application of the
Cauchy-Schwarz inequality. Since the right hand side converges to 0 by assumption, this con-

cludes the proof. ]

A.3 PROOF OF THEOREM 2.2

We restate Theorem 2.2 for convenience.

Theorem 2.2. Suppose that Assumption 1 holds, that £ € C>*(X x M) for some a € (0,1) and
that the initial measures jix, jiy0 have densities in L' (X), L'(Y). If a solution (p(t), py(t)) of the
ERIWGF (2.7) converges in time, it must converge to the point (fly, fl,) which is the unique fixed point

of the problem

1 _ 1
— Pty duy(), py(y) = —¢f JeGey) dpx(x)

,Dx(X) = Z, Zy

(fx, fly) is an e-Nash equilibrium of the game given by L when ff > g log (2%(2[(}/6 - l)) , where
K, := max,, £(x,y) —miny, £(x,y) is the length of the range of ¢, § := €/(2Lip(£)) and Vs is a lower
bound on the volume of a ball of radius § in X, Y.

Theorem 2.2 is a consequence of the following three results, which we prove separately.

Theorem A.4. Assume X, Y are compact Polish metric spaces equipped with canonical Borel mea-

sures, and that ¢ is a continuous function on X X Y. Let us consider the fixed point problem

pe(x) = ZLxe—ﬁ’f t(xy) dpy(y),

py(y) = Zlyeﬁf"(x,y) djie ().

where Z, and Z,; are normalization constants and px, py are the densities of i, jiy. This fixed point

problem has a unique solution ([, fl,) that is also the unique Nash equilibrium of the game given
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by L, py) = L, pry) + B (H(pty) — H(pi)).

Theorem A.5. Let K; := maxy, £(x,y) — min,, £(x,y) be the length of the range of {. Let € > 0,
& = €/(2Lip(¢)) and Vs be a lower bound on the volume of a ball of radius § in X,Y. Then the

solution (fly, fiy) of (2.9) is an e-Nash equilibrium of the game given by L when
4 1-Vs
> -1 2——(2Ky/e—-1)|.
p= c 08 Vs (2K, /e - 1)

Theorem A.6. Suppose that Assumption 1 holds and ¢ € C>*(X x V) for some a € (0,1), i.e. the
second derivatives of £ are a-Holder. Then, there exists only one stationary solution of the ERIWGF

(2.7) and it is the solution of the fixed point problem (2.9).

A.3.1 PRroOOF OF THEOREM A.4: PRELIMINARIES

Definition A.7 (Upper hemicontinuity). A set-valued function i : X — 2Y is upper hemicon-

tinuous if for every open set W C Y, the set {x|¢/(x) C W} is open.

Alternatively, set-valued functions can be seen as correspondences I' : X — Y. The graph of T’
is Gr(T') = {(a,b) e X xY|b € I'(a)}. If T is upper hemicontinuous, then Gr(T') is closed. If Y is

compact, the converse is also true.

Definition A.8 (Kakutani map). Let X and Y be topological vector spaces and §/ : X — 2¥ be a
set-valued function. If Y is convex, then ¢ is termed a Kakutani map if it is upper hemicontinuous

and ¥/ (x) is non-empty, compact and convex for all x € X.

Theorem A.9 (Kakutani-Glicksberg-Fan). Let S be a non-empty, compact and convex subset of a
Hausdorff locally convex topological vector space. Let { : S — 25 be a Kakutani map. Then 1/ has a

fixed point.

Definition A.10 (Lower semi-continuity). Suppose X is a topological space, x is a point in X and

f: X = RU{—o00, 00} is an extended real-valued function. We say that f is lower semi-continuous
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(Ls.c.) at xo if for every € > 0 there exists a neighborhood U of xj such that f(x) > f(x,) — € for

all x in U when f(xp) < +00, and f(x) tends to +co as x tends towards xy when f(xq) = +oo.

We can also characterize lower-semicontinuity in terms of level sets. A function is lower semi-
continuous if and only if all of its lower level sets {x € X : f(x) < a} are closed. This property

will be useful.

Theorem A.11 (Weierstrass theorem for ls.c. functions). Let f : T — (—oo,+00] be a Ls.c.
function on a compact Hausdorff topological space T. Then f attains its infimum over T, i.e. there

exists a minimum of f inT.

Proof. Proof. Let ap = inf f(T). If @y = +o0, then f is infinite and the assertion trivially holds.
Let oy < +oco. Then, for each real @ > «ap, the set {f < «a} is closed and nonempty. Any finite
collection of such sets has a nonempty intersection. By compactness, also the set (.4, {f <

a} ={f < a} = f (@) is nonempty. (In particular, this implies that aj is finite.) O

Remark 1. By Prokhorov’s theorem, since X and Y are compact separable metric spaces, P (X) and

P(Y) are compact in the topology of weak convergence.

A.3.2 PRrooOF oF THEOREM A.4: EXISTENCE

Theorem A.12 and A.13 are intermediate results, and Theorem A.14 shows existence of the solu-

tion.

Lemma A.12. Forany p, € P(Y), Lg(-, py) : P(X) — R is lower semicontinuous, and it achieves
a unique minimum in P (X). Moreover, the minimum m, (1) is absolutely continuous with respect

to the Borel measure, it has full support and its density takes the form

dmx(.uy)

1
— B[ Lxyduy A6
Ix (x) 7 ¢ , (A.6)

Hy

where Z,ly is a normalization constant.
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Analogously, for any p, € P(X), =Lg(pix,*) : P(Y) — R is lower semicontinuous, and it achieves
a unique minimum in P(Y). The minimum my(py) is absolutely continuous with respect to the
Borel measure, it has full support and its density takes the form

—dmy(”") (y) = LeﬁfL(x,y)dux
dy Zpe ,

where Z,,_ is a normalization constant.

Proof. We will prove the result for L4(, 1), as the other one is analogous. Let dx denote the
canonical Borel measure on X, and let p be the probability measure proportional to the canonical
Borel measure, i.e. Z—ﬁ = F}X) Notice that vol(X) is by definition the value of the canonical

Borel measure on the whole X. We rewrite

dy _
Lﬁ(;ux: .uy) = ‘// £(x, y)d/"ydﬂx + :8_1 / log (L) dpx + 1H(,”y)

// £(x, y)dpydpss + / log(d‘"“ )d + 7 Hpy)

- // (¢(x,y) - B~ log (vol(X))) duydpis + / 1og(‘;—‘;;‘)dux+ B~ H(p,)

Notice that the first term in the right hand side is a lower semi-continuous (in weak convergence
topology) functional in y, when i, is fixed. That is because it is a linear functional in y, with a
continuous integrand, which implies that it is continuous in the weak convergence topology. The

second to last term can be seen as the relative entropy (or Kullback-Leibler divergence) between

Uy and p:

d
Hj (j) = / log ( & ) dp

The relative entropy Hj(jy) is a lower semi-continuous functional with respect to y, (see Theo-

rem 1 of Posner [1975], which proves a stronger statement: joint semi-continuity with respect to
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both measures).

Therefore, we conclude that Lg(-, ) (with p, € P(Y) fixed) is a Ls.c. functional on #(X). By
Theorem A.11 and using the compactness of #(X), there exists a minimum of Ls(-, 1) in P (X).
Denote a minimum of L4(-, ity) by fic. [ must be absolutely continuous, because otherwise
—B1H(ji,) would take an infinite value. By the Euler-Lagrange equations for functionals on
probability measures, a necessary condition for /i, to be a minimum of Lg(-, y1) is that the first
variation %(ﬁx) (x) must take a constant value for all x € supp(/i,) and values larger or

equal outside of supp(jI;). The intuition behind this is that otherwise a zero-mean signed measure

8 Lp(pty)
Opix

with positive mass on the minimizers of (f1x) and negative mass on the maximizers would

provide a direction of decrease of the functional. We compute the first variation at fi,:

0Ls(-, S
/;Elxﬂy) (fix) (x) = 5_,Ux (/ L(x, y)dyyd’ux - ﬁ_lH(ﬁx) +ﬁ_1H(py))

djix
=/L(x,y)dﬂy+ﬂ_1 10g(%(?€)),

We equate / e(x,y)dpy + p! log(%(x)) = K, Vx € supp(jix), where K is a constant. The first
variation must take values larger or equal than K outside of supp(fi,), but since log( %‘ (x)) = —o0

outside of supp(fiy), we obtain that supp(ji;) = X. Then, for all x € X,

%(x) = e—ﬂfL(x,y)dyy+ﬁK _ Le—ﬂfL(x,y)d,uy
dx Z/,ly

where Z,,, is a normalization constant obtained from imposing f %‘(x) dx = f 1dji, = 1. Since
the necessary condition for optimality specifies a unique measure and the minimum exists, we

obtain that m,(p,) = I, is the unique minimum. An analogous argument holds for m,(j,) O

Lemma A.13. Suppose that the measures (i) .y and py are in P(Y). Recall the definition of

neN

my : P(Y) — P(X) in equation (A.6). If (pyn), . converges weakly to p,, then (my(py,))

neN neN

converges weakly to my(j), i.e. my is a continuous mapping when we endow P (Y) and P (X) with
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their weak convergence topologies.

The same thing holds for my and measures (jixn) ,ere and pix on X.

Proof. Given x € X, we have ft’(x, Ydpyn — /t’(x, y)dpy, because £(x,-) is a continuous
bounded function on Y. By continuity of the exponential function, we have that for all x € X,

e P L teydyn _y o= [ tCey)dny, Using the dominated convergence theorem,
/ e_ﬁ/f(xay)dﬂy,ndx — / e_ﬂ/[(x,y)d}lydx
X X

We need to find a dominating function. It is easy, because Vn € N, Vx € X, e”# Jteydnyn <
e_ﬁmin(x,y)EXXM f(X,y)‘ And fX e—ﬂmin(x,y)eny [(X,y)dx = e_ﬂmin(x,y)e)(xy [(X,y)VOI(X) < 090, BY the
Portmanteau theorem, we just need to prove that for all continuity sets B of my(y,), we have

My (fiyn) (B) — my () (B). This translates to

‘/é e_ﬂ/f(x,y)dﬂy,ndx . ‘/é e—ﬂ/f(x,y)d,uydx
./X e_ﬂf((x’y)dﬂy,ndx /}( e—ﬁf f(x,y)dpydx

We have proved that the denominators converge appropriately, and the numerator converges as
well using the same reasoning with dominated convergence. And both the numerators and the
denominators are positive and the numerator is always smaller denominator, the quotient must

converge. O

Lemma A.14. There exists a solution of (2.9), which is the Nash equilibrium of the game given by

Ly

Proof. We use Theorem A.9 on the set P(X) x P(Y), with the map m : P(X) x P(Y) —
P(X) x P(Y) given by m(py, pty) = (my(pty), my(px)). The only condition to check is upper
hemicontinuity of m. By Theorem A.13 we know that m,, m, are continuous, and since contin-

uous functions are upper hemicontinuous as set valued functions, this concludes the argument.
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Indeed, we could have used Tychonoft’s theorem, which is similar to Theorem A.9 but for single-

valued functions. O

A.3.3 PRroOOF OF THEOREM A.4: UNIQUENESS

Lemma A.15. The solution of (2.9) is unique.

Proof. The argument is analogous to the proof of Theorem 2 of Rosen [1965]. Suppose (px.1, ty,1)
and (fix2, iy,2) are two different solutions of (2.9). We use the notation Fi (py, pty) = Lg(px, piy),

Fy (i, pty) = =L (i, p1y). Hence, there exist constants Ky 1, Ky 1, Ky 2, Ky 2 such that

§F1 5F2
E(ﬂx,l,ﬂy,l)(x) + Ky1 =0, 5_#y(llx,l,lly,1)(y) +Ky1 =0,

OF OF
5_‘L;(ﬂx,2, Hy2) (x) + Ky 2 =0, 5—I;(ﬂx,2, Hy2)(y) + Ky2 =0

On the one hand, we know that

SF SF.
/ —1(ﬂx,1,ﬂy,1)(x) d(px2 = px,1) +/ _z(ﬂx,liﬂy,l)(y) d(py2 = piy1)
Opx Sty
OF OF.
+ / 5—1(,”x,2>,”y,2)(x) d(fhes = pi2) + / 5—2(ux,z,uy,z)(y) dpya = py.2)
Hx ,Uy
= - / Kx,l d(,ux,Z - ﬂx,l) - / Ky,l d(.uy,Z - .Uy,l)

_ / Kep d(jie1 — fies) — / Ky dtiyr — fiyz) = 0 (A7)

We will now prove that the left hand side of (A.7) must be strictly larger than 0, reaching a

77



contradiction. We can write

SF SF
5—Mt(yx,z,uy,z)(x) - 5—Mt(ux,1,uy,1)(x) = / L(x,y) d(py2 — piy1)

+ ﬂ_l (log(px,2(x)) — log(px,1(x))),

OF. OF
2 (2o piy2) (%) = == (a1, fiy1) (X) = — / L(x,y) d(pte2 — fx1)
Oty Sty

+ B~ (log (py2(x)) — log(py,1(x)))

Hence, we rewrite the left hand side of (A.7) as

// LG ) (g — o)Atz — pien) + 57 / (log(j1x2(x)) — 10g (s () d(jixz — i)
- // L(x,y) d(px2 — px1)d(py2 — py1) + / (log(py2(x)) —log(py1(x))) d(pyz2 — piy1)

= ﬂ_l(H/lx,1 (Hx2) + Hy,, (px1) + Hy,,, (py2) + H,,, (Hy,2)).

Since the relative entropy is always non-negative and zero only if the two measures are equal,

we have reached the desired contradiction. O

A.3.4 PRroOOF OoF THEOREM A.5

We will use the shorthand V, (x) = V(1) (x) = / L(x,y)djy, Vy(y) = Vy (i) (y) = f L(x,y)d L.
Since £ : X X Y — R is a continuous function on a compact metric space, it is uniformly contin-

uous. Hence,

Ve > 0,35 > 0st. \d(x,x)2 +d(y, )2 < § = |e(x,y) — (X', )| <€
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Which means that

d(x,x") <6 = [Vi(x) = Va(x)]| =‘/(l’(x,y)—f(x',y))dy <€

This proves that V, is uniformly continuous on X (and V; is uniformly continuous on Y using
the same argument).

We can write the Nikaido-Isoda function of the game with loss £ (equation (2.2)) evaluated at

(e i) 5

NI(fix, fiy) = L(fix, fiy) = H}}H{L(”X’ fiy)} + (=LA, fiy) + rrllf;lX{L(ﬁx, py)})
x y

ST v + ] Wy
B [ e P dx xeC [ efWdy

+ V. A8
gggj y(y) (A.8)

The second equality follows from the definitions of £, V,, V;,. We observe that in the right-most
expression the first two terms and the last two terms are analogous. Let us show the first two
terms can be made smaller than an arbitrary € > 0 by taking f large enough; the last two will be

dealt with in an analogous manner. Let us define Vi (x) = Vi (x) — minyec, Vi (x').

f Vi (x)e P dx .- f(Vx(x) — mingce, Vi(x'))e P> dx
IR [ e dx

/ Vx(x)e_ﬁVX(X) (]l{f/x(x)Se/Z} + ]1{6/2<Vx(x)§e} + ]1{6<Vx(x)}) dx
JePOL g o cmdx+ [P0, g o gdx+ [ e P01 g ) dx

(A.9)

Let us define

- Vx ~
4V (x)<e/2y = / e’ (x)]l{vx<x>se/2}dx’

and qy. /577 (x)<cy @04 Gy, (r)y analogously.
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Similarly, let

— 7 -, Vx ~
T (x)<e/2) = / Ve(@)e PO o,

and T{e/2<Vy(x)<e} and e<V(x)} analogously.

Let

Qie/2<V,(x)<e}

p=— - -
9V, (x)<e/2y T Ae/2<Vy(x)<e} T V<V (x)}

Then, we can rewrite the right-most expression of (A.9) as

T (x)<e/2y T Te/2<Vi(x)<e} T T e<l(x)}

Uir(oze/zy ¥ Ueje<vie(ze} ¥ Ue<ii(x))
Me/z<Ve@se} (1-p) M (x)ze/2} T et}

De/2<V (x)<e} 9V (x)<e/2y T Ae<ii(x)}

=5 (A.10)

Since V(x) < e in the set {x|e/2 < V,(x) < €}, r{e/2<Vx(x)Se}/q{e/2<\7x(x)S6} <e.
Let Xmin be such that V(xpmin) = minyec, V(x) (possibly not unique). By uniform continuity of V4,
we know there exists § > 0 (dependent only on €) such that B(xyin, 8) € {x|Vi(x) < €/2}. The

following inequalities hold:

€
Fese/z) = 3V (0ze/2y

Ple<Vi(x)} = (iré%?f Vi(x) = QICI} Vx(x))q{e<‘~,x(x)} < (T?CZXL(X, y) - n}}’iynL(X, y))q{e<{/x(x)}

= KLq{€<f/X(x_)}. (A.ll)

where we define K, = max,, £(x,y) — miny, £(x,y). Using (A.11), we obtain

Feze/zy ety _ 3907, (0 <e/2y T KLd(eai ()

Uiy<e/ay t ety ineo<e/zy T et
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If the right-hand side is smaller or equal than €, then equation (A.10) would be smaller than € and
the proof would be concluded. For that to happen, we need (K — €)q .y, (1)} < 59V, (x)<c/2}

q{Vx(x)Se/Z}/q{e<Vx(x)} Z Z(Kf/e - 1). The fOllOWlng bounds hold:

91 (<2 = VOL(B(xmin, 8)) e FImnwecs Vel0re/2),
Gieati () < (1= VOI(B(xmin, §)))e Flmineecy ix(+e),
Thus, the following condition is sufficient:

Vol(B(xmin, 5))
1 — Vol(B(xmin, 9))

P2 > 2(Kp /e - 1).

Hence, if we take

2 1- VOI(B(xmin, 5))
> —1 2
P2 108 | 2B e 0))

(Kp/e 1) (A.12)

then (fiy, fI;) is an e-Nash equilibrium. Since we have only bound the first two terms in the
right hand side of (A.8) and the other two are bounded in the same manner, the statement of the

theorem results from setting € = €/2 in (A.12).

A.3.5 PRroor oF THEOREM A.6

First, we show that any pair /i, i, such that

%(x) = ie—ﬂft’(x,y) d,ﬁy(y)’ %(y) _ ieﬂf[(x,y) dfix (x)
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. . . . . . . i dji A A ey
is a stationary solution of (2.7). Denoting the Radon-Nikodym derivatives ddL;, dLyy by px, py, it is

sufficient to see that

0= Vi (PxVaVa(py, x)) + ﬂ_leﬁx
(A.13)

0=-V,- (ﬁyVyVy(Hx, y)) + ﬂ_lAyﬁy

holds weakly. And

1 N
Vipx = Z_e—ﬁft’(x,y) 4y (y) (_ﬂvx / £(x,y) d.ﬁy(y)) = _ﬁxvxvx(ﬁy’ x),

X

~ 1 X 1 (x A A Iy
Vypy = Z—yeﬂf[( 4) dp(x) (ﬁvy/ t(x,y) d,ux(x)) = pyVyVy (fix. ),

implies that (A.13) holds.
Now we will prove the converse. Suppose that /i, /i, are (weak) stationary solutions of (2.7).
That is, if y/x € C*(X), yy € C*(Y) are arbitrary twice continuously differentiable functions, the

following holds

- (‘/ Ve () - Vul(x,y) dfy + ﬂ-lew,C(x)) djs
X Y
Y \JX

(A.14) can be seen as two measure-valued stationary Fokker-Planck equations. We want to
see that they have densities and that the densities satisfy the corresponding classical station-
ary Fokker-Planck equations (A.13). Works in the theory of PDEs have studied sufficient condi-
tions for measure-valued stationary Fokker-Planck equations to correspond to weak stationary
Fokker-Planck equations, and further to classical stationary Fokker-Planck equations. See page

3 of Huang et al. [2015] for a more detailed explanation on the two steps. That measure-valued
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stationary correspond to weak stationary solutions is shown in Theorem 2.2 of [Bogachev et al.
2001]. That weak stationary solutions are classical stationary solutions requires that the drift
term is in Cllc’)i (locally a-Hélder continuous with exponent 1), meaning that it is in C! and that
its derivatives are a-Holder in compact sets. The result follows from the theory of Schauder esti-
mates. Differentiating under the integral sign, the drift terms — fy Vi l(x,y) djiy, fX Vyt(x,y) dji,

fulfill the condition if £ € C>“.

A.4 PROOF OF THEOREM 2.3

Recall the expression of an Interacting Wasserstein-Fisher-Rao Gradient Flow (IWFRGF) in (2.8):

Ofly = YV : (,UxVxVx (,Uy: x))
_aﬂx(Vx(ﬂya x) - ~£(,um ,Uy))» ,ux(o) = Hx,0
apy ==YV - (pyVyVy(px, y))

ety (Vy (pes y) = L py))s - py(0) = piy0

The aim is to obtain a global convergence result like the one in Theorem 3.8 of Chizat [2019].

First, we will rewrite Lemma 3.10 of Chizat [2019] in our case.

Lemma A.16. Let ju, j1, be the solution of the IWFRGF in (2.8). Let /i, ,u;‘ be arbitrary measures
on X, Y. Let i (t) = %fot px(s) ds and fi,(t) = %fot py(s) ds. Let || - ||g. be the bounded Lipschitz

norm, ice. ||flls = lIflleo + Lip(f). Let

. E3 1
Qur 1o (T) = Hel;)l(fg) ™ = plly, + ;7{ (1 o) (A.15)
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with® =X or Y. Let

1
B=- ¢(x,y) — min £(x, Lip(¢ A.16
PR A 19

Then,
L(f(t), u;) — L1}, fiy(t)) < BQuz . (aBt) + BQy; ., (aBt) + yB*t (A.17)

Proof. The proof is as in Lemma 3.10 of Chizat [2019], but in this case we have to do everything

twice. Namely, we define the dynamics

dﬂ; €
B Y (Ve )
du

initialized at p5(0) = pg o, 1 (0) = l‘;,o arbitrary such that pf ; and ;1;’0 are absolutely continuous
with respect to i, and py,0 respectively.

Let us show that

d o
S HOE ) = [ 5= )3 o= ) (A18)

where H (p$, px) is the relative entropy, i.e.

d € _ d € €
a}{(ﬂx’ :UX) - E/log (px) dnux’

ps being the Radon-Nikodym derivative dpg /d .

Assume to begin with that y{ remains absolutely continuous with respect to y, through time. We
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can write

d € _ d €
& [opane = 5 [y

We can develop the left hand side into

d
& [ i = [ =909 - TV 00 3)

+ / e ()P () (Vi Ctye %) = L s i) ()

¢ [ 00 L
- / V() pE) + P COVPE(R)) - VWi () ()

+ / e (x) P () (Ve (g ) — Lt i) )i ()

o [0 2 (o )

and the right hand side into

d
& [ = [ roin - 9 i

Note that comparing terms, we obtain

/ (O VPE(X) - VWi (s ) s ()

Ipx
ot

= / e () i (x0) (Vie (pys x) = L, py)) = Y () —= (x) dpix (x)

85



Since ¥ is arbitrary, it must be that

=Y Vps(x) - VVi(py, x) = apy(x) (Ve (py, %) = L, piy)) = —px(x) (A.19)

holds i,-almost everywhere. Now,

d
" / log (p%) dpi = -y / V (log (p3(x))) - VVx(py, x) dpi(x)
=y [ 5 () T ) i)

= a’/(Vx(ﬂy’ X) - L(,um ,uy)) d’u;(x) - / xt )atpx( )dﬂx(X)
Here,
1 0 P )
/ P (x )atpx(x)dﬂx( x) = / apx(x)dyx(x) =0
And since

0L
L, pty) = / E(ﬂm Hy) () d iy,

the first term yields (A.18). We assumed that p§ existed and was regular enough. To make the
argument precise, we can define the density of y§ with respect to i, to be a solution p¢ of (A.19),
and thus specify .

Now, recall that p} is an arbitrary measure in £ (X). By linearity of £ with respect to p,

o S 1) (0 = ) = 5—£(ux,yy><x> A0 - o) + / (%(ux,yyxx) A4S — )

(L(/lxs,uy) L(ux,uy))+|| (llx,uy)IIBLllllx Tl (A.20)

Notice that we can take || 5L (M, y) ||BL to be smaller than B (defined in (A.16)). If we integrate
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(A.18) and (A.20) from 0 to t and divide by ¢, we obtain

] s ) ds =5 [ Lo ds

1 B [!
< M ea) = OO0+ 7 [ I = il (a21)

We bound the last term on the RHS:

B t " . B t i
7 / Ik — ;U;”BL ds < B||ﬂfc,o - ﬂ;llBL + 7/ ||llfc,o - :ufc“BL ds (A.22)
0 0

And

* € € t d €
0 sl = s [raGEo -0 = sw [ 5 [ rase e
0

[l fllsL<1,f€C*(X) [l fllBL<1,feC*(X)

t 5L . )
- sup - / / YVI) - V= (i ) (%) dpis(s) ds
IfllBL<1,feC?(X) 0 L

t
< / / yB dyi(s) ds = yBt (A.23)
0
Also, by linearity of £ with respect to 1,
1 : * *x -~
=7 | LU py(s) ds = =L fiy (1)) (A.24)
0

If we use (A.22), (A.23) and (A.24) and the non-negativeness of the relative entropy on (A.21), we

obtain:

1 [! H (g 00 Hx0) . B
" /0 L(1e(8). 1y () ds = LGt fiy (1)) € —— o= + Bl = il + =t (A25)
1 [t ~ 7'{(}16’0’ ,Uy,O) . B2

- / L(1x(8). 1y () ds + L), 1) < ———+ Blligy = iyl + -t (A26)

Equation (A.26) is obtained by performing the same argument switching the roles of x and y, and
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L by —L. By adding equations (A.25) and (A.26) and considering the definition of Q in (A.15),
we obtain the inequality (A.17).

O

Notice that by taking the supremum wrt p%, y1y on (A.17) we obtain a bound on the Nikaido-Isoda
error of (i (1), fiy(t)) (see (2.2)).

Next, we will obtain a result like Lemma E.1 from Chizat [2019] in which we bound Q. The proof
is a variation of the argument in Lemma E.1 from Chizat [2019], as in our case no measures are

necessarily sparse.

Lemma A.17. Let © be a Riemannian manifold of dimension d. Assume that Vol(By.) > e Xe? for
all 0 € ©, where the volume is defined of course in terms of the Borel measure' of ©. If p := % is the
Radon-Nikodym derivative of iy with respect to the Borel measure of ©, assume that p(0) > e™X

forall 0 € ©. The function Q,x ,,,(t) defined in (A.15) can be bounded by
d 1 ,
Qs (1) < ;(1 —logd +log7) + ;(K+K)

Proof. We will choose £€ in order to bound the infimum. For 6 € ©, € > 0, let & . be a probability
measure on ® with support on the ball By . of radius € centered at 6 and proportional to the Borel

measure for all subsets of the ball. Let us define the measure

JE(A) = /@ Eoe(A) du*(0)

for all Borel sets A of X. Now, we can bound ||y — p*||5; < Wi(p€, ). Let us consider the

IThe metric of the manifold gives a natural choice of a Borel (volume) measure, the one given by integrating the
canonical volume form.
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coupling y between p€ and p* defined as:

V(AXB) = /A £9.(B) dyr* (0)

for A, B arbitrary Borel sets of ©. Notice that y is indeed a coupling between p€ and p*, because

Y(A X ©) = u*(A) and y(© x B) = u¢(B). Hence,

Wit < [

X0

1
de(0,0')dy(0,0") = | ——— de(6,0") do du* (¢’ A27
000V 00 = [ G [ 00 a0 @) a2

where the inner integral is with respect to the Borel measure on ©. Since dg(0,60’) < € for all
0 € By ., we conclude from that (A.27) that Wy (p¢, p*) < e.
Next, let us bound the relative entropy term. Define p. as the Radon-Nikodym derivative of ¢

with respect to the Borel measure of 0, i.e.

W [ * (g
pe0) = o 0) = | G (0) "0,

Also, recall that p := %. Then, we write

Hu) = [ 1og 2au = [ tog(po)pedt ~ [ log(p)peds. (A28)
0 P e) 0

On the one hand, we use the convexity of the function x — xlog x:

1
VOl(Bgr,e)

- 1 * n/
- /@ (W“@'f(e)) log (mﬂsg/,g(@) dp*(6").

pe(0) log pe(6) = ( /@ 15, (0) du*(9’)) log ( /@ mnmw) d* (0')
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We use Fubini’s theorem:

1 1 * /
[r@rep0 a0 [ [ (V()I(—MHBQ,,€<9>)log(mhg,ﬁﬁ 40 dyi*(9)

1
= [ —— —log (Vol(Bg:c)) dO du*(0') = —/lo Vol(By ) du*(0")
L iy, s Velsra) a0 [ Log (Vol(By..)) du

< —dloge+K (A.29)

where d is the dimension of © and K is a constant such that Vol(By () > e Xe? for all 0’ € ©.

On the other hand,

/ log(p(0))pe(6) d6 = / e /V L ~os(e (@) 0 9

1
< [ — K’ d dy*(0') =K' (A.30)
‘/@) VOI(BG’,E) Vol(By () g

where K’ is defined such that p(8) > e X for all § € ©.
By plugging (A.29) and (A.30) into (A.28) we obtain:

. 1 /
™ =l + ;‘H(,ue,yo) <e+ ;(—dloge+K+K).

If we optimize the bound with respect to € we obtain the final result. O

Theorem 2.3. Let € > 0 arbitrary. Suppose that iy, jiy,0 are such that their Radon-Nikodym
derivatives with respect to the Borel measures of X, Y are lower-bounded by e %, e Xu respectively.
For any § € (0,1/2), there exists a constant CS,X,y,K,’C,K; > 0 depending on the dimensions of X, Y,

their curvatures and K, K;, such that ify/a < 1 and

Y < (;) (A31)
[04

Co.X.Y KK,
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Then, at ty = (ay)~'/? we have

NI(f1x(to), fiy (o)) == sup L(fix(to), py) — Lk, fiy(t0)) < €

Ho1

Proof. We plug the bound of Theorem A.17 into the result of Theorem A.16, obtaining

* _ dy
LOia(0). 1) = Lt (1)) < (1 - log ds +log(aBt))
dy
+ 5(1 — log dy +log(aBt))

1 ’ / 2
+E(Kx+Kx+Ky+Ky)+yB t

Now, we set t = (ay)~"/?, and thus the right hand side becomes

dy a d a , ,
\/g (dx (1 —log 3 + log \/;) +dy (1 - loggy + log \/;) + K+ K +Ky + K +Bz)(A.32)

Let € > 0 arbitrary. We want (A.32) to be lower or equal than €. For any § such that 0 < § < 1/2,

there exists Cs such that log(x) < Csx®. This yields

=6/2 d -5/2
\/Z(dx 1—10g&+C5(g) )+dy(1—10g—y+c(5(g) ))

+ \/E (Kx + K+ K, + K, + BZ) (A.33)
(04

If we set y < a, (y/a)™®? > 1 then (A.33) is upper-bounded by
Y 5 d dy
X 4 /4
(;) (dx(l —log 3 +Cs) +dy(1 —log B +Cs) + K + K + Ky + Ky + BZ)
If we bound this by €, we obtain the bound in (A.31). O
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Corollary A.18. Let (X, ydy, ldx,dy) be a family indexed by N?. Assume that ju, Hyo are

dyeN,d,eN
set to be the Borel measures in Xg_, ydy, that Xy, ydy are locally isometric to the dy, dy-dimensional
Euclidean spaces, and that the volumes of X, Y4, grow no faster than exponentially on the dimen-

sions dy, dy. Assume that ldx,dy are such that B is constant. Then, we can rewrite (A.31) as

Y € v
-<0
o ( (dx + dy) log(B) + dy log(dy) + dylog(d,) + B2)

Proof. The volume of n-dimensional ball of radius r in n-dimensional Euclidean space is

n/2
n

Vn(r): +1)R s

T
re

and hence, if X, Y are locally isometric to the d, and dy-dimensional Euclidean spaces we can

take

d d d d d
K, =logT (?x + 1) - ?xlog(ar) < (?x + 1) log (?x + 1) - ?x log(7) < O(dylogd,)

d
K, = log r(?y +1) - glog(n) < O(dy logdy)

If the volumes of X, Y grow no faster than an exponential of the dimensions d,, d, and we take
Fx,05 Hy, to be the Borel measures, we can take K}, = log(Vol(X)), Ky = log(Vol(Y)) to be constant

with respect to the dimensions dy, d,. m]

A.5 PROOF OF THEOREM 2.4(I)

A.5.1 PRELIMINARIES

Throughout the section we will use the techniques shown in subsection A.7.5 to deal with SDEs

on manifolds. Effectively, this means that for SDEs we have additional drift terms ﬁx or ﬁx induced
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by the geometry of the manifold, and that we must project the variations of the Brownian motion
onto the tangent space.
Define the processes X" = (X1,...,X") and Y" = (Y,...,Y") such that for all i € {1,...,n},

i 1% i v A i
dxj = | D UVt(X Y] + he(X))

Jj=1

dt + 27! PrOjTXiX(dVVti)a Xo' =& ~ i
t

. 1 <& S . L
dy; = (; Z Vy{’(XJ, YY) +hy(Y)) ] dt +v2p7! ProjTYiy(th‘), Y = E ~ pyo
=1 ,

(A.34)

where W; = (W,...,W"), and W, = (W},..., W) are Brownian motions on R"Px and R"Pv
respectively. Notice that X; is valued in X” € R™~ and Y, is valued in Y" C R"Pv, (A.34) can
be seen as a system of 2n interacting particles in which each particle of one player interacts with
all the particles of the other one. It also corresponds to noisy continuous-time mirror descent on
parameter spaces for an augmented game in which there are n replicas of each player, choosing

31l - 13 for the mirror map.

Now, define X = (X1,..., X" and Y = (Y',...,Y") foralli € {1,...,n} let

dX! = (_ /y V.ot(X]y) dyy,t+ﬁx(i<;')) dt + 21 Projr x (dW)),
dy] = ( / Vye(x, YY) dyx,t+ﬁy(?;')) dt + /271 Projr. y (dW;),
X ¢

Xi=8~ pyo, T Law(Y)), Yi=£& ~ Hyos  Pxt = Law(X/) (A.35)

Lemma A.19 (Forward Kolmogorov equation). The laws (fix)c[o,1]> (fy)te[o,r] Of @ solution X,Y
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of (A.35) withn = 1 (seen as elements of C([0, T], P(X)),C([0,T],P(Y))) are a solution of (A.36).

Oty = (e (ﬂxvxvx(ﬂys x)) + ﬁ_leﬂx, ,Ux(o) = Hx,0
(A.36)

ity = =Vy - (yVyVy (e, ) + f7 Ay, 11y (0) = g0

Proof. We sketch the derivation for the forward Kolmogorov equation on manifolds. First, we

define the semigroups

Piyx(x) = E[Yx(X0)1Xo = x1, P{Yy(y) = Elyy(Y)[Yo = y],

where X, Y are solutions of (A.35) with n = 1. We obtain that if LY, L) are the infinitesimal
generators (i.e., Liyy(x) = lim;_, o %(P;‘ U (x) — Yr(x))), the backward Kolmogorov equations
%P;‘ U (x) = LEP Y (x), %Pty Yy(y) = LIp/ Yy (y) hold for /,, ¥, in the domains of the generators.
Since L} and P} commute for these choices of i/, we have %Pf(//x (x) = PF LYY (x), %P;/ Uy(y) =

4 Ltyz,by(y). By integrating these two equations over the initial measures /iy, f1,0, we get

d d
G [0 du= [ L dme G [ dne= [ L0000 due

We can write an explicit form for L} P}y, (x) by using It6’s lemma on (A.35):

£59000 = ([ 900 dig ds 00 o 00+ 57T (Proi) 0 P

where we use Projy_, y to denote its matrix in the canonical basis.
X
t

Let {&;} be a partition of unity for X (i.e. a set of functions such that } ;. & (x) = 1) in which each
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& is regular enough and supported on a patch of X. We can write

d d d
CCLEEEJ RACEEEDW ¥ I

=3 [ L) du
k
Now, let /¥ (x) = & (x)yx (x).

/ L35 (0) dpny
X

_ /X (VWi ) = () Vul () + ﬂ—lTr(<ProijX)THt/;)]§(x) Projyx | dptes

Notice that this equation is analogous to (A.57). We reverse the argument made in subsec-
tion A.7.5. Using the fact that the support of lk]f (x) is contained on some patch of X given by

the mapping ¢ : Upa € R — U € X C RP, the corresponding Fokker-Planck on Uga is

i »
i ), PO 0@

= / Vs (s i (q)) - VIX (@) + B AYE (Wi (9)) AW )tz (9),

R

where the gradients and the Laplacian are in the metric inherited from the embedding (as in

subsection A.7.5). The pushforward definition implies

d [ - . i
i L0 a0 = [ 9V W) + AT s (),

Ur
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By substituting (/;f (x) = & (%)Y (x), summing for all k and using > & (x) = 1, we obtain:

d
T 90 () = [ TV ) V) 575 ) s )

which is the same as the first equation in (2.7). The second equation is obtained analogously. O

Let " = 1 3" 5yi be a P(C([0,T], X))-valued random element that corresponds to the empir-

n

ical measure of a solution X" of (A.34). Analogously, let yy = L3, 8y be a P(C([0,T], Y))-

valued random element corresponding to the empirical measure of Y".

Define the 2-Wasserstein distance on P(C([0,T], X)) as

WZ(u,v) == inf / d(x,y)? drn(x,y) (A.37)
ell(pv) C([0,T].X)?

where d(x,y) = sup,co 1) dx (x(t),y(t)). Define it analogously on P (C([0,T], ¥)).

We state a stronger version of the law of large numbers in the first statement of Theorem 2.4(i).

Theorem A.20. There exists a solution of the coupled McKean-Vlasov SDEs (A.35). Pathwise unique-
ness and uniqueness in law hold. Let pi, € P(C([0,T],X)),py € P(C([0,T],Y)) be the unique

laws of the solutions for n = 1 (all pairs have the same solutions). Then,

n—oo

BIWE(L, ) + WEGL, )] 2= 0
Let us comment on why Theorem A.20 implies the first statement in Theorem 2.4(i). We make
use of the mapping P(C([0,T], X)) 3 p— (pr)icfor) € C([0, T], P(X)) into the time marginals.
By the definition (A.37), sup,c(o,] Wy (24> fixt) < Wy (1}, 11x) and the same holds for p, 1. At

this point, Theorem A.19 states that (yic);e[o.7], (1y)ie[o,7] is a solution of the mean-field ERIWGF

(A.36) and concludes the argument. The proof of Theorem A.20 uses a propagation of chaos
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argument, originally due to Sznitman [1991] in the context of interacting particle systems. Our

argument follows Theorem 3.3 of Lacker [2018].

A.5.2 EXISTENCE AND UNIQUENESS

We prove existence and uniqueness of the system given by

t t
X; = / (— / Vol (X, y) dpys ds+ﬁx(5<s)) ds + /21 / Projz, x(dWj),
0 Y 0 °
t t
i- [ ( JRZESS dux,s+ﬁy<Ys""'>) s+ VEFT [ Projy y ()
0 X 0 :

Pt = Law()zt”), Pyt = Law(f/t"), X, = &~ Ix0, Yo = &~ qiyo. (A.38)

Path-wise uniqueness means that given W, W, &, £, two solutions are equal almost surely. Unique-
ness in law means that regardless of the Brownian motion and the initialization random variables
chosen (as long as they are pi,o and 1 o-distributed), the law of the solution is unique. We prove
that both hold for (A.38).

We have that for all x,x” € X, i, v € P(Y),

‘/ V., t(x,y) du— / Viet(x',y) dv| < L(d(x,x") + Wa(p, v)) (A.39)

This is obtained by adding and subtracting the term / V.£(x'y) dy, by using the triangle in-
equality and the inequality W (i, v)) < Wa(p, v)) (which is proven using the Cauchy-Schwarz

inequality). Hence,

2
< 2L%(d(x, ') + Wi (i, v)) (A.40)

' / Vl(x,y) dp — / V. £(x,y) dv
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On the other hand, using the regularity of the manifold, there exists Lx such that

|ﬁx(x) - l’ix(x/)| < Lxd(x, x,),

|Projy, x — Projr, x| < Lxd(x,x")

where Projr, y denotes its matrix in the canonical basis and the norm in the second line is the
Frobenius norm. Also, let ||x —x’|| be the Euclidean norm of X in RP~ (the Euclidean space where
X is embedded) and let Ky > 1 be such that d(x, x") < Kx||x — x’||.

Let py, vy € P(C([0,T], X)) and let X*v, X*v be the solutions of the first equation of (A.38) when
we plug 1, (vy resp.) as the measure for the other player. X#v and X" exist and are unique by
the classical theory of SDEs (see Chapter 18 of Kallenberg [2002]). Following the procedure in

Theorem 3.3 of Lacker [2018], we obtain

2
dr]

t
E[[|X* - X"|17] < 3tE[ /
0

/Vx[(X”y,y) dyty —/Vx{’(XVy,y) dvy,

t
+ 3B / |ﬁx(X”y)—ﬁx(XVy)|2dr]
0

t
+ 12E[/ |Projr, x — Proij,X|2 dr]
0

t
<3(3t+ 4)i2E[ / (IXHy = XY 17+ W5 (g s V) dr], (A.41)
0
where L2 = (L% + L{z\,)Ki, Using Fubini’s theorem and Gronwall’s inequality, we obtain
y ) t
E[||X* — X"||?] < 3(3T +4)L? exp(3(3T +4)L?) / ‘sz(,uy,r, Vy,r)) dr (A.42)
0
Let Cr := 3(3T + 4)L? exp(3(3T + 4)L?). For p,v € P(C([0, T], X)), define

(sz,t(ll, v) := inf / sup d(x(r),y(r)) n(dx,dy)
mell(p,v) C([0,T].X)? re[o,t]
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Hence, (A.42) and the bound W (py,, vy,) < (sz,r (py, vy) yield

t

B[ - X1 < Cr [ W2 Guv,) dr
0
Reasoning analogously for the other player, we obtain
t t
BLIX =X+ I = YL < Cr [ WE G dre Cr [ W () dr
0 0

Given p, € P(C([0,T],Y)), define @, (p,) = Law(X*v) € P(C([0,T], X)), and define ¥, analo-
gously. Notice that "sz,t(q)x(,uy),tbx(vy)) < E[||X*Hv —X"yllf],(sz’t(d)y(yx), Dy (vx)) < E[[IXH —

X"*||?]. Hence, we obtain

t
W (D (ty), @ (vy)) + Wy (Ry (1), By (v4)) < Cr / Wy, (hys vy) + Wy, (i, v) dr
0

Observe that W}, (pix, vi) + W5, (1, vy) is the square of a distance between (g, 1) and (vy, v,) on
P(C([0,T],X))xP(C([0,T],VY)). Hence, we can apply the Piccard iteration argument to obtain
the existence result and another application of Gronwall’s inequality yields pathwise uniqueness.
Uniqueness in law (i.e., regardless of the specific Brownian motions and initialization random
variables) follows from the typical uniqueness in law result for SDEs (see Chapter 18 of Kallenberg
[2002] for example). The idea is that when we solve the SDEs with W/, W’, &, & plugging in the
drift the laws of a solution for W, W, &, f, the solution has the same laws by uniqueness in law of

SDEs. Hence, that new solution solves the coupled McKean-Vlasov for W/, W’, &, 55’ )
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A.5.3 PROPAGATION OF CHAOS

Let yf = 2 3% 8xi, Hy = 2 3% 8yi. Using the argument from existence and uniqueness on the

i-th components of X, X,

t
E[[IX' - X'[|?] < 3(3T + 4>L2E[ / (X7 = X2 + WR Lo 1) dr}
0
Arguing as before, we obtain
o t
BIIX - X|2] < cTE[ / WE (L, ) dr]
0

Let v = 2 3 84 be the empirical measure of the mean field processes in (A.35). Notice that

Lyn, 5(X,» &1 is a coupling between v¢ and ¢, and so

1S o o
Wi (VD) < = 3 IX =X
i=1
Thus, we obtain
t
BWE G ) < CrE| [ WE G
0
We use the triangle inequality

E[ Wy, (Hy )] < 2B[Wy, (g, vi)] + 2E[ W, (v, i)

+ 2E[ WS, (v, )]

t
< ZCTE[/ (sz,r(ﬂZ’ﬂy) dr
0
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At this point we follow an analogous procedure for the other player and we end up with

t
E[(sz,t (,qu ,Ux) + (WZZ,t ()u;ls ,Uy)] S 2CTE[ / (W22,r ()u;ls ,Uy) + (sz,r (‘UZ, ﬂx) dr
0

+ 2E[ Wy, (Vi ) + ‘sz’t(v;’, fy)]
We use Fubini’s theorem and Gronwall’s inequality again.
E[WE, (1, i) + Wi (s )] < 2exp(Cr T)E[WE, (VE, ) + W3, (Vs )]
If we sett =T we get
E[(sz (Mg fix) + (W22 (IJZ’ py)] <2 eXP(ZCTT)E[(sz (Vies Hx) + (sz (VZ’ Hy)]

and the factor E[ W} (VZ, piy) + (WZZ(VZ, Hy)] goes to 0 as n — oo by the law of large numbers (see

Corollary 2.14 of [Lacker 2018])).

A.5.4 CONVERGENCE OF THE NIKAIDO-ISODA ERROR

Corollary A.21. Fort € [0,T], if,u;,t, Mo ts ‘U_ZJ’ My, are the marginals of i3, iy, yz, y at time t, we

have

n—oo

E“NI(,UZ,N ﬂZ,t) = NI(pi s pryt)|]] —— 0

Proof. See Theorem A.3. ]
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A.6  PROOF OF THEOREM 2.4(11)

A.6.1 PRELIMINARIES

Define the processes X = (X7, ..., X"), Wy = (w}c, .oowp)andY = (YL, .., '), wy, = (w;, .. .,w;’)

such that for alli € {1,...,n}

dXti 1y J i vi i i
dt = _YE Z Wy,tvxf(x s Yt )3 XO = § ~ I'IX,O
Jj=1
dw)i” 1 <& . o 1 &K <& . o ) )
s k
a ¢ ( Dl B+ 3 D Wi kOGN s =1
j=1 k=1 j=1
dy} 1\ . N
_ J J _
dt - Y; Z Wx,tvyf(X s Y;): Y()l - gl ~ lly,O
Jj=1
dwi 1 n ' ) 1 n n ' '
ut J i v Jj ok i vJ i i _
g (; IRTERIEED NN MU

(A.43)

Letvi, =130 S(Xf,wf{,t) € P(XXRY), vy, = Iy S(YfJZjﬁ) € P(YXR*). Letp?, = 1 37, W;’t5xti €

n

P(X), py, = iy W;’t5yti € P(Y) be the projections of v"

n x,b

vyt Notice that we have changed the
notation with respect to the main text, multiplying w’. by n: now w! ; = 1and Y}, wi}t =nVt>0
instead of w. ) = 1/nand ¥, w;, = 1,Vt > 0.

Let hy, hy be the projection operators, i.e. hyvy = /7€+ WiV (v, Wy ). We also define the mean field
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processes X, Y, Wy, W, given component-wise by

dX; i g i
=YV [ XLy Xo = E g
dwaic,t % vl vl
It =al|- / [(Xt’ y)d,l,ly,t + -L(ﬂx,ts ,Uy,t) Wi Wxo = 1
d?ti i i i
— =yVy | €0, Y))dpxs, Yy =& ~ pyo
dVv;)t - ~ i ~ i
T =« £(x, Y} )d s — Lt Hy,t) Wy Wyo = 1
e = heLaw (XL WwE,), iy = hyLaw(T5, wi,) (A.44)

for i between 1 and n.

Lemma A.22 (Forward Kolmogorov equation). If X, Wy, Y, wy is a solution of (A.44) withn =1,

then its laws v, vy fulfill (A.1).

Proof. Let ¥, : X x R* — R. Plug the laws v,, vy of the solution (X, Wy), (f/, wy) into the ODE
(A.44). Let Dy ; = (Xff " wﬁ ;) i (XXR) — (XXR*) denote the flow that maps an initial condition
of the ODE (A.44) to the corresponding solution at time t. Then, we can write vy; = (®y1)«Vx 0,

where (®y ;). is the pushforward. Hence,

d
. wx (X, Wx) de,t(xa Wx)

d
= d_ U ((Dx,t (x, wy)) de,O (o, wy)

b JXxr+

dy d

= Vxl//x(q)x,t(x, Wx))’ d_(q)x,t(x; Wx)) : _(I)x,t(x; Wx) de,O (x, Wx)

XXR* Wx dt

= / Vxl//x(q)x,t(x: Wx)) : (_vavx(hyvy,ta X;Dt))
XXR*

dyy
dwy

+ (q)x,t (x, Wx))a(_Vx(hyVy,ta th) + L(hxvx,ta hy,uy,t)) de,O (x, wy)

And we can identify the right hand side as the weak form of (A.1), shown in (A.3). The argument
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for v, is analogous. m]
We state a stronger version of the law of large numbers in the first statement of Theorem 2.4(ii).

Theorem A.23. There exists a solution of the coupled SDEs (A.44). Pathwise uniqueness and unique-
ness in law hold. Let v, € P(C([0,T], X xR¥)),v, € P(C([0,T],Y x R¥)) be the unique laws of

the solutions for n = 1 (all pairs have the same solutions). Then,

E[WE(VE v) + WE(E v)] —— 0
Theorem A.23 is the law of large numbers for the WFR dynamics, and its proof follows the
same argument of Theorem A.20. The reason Theorem A.23 implies Theorem 2.4(ii) is analo-
gous to the reason for which Theorem A.20 implies Theorem 2.4(i), with the additional step that

sz (,U;,p ﬂx,t) = (sz(hxv,ré,p thx,t) < e4MT(W22(Vn

x,b°

Vx.t), and this inequality is shown in (A.46).

A.6.2 EXISTENCE AND UNIQUENESS

We choose to do an argument close to Sznitman [1991] (see Lacker [2018]), which yields conver-
gence of the expectation of the square of the 2-Wasserstein distances between the empirical and
the mean field measures.

First, to prove existence and uniqueness of the solution (i, jty,;) in the time interval [0, T] for
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arbitrary T, we can use the same argument as in the section A.5. Now, instead of (A.38) we have

t
Xy =¢&- y/ / Vit (Xs, y) dpys ds,
0 JY
t
"~Vx,t =1+ 0(/ (_/ [(Xt; y)d,uy,t + L(;ux,t; ﬂy,t)) "N\’x,s ds)
0
t
Y, =&+ y/ / V,t(x, Yy) dyixs ds,
0 X
t
1’~Vy,t =1+ a/ (/ €(x, Y )dpr — -[«(.Ux,t,.uy,t)) Wy,s ds,
0

Hxt = thaW(Xt’ ‘X}X,t)a Hyt = hyLaW(?t’ ‘X’y,t)a

where £ and & are arbitrary random variables with laws iy, Jyo respectively. For x,x" € X,
r,r’ € RY, ey, € P(X), py, ,u’y € P(Y), notice that using an argument similar to (A.39) the

following bound holds

‘ (— [ e, + £ yy)) w- (— [ e+ £, ;z;)) W

< 2M|w — W] + |[W|L(|x = x| + 3Wi(v, ) < 2M|w — w'| + |w'|L(|x — x'| + 3Wa (py, p1y))

2

_ ‘ (_ [ e+ i uy>) - (— [ e+ 20, u;)) -

< 12M2|w — w2+ 3|w 2L (|x — x'|2 + 9"W22(yy, Hy))

Recall that M is a bound on the absolute value of ¢ and L is the Lipschitz constant of the loss ¢.

A simple application of Gronwall’s inequality shows |wy| is bounded by e?MT for all t € [0, T].
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Hence, we can write
2
ds]

2
ds]

’ t
E[IIXH = X917 + [lwy” = wi[17] < thE[/
0

t
+a2tE[ /
0

t
< KtE[/ ”Xﬂy _Xlly”f + ||Wﬂy - w/’y||§ ds
0

N S R

(—/f(Xfy,y)dﬂy+£(ux,ﬂy))W5y— (—/f(Xfy,y)dﬂ;+£(u;,ﬂ;))W5y

t
+K’tE[ / W2 (150 ) ) ds],
0

where K = max{12a?M?, 2L%y? +3L%e*MT 2} K’ = 2L%y% + 27L%e*MT ¢®. Notice that we have used
(A.40) as well. This equation is analogous to equation (A.41), and upon application of Fubini’s

theorem and Gronwall’s inequality it yields
’ 4 t
E[||X*r — XHo|)? + lwg” — wh|I2] < TK’ exp(TK)E[ / Wy (s iy ) ds (A.45)
0
Now we will prove that
sz(hxvx: th;,c) < e4MT(W22(Vx5 V;), (A46)

where vy, v, € P(X x [0,eMT]). Define the homogeneous projection operatorfz : P(X %

R*)%) — P(X?) as Vf € C(X?),

/ Fy) d(hm)(x.y) = / vy f (5, ) de(x, wes o wy), Yo € P((X X RHP).
X2 (Xx[0,e2MT])2
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Let 7 be a coupling between h, vy, h,V,. Then hris a coupling between h, vy, h,V, and

/ lx - yII? d(hm) (x,y) = / wewyllx = yl2 dr(x, wa, g, wy)
X2 (XX[O,GZMT])Z

IA

T / e = g2 (e, wes g, wy)
(Xx[0,e2MT])2

IA

T
4 / It = 12+ Jwe = w2 d’(x, W,y w,)
(XX [O,EZMT])Z

Taking the infimum with respect to 7 on both sides we obtain the desired inequality.
Let vy; = Law(Xuy, wilfz), v;’t = Law(Xﬂy, wf:i) and recall that pi,; = hyvyy, u;’t = hxv;’t. Given
vy € P(C([0,T], Y x RY)), define ®,(v,) = Law(X"s, w,’) € P(C([0,T], X)) where we abuse

the notation and use (X'¥, w,") to refer to (X*v, wh"). Notice also that

’ 1y o
Wy (D (vy), Dx(V))) < E sup. X = X 7|7 + [l whs — whill®
sel0,t

< E[IIX" = XM J7 + [lwh* - wi 7] (A.47)
We use (A.46) and (A.47) on (A.45) to conclude
t
‘sz,t(cbx(vy),cbx(v;)) <TK' exp(TK)]E[/ (sz,s(Vy> v;) ds]
0

The rest of the argument is sketched in section A.5.

A.6.3 PROPAGATION OF CHAOS

Following the reasoning in the existence and uniqueness proof, we can write

E[IX" = X'II7 + [lwy, = will7]

t
sKtE[/ X" = X2 + [|lwh — wi]|? ds
0

t
+K'tE[/ (sz(y;l,s,yy,s) ds|,
0
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Hence, we obtain

t
E[IIX" = XIIf + [wy = willf] < TK’ eXp(TK)E[/ Wy (Hy s pys) ds
0

Let v, =137, ki) € P(X'X R™) be the marginal at time ¢ of the empirical measure of (A.43).

As in section A.5,

1 <& L 4 . 1 & L . .
2 ~ 2 ~ 2 2 ~ 2
Wy (v, ¥75) < = E sup [IXg — Xgl|” + [wy s — Wi l” < = § I1XP = X1 + [lwy — well
n 3 selot] n=

which yields

t
E[ Wy, (Vi 79)] < TK' exp(TK)E[ / Wy (Hy s Hys) ds]
0

t
< TK exp((K + 4M)T)]E[/ ‘sz’s(v;l, vy) ds]
0

The second inequality above follows from inequality (A.46) (WZZ(VZ,S’ Vys) < (sz’s(v’yl, vy). Now

we use the triangle inequality as in section A.5:

E[ W, (vi, vi)] < 2B[ WS, (v, V)] + 2E[ WS, (7, v)]

t
< 2TK’ exp((K + 4M)T)E[ / Wi (v, vy) ds
0

+ 2B[ WS, (7, vi)]

If we denote C := 2TK’ exp((K+4M)T) and we make the same developments for the other player,

we obtain

t
E[(W;,t(v;, Vy) + “sz’t(v;’, vy)] < CE / (sz,s(VZ’ vy) + (WZZ,S(VQ, Vy) ds]
0

+ ZE[‘WZ%t(ﬂQ, Vx) + sz’t(f/;’, vy)]
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From this point on, the proof works as in section A.5.

A.6.4 CONVERGENCE OF THE NIKAIDO-ISODA ERROR

Corollary A.24. Fort € [0,T], let ji;, = %fot hyvie, dr, fic; = %/()t hyvyr dr and define ﬁ;”t,ﬂy,t

analogously. Then,

n—oo

E[INICEL 1> fiy 1) = NI(fixs, fiy) || —— 0

Proof. Notice that since the integral over time and the homogeneous projection commute, we
_ t i t . t t
have i}, = hx(%fo Vi, dr), fixy = hx(%/o Vxr dr). Since %/o vy, dr and %/o Vxr dr belong to

P(X x [0,e*MT]), (A.46) implies

1 t 1 t 1 t 1 t
W2 (hx (—/ Ve, dr) , hy (—/ Vi r dr)) < M2 (—/ Ve, dr, —/ Vaer dr)
tJo © tJo tJo tJo

Notice that W (3 fot v odr, L fot Verdr) <1 fot WE(VE,, vxr) dr. Indeed,

X,r

(1 ! 1! 1! 1!

Wy |- e dr, — dr| = - dvi, dr+ - “dvi,d

Z(t‘/ov Vx,r r t~/0' Vx,r r) wg{?'()f\,)t/() ‘/lp Vx,r r t‘/(; /E” Vx,r r
1 t
< - vy, + cdvi,| d
(e, [yt [y o) o

1 [t
= ;/ ‘sz(v;r, Vyr) dr
0

Hence, using the inequality W7 (v}, vir) < W (VE, vy):

1 [t 1 [t
E|W2(h, | = viodr], hy |- Vi dr
2 t 0 x,r ¢ 0

IA

1 t
e4MTE[; / (WZZ(V;I,r’ Vx,r) dr
0

IA

e*ME [(WZZ (V;’ Vi)l

Since the right hand side goes to zero as n — oo by Theorem A.23, we conclude by applying

109



Theorem A.3. m|

A.6.5 HINT OF THE INFINITESIMAL GENERATOR APPROACH

Let ¥ : X — R,y : ¥ — R be arbitrary continuously differentiable functions, i.e. ¢ €
Cl(X,R),l//y € CY(Y,R). Let us define the operators Lfg’t) : CHX,R) — CO(X,R),L;Z) :
CY(Y,R) — C*(Y,R) as

LM (x) = =y Vs / 000 y)dpy; - Vi (x) + (_/ o 9+ Lk y;l’t))

£ =9, [ ety T+ ( [ ewane, - £, u;’,») (A48)
Notice that from (A.43) and (A.48), we have

d n d n d i

& [ e =4 /X o PR ) = Z e ()

Z Dt + Z wh Vi (X)) - =

_ / we L) Y (x) AV, (3, ) = / Lij?%(m Al (x) (A.49)
XXR* X

The analogous equation holds for p :

d ,
& [ wwatiw = [ 20w a0 (2.50)

Formally taking the limit n — oo on (A.49) and (A.50) yields

d
EL¢x(x) dﬂx,t(x):‘[YLx,t¢x(x) d/Jx,t(x)
d
& | duw = [ Lo i
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where

Ly ix(x) = _va/ t(x, y)dﬂy,t Vil (x) +a (_/ t(x, y)dﬂy,t + L(ﬂx,t,ﬂy,t))

Lou(y) =1V, / £x, 9 dps - iy () + @ ( / 006 9) s — Lt uy,t))

and fiy 0, j1y0 are set as in (A.43).

To make the limit n — oo rigorous, an argument analogous to Theorem 2.6 of Chizat and Bach
[2018] would result in almost sure convergence of the 2-Wasserstein distances between the em-
pirical and the mean field measures. In our case almost sure convergence of the squared distance
implies convergence of the expectation of the squared distance through dominated convergence,
and hence the almost sure convergence result is stronger. Nonetheless, such an argument would
require proving uniqueness of the mean field measure PDE through some notion of geodesic

convexity, which is not clear in our case.
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A.7 AUXILIARY MATERIAL

A.7.1 €e-NASH EQUILIBRIA AND THE NIKAIDO-ISODA ERROR

Recall that an e-NE (i, py) satisfies Vi € P(X), Lpx, py) < L1, py) + € and Yy € P(Y),
L(px pry) = L(px, p1y) — €. That is, each player can improve its value by at most € by deviating
from the equilibrium strategy, supposing that the other player is kept fixed.

Recall the Nikaido-Isoda error defined in (2.2). This equation can be rewritten as:

NI(pxs pty) = sUp L (s py) = Lty py) + L, pry) = inf - L(pig, ) -
HyeP(Y) pr€P(X)

The terms sup 1P (V) L(px, pry) = L(pix, py) > 0 measure how much player y can improve its value
by deviating from i, while p, stays fixed. Analogously, the terms £ (py, pty) —inf ;z cp (x) L (pi, p1y) >
0 measure how much player x can improve its value by deviating from p, while 1, stays fixed.

Notice that

Viy € P(X), L pty) < Ly py) +€ & L, pry) = #*eigfx) Lpepy) < €

Vi € P(Y), Lpxpy) 2 Lpopy) —€ & sup  Lpe, pry) — L(pi py) < €
uy€P(Y)

Thus, an e-Nash equilibrium (py, p1) fulfills NI(py, pry) < 2€, and any pair (py, p1y) such that

NI(pix, pty) < € is an e-Nash equilibrium.

A.7.2 EXAMPLE: FAILURE OF THE INTERACTING WASSERSTEIN GRADIENT FLOW

Let us consider the polynomial f(x) = 5x* + 10x? — 2x, which is an asymmetric double well as
shown in Figure A.1.

Let us define the loss £ : RX R — R as #(x,y) = f(x) — f(y). That is, the two players are
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Figure A.1: Plot of the function f(x) = 5x* + 10x? — 2x.

non-interacting and hence we obtain V. (x, 1) = f(x) + K, Vy(y, ix) = —f (y) + K’. This means

that the IWGF in equation (2.6) becomes two independent Wasserstein Gradient Flows

Orpx = V- (e f' (%)), px(0) = pixco,

Orpty ==V - (,ny,(y)), .Uy(o) = Hy,0-

The particle flows in (2.3) become

i o), Y
T=-fe. L=

That is, the particles of player x follow the gradient flow of f and the particles of player y follow
the gradient flow of —f. It is clear from Figure A.1 that if the initializations xq;, yo; are on the left
of the barrier, they will not end up in the global minimum f (resp., the global maximum of —f).
And in this case, the pair of measures supported on the global minimum of f is the only (pure)
Nash equilibrium.

The game given by ¢ does not fall exactly in the framework that we describe in this work because

¢ is not defined on compact spaces. However, it is easy to construct very similar continuously
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differentiable functions on compact spaces that display the same behavior.

A.7.3 LINK BETWEEN INTERACTING WASSERSTEIN GRADIENT FLOW AND

INTERACTING PARTICLE GRADIENT FLOWS

Recall (2.3):
d 1 d 1
_x =—— Z Vi l(xi,y;), y Z Vit(xj, yi).

Let ; = (Oys, D) : X' XY™ — X" X Y" be the flow mapping initial conditions X = (x;);

i€[1:n]’
Yo = (Yi0)je[1.n] to the solution of (2.3). Let py, = DN 5®§§2(X0,Y0) and py, = DN 5®;f§(x0,Y0)'
For all ¥, € C(X),

G 0 it - Zm%@WM%D
- Z Vot (04)(Xo, Yo)) - | —= Z V. £(08) (X0, Vo), @) (Xo, Yo))

- __va¢x(q> 1 (X0, o)) - Vi Vie(pty 1, @ (l)(Xo, Yo))

:iﬁwwu»W%w%@W%@%

which is the first line of (2.6). The second line follows analogously.

A.7.4 MINIMAX PROBLEMS AND STACKELBERG EQUILIBRIA

Several machine learning problems, including GANS, are framed as a minimax problem

minmax £(x,
xeX yelY ( y)
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A minimax point (also known as a Stackelberg equilibrium or sequential equilibrium) is a pair

(x, ) at which the minimum and maximum of the problem are attained, i.e.

minyex maxycy £(x,y) = maxycy £(%,y)

max,ey £(X,y) = £(X, )

We consider the lifted version of the minimax problem (A.7.4) in the space of probability mea-
sures.

min  max L(uy, 1y). A.51
g, o (Hxs ) (A.51)

By the generalized Von Neumann’s minimax theorem, a Nash equilibrium of the game given by
L is a solution of the lifted minimax problem (A.51) (see Theorem A.25 in the case € = 0).

The converse is not true: minimax points (solutions of (A.51)) are not necessarily mixed Nash
equilibria even in the case where the loss function is convex-concave. An exampleis £ : RXR —
R given by L(py, py) = f/(x2 + 2xy) dpi, dpy. Let M be the set of measures y € £ (R) such that

f x dp = 0. Notice that any pair (8o, ;) with p, € £ (R) is a minimax point. That is because

400 if e ¢ M

 max Lk fy) = | positive if g, € M\ {8}

0 if Hx = 50,

and hence §) = arg minyxep(R) maxy, cp (R) L(py, pty). But in the case that y1, = &y, we obtain that
argmax, .o L(px, pry) = P(R), because for all measures p, € P(R), L(, pty) = 0. However,
for py ¢ M, L(py, p1y) as a function of y1, does not have a minimum at §y, but at §_ [y duy Hence,
the only mixed Nash equilibria are of the form (8o, y1), with p, € M.

The intuition behind the counterexample is that minimax points only require the minimizing

player to be non-exploitable, but the maximizing player is only subject to a weaker condition.
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We define a e-minimax point (or e-Stackelberg equilibrium) of an objective £ (yy, j1,) as a couple

(fix, fly) such that

min, ep(x) Maxy, epy) L(Hx py) = maxy ep ) L, py) — €

max, ep () L(fx py) < L, fiy) + €

Lemma A.25. An e-Nash equilibrium is a 2e-minimax point, and it holds that

min max L(u,, —e< L(i, ;) < max min L(uy, [iy) + €
,in, max (fxs pty) (fixs fly) ,Dax, | min (fcs fly)

Proof. Let (fix, fly) be an e-Nash equilibrium. Notice that max, ep(y) min, epx) L(fx pty) <
min,uxEP(z\’) max, ep(Y) L(fy, Ily)- Also,

min  max L(ue py) < max LGy, uy) < L, )+ < min  L(uy, fiy) + 2¢€
Wi e Liopy) < mox Ll py) < Lo fy) ves min Ll by

< max min L(uy, [iy) + 2¢ A.52
1y €P (V) P (X) (e 1) (A-52)

and this yields the chain of inequalities in the statement of the lemma. Also, the condition
maxy, ep(y) L(fx py) < L(fix, fiy) + € of the definition of e-minimax point follows directly from

the definition of an e-Nash equilibrium. Using part of (A.52), we get

max L(fy py) —26 £ max min L(py, fly) < min max  L(fiy, fy),
1y eP(Y) (s Hy) 1y €P (V) peeP (X) (b ) 1P (X) 1y €P () (e )

which is the first condition of a 2e-minimax. O

Theorem A.25 provides the link between approximate Nash equilibria and approximate Stackel-
berg equilibria, and it allows to translate our convergence results into minimax problems such as

GAN:Ss.
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A.7.5 116 SDEs oN RIEMANNIAN MANIFOLDS: A PARAMETRIC APPROACH

We provide a brief summary on how to deal with SDEs on Riemannian manifolds and their cor-
responding Fokker-Planck equations (see Chapter 8 of Chirikjian [2009]). While ODEs have a
straightforward translation into manifolds, the same is not true for SDEs. Recall that the defini-

tions of the gradient and divergence for Riemannian manifolds are
X =gl 019" X"), (VA =g"0f,

where g;; is the metric tensor, g = (g;;) ™" and |g| = det(g;;). We use the Einstein convention for
summing repeated indices.
The parametric approach to SDEs in manifolds is to define the SDE for the variablesq = (g1, - - , qq)

of a patch of the manifold:
dq =h(q,t)dt + H(q, t)dw. (A.53)

The corresponding forward Kolmogorov equation is
Q)
+ V2N (lgleh, ) 112 § 1/2§ HycH A54
g1 2.4 3g, gl "hif ) = S lg1” 23 | lgl (A.54)

which is to be understood in the weak form.
Assume that the manifold M embedded in RP. If / : Upa € RY — U € M C RP is the mapping

corresponding to the patch U and (A.53) is defined on Upga, let us set H(q) = (Dy(q))~". In this
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case, i H,‘kHT Z,C(Dl//)lkl((Dlﬁ)kl)T = g"/(q). Hence, the right hand side of (A.54) becomes

d

1 9°

~|g| M (Igl”2 ”f)

2 ”le aqlaqf
d d 9

= 191772 Y (Igl 2 ) + 1gl 2 (|g|1/2 ” f)
ZJ aq; l Uzl 9gi aq;
d d

| I/ZZ i (lgll/Zh f) | 1/2 Z (|g|1/2 ij 0 f)

i=1 aqi i,j=1 aq aqj

:V-(ﬁf)+§V-Vf

where

9|G(q)|"/? L %"

hi(q) =
l aq; aq;

N | =
~.
M~

(|g<q>| 2411 (q)

=1

Hence, we can rewrite (A.54) as
0
f =V-((- h+h)f)+ V Vf

For this equation to be a Fokker-Planck equation with potential E (i.e. with a Gibbs equilibrium
solution), we need —h + h= VE, which implies h = —-VE + h.
We can convert an SDE in parametric form like (A.53) into an SDE on RP by using Ito’s lemma

on X = y(q):
dX; = dyi(q) = | Dyi(q)h(q) + %Tr(H (q. )" (H¥:)(Q)H(q, 1)) | dt + Dy (q)H(q, t)dw(A.55)

If we set H(q) = (Dy/(q))~! as before, Dy/(q)H(q, t) is the projection onto the tangent space of
the manifold, i.e. DY(q)H(q,t)v = Proijq)MU, Vo € RP. In the case h = VE + h, Dy;(q)h(q) =

Dy;(qQ)VE(q) + Dt//i(q)ﬁ(q). It is very convenient to abuse the notation and denote Dy/(q)VE(q)
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by VE(¥/(q)). We also use h(y(q)) := Dy(q)h(q) + 1 Tr((Dy¥(q)) ™) (Hy)(q) (Dy(q))~"). Both

definitions are well-defined because the variables are invariant by changes of coordinates. Hence,

under these assumptions (A.55) becomes
dX = (-VE(X) +h(X)) dt + Projy, ,(dw) (A.56)

In short that means that we can treat SDEs on embedded manifolds as SDEs on the ambient space
by projecting the Brownian motions to the tangent space and adding a drift term h that depends
on the geometry of the manifold. Notice that for ODEs on manifolds the additional drift term
does not appear and (A.56) reads simply dX = VE(X)dt.

Notice that the forward Kolmogorov equation for (A.56) on R reads

o [ 16 a0 = [ (TEG) =B -9, £ 0+ S Te((Prod ) THF ()Proj ) dp(x). (457)

for an arbitrary f.
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B APPENDIX: MULTISAMPLE FLOW

MATCHING

B.1 COUPLING ALGORITHMS

Multisample FM makes use of batch coupling algorithms to construct an implicit joint distribu-
tion satisfying the marginal constraints. While BatchOT coupling is motivated by approximating
the OT map, we consider other lower complexity coupling algorithms which produce coupling
that satisfy some desired property of optimal couplings. In Table B.1 we summarize the runtime
complexities for the different algorithms used in this work. We will now describe in detail the

Stable and Heuristic coupling algorithms.

CondOT BatchOT BatchEOT Stable Heuristic
Runtime Complexity 0o(1) O(k%) (j(kz/s) O(k%log(k)) O(k?log(k))

Table B.1: Runtime complexities of the different coupling algorithms as a function of the batch size k.

B.1.1 STABLE COUPLINGS

[Wolansky 2020] surveys discrete optimal transport from a stable coupling perspective proving
that stability is a necessary condition for OT couplings. Although stable couplings are not OT,

they are cheaper to compute and are therefore an appealing approach to pursue. For completeness
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we formulate the Gale Shapely Algorithm in our setting in Algorithm 1. The rankings Ry, R; hold

the preferences of the samples in {xéi)}{?zl and {xii)}i.‘=1 respectively. Where Ry (i, j) is the rank of

i 0 ) i 0

x§j ) o s preferences and R; (i, j) is the rank of x;”’ in x,"’s preferences.

B.1.2 HEURISTIC COUPLINGS

The stable coupling is agnostic to the cost of pairing samples and only takes into account the
ranks. Therefore, reassignments during the Gale Shapely algorithms might increase the total cost
although the rankings of assigned samples are improved. We draw inspiration from the cyclic
monotonicity of OT couplings [Villani 2008] and from the marriage with sharing formulation
in [Wolansky 2020] and modify the reassignment condition in the Gale Shapely algorithm (see
Algorithm 2). The modified condition encourages "local" monotonicity between the reassigned

pairs only, reassigning a pair only if the potentially newly assigned pairs have a lower cost.
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8 initialization: o empty assignment

10

11

12

13

14

15

16

Algorithm 5 Stable Coupling (Gale Shapley)

Result: assignment o

Data: {x}"}X ~ go(x0). {x\"}%, ~ q1(x1), rankings Ry, Ry

while i € [k] s.t. o(i) is empty do

j « first sample in Ry (i, -) whom x;
if 3i's.t. o(i’) = j then
if Ri(j,i) < R1(j,7’) then
o(i") « empty
o(i) «j

end
else

o(i) «j
end

end

(

" has not tried to match with yet
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17

18

19

20

21

22

23

24

25

Algorithm 6 Heuristic Coupling

Result: assignment o
Data: {xéi)}f=1 ~ qo(xp), {xl(i)}i.‘=1 ~ q1(x1), rankings Ry, Ry, cost matrix C
initialization: ¢ empty assignment

while i € [k] s.t. o(i) is empty do

j « first sample in Ry (i, -) whom x!

Oi) has not tried to match with yet

if 3i's.t. o(i’) = j then
j' « first sample in Ry (7', -) whom xéi,) has not tried to match with yet
I «— second sample in Ry (i, -) whom xéi) has not tried to match with yet
if C(i, j)+C(7,j) < C(i,1) + C({', j) then
o(i") « empty
o(i) < j

end

else

o(i) «j

end

end
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B.2 ADDITIONAL TABLES AND FIGURES

B.2.1 FuryL RESULTS ON IMAGENET DATA

ImageNet 32x32 ImageNet 64x64

Model NLL FID NFE Var(u) NLL FID NFE Var(y)
Ablations'

DDPM (Ho et al. 2020] 3.61 5.72 330 3.27 13.80 323

ScoreSDE [Song et al. 2021b] 3.61 6.84 198 330 26.64 365

ScoreFlow [Song et al. 2021a] 3.61 953 189 334 32.78 554

Flow Matching %/ Diffusion [Lipman et al. 2023] 3.60 6.36 165 335 15.11 162

Rectified Flow [Liu et al. 2022] 3.59 555 111 331 13.02 129

Flow Matching ¥/ CondOT [Lipman et al. 2023] 3.58 5.04 139 594 3.27 1393 131 1880
Ours

Multisample Flow Matching %/ StableCoupling 3.59 579 148 523 3.27 11.82 132 1782

Multisample Flow Matching %/ HeuristicCoupling  3.58 5.29 133 555 3.26 1337 110 1816

Multisample Flow Matching %/ BatchEOT 3.58 6.14 132 508 3.26 14.92 141 1736

Multisample Flow Matching %/ BatchOT 3.58 4.68 146 507 3.27 1237 135 1733

Table B.2: Multisample Flow Matching improves on sample quality and sample efficiency while not
trading off performance at all compared to Flow Matching. TReproduction using the same training hy-
perparameters (architecture, optimizer, training iterations) as our methods.
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Figure B.1: Marginal probability paths. (Top) Batch size 64. (Bottom) Batch size 8.

Heuristic Stable BatchOT | Heuristic Stable BatchOT

B.2.2 How BATCH SIZE AFFECTS THE MARGINAL PROBABILITY PATHS ON 2D

CHECKERBOARD DATA

B.2.3 FID vs NFE USING MIDPOINT DISCRETIZATION SCHEME

B.2.4 ComprARISON OF FID vs NFE FOR BASELINE METHODS DDPM AND

ScoreSDE

B.2.5 RUNTIME PER ITERATION IS NOT SIGNIFICANTLY AFFECTED BY SOLVING

FOR COUPLINGS

B.2.6 CONVERGENCE IMPROVES WHEN USING LARGER COUPLING SIZES
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Figure B.2: Sample quality (FID) vs compute cost (NFE); midpoint discretization.

ImageNet32 FID (Euler) ImageNet32 FID (Midpoint)
NFE DDPM ScoreSDE BatchOT StablEE DDPM ScoreSDE BatchOT Stable
Adaptive 5.72 6.84 4.68 5Adaptive 5.72 6.84 4.68 5.79
40 19.56 16.96 5.94 749p 6.68 6.48 5.09 5.94
20 63.08 58.02 7.71 8Hb 7.80 8.96 5.98 6.57
12 152.59 140.95 10.72 1110 14.87 16.22 7.18 7.84
8 232.97 218.66 15.64 1489 56.41 56.73 8.73 9.99
6 275.28 266.76 22.08 1988 188.08 168.99 10.71 12.98
4 362.37 340.17 38.86 3342 319.41 279.06 17.28  21.82

Table B.3: Comparing the FID vs. NFE on ImageNet32 for two baselines and two of our methods.

B.3 GENERATED SAMPLES
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ImageNet64 FID (Euler)

ImageNet64 FID (Midpoint)

NFE DDPM ScoreSDE BatchOT StablEE DDPM ScoreSDE BatchOT Stable
Adaptive 13.80 26.64 12.37 11A88aptive 13.80 26.64 12.37 11.82
40 25.83 44.16 14.79 13489 15.3 26.67 14.22 12.97
20 66.42 82.97 17.06 15Ab 15.05 25.73 16.05 14.76
12 158.46 141.79 2094 1881 18.91 29.99 18.27 17.60
8 258.49 210.29 27.56 2638 53.15 67.83 20.85 21.36
6 321.04 262.20 36.17 37614 179.79 155.91 24.87 27.15
4 373.08 335.54 56.75 6345 330.53 279.00 38.45 46.08

Table B.4: Comparing the FID vs. NFE on ImageNet64 for two baselines and two of our methods.

ImageNet 32x32

ImageNet 64%x64

It./s Rel. increase It./s Rel. increase
CondOT (reference) 1.16 — 1.31 —
BatchOT 1.15 0.8% 1.26 3.9%
Stable 1.15 0.8% 1.26 3.9%

Table B.5: Absolute and relative runtime comparisons between CondOT, BatchOT and Stable matching.
“It./s" denotes the number of iterations per second, and “Rel. increase" is the relative increase with respect
to CondOT. Note that these are on relatively standard batch sizes (refer to section B.5 for exact batch sizes).

B.4 THEOREMS AND PROOFS

B.4.1 Proor orF LEmmA 3.1

We need only prove that the marginal probability path interpolates between g, and g;.

po(x) = / poCelxn) s (x1)dx; = / g(xlx) g (x1)dxs = go ().

Then since u;(x|x;) transports all points x € RP to x; at time t = 1, we satisfy p;—;(x|x;) =

O(x — x1).

pi(x) = / pr(xlx)gn () dx = / 5(x — x1)q1 (x1)dx1 = g1 ().
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Figure B.3: Larger couplings sizes (k) for defining the multisample coupling results in faster and more
stable convergence. This is done on the 64-D experiments in subsection 3.6.3. The batch size (number of
samples) for training is kept thestr same and only k is varied for solving the couplings.

Theorems 1 and 2 of Lipman et al. [2023] can then be used to prove that (i) the marginal vector

field u;(x) transports between py = qo and p; = q1, and (ii) the Joint CFM objective has the same

gradient in expectation as the Flow Matching objective and is uniquely minimized by v;(x; 0) =

u (x).

B.4.2 Proor or LEMMA 3.2

Note that

CoVp, o) (Vi lox (e 0) = iy (xlx)I) = Covipy oy (Vo lloe (s 0) 2 = (Von (xs 0)) s (o, 1))

= (Vgur(x;0))" Covy, ) (e (x1%1)) (Voi(x30)),

and that

COVip, (s ) (ue (x[x1)) = Ep, (xy ) (1t (x121) = ur (%)) (ue (1) — e (x))
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Flow Matching Multisample Flow Matching

Figure B.4: Multisample Flow Matching trained with batch optimal couplings produces more consistent
samples across varying NFEs on ImageNet32. From left to right, the NFEs used to generate these samples
are 200, 12, 8, and 6 using a midpoint discretization. Note that both flows on each row start from the same
noise sample.

Here, we used that u;(x) = E,, (x,|x) [4:(x|x1)] by (3.4). If we take the trace on both sides of (B.1),

we get

Tr[CoV,p, (i) (Vo llor (3 0) = Gele)[12) | =T [ (V01 (365 0))T Covip x,x) (e (x1x1)) (Vi (x5 0)) |
= Tr[Covp, a0 (e (x]x1)) (V01 (3 0)) (Vv (x3 6)) |

= (CoVp,(x,Jx) (ur(x[x1)) , (Vgo: (x5 0)) (Voor (x;0))" )5

< [ICovy, () (e (x1x1)) [l Il (Vo (x56)) (Voor (x: )T I

< By (o) | (uae () = (x)) (e (xfx0) = e () ™ (|l (Vg0e (x5 6)) (Vur (x:0)) ™ I

= V0 (33 O) I "Ep, oy oy llur (x11) = 1 ()17
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Flow Matching Multisample Flow Matching

Figure B.5: Multisample Flow Matching trained with batch optimal couplings produces more consistent
samples across varying NFEs on ImageNet64. From left to right, the NFEs used to generate these samples
are 200, 12, 8, and 6 using a midpoint discretization. Note that both flows on each row start from the same
noise sample.

The second equality holds because Tr(AB) = Tr(BA) when both expressions are well defined,
and the third equality holds by the definition of the Frobenius inner product (:,-)r. The first
inequality holds by the Cauchy-Schwarz inequality. The second inequality holds by equation

(B.2) and by the triangle inequality. In the last equality we used that for any vector o, ||jov" || =

(Tr(vo™,007))? = ||o||%. This proves (3.13).
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Figure B.6: Non-curated generated images for ImageNet64 using Multisample Flow Matching with
BatchOT coupling.

To prove (3.14), we write:

Et,pt(x) [O—tz,x]
< By, () [1V00: (33 ) 1P Bp, (xy ) 1w (1) — 1 (x)[|°]

< max || Voor (65 0)[I* X Br p, ) [Bp, (3o 1t (xl01) = e (2)[I°]

= max [0, (5 0) 12 X Bugtey sy Lt Ceela) = 01 s 0)I12] < mace | V04 (x; O)|I° x Lyce

Here, the first inequality holds by (3.13), and the last inequality holds because u;(x) is the mini-
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mizer of Ljcpm.

B.4.3 Proor or LEMMA 3.3

For an arbitrary test function f, by the construction of g we write

Eq(xo,xl)f(xo) = E{x l)}kl ~qo, {X }l 1~ qk(xo xl)f(x())

Since ¢* has marginal ¢ Sk 8(x - x(i)) because 7 is a doubly stochastic matrix, we obtain that

E gk (o) S (¥0) = £ L sk 1f(xél)) and then the right-hand side is equal to

E{xéi)}le’vqo’{x l l~q1 k Zf(x(l)) — qo(xo)f(xo)

which proves that the marginal of q for xj is go. The same argument works for the x; marginal.

B.4.4 Proor orF THEOREM 3.4

NotaTIOoN We begin by recalling and introducing some additional notation. Let Xy = (x}):,

X, = (xl) be sequences of i.i.d. samples from the distributions gy and ¢;, and denote by Xk

(xo)l X (xi)l.:1 the finite sequences containing the initial k samples. We denote by % and q1
the empirical distributions corresponding to Xg and X’f, ie. qlg T Zl i x ,qy = k i1 5x Let

g~ be the distribution over R? x R? which is output by the matching algorithm; qk has marginals
that are equal to qlg and q’f . Let ¢* be the optimal transport plan between g, and gy, and let G
be the optimal transport plan between ¢* and ¢ under the quadratic cost. Using this additional
notation, we rewrite some of the objects that were defined in the main text in a lengthier, more

precise way:
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(i) The marginal vector field corresponding to sample size k:

uk(x) =E [x; = xo|x = tx1 + (1 = H)xo], Ve [0,1]. (B.3)

X(])C@CIO,X{C@QL(XO,M)”Q]C
We made the dependency on k explicit, and we used that ; (xo|x;) = tx1; + (1 — t)xo. Note

that equivalently, we can write uf as the solution of a simple variational problem.

uf =argminE

Uy

i i x1—x0 — U (txy + (1 —t)x, 2, Vit e [0,1](B.4
it e I8 =30 = (031 (1= D30 [0,1](5.4
(ii) The flow g&tk (x0) corresponding to uf, i.e. the solution of % = uf (x;) with initial condition

xo. We made the dependency on k explicit.

(iii) The straightness of the flow gbtk
S5 = Bt u(0.1)x0~q | 16X (WF o)) 12 = 19K (x0) = x0l1%]. (B.5)

AssumpTIONs We will use the following three assumptions, which allow us to potentially ex-
tend our result beyond BatchOT:
(A1) The distributions gy and g; over R? have bounded supports, i.e. there exists C > 0 such
that for any x € supp(qo) U supp(q1), ||x]| < C.
(A2) qo admits a density and the optimal transport map T between gy and ¢g; under the quadratic
cost is continuous.
(A3) We assume that almost surely w.r.t. the draw of X, and X, ¢* converges weakly to g as
k — oo.
Some comments are in order as to when assumptions (A2), (A3) hold, since they are not directly
verifiable. By the Caffarelli regularity theorem (see Villani [2008], Ch. 12, originally in Caffarelli

[1992]), a sufficient condition for (A2) to hold is the following:
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(A2’) qo and q; have a common support Q which is compact and convex, have a-Hoélder densities,
and they satisfy the lower bound qo, g; > y for some y > 0.

Assumption (A3) holds when the matching algorithm is BatchOT, that is, when g* is the optimal

transport plan between qlg and qlf, as shown by the following proposition, which is proven in

App. B.4.4.3.

Proposition B.1. Let ¢* be the optimal transport plan between q’g and q’f under the quadratic cost
(i.e. the result of Steps [1-3] under BatchOT). We have that almost surely w.r.t. the draws of Xy and

X, the sequence (qi)k>0 converges weakly to q*, i.e. assumption (A3) holds.

PrROOF STRUCTURE We split the proof of Theorem 3.4 into two parts: in Subsubsec. B.4.4.1 we
prove that the optimal value of the Joint CFM objective (3.12) converges to zero as k — oo.
In Subsubsec. B.4.4.2, we prove that the straightness converges to zero and the transport cost

converges to the optimal transport cost as k — oo.

B.4.4.1 CONVERGENCE OF THE OPTIMAL VALUE OF THE CFM OBJECTIVE

Theorem B.2. Suppose that assumptions (A1), (A2) and (A3) hold. We have that

lim E iid iid
koo t~U(0,1),XE< g0, XK gy, (x0.x1)~q

lxy —x0 — uf(txl +(1-t)x0)||* =0,

where u¥ is the marginal vector field as defined in (B.3).

Proof. The transport plan ¢* satisfies the non-crossing paths property, that is, for each x € R?
and t € [0, 1], there exists at most one pair (xo, x;) such that x = tx; + (1 —t)xy [Nurbekyan et al.
20205 Villani 2003]. Consequently, when such a pair (x;, x]) exists, we have that the analogue of

the vector field in (B.3) admits a simple expression:

uf (%) = E(xyp)~qe [X1 = X0l = tx1 + (1 = t)x0] = x| — x{ (B.6)
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This directly implies that
E(xo,x1)~q*”x1 —Xo — u:(txl +(1- t)x0)||2 =0.
Applying this, we can write

Bt 00,1, (xox1)~gt %1 = %0 — u; (tx; + (1= t)x)||?
= B g ~q [B~u(on) %1 = %0 = uf (£x1 + (1 = £)x0) ||°]

— E(xo 1) ~q* [Be~u(o,n) 11 = x0 — uf (txy + (1 = t)xo) |I°]]- (B.7)
Now, define the function f : supp(qo) X supp(q1) — R as
f(x0,x1) = Ereuon llx1 — xo — uy (1 + (1 — £)x0) ||°. (B.8)

By Lemma B.3, which holds under (A1) and (A2), we have that f is bounded and continuous.
Assumption (A3) states that almost surely w.r.t. the draws of X, and X3, the measure g, converges
weakly to g*. We apply the definition of weak convergence of measures, which implies that almost

surely,

kh_)n;lo E(xo,x1)~qk [f(xo’ x1)] = E(xo,x1)~q [f(xo’ x1)].

Equivalently, the right-hand side of (B.7) converges to zero as k tends to infinity. Hence, we obtain
that B, (0.1), (xo.x1)~g* 161 = %0 — 1y (£x1 + (1 — 1) x0) |*> — 0 almost surely. Almost sure convergence

implies convergence in probability, which means that

« k—o0
Pr(E; y(0,1), (xpx)~g 11 = %0 — uy (tx1 + (1 - t)xo)||* > €) —— 0, Ve > 0.
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Here, the randomness comes only from drawing the random variables xk. Xf . Also, using again
that f is bounded, say by the constant C > 0, we can write B, g 1) (xyx,)~g* [1¥1 = %0 — u; (£x1 +

(1-1t)x0)||> < C, forall k > 0. A crude bound yields

2
Et~U(o,1),X(’)<,X71<,(x0,x1)~qk||x1 — X0 — uf(txl + (1= t)xo) |l

<e€e+ CPr(Et~U(O,1),(x0,X1)~qk ”xl — X0 — u;k(txl + (1 - t)x())”z > 6).

In this equation and from now, we write Xk Xf instead of Xé‘ iid q0 Xf iid q: for shortness. We
can take € arbitrarily small, and for a given € we can make the second term in the right-hand side

arbitrarily small by taking k large enough. Hence, we obtain that
kh_)rrolo Et~U(0,1),X§,Xf,(xo,x1)~q’<”xl —xo —u}(tx; + (1= t)xo)||* = 0.

To conclude the proof, we use the variational characterization of uf given in (B.4), which implies

that

k 2
Et~U(0,1),X§,X{f,(x0,x1)~qk||x1 = xo — uy (tx1 + (1= 1)xo) |

2
< EtNU(o,l),Xg,xf,(xo,xl)qu||x1 — X0 — uf(txl +(1=1t)x)||* = 0.

Lemma B.3. Let f be the function defined in equation (B.8). Suppose that assumptions (A1) and

(A2) hold. Then, f is bounded and continuous.

Proof. First, we show that the function u; defined in equation (B.6) is bounded and continuous

/ —_—

wherever it is defined. It is bounded because u; (x) = x]

x; for some x;, in supp(qo) and x] in
supp(q1), which are both bounded by assumption.

To show that u} is continuous, we use that g, is absolutely continuous and that consequently a
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transport map T exists. Moreover, we have that x] = T(x;). Consider the transport map T; at
time ¢, defined as T;(x) = tT(x) + (1 — t)x. Thus, we can write that u; (T;(x¢)) = T(xo) — xo. The
non-crossing paths property implies that T; is invertible, which means that an inverse T, ! exists.

We can write
u(x) = T(T; (%)) - T, (). (B.9)

By assumption (A2), the transport map T is continuous, and so is T;. It is well-known fact that
if E, E’ are metric spaces, E is compact, and f : E — E’ a continuous bijective function, then
f~': E' > E is continuous. Thus, T, ! is also continuous. From equation (B.9), we conclude that
uy is continuous.

The rest of the proof is straightforward: (xy, x0) — ||x1 —x0 —u} (£x1+ (1—1)x0)||* is bounded and
continuous on the bounded supports of gy and g; for all ¢ € [0, 1], and then f is also continuous
and bounded since it is an average of continuous bounded functions, applying the dominated

convergence theorem. ]

B.4.4.2 CONVERGENCE OF THE STRAIGHTNESS AND THE TRANSPORT COST

Theorem B.4. Suppose that assumptions (A1) and (A3) hold. Then,
(i) We have that limy_,« S* = 0, where S* is the straightness defined in (B.5).

(ii) We also have that

By -u(0,1).x0q0 145 (9 (o)) I* = By 194 (30) = %01 = W5 (0, ), (B.10)

i B0 1 FF oD I = 1im Brpegy 195 (o) = oll® = WE (o, ).

Proof. We begin with the proof of (i). We introduce some additional notation. We define the
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quantity $* in analogy with S*:

§" = Erev(o,1)0~g0 147 (W7 o)) I = 1197 (x0) = x01?],

and 1} (xo) as the solution of the ODE % = u; (x;). Since the trajectories for the optimal trans-

port vector field are straight lines, we deduce from the alternative expression of the straight-
ness (equation (3.16)) that S* = 0. An alternative way to see this is by the Benamou-Brenier
theorem [Benamou and Brenier 2000], which states that the dynamic optimal transport cost
B U (0,1),x0~qo Il (¥ (x0))||? is equal to the static optimal transport cost By u(0,1),x0~q0 l¥7 (x0) —
xo||2~

We will first prove that E;y(0,1),xy~go ||uf(¢t’C (x0))]|? converges to Et~0(0,1).x0~qo 147 (¥ (x0)) ||? and
then that By _yo,1),xy~q, |/} (x0) — Xol|? converges to Ey_u(o,1).x~q IV} (o) — %ol

For given instances of X(lf and Xi‘ , let gx be the optimal transport plan between the optimal trans-
port plans g and qk . In other words, gi is a measure over the variables xo, x1, x), x, and is such
that its marginal w.r.t. xo, x; is ¢, while its marginal w.r.t. x(, x| is q~.

That is, we will use that for all ¢ € [0, 1], the random variable tx; + (1 — t)xg, with (xg, x1) ~ qk,
and ¢* built randomly from X(l)C i qos X{‘ i q1, has the same distribution as the random variable
lﬁtk (x0), with xg ~ qo. This is a direct consequence of Lemma 3.1, i.e. the marginal vector field u;
generates the marginal probability path p;. An analogous statement holds for g, i.e. the random
variable tx; + (1—1)xo, with (x9, x1) ~ g, has the same distribution as the random variable ; (xo),
with xo ~ gqo. However, in this case it can be obtained immediately by the non-crossing paths

property of the optimal transport plan. Hence,

B0 (0.1),x0~q0 145 (W7 (o)) 1P = Eets(0,1), (xp)~q 14 (2201 + (1 = £)x0) ||,

B0, 500 14 (Y1 KON = By 1), x5 xE (rp g 14 (831 + (1 = )x0) |1
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Using this and the definition of ¢*, and applying Jensen’s inequality, the Cauchy-Schwarz in-

equality and the triangle inequality, we can write

[ ~00,1)w0~g0 1145 (95 (017 = B0, 0o l1F (1 (30)) |2
= [Breu(o., (xuoen~q 18] (161 + (1= D)%0) 12 = By 0,19t x (31 001t 18 (1] + (1 = D)) 1]
= [By 000,055 X (e )~ L4 (61 + (1= Dx0) [P = [l (8] + (1 = £)xp) 1]
= [By (0,105 x5 (x| 28 (8501 + (1= Do) | = luf (2] + (1 = D)%) )
x (|l (b1 + (1= Dxo) || + lluf (1] + (1 = D) D]

< (Bt X6 (st -t L 125 (01 + (1= Dx0) | = [lef (8] + (1 = 1)) ID?])

X (B 0001, x5 X ey | (12 (81 (1= D)) |+ e (87 + (1 = £)x) D?]) 2
1/2

k 2
< (B0, X5, X6 (o~ N7 (861 + (1= 1)x0) — iy (] + (1 = £)xg) [I%)

* 1/2
X (B0t gt L1 (861 (1= D5 [+ [ (2] + (1= D) )2]) 2.

Remark that the second factor in the right-hand side is bounded because u} and u* are bounded.

Using Lemma B.5, we obtain that the first factor in the right-hand side tends to zero as k grows.

Thus,
P 2 ko1 k 2| koo
[B~0(0.1).50~0 145 (97 (o)) I = By u(0.1)x~gk 14 (Fr (xo)) | —o. (B.11)
Now, since Ey, g, |1/7 (x0) — x0 ||? is the optimal cost and S* = 0, we write
* 2 k 2
[Bcyaqo 17 (30) = Xol1? = Breygy 111 (x0) — xo0lI?|
= Exyqol1¥/f (x0) — Xol1® = Exyq, [1¥5 (0) — Xo|?
= Exyqo ¥4 (x0) = X0l1® = Eeati(o.0)x0~go 145 (Y7 (x0)) 1% (B.12)
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Since g&tk is the flow of uf and by Jensen’s inequality, we have that

2
k 2
Eon(]o ”lpl (XO) - xO” = Ex0~q0

/ ) ds

1
< Exyeqo /0 lluk (WE (xo) 1P ds = Eretr(0,1),0~q0 1 (F (x0)) 11

Plugging this into (B.12), we get that

Bty 197 (x0) = X011 = By 19 (30) — 01| (B.13)

9 k—oo

< Beeyo,0)x0~qo 148 (W o)) 1P = Be-vi0.0) 0 147 (97 (o)) IF —— 0,

k—o0

where the limit holds by . Putting together (B.11) and (B.4.4.2), we end up with $* = |$*—§k| ——
0, which proves (i).

We prove (ii). The first inequality in (B.10) holds because S¥ > 0 since it can be written in a form
analogous to (3.16). The second inequality in (B.10) holds because Ey, ¢, ||¢{C (x0) — xol|? is the
squared transport cost for the map x — wf (x), which must be at least as large as the optimal
cost. The first equality in (B.10) is a direct consequence of (i). To prove the second equality in
(B.10), we remark that W (qo, q1) = Ex,~q, [l¥/; (x0) — xo|%. Then, equation (B.4.4.2) readily implies

k— o0
that |Ex0~qg||¢f(x()) = xol|* = W} (g0, )| — 0. O

Lemma B.5. Suppose that assumptions (A1) and (A3) hold. Let € be the optimal transport plan

between the optimal transport plans q and ¢*. We have that

lim E i g (B + (1= £)x0) — uf (] + (1= O)xp) 1] = 0

iid -
k—oo lLNU(O,l),X(I)c ~qo,X{Cl’LQ1,(Xo,x1,x6,x{)~q
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Proof. For given instances of X(])C and X{‘ , We can write

) k
Ey0(0.1), (s ~g¢ L1 (821 + (1= )x0) = ug (tx7 + (1 = 0)xg)[|°]

= By (o (o) <t | Bsoii~g [F1 = Foltx + (1= )x0 = tx1 + (1 = 1)%o]

- E}Z" J?{N

~ - ~ ~1112
g 3 = Tl + (1= 0)xg = 137 + (1= D% ]

< B a1~k [||x1 —xo — (] — x(,))”z] < 2B (s 1,000~ [||x1 - xi||2 + ||x0 - x6||2]

0

= 2Byt )~ | (0, x1) = (o, xD|F] = 2w (g, 4)

Assumption (A3) implies that almost surely, g¥ converges to ¢ weakly. For distributions on a

bounded domain, weak convergence is equivalent to convergence in the Wasserstein distance
k—oo

[Villani 2008, Thm. 6.8], and this means that sz(q, a) —%, 0 almost surely. Almost sure con-

vergence implies convergence in probability, which means that
k—o0
Pr(WZZ(q, qk) >¢€) —— 0, Ve>D0.

Note that W/ (q, ¢") is a bounded random variable because ¢q and ¢* have bounded support as
90, 41, qlg and q’f have bounded support. Suppose that W} (g, ¢*) is bounded by the constant C.

Hence, we can write

. k
Exe xtBe00,1), (xo,x0x,x)~ [l (21 + (1 = £)x0) — uf (2x] + (1 = D)xp) |I°]

< ZEX(;;,XfWZZ(q, q") < 2(e + CPr(Wi(q,q%) > €)).

We can take € arbitrarily small, and for a given € we can make the second term in the right-hand

side arbitrarily small by taking k large enough. The final result follows. O
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B.4.43 Proor or ProprosiTIiON B.1

We have that almost surely, the empirical distributions q’g , resp. q’f , converge weakly to gy, resp.
q1 [Varadarajan 1958]. Hence, we can apply Theorem B.6. Since convergence in distribution of
random variables is equivalent to weak convergence of their laws, and the law of an optimal

coupling is the optimal transport plan, we conclude that (qx)r>o converges weakly to g*.

Theorem B.6 ([Cuesta-Albertos et al. 1997], Theorem 3.2). Let (Py,),, (Qn),, P, Q be probability
measures in P, (the space of Borel probability measures with bounded second order moment) such
that P < A, (P is absolutely continuous with respect to the Lebesgue measure) and P, =P, On N 0,
where — denotes weak convergence of probability measures. Let (X,,Y,) be an optimal coupling
between P, and Qn, n € N, and (X,Y) an optimal coupling between P and Q. Then, (X,, Y,) £>

L . T
(X,Y), where — denotes convergence of random variables in distribution.

B.4.5 BOUNDS ON THE TRANSPORT COST AND MONOTONE CONVERGENCE

RESULTS

The following result shows that for an arbitrary joint distribution q(xo, x1), we can upper-bound

the transport cost associated to the marginal vector field u; to a quantity that depends only

Q(xo,xl)-

Proposition B.7. For an arbitrary joint distribution q(x, x1) with marginals qo(x,) and q1(x1), let

Uz be the flow corresponding to the marginal vector field u;. We have that

Eqgo (e 191 (x0) = X011* < Bgagoey) 1 = x0ll%, (B.14)

Proof. We make use of the notation introduced in App. B.4.4. We will rely on the fact that for all
t € [0, 1], the random variable tx; + (1 — t)xo, with (xo, x;) ~ g has the same distribution as the

random variable 1, (x), with xy ~ qo. This is a direct consequence of Lemma 3.1. Using that i/,
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is the flow for u; and Jensen’s inequality twice, we have that

ExO~qo 11 (x0) — x0||2

1
/0 s (Y5 (x0)) ds

2

= Exy~qo < Ert1(0,1) 00 11 (Y (x0)) I1°

= Byu(0,1),(xo,0)~ql 14 (11 + (1 = 1)x0) ||
= Bt~(0.1),(xoo)~q 1B (et )~g [t (81 + (1 = £)x0]x, x7) [ty + (1 = £)xg = txf + (1 = £)x] |I?
< By(0.1), (o) ~q By ~g |12t (801 + (1 = £)x0]g, x) 1P [#x0 + (1 = £)x0 = tx7 + (1 = £)x¢

= Br-U(0.1). (xoe)~q B )~q LI1X] = X0l 1821 + (1 = £)x0 = tx] + (1 = £)xg]

= Ert(0,1), (xox)~ql1%1 = Xol|?

as needed. m|

Note that that the statement and proof of this proposition is equivalent to Theorem 3.5 of [Liu
et al. 2022], although the language and notation that we use is different, which is why we though
convenient to include it.

For the case of BatchOT, the following theorem shows that the quantity in the upper bound
of (B.14) is monotonically decreasing in k. The combination of Proposition B.7 and Theorem B.8
provides a weak guarantee that for BatchOT, the transport cost should not get much higher when

k increases.

Theorem B.8. Suppose that Multisample Flow Matching is run with BatchOT. For clarity, we make

the dependency on the sample size k explicit and let' ¢® (xo, x1) := q(x0, x1), and ¥¥ (xo) = ¥ (x0).

Note that here ¢'¥) := g is a marginalized distribution and is different from ¢* defined in Step 3.
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Then, for any k > 1, we have that

k 2 2
qu(xo)”‘/ﬁ (x0) = x| < Eq<k)(x0,x1)||xl - xoll%

2 2
Eq(k”)(xo,xl)”xl — %ol < Eq(k)(xo,xl)”xl — xol|”.

Proof. We write

k
1 . .
2 _ E () (ok+1(D) )2
EtNU(O,l),X(I)ﬁ—I,X{H'lE(xo;xl)“’qk+1 ||X1 - X()” - EEI‘NU(O,I),X(])H—I,X{(-H [ ||x1 - XO ”
k+1
11 u

= E_k N 1Et~U(O,1),X§+1,X{C+1 [ Z

) — xlokn ) ”2]
=1 e\ ()

k+1

i (a7 (1)
MDY

J=1 ie[k+1]\{j}

1 1

< -
= kk+ 1Et~U(o,1),X§+1,X{<+1

k
1 .
= Bruon.xgxk k Z ”xl(l) (Uk(l))llz] =E u01).xt, XkE(xox1)~q"”x1 — xoll*.
=

In the first equality, we used that the optimal transport map between the empirical distributions
q’(j and q’f can be encoded as a permutation, which we denote by o¢.1. In the inequality, we intro-

duced the notation ak_ J to denote the optimal permutation within {x(()i)}ie[k+1]\{ j1- The inequality

holds because using the optimality of oy1:

k+1 . . k+1 . .
Z Z || gl) _ xéffkﬂ(l))”Z < Z Z ”xil) _ x(()dkﬂ(l))llz
J=1 ie[k+1]\{/} J=1 ie[k+1]

k+1

k+1 . .
i (o7 (1)) i j i (o7 (1))
< Zl ( [Z ”xfl) _ xOCTk ||2 + ||x§]) _ xé])HZ) < Z Z ”xfl) _ xOCTk ||2
J:

ie[k+1]\{j} J=1 ie[k+1]\{j}
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B.5 EXPERIMENTAL & EVALUATION DETAILS

ImageNet-32 ImageNet-64

Channels 256 192
Depth 3 3
Channels multiple 1,2,2,2 1,2,3,4
Heads 4 4
Heads Channels 64 64
Attention resolution 4 8
Dropout 0.0 0.1
Batch size / GPU 256 50
GPUs 4 16
Effective Batch size 1024 800
Epochs 350 575
Effective Iterations 438k 957k
Learning Rate le-4 le-4
Learning Rate Scheduler Polynomial Decay = Constant
Warmup Steps 20k -

Table B.6: Hyper-parameters used for training each model.

B.5.1 IMAGE DATASETS

We report the hyper-parameters used in Table B.6. We use the architecture from Dhariwal and
Nichol [2021] but with much lower attention resolution. We use full 32 bit-precision for training
ImageNet-32 and 16-bit mixed precision for training ImageNet-64. All models are trained using
the Adam optimizer with the following parameters: f; = 0.9, > = 0.999, weight decay = 0.0, and
€ = le—8. All methods we trained using identical architectures, with the same parameters for
the the same number of epochs (see Table B.6 for details), with the exception of Rectified Flow,
which we trained for much longer starting from the fully trained CondOT model. We use either a
constant learning rate schedule or a polynomial decay schedule (see Table B.6). The polynomial

decay learning rate schedule includes a warm-up phase for a specified number of training steps.
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In the warm-up phase, the learning rate is linearly increased from 1e—8 to the peak learning rate
(specified in Table B.6). Once the peak learning rate is achieved, it linearly decays the learning
rate down to 1e—8 until the final training step.

When reporting negative log-likelihood, we dequantize using the standard uniform dequantiza-

tion [Dinh et al. 2016]. We report an importance-weighted estimate using

K

BPD(K) = —% log, % ;pt(x + uy), where ux ~ [U(0,1)]7,
with x is in {0, .. .,255}D . We solve for p; at exactly t = 1 with an adaptive step size solver
dopri5 with atol=rtol=1e-5 using the torchdiffeq [Chen 2018] library. We used K=15 for
ImageNet32 and K=10 for ImageNet64.
When computing FID, we use the TensorFlow-GAN library https://github.com/tensorflow/
gan.
We run coupling algorithms only within each GPU. We also ran coupling algorithms across all
GPUs (using the “Effective Batch Size”) in preliminary experiments, but did not see noticeable
gains in sample efficiency while obtaining slightly worse performance and sample quality, so we
stuck to the smaller batch sizes for running our coupling algorithms.
For Rectified Flow, we use the finalized FM-CondOT model, generate 50000 noise and sample
pairs, then train using the same FM-CondOT algorithm and hyperparameters on these sampled
pairs. This is equivalent to their 2-Rectified Flow approach [Liu et al. 2022]. For the rectification

process, we train for 300 epochs.

B.5.2 IMPROVED BATCH OPTIMAL COUPLINGS

Datasets. We experimented with 3 datasets in dimensions {2, 32, 64} consisting of 50K samples.
Both gy and q; were Gaussian mixtures with number of centers described in Table B.7.

Neural Networks Architectures. For B-ST we used stacked blocks of Convex Potential Flows
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[Huang et al. 2020] as an invertible neural network parametrizing the map, which also allowed

us to estimate KL divergence:

KL(q1]] (1) 90) = Ex~q, [log q1(x) = log ((¥1)4q0) ()]

For B-FM we used a simple MLP with Swish activation. For each dataset we built architectures
with roughly the same number of parameters.
Hyperparameter Search. For each dataset and each cost we swept over learning rates {0.005, 0.001, 0.0005}

and chose the best setting.

2-D 32-D 64-D
qo #centers | 1 50 100
q; #centers | 8 50 100
#params 50K 800K 800K
batch size | 128 1024 1024
epochs 100 1000 1000

Table B.7: Hyperparameters for experiments on synthetic datasets.
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C APPENDIX: STOCHASTIC OPTIMAL

CONTROL MATCHING

C.1 TECHNICAL ASSUMPTIONS

Throughout our work, we make the same assumptions as [Niisken and Richter 2021], which are

needed for all the objects considered to be well-defined. Namely, we assume that:

(i) The set U of admissible controls is given by

U={uecC'Rx[0,T;RY|3C >0, V(x,5) € R x [0,T], b(x,s) < C(1+ |x|)}.

(ii) The coeflicients b and ¢ are continuously differentiable, o has bounded first-order spatial
derivatives, and (60 7)(x, s) is positive definite for all (x,s) € R?[0, T]. Furthermore, there

exist constants C, ¢;, ¢; > 0 such that

Ib(x,s)|| < C(1+||x])), (linear growth)

callgll® < £ (00T (x,5)E < callZll”, (ellipticity)

for all (x,s) € R* x [0,T] and & € R%.
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C.2 PROOFS OF SECTION 4.2

Proor orF (4.5) By It6’s lemma, we have that

T
VX3, T) - V(X! t) = / (asV(XS”, s) +(b(X{,s) + o (XY, s)u(X,s), VV (XY, s))

d
A
+2 Z (007 )i (XY, )30, V(XY 5)) ds + SE,
i,j=1

where S = \/IftT VV (XY s)To(XY, s) dB;. Note that by (4.4),

sV (XS, s) + (b(XY,s) + o(X{, s)u(X{,s), VV (XS, s))

d
2
+ 23 (00T)ii (XY, $)04,95,V (XL, 5)
2 ij=1

= 2TV I = FOXE ) + (o (X (X 5), TV (X))

1 1
= ZIETIVIKE ) +uC I - 2K ) = K,
and this implies that
U u ! 1 T u U 2 1 U 2 U u
g(X7) = V(X{,t) = (5”(0' V(XS s) +u(X,s)||“ — 5||u(Xs,s)|| —f(Xs,s)) ds+S;/ (C1)
t

Since E[S} | X} = x] = 0, rearranging (C.1) and taking the conditional expectation with respect

to X} yields the final result.
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ProoF OF (4.6)-(4.7) By It6’s lemma, we have that

dV(Xs, s) = (0V (X5, 5) + (b(Xs,5), VV (X, 5))

d
+ ’% Z (007)ij(Xs, )5, 0x,V (Xs, ) ds + VAVV (XY s)To (X% s)dB,, (C.2)
i,j=1

Note that by (4.4),

d
OV (X6,5) + (X, 9), TV (X, ) + 5 3 (00 )X 5100,V (X, 9)
ij=1

1
= §||(0TVV)(XS, I = f(Xs. ).
Plugging this into (C.2) concludes the proof.

ProOF OF (4.8) Since Y; = V(X,,s) and Z; = o' (s)VV (X, s) = —u*(X,, s) satisfy (4.7), we have

that

T T
o) = Y1 = Yi= [ (P00 = I 9l s = VA [ (X9, dB).

Hence, recalling the definition of the work functional in (4.10), we have that

T T
WX, 1) =Y, +% / lu* (Xs, s) |12 ds — VA /t (u* (X, s), dBs). (C.3)

t

By Novikov’s theorem (Thm. C.1), we have that

Elexp(=A""W (X, 1))1X:]

-1

T T
-1 _ " A " -1
= YfE[exp (/1 1/2/ (u* (X, s),dBs) — - / ||u (Xs,s)||2d3)|Xt] e N,
t t

which concludes the proof of (4.8).
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Theorem C.1 (Novikov’s theorem). Let 05 be a locally-H, process which is adapted to the natural

filtration of the Brownian motion (B;);>¢. Define
t 1 [t
Z(t) = exp (/ 05 dB; — 5/ 1165117 ds). (C4)
0 0
If for each t > 0,
t
E[exp (/ ||93||2ds)] < 400,
0
then for eacht > 0,
E[Z(t)] = 1. (C.5)

Moreover, the process Z(t) is a positive martingale, i.e. if (%), is the filtration associated to the

Brownian motion (B;);s, then fort > s, E[Z;|F] = Z;.

Theorem C.2 (Girsanov theorem). Let W = (W}),¢[o 1) be a standard Wiener process, and let P
be its induced probability measure over C([0, T];R%), known as the Wiener measure. Let Z(t) be as
defined in (C.4) and suppose that the assumptions of Theorem C.1 hold. Let (Q, ) be the o-algebra

associated to Br. For any F € ¥, define the measure
Q(F) =Ep[Z(T)1F] .

Q is a probability measure because of (C.5). Under the probability measure Q, the stochastic process

{W () }osi<r defined as

W(t) = W(¢) —/Otes ds
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is a standard Wiener process. That is, foranyn > 0 and any0 =t, < t; < --- < t,, the increments
{W (ti41) — W(ti)}?z_ol are independent and Q-Gaussian distributed with mean zero and covariance
(tis1 — t;)I, which means that for any a € R, the moment generating function ofW(tm) — W(t,-)

with respect to Q is as follows:

Eq[exp({a, W (ti1) = W(:)))]
tiv1 L tini — L 2
= Ep[exp ((0{, W(tiy1) — / 0s ds — W (t;) +/ 0, ds))Z(T)] = exp (w)
0 0
Corollary C.3 (Girsanov theorem for SDEs). If the two SDEs
dXt = bl (Xt, t) dt + O'(Xt, t) dBt, X() = Xinit

dY; = (b1(Yi, t) + ba(Yy, 1)) dt + o (Y, t) dB;, Yo = Xinit

admit unique strong solutions on [0, T|, then for any bounded continuous functional ® on C([0,T]),

we have that

T 1 T
E000] = B[00 exp (= [ o0t bt b= 5 [ o0 bui ol )]

T T
— E[(Y) exp ( - / o4, 1) ba(, 1) dBy 4 1 / o (¥ £) by (Yo 1) 2 )],

where B, = B, +f0t o (Y, s)"1by(Ys, s) ds. More generally, by and b, can be random processes that are

adapted to filtration of B.

Lemma C.4. For an arbitraryv € U, let P° and P be respectively the laws of the SDEs

dX? = (b(X?, 1) + o(t)o(X?, 1)) dt + VAo (t)dB,, X¢ ~ po,

dX; = b(X;, 1) dt + VAo (1)dB,,  Xo ~ po.
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We have that

dp
dp

- T
(X*) = exp (= A1/ / (0(X2, 1), dB”>+L1 / lo(X?. )| di)
0

/1—1 T
= exp ( 1/2/ (0(X2, 1), dB)—T/ lo(X?, 1)]12 dt),
0

)L_l T
(A2 /O (0(X,1),dB) ~ /0 lo(X,, I dt).

where BY := B, — A71/2 fot 0(X?,s) ds. For the optimal control u*, we have that

dL;u (X*) =exp (A7 (= V(X¥,0) + W(X*,0))),

dP“

= (X) = exp (4 (V(Xo,0) — W(X,0))),

where the functional ‘W is defined in (4.10).

(C.6)

(C.7)

(C.8)

(C.9)

Proof. The proof of (C.6)-(C.7) follows directly from Theorem C.3. To prove (C.9), we use that by

(C3),

T T
W0 = V000 +5 [ I 9l s = VI [ (X8,

which implies that

-1

u* A T
0 =ew (0 [ on.any -2 [ g

= exp (171 (VX0 0) - W(X,0))).

(C.10)

To prove (C.8), we use that since dXt“ = b(X;**, t)dt + \/Ia(t)det‘*, equation (C.10) holds if we
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replace X and B by X “" and B*', which reads

W(X*,0)=V(X},0)+ 5/ lu*(X*, s)||* ds — \/I-/ W (X ,s),dB;).
t

t

Hence,

-1

T
di (X*) = exp ( 1/2/ W (X, 1), dB” )+ %/0 llu* (X*, t)||2dt)

dpPv

=exp (A7'( - VXY, 0) + W(X" ,0))).

Lemma C.5. The following expression holds:

T
Epu[log — ] =A'E [/O (%Hu(X“, DI+ F(XE 1) de +g(XE) - V(X2 0)],  (C11)

Proof. To prove (C.11), we write

AP’ dPv° dPY
X*) = o X*) = Io
ape (X =log (- dP"( ) =log 5

HV(XE,0) - /0 F(X ) dt — g(X3))

T Aot
[ aany - [ ool ar
0 0

) +log 2 (x)

(X*) dPp*

log

Since Epu [ log ] = —Epu [ log ST ] and Epu [ fOT(u(X”, t),dB;)] = 0, the result follows. O

dpv

Proposition C.6. (i) The following two expressions hold for arbitrary controls u, v in the class U of
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admissible controls:

u*

~ dP
Lcg(u) = Epur [log

e 7 (T
=El(=4 /1), dB;) — A7 L 1), 0(X(, 1)) dt (C.
dPu] E|( /O<U(X t), dB;) /O<u(X t),0(X?, 1)) dt (C.12)

- T
+ 71 lu(XE, )* dt + A7 (V (X5, 0) — W(X®,0)))
0

X exp (A7H(V(XS,0) — W(X?,0))

-1

T /1 T
Pk /0 (X0, 1,dB) ~ /O lo(X2, )17 dt)],

5 -1 T ) .
Lce(u) = %E[/O lu* (X, 1) —u(X L )] dt]. (C.13)

When py is concentrated at a single point xinit, the terms V (Xinit, 0) are constant and can be removed
without modifying the landscape. In other words, Lcr and Lcg, are equal up to constant terms and
constant factors.

(ii) When po is a generic probability measure, Lcg and Lcg have different landscapes, and Lcg (u) =
Epu [ log 2 exp (= A'WV(X¥,0))]. u* is still the only minimizer of the loss Lcg, and for some

constant K, we have that
A_l T * * *
Lop(u,0) = 7E[/ lu* (X7, 1) —uX )P dtexp (- A7'V(XS,0))] +K.  (C.14)
0

Proof. We begin with the proof of (i), and prove (C.12) first. Note that by the Girsanov theorem

(Theorem C.2),
dPv . dP* . dp* dP .
Epu [ log T (X")] = —Epu [ log TP (X")] = —Epu [ log - )+log—(X )]
dP* ap . dP . .
= —Ep[ (log — (X*) +log —e (X)) == (X°) de(xu (C.15)
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Note that by equations (C.7) and (C.9),

dp*
dP

- T
log - (x?) = 17112 / (X, D), dB”>—Ll / lu(x?, )1 de,
0

-1 T

/1_1/2/ (u(X?, 1), dB>+/‘l_/<u(X”,t) v(X”,t)>dt—L llu(X7, 1)1 dt,

0
dpP

dpv

log (X°) =271 (= V(X3,0) + W(X°,0)). (C.16)

where B? := B, + A71/2 fot 0(X?,s) ds. Also,

dP”

(X“) =exp (A7 (V(XJ,0) - W(X°,0))),

-1

d A T
P(X“)—exp 1/2/ (0(X2, 1), dBt)—T‘/O lo(X?, t)]1* dt). (C.17)

dp?

If we plug (C.16) and (C.17) into the right-hand side of (C.15), we obtain

dP* . dp* dp  __ dP* _ dP
Ep [ log pr X)) )] = ~Exu [(log p (X)) +log o (X)) —5- (XT) o

:—E[(A‘I/Z/ (u(X”,t),dBt)+)L_1/ (w(X?,t),0(X? 1)) dt
0 0

(X°)]

= /T v 2 -1 v ¢
~ [ X )P de+ A7 (= V(XE0) + W(XP,0)))
2 Jo

X exp (A7 (V(X5,0) — W(X®,0)) —/1—1/2/ (v(X?,t),dB;) — %_I/OT lo(X7, 1) |I” dt) |,

which concludes the proof.

To show (C.13), we use that by Theorem C.3,

-1

U T
di (X*)=exp ( 1/2/ W (XY, 1) - u(X“,t),dBt)—T/O lu* (X2, ) —u(X¥, 1)) dt).

dp¥
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Hence,

5

dp*
dp«

A_l T . . )
- * (U ) — u i del.
| - E[/O lu* (X, 1) —u(X,1)]1* dt

dp*
dP¥

Epu [ log | = —Epw- | log

Next, we prove (ii). The first instance of V(X?,0) in (C.12) can be removed without modifying

the landscape of the loss. Hence, we are left with

T T
Leg(u) =E[(- 2172 /O (u(X?,t),dB?) — 17! /0 (w(X2,t),0(X?, t)) dt (C.18)

-1 T
+ o [ O DR 27 WX, 0)
0
-1

T T
X exp (71 (V(X3, 0= W(X®,0)) -2~/ / <v<xv,t>,dBt>—% / lo(x7, )] dt) |

And this can be expressed as
Lep(u) = E[g(u;Xg) exp ()L_lV(XU, O))],
where

T T
g(u;x) = E[(— 1712 /0 (u(X?, 1), dB?) — ™! /0 W(X?, 1), 0(X2, £)) dt

-1 T
+ [ (DI dt = 7 W(X°,0))
0
-1

T 1 T
xexp (= AT W(X?, 0)—A"1/2 ‘/0 (v(X7, 1), dBt)_T ‘/0 lo(X2, 1)[1% dt)|X2 = x].

If we consider g(u;x) as a loss function for u, note that it is equivalent to the loss Lcg(u) equa-
tion in (C.18) for the choice py = Jy, ie., py concentrated at x. Since the optimal control u* is

independent of the starting distribution p,, we deduce that u* is the unique minimizer of g(u; x),
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for all x € RY. In consequence, u* is the unique minimizer of Lcg(u) = Elg(u; X3)].
To prove (C.14), note that up to a constant term, the only difference between Lcg(u) and Lcg (u)

is the expectation is reweighted importance weight exp ( — A1V (X?,0)). m

Lemma C.7. (i) We can rewrite

Lvar, (1) = Var(exp (Y2 — 171g(X3) + A7V (X2, 0))),

L8 (u) = Var(7 - 27 g(XD) + 27V (X3, 0)).

When py is concentrated at xinit, the terms V(xinit, 0) are constants and can be removed without

modifying the landscape. In other words, Ly, and .fiff are equal to Ly,, and L% up to a

Var,
constant term and a constant factor, respectively.

(ii) When p, is general, -Z:Varv and Ly, have a different landscape, and the optimum of Ly, may
be different from u*. A related loss that does preserve the optimum is:

-Z:Varu(u) = E[Varpv(?; (XU)|X(Z)’) eXp(—/l_lV(Xv, 0))]

= E[Var( exp(f’;f’v —A7Tg(XNIX)].

In practice, this is implemented by sampling the m trajectories in one batch starting at the same point
Xg.
(iii) Also, Llog and L g _ have a different landscape, and the optimum ofl:Var may be different
fromu™. In particular, .£Var (u) = Varpo(log %(X“) exp(—A71V(X?,0))). A loss that does preserve

the optimum u™ is

u*

£ (u) = B[ Varse (log T (X°) [X0) exp(—A"V (X2, 0))]

dP
— E[Var(7}* - 1790 X))
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Proof. Using (C.9) and (C.6), we have that

dPu - 0 v
(X”) = exp (A7 (V(X5,0) - W(X?,0))),
-1 T
jli(X”)—eXp 1/2/ (w(X?, 1), dB”>+L/ lu(X?, t)||? dt)
0
=exp (— A2 / (u(X?, t),dB,)y — A7 / (u(X?, 1), 0(X7, 1)) dt
-1 T
0
Hence,

] i (X°) = log i (X°) +1 d—P(X")—f/“’“—/l‘l (X2) + 17V (X2, 0)
8 " Ipu dP Bt T 9\l V)

Since .fvary(u) Varpo (£ s ) and Li;)agr (u) = Varpo(log %), this concludes the proof of (i).

To prove (ii), note that for general p,, V(X 0) is no longer a constant, but it is if we condition

on X;. The proof of (iii) is analogous. O

C.3 PROOFS OF SECTION 4.3

C.3.1 PRrROOF OF THEOREM 4.3 AND THEOREM 4.5

We prove Theorem 4.3 and Theorem 4.5 at the same time. Recall that by (4.9), the optimal control

is of the form u*(x,t) = —o(t) "VV(x, t). Consider the loss

L) = / ||u(Xt, t)+o(t)TVV (X, t)” dt exp ( / f(X,t)dt — A~ g(XT))]
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Clearly, the unique optimum of £ is —o(t)TVV. We can rewrite £ as

. 1 T
LFu) = E[T/ ([, O|F + 2¢(X, 1), (1) TVV (Xe, 1)) + l0(8) YV (X, 0)|[) dt (C.19)
0
X eXp / f(Xy,t)dt — A~ g(XT))]
Hence, we can express £ as a sum of three terms: one involving ||u(X;,t)||%, another involv-

ing (u(X;,t),0(t)"V(X;,t)), and a third one, which is constant with respect to u, involving

IVV (X;,t)]|2. The following lemma provides an alternative expression for the cross term:

Lemma C.8. The following equality holds:

/ (u(Xp, 1), 0() TVV (X, 1)) dt exp ( / f(X,t)dt — A~ g(XT))]
= —AE[ / <u(Xt, t),o(t) "V, E[ exp ( / f(Xss)ds — A~ g(XT) |Xt = x] > dt
X exp ( / f(Xs,5) ds)] (C.20)

Proof. Recall the definition of ‘W(X,t) in (C.10), which means that
t
W(X,0) =W(X,t)+ / (X, s)ds. (C.21)
0

Let {F7}tc[o,r) be the filtration generated by the Brownian motion B. Then, equation (4.9) implies

that

Ao (1) TV E|exp (- ATW(X, t))|7:t]

(D) VY (X t) =~ Elexp (- AW (X, 1))|F]

(C.22)
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We proceed as follows:

E[l /T(u(Xt, t),0(t)"VV(X, 1)) dt exp (- AT W(X, O))]
T Jo

M ol T O'(t)TVxE[ exp (- AT W(X, t))|77t]
- AE[T /0 <u(Xt’ 2 E[exp ( - AW (X, 1)) |9C >dt
X E[exp (- A7'W(X,t))|F] exp ( / (X, 1) dt)]
T
= —AE[%/O (u(Xs,t), 0(t) "ViE[ exp (- A7'W(X, 1))|F] ) dt exp ( / f(X;,s)ds)]
@ —)LE[% /OT <u(Xt, t), cr(t)TVxE[ exp (— AW (X, 1)) |Xt = x] > dt exp ( / f(Xs,5) ds)].

Here, (i) holds by equation (C.22), the law of total expectation and equation (C.21), and (ii) holds

by the Markov property of the solution of an SDE. ]

The following proposition, which we prove in subsection C.3.2, provides an alternative expression
for V E[ exp (- A" / f(X;,s)ds — A71g(Xt) |Xt = x] The technique, which is novel and we
denote by path-wise reparamaterization trick, is of independent interest and may be applied in

other settings, as we discuss in section 4.5.

Proposition C.9 (Path-wise reparameterization trick for stochastic optimal control). For each
€ [0,T], let M; : [t, T] — R% be an arbitrary continuously differentiable function matrix-valued

function such that M;(t) = Id. We have that

V.E[exp (- / f(X,s)ds — A7 g(X7))|X: = x]
=E[(- 1 / M(5)Vaf (X, ds = A7 M (T) Vg (Xi)
+ A7 / (M (Vb (X s) ~ My (s))(™") T (s)dB;)
X exp / f(Xss)ds = A7g(X)) |X; = x]. (4.22)
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Plugging (4.22) into the right-hand side of (C.20), we obtain that

E[ / (u(Xp, 1), 0() TVV (X, 1)) dt exp ( / f(Xp,t)dt — A~ g(XT))]
:E[?/O (u(Xt, t),cr(t)T(/t M;(s)Vyf(Xs,s)ds + My (T)Vg(Xr)

T
_ /11/2‘/‘ (M;(s)Vib(Xs, s) — ath(s))(o'_l)T(S)st» dt

><exp / f(Xp,t)dt — A~ Q(XT))]

If we plug this into the right-hand side of (C.19) and complete the squared norm, we get that

. 1 [T N 2
L(u):E[f/O (|[u(xXz, t) = w(t, X, B, My)||

—|Jw(t, X, B, My)||* + ||u* (Xe O)|°) dt exp (= 27 W (X, 0))]

where w is defined in equation (4.25). We also define ®(u; X, B) as
1 T 2
®(u; X, B) = f/ (fu(Xe, ) = w(t, X, B, M) dt.
0

Now, by the Girsanov theorem (Theorem C.2), we have that for an arbitrary control v € U,

E[®(u; X, B) exp (- AW (X,0))]
-1

T
:E[CD(u;X”,BU) exp (= AT W(X®,0) — A~ 1/2/ (v(X?, 1), dB”>+%/O lo(X?, t)||2dt)]

- T
:E[(I)(u;X”,B”) exp (- AW (XP,0) — A71/2 [) (v(X?,t),dB;) — %l /0 lo(X?, )| dt)],

where B} := B; + A1z /Ot 0(X?, s) ds. Reexpressing B in terms of B, we can rewrite ®(u; X°, B?)
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and w(t, X°, B, M;) as follows:

1 T - 2
O(u; X°, BY) = T/ lu(XF, t) — w(t, X%, B°, My)||” dt,
0
T
w(t, X°, B, M) = o(£)T( - / M (s)Vif(X{,s)ds — M (T)Vg(X7)
T
20|00 TB0.) - aM(9) (7)) (X2 5)d,

T
+ / (M (s)Vxb(X;,5) = sMi () (0 (X, )o(X], s)ds).
t
Putting everything together, we obtain that
L(u) = Lsocm(u. M) - K,

where L (u, M) is the loss defined in (C.31) (note that w(t, v, X°, B, M;) := w(t, X°, BY, M;)), and

1

T
K:E[f'/o (lw(t, X, B, M) = [|u* (X, 1)||*) dt exp (- AW (X, 0))]

To complete the proof of equation (4.23), remark that £ (u) can be rewritten as

T
L(u) = E[% /O ||u(Xt, t) —u* (X, t)”2 dt exp (- AT W(X, 0))]
e . dp _
= E[? /0' ||U(Xt, t) —u (Xt, t)”z dt W(X) exp(—/l lV(X(), 0))]

1 [T . . .
:E[f/() (X 1) = u* (X2, 0)||° dt exp(=A7'V (XY, 0))].
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It only remains to reexpress K. Note that by Theorem 4.4, we have that

E[w(t,X,B,M,) exp (- A7'W(X,0))|7]

E[ exp (- ATTW(X, 0))|7:t]
_E[w(t. X, B M) & (00|F:| exp(-A71V (X0,0))  E[w(t, X, B, M) E (X)| 7]
C E[ES(X0IF] exp(-A1V (X0, 0))  E[ZC0)I7]

u* (Xb t) =

=E[w(t, X", B*, M)|X} = X,]
Hence, using the Girsanov theorem (Theorem C.2) several times, we have that

1 [T . . . .
K:E[T/O ||v~v(t,X",B“,Mt)llz—||E[v~v(t,X”,B”,Mt)|X;‘]||2 dt exp(-A7'V(X{",0))]

T
:E[%/ |[w(z, X, BY, My) — E[w(t, X*, B, M) X" ||| dt exp(-A"'V(XZ,0))]
0

E[w(t, X, B, M;)exp(-A"'W (X, 0))|X;
E[exp(-A""W(X, 0))|X:]
E[w(t,0,X° B, My)a(v, X, B)| X}
E[a(v, X?, B)|X7]

Ll ]2 _
=E[—/ [(t, X, B, My) - II? dt exp(-2""W (X, 0))]
T Jo

] ||2 dt a(v, X°, B)],

T
:E[%/O |w(t, 0, X°, B, M) -

which concludes the proof, noticing that K = Var(w; M).

C.3.2 PROOF OF THE PATH-WISE REPARAMETERIZATION TRICK (THEOREM 4.4)

We prove a more general statement (Theorem C.10), and show that Theorem 4.4 is a particular

case of it.

Proposition C.10 (Path-wise reparameterization trick). Let (Q, F,P) be a probability space, and
B:Qx[0,T] — R? be a Brownian motion. Let X : Q x [0,T] — RY be the uncontrolled process

given by (4.6), and let / : Q x R? x [0, T] — R? be an arbitrary random process such that:

« Forallz € R, the process (-, z,-) : Qx [0, T] — R¥ is adapted to the filtration (Fs)sefor] of

the Brownian motion B.
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e« Forallw € Q, Y (w,-,*) : RY x [0,T] — R? is a twice-continuously differentiable function

such that Y(w, z,0) = z forall z € R?, and ¥ (w,0,s) =0 foralls € [0,T].

Let F : C([0,T];R%) — R be a Fréchet-differentiable functional. We use the notation X +/(z,-) =
(Xs(w) +Y(w, z,5))sefo1] to denote the shifted process, and we will omit the dependency of Y on w

in the proof. Then,

VxE[ exp (- F(X))|X0 = x] (C.23)
T
=E[(-VF(X+y(z, '))|z=o+7t_l/2/ (V21(0,5) Vb (X5, ) =V29,4(0,5)) (01) T (5)dBy)
0

X exp (— F(X))|X0 = x]

Proof of Theorem 4.4. Given a family of functions (M;);c[o 1] satisfying the conditions in Theo-
rem 4.4, we can define a family (¢;);c[o,r] of functions 1/; : Rex[t,T] — R% as ¢ (z,5) = My(s) " z.
Note that 1/;(z,t) = z for all z € R and (0, s) = 0 for all s € [, T], and that V,i/;,(z,s) = M;(s).
Hence, /; can be seen as a random process which is constant with respect to w € Q, and which
fulfills the conditions in Theorem C.10 up to a trivial time change of variable from [t, T] to [0, T].
We also define the family (F;);c[o,r] of functionals F; : C([t, T]; RY) — RasF;(X) = A™! ftT f(Xs,s) ds+

A71g(Xt). We have that
V. E (X4 (z,+))
T
=V, (/1_1 / f(Xs +Yi(z,5),s)ds + )l_lg(XT + ¥y (z, T)))
(é))L_l /T V. (2, $)VF(Xs+i (2, 5), 8) ds+A7 V1 (2, T) Vg(Xr+: (2, T))

T
:/1_1/ M (s)Vf( X+ (2, ), 5) d3+/1_1Mt(T)V9(XT+¢t(Z’ 7)),

165



where equality (i) holds by the Leibniz rule. Using that 4(0, s) = 0, we obtain that:

T
VF (X + (2, '))|Z:0 =1 / Vo2 (0,5) VF (X, 5) ds + A_lel//t(T, 0)Vg(Xr),
t
Up to a trivial time change of variable from [t,T] to [0, T], Theorem 4.4 follows from plugging
these choices into equation (C.23).

Remark 2. We can use matrices M;(s) that depend on the process X up to times, since the resulting
processes Y, (-, z, -) are adapted to the filtration of the Brownian motion B. More specifically, if we let
M; : R?x [t,T] — R¥ be an arbitrary continuously differentiable function matrix-valued function
such that M;(x,t) = Id for all x € R%, and we define the exponential moving average of X as the

process XV given by
t
Xt(v) = v/ eV X . ds,
0

we have that

d (v)

dx
M, 5) = (VMUK 5), =) +aM (X, 5)

= MV M (X, 5), X, = Xy + oM (X, 9),
and we can write

T
VxE[ exp (- A1 / f(Xs,s)ds — A_lg(XT))|Xt = x]
T
=E[(- 27" / M (XY, )V, (X, 5) ds — A7 M (XY, T)Vg(Xr)
t . d
+ AT / (M (X, $)V,b(Xs, 8) = =M (X, 8)) (07 T (5)dBy)
¢ ds

T
X exp (- A1 / f(Xs,s)ds — A_lg(XT))|Xt = x].
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Plugging this into the proof of Theorem 4.3, we would obtain a variant of SOCM (Alg. 4) where the
matrix-valued neural network M,, takes inputs (t, s, x) instead of (t,s). Since the optimization class
is larger, from the bias-variance in Theorem 4.5 we deduce that this variant would yield a lower
variance of the vector field w, and likely an algorithm with lower error. This is at the expense of

an increased number of function evaluations (NFE) of M,,; one would need m NFE per batch

K(K+1)
2

instead of only , which may be too expensive if the architecture of M,, is large. A way to speed

up the computation per batch is to parameterize M; using cubic splines.

Proof of Theorem C.10. Recall that
dX; = b(X;,s)ds + \/10'(3) dB;, Xo ~ pos

is the SDE for the uncontrolled process. For arbitrary x, z € R?, we consider the following SDEs

conditioned on the initial points:

dX™ = p(X" 5)ds+ Vio(s)dB, X =x+z, (C.24)

dXs(x) = b(Xs(x), s)ds + \ﬁa(s) dB;, Xéx) = X. (C.25)

Suppose that i : R? x [0, T] — R satisfies the properties in the statement of Theorem C.10. If

X™ s a solution of
d)?s(x) = (b()N(s(x) +¥(z,5),s) — ds¥(z,s)) ds + V2o(s) dBs, X’éx) =x,

then X2 = X® 4 (z,.) is a solution of (C.24). This is because Xéx“) = )N(éx) +1(z,0) =
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X’éx)+z:x+z,and

dXs(x+z) = dXs(x) + 9s¥(z,s) ds
= (b(X™ +Y(z,3),5) — 0(z,5)) ds + VAo(s) dB + a1/ (z, 5) ds

= b(Xs(x”), s)ds + \/10'(3) dB;,
Note that we may rewrite (C.25) as

dX™ = (XY +9(z5),5) - a(2,)) ds

+ (b(X™ 5) = b(X™ + y(z.9).5) + 0y (z.5)) ds + VAa(s)dBs, X ~ po.

Hence, since /(z, s) is a random process adapted to the filtration of B, we can apply the Girsanov
theorem for SDEs (Corollary C.3) on X®) and X®), and we have that for any bounded continuous

functional @,

E[®(X™Y)]

T
= E[®(X™) exp ( / 2726(5) 1 B(X + Y(z.5),5) — b(X, 5) — (2 5)) dB;
0
1

T
~3 / 1A 26(s) 7 (B(X + Y (2, 5),5) = b(X, ) — a2, 9)) || d]26)
0
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We can write

Blexp (- F(X))[Xo = x + 2] 2 B[ exp (- FX**)] € B[ exp (- FX® + y(z,)))]
D E[exp (- FX® +y(z.))
x exp ( / A5 X+ 9219),) X, ) — 25 dB,
) %/0 () X 4 P2 9),9) B, ) - () b))
Y B[ exp (~F(X+)(z )+ /O ) (DX, #2,5),9) b, 9 02,50 4B,

T
_ % ./0 “/1_1/20(3)_1(17()(5 + Eb(z, S),S) - b(Xs,s) — 351,0(2, s))llz dS)lXO :@'27)

Equality (i) holds by the definition of X(**?), equality (ii) holds by the fact X*** = X + y(z, s),
equality (iii) holds by equation (C.26), and equality (iv) holds by the definition of Xs(x). We con-

clude the proof by differentiating the right-hand side of (C.27) with respect to z. Namely,

VX]E[eXp (- F(X))|X0 = x] = VZE[exp (- F(X))|Xo =x+ z] |Z:0
® E[(- V.F(X +¢(z,-) + A71/2 /OT(VZ¢(0, $)Vb(Xs, s) = V.05/(0,5)) (6™") T (s)dBs)

x exp (= F(X))|Xo = x]

In equality (i) we used (C.27), and that:

+ by the Leibniz rule,

T
v, /0 lo(s) ™ (X, + (2, 8),5) = b(Xs,5) — (2 )1 ds,_,

T
- /0 Vallo(s) " (B(X; +(2.5), ) = b(Xs,5) = Az, ) 1P|, ds = 0.
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« and by the Leibniz rule for stochastic integrals (see [Hutton and Nelson 1984]),

T
Al /0 a ()7 (b(Xs + Y(2,5),5) = b(X, ) — (2, 5)) dBy) |,

T
= / (V. ¢(0,s)Vyb(Xs, s) — V,050(0, $)) (o1 T (s) dBs.
0

C.3.3 INFORMAL DERIVATION OF THE PATH-WISE REPARAMETERIZATION TRICK

In this subsection, we provide an informal, intuitive derivation of the path-wise reparameter-
ization trick as stated in Theorem C.10. For simplicity, we particularize the functional F to
F(X) = 2171 fOT f(Xs,s)ds + A71g(X7). Consider the Euler-Maruyama discretization of the un-
controlled process X defined in (4.6), with K + 1 time steps (let § = T/K be the step size). This is

a family of random variables X = (Xp) w=0.x defined as
Xo~po,  Xiw1 = X + 6b(Xi, k6) + VoAo(kS)er, & ~ N(0,I).
Note that we can approximate

T
E[exp(-27" /0 f(Xs,5)ds — 171 g(X7))|X0 = x|

K-1
~E[exp (=478 ) f(Kis) = A7'g(Xi)|Ro = x],
k=0

and that this is an equality in the limit K — oo, as the interpolation of the Euler-Maruyama

discretization X converges to the process X®_ Now, remark that for k € {0,...,K — 1},
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X1 Xk ~ N(Xi + 8b(Xy, k6), SA(607)(kS)). Hence,

K-1

Elexp (=478 ) f(Xs) = 17'g(X))|Ro = x]
k=0

=C! ﬂRd)K exp ( 15Z‘Jf(xk,s) A7 g(xk)

K-1
zé)tha-l(ka)(xkﬂ £ 8b (i, ko)) I

—mllff*w)(xl x=08b(x,0)|1?) d#; - - - dix,

where C = \/ (261)K H det((aoT)(ké)) Now, let 1/ : R? x [0, T] — R? be an arbitrary twice

differentiable function such that ¢/(z,0) = z for all z € R?, and ¥(0,s) = 0 forall s € [0,T]. We

can write
K1 ) )
VxE[ exp ( -5 Zf(Xk, s) — )L_lg(XK)) |Xo = x]
k=0

K-1
=V E[exp - _152](()2]{,3) - A_lg(XK))lXo =X +Z] |2=0

=Cly, // exp 15Zf(xk,s) A1g(%K)
k=0

K-1
ZMZ ™" (k8) (R == 8b (i kO)) 1

—mllff_l(o)(xﬁ(xﬂ) b(x+2,0))[|*) d#y - - - d&k) |=o
=C 1V [/ exp ( 152f(xk +1(2,k8),s) — A7 g(xk + (2, K6))
Rd)K

K-1
25,12||0_1(k5)(xk+1 + (2, (k +1)8) =%k — (2, k8) —Sb (G +1(z, kS), k) ||*

~ == ll671(0) (14 (2, 8) = (x+Y(2,0)) = 5b(x+ (2, 0), 0)) |I?) dy - - - i) [4£-28)
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In the last equality, we used that for k € {1,..., K}, the variables Xy are integrated over R4, which
means that adding an offset /(z, k§) does not change the value of the integral. We also used that

¥ (z,0) = z. Now, for fixed values of X = (X3, ..., Xk), and letting X, = x, we define

K-1
Gi(z) = A7 Z (e + (2. k8),5) + A gk + ¥/(2, K9))

K-1

mZno*(ka)(xmwz (k+ 1)8) == (2 k8) = b (G + (2. k8). kS) I

Using that 1/(0,s) = 0 for all s € [0, T], we have that:

Gz (0) = A %Szf(xk,s)m 'g(55) 4 Zno—l(ka)(xkﬂ $1-8b (21, k8)) |

K-1

VGi(2)|a=o = 178 )" V(0. k8) V£ (ks 5) + A7 V(0, K8) Vg (si)
k=0

1 Y A
51 ;(Vﬂ#(@ (k+1)8) = V,1(0,k8) -8V (0, k8)Vb(Zy, k5))

X ((671)T0™") (k6) (1 =%k~ Ob(xx, kS))

And we can express the right-hand side of (C.28) in terms of G;(0) and VG (z)|,=0:

v, (Cc? — Gs(2)) dy; ---d
(C //(Rd)K exp ( G (Z)) Y yK)
= //(Rd)K VG (2)l:=0 exp (= G£(0)) dys - - - dy
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We define ¢, = \/%0'_10(5) (X1 — Xk —Ob(X, kS)), and then, we are able to write

Rei1 = Xk + Ob (X, kS) + VAo (kS e,  Fo=x (C.29)

K-1 K-1
. _ -1 N -1 /=& 1 2
G:(0) = 2 6;f(xk,s>+a g(xK>+5;||ek||,

K-1

VGe(2)lezo = 718 D V(0 k8)Vf (Sk, 5) + A"V (0, K8) Vg (5ix)
k=0

K-1
+VEAT D (89240, k8) + O(8)— VY (0, k8) Vb (54, k8)) (™) T (kS)ex. (C.30)
k=0

Then, taking the limit K — oo (i.e. § — 0), we recognize (C.29) as Euler-Maruyama discretiza-
tion of the uncontrolled process X in equation (4.6) conditioned on X, = x, and the last term
in (C.30) as the Euler-Maruyama discretization of the stochastic integral 1~1/2 /OT(asvzz//(o, s) —
v (0,5) Vo (X, 5))(671)T (s) dB,. Thus,
K-1
Kh_r)rio VXE[exp (- /1_15](2_0f(Xk,s) - /l_lg(XK))]
T
= E[( — / V/(0,5)Vy f(Xs, s) ds — A7V (0, T)Vg(Xr)
0
T
+/1_1/2/ (V(0,5)Vxb(Xs, s) = Vi (0,5)) (™) T (s) dBy)
0

T
X exp (— A7 /0 f(Xss)ds = A7 g(X7)) X0 = x],

which concludes the derivation.
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C.3.4 SOCM WITH THE ADJOINT METHOD FOR SDEs

Proposition C.11. Let Lsocy : L2 (R x [0, T];RY) x L2([0, T]?;R%*4) — R be the loss function

defined as

T
Lsocm(u, M) := E[% [) ||u(Xf, )+ a(t)Ta(t, XU)HZ dt X a(v, X°, B)] , (C.31)

where X° is the process controlled by v (i.e., dX; = (b(Xy, t) + o(t)v(Xy, t)) dt + VAo (X;, t) dB; and
Xo ~ po), a(v,X° B) is the importance weight defined in (4.19), and a(t, X?) is the solution of the

ODE

dc;(tt) = —V.b(X;, Da(t) — Vo f(X;, 1),

a(T) = Vg(Xr),

Lsocm has a unique optimum (u*, M), where u* is the optimal control.

Proof. The proof follows the same structure as that of Theorem 4.3. Instead of plugging the path-
wise reparameterization trick (Theorem 4.4) in the right-hand side of (4.21), we make use of (C.12)

to evaluate VxE[ exp (- A7 /OT f(Xp, 1) dt = A71g(X7))|Xo = x]. O

Lemma C.12 (Adjoint method for SDEs, [Li et al. 2020; Kidger et al. 2021]). Let X : Q X [0,T] —
R? be the uncontrolled process defined in (4.6), with initial condition Xy = x. We define the random

process a: Q % [0,T] — R? such that for all v € Q, using the short-hand a(t) = a(w, t),

da(t)
dt

a(T) = Vg(Xr),

= —V,b(X;, t)a(t) — Vo f (X, 1),
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Then, we have that

T
V.E[ / F (X ) dt +g(X0) X0 = x] = E[a(0)]Xo = ],
VXE[ exp ( -2t /Tf(Xt, t)dt — A_lg(XT))|X0 = x]
0

= —A_l]E[a(O) exp (— 17" ‘ATf(Xt, t)dt — 17'g(Xr))|Xo = x].

Proof. We will use an approach based on Lagrangian multipliers. Define a processa : Qx[0,T] —

R4 such that for any w € Q, a(w, -) is differentiable. For a given w € Q, we can write

T
/0 £ (@), 1) di + (X1 ()

T T
=/0 f(Xt(w),t)ng(XT(w))—/o (a1(w), (dXi(@) = b(X,(0), 1) dt — VAo(t) dBy)).

By Theorem C.13, we have that

T T dat
[ (@) dx@) = (ar@). Xr(0) - (@) Xo(o) - [ o), Ghidr
0 0
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Hence,

T
Vol [ SO @) dr+ (X))
T
=Vl [ SO0 dt+ 9(Xr(0) = (a1 (@), Xr (0)) + (a0, Xo(0)
T
e [ (@ton b )+ o x@n) ar Vi [ a0 as)
T
= / VXt (0)Vif (Xi(w), 1) dt + Vi X7 (0)Vig(XT(0)) — ViXr(0)ar(w) + ViXo(w)ao(w)
0
+ /OT (ViXi (@) Vib(Xi (), t)ar(w) + VxXt(w)%(w)) dt
= /T VxXt(a))(fo(Xt(a)), t) + Vb(Xi(w), t)as(w) + %(a))) dt
0

+ Vx)(T(a)) (ng(XT(w)) - aT(C‘))) + aO(w)-
In the last line we used that V,Xy(w) = V,x = L. If choose a such that

day(®) = (= Vib(Xi (), t)ar(w) = Vi f (Xi(w), 1)) dt — Vih(Xi(w), t) dBy,

ar(w) = Vxg(Xr(0)),

then we obtain that

T
V. /0 FX (), 1) di +9(Xr () = a0(w),

and by the Leibniz rule,

T T
v.E[ /0 FXu(@), 1) di + g(Xr ()] = E[Vi( /0 £ (), ) di + 9(Xr(0)))] = Eao(@)].
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and

\Y E[exp / f(Xi(w), t)dt — A~ g(XT(a))))]
= -1"'E|V / f(Xi(@),1) dt + g(Xr(w))) exp ( - / fXi(),t)dt — 17 g(Xr(0)))]

— _17'E[an(w) exp ( - / (@), 1) dt = 27 g(Xp ().

Lemma C.13 (Stochastic integration by parts, [Oksendal 2013]). Let

dX; = a; dt + by dW},

dY, = f;dt + g, dW?.

where ay, by, f;, g are continuous square integrable processes adapted to a filtration (F;),e(.1), and

W1, W? are Brownian motions adapted to the same filtration. Then,
t t t
XY, - XY= [ X.dY, +/ Y, dX, +/ bsgs(dX;, dYy).
0 0 0

C.3.5 PRrROOF oF THEOREM 4.6

Proof. Since the equality (C.3) holds almost surely for the pair (X, B), it must also hold almost

surely for (X?, B), which satisfy the same SDE. That is

1 T T
W0 =V 43 [ IOl ds- VA [ w0, a8,
0

0

177



Thus, we obtain that

T -1 T
a(v, X%, B) = exp (- AW (X?,0) — )L_l/Z/ (v(X},t),dB}) + %/ lo(X?, 1)||? dt)
0 0
-1 v A T * (U 2 -1/2 ! * (U v
=exp (-4 V(X’O)_T lu (X, 8)]|“ds + A (u™(X;,s),dBy)
0 0

T
/ (X, D)2 de),
0

-1

T
- /1_1/2 / <U(XU, t), dB?) + 7
0

and this is equal to exp ( - V(X8 0)) when v = u*. Since we condition on X = xi,it, we have

obtained that the random variable takes constant value exp ( — V (Xinit, 0)) almost surely, which

means that its variance is zero. O

C.3.6 PRrROOF OF THEOREM 4.7

The proof of (4.24) shows that minimizing Var(w; M) is equivalent to minimizing
1 [T , ) ;
Bl | [w(to.X*.BM)| da(e. X, B)]. (C32)
0

To optimize with respect to M, it is convenient to reexpress it in terms of M = (Mt)te[O,T] as

M;(s) =1+ fts M;(s") ds’. By Fubini’s theorem, we have that

T T S
/ Mt(s)fo(Xs”,s)ds:/ (I+/ M (s") ds") V. f(XZ, s) ds
T T T
:/ V. f(X{,s) ds+/ Mt(s)/ V. f(X5,s")ds" ds,

T
- / (M, ()Vxb (XY, 5) — My(s)) (0™ ) T () (X, 5) ds

T T T
:/ Mt(s)(a_l)T(s)v(X;’,s)ds—/ Mt(s)/ V,b(XZ,s")(0.") T (s)o(XT, s) ds’ ds,
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T
e / (Mi(5)Vb(XC. 5) — N(s)) (o) (s) dB;

T T T
= 22 / Mi(s) (0T (8)o(X, ) ds — / My (s) / Vib(X5,5) (™) T(s') dBy ds).

Hence, we can rewrite (C.32) as
_ 1 /T T
G0 =2[1 [ o( [ V.p0¢.9)d5+ 90
o :
+ / Mt(s)(/ V. f(X5,s')ds" + Vg(X7) + (G_l)T(s)U(XSU, s)
T T
- / Vib(X2,s") (0,") T (s)o(X?,s) ds” - / V,b(X2,s") (0,") T (s") dBy) ds)”2 dt
X a(v, X°, B)]

The first variation %(M) of G at M is defined as the family Q = (Qt)tefo.r) of matrix-valued

functions such that for any collection of matrix-valued functions P = (P;);c[01]>

V(M +eP) — V(M)

T T
0V (M + €P)]cco = lim = (P.Q) = /0 / (Pr(5). Qr(s))r ds d,
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where M + eP := (M, + €Pt)te[o,1]- Now, note that

T T
3V (M + €P)| e = aeE[% /0 e ( / Vo f(X2,s)ds + Vg(X2)
T T t
+ / (M;(s) + €P;(s)) (/ Vof(X5,s")ds" + Vg(X7) + (e )T (s)o(X?, s)
T T
— / Vb(XZ,s") (0.") T (s)o(XT, s) ds” — / V.b(X5,s')(0,") T (s") dBy) ds)”2 dt
x a(v, X", B)]| _,
T T
= E[% /0 <cr(t)cr(t)T(/t Vi f(X{,s)ds+ Vg(X7)
T T
o [ MO T8 4 T900) + (7T (000K)
T T
- / V,b(X2,s") (0") T (s)o(X?,s) ds” — / V,b(X5,s") (0517 (s) dBy) ds),
T T ’
[ RO 00585+ 9906) + (076900,
T T
- / V,b(X2,s") (0.") T (s)o(X?,s) ds” — / V,b(X5,s")(0,") T (s") dBy) ds) dt

X a(v, X°, B)] (C.33)
If we define

T
x(s,X°,B) = / Vo f (X5, ds’ + Vg(X?) + (67T (s)o(X,s)

T T
—/ be(Xf,,s’)(as_,l)T(s')v(Xs“,s)ds'—/ V,b(X2,s") (0;") " (s) dBy,
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we can rewrite (C.33) as

9V (M+€P)|c=o (C.34)
T T T
:E[%/O <0(t)0(t)T(/t fo(Xf,s)ds+Vg(X§)+/t M;(s) x(s, X°, B) ds),

T
/ P;(s) x(s, X°, B)ds> ds X a(v, X°, B)]

Now let us reexpress equation (C.34) as

T T |
E[f,/o (o™ (1)(Vg(X7) +/t (Vaf (X5, ) + My(s) x (s, X", B)) ds),

T
/ Py(s) x(s, X", B) ds) dt X a(v, X", B) |

O / / (Pi()x(5, X7, B),

oo (t)(Vg(X7) + / (Vif (X5, 8" ) +M;(s") x(s', X", B)) ds’)> dtds x a(ov, X°, B)]

Dgl / / (o7 (£)(Vg(XD) + / (Vo f (X0, 5') + My (s) x(s'. X", B)) ds') (X, 5. B) T,
Pt(s)>F dtds x a(o, X“,B)]
T ps T
:/0 /0<%0'0'T(t)]E[(Vg(X¥)+/t (Vaf (X2, 8 )+ M (s") x(X°, s, B)) ds) x(X°, 5, B) " ar(0, X°, B) ],

Pt(s)>F dt ds. (C.35)

Here, equality (i) holds by Lemma C.14, making the choices a(t,s) = P;(s) y(X° s, B), and y(t) =
oo’ (1)(Vg(X 7)+ f V. f(X?,s)+M,(s) x(X°,s, B)) ds. Equality (ii) follows from the fact that for
any matrix A and vectors b, ¢, (Ab,c) = ¢ Ab = Tr(c"Ab) = Tr(Abc") = (B,cb")f, where (-, -)r
denotes the Frobenius inner product. The first-order necessary condition for optimality states
that at the optimal M*, the first variation g—f}[ (M*) is zero. In other words, 9.V (M +€P) ¢~y is zero

for any P. Hence, the right-hand side of (C.35) must be zero for any P, which implies that almost
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everywhere with respecttot € [0,T],s € [s,T],
T .
E[(Vg(X%)+/ (Vi f (X2, s )+ M, () x(X°, 5", B)) ds") x (X7, s, B) T ax(0, X, B)] =0.
t

To derive this, we also used that o(t) is invertible by assumption.

Define the integral operator 7; : L?([t, T]; R™?) — L?([t, T]; R™) as
. T .
TN = [ B[O B, B)T X (0 X°, B)] d
t

If we define N;(s) = —E[(Vg(X%) + /tT V. f(X3,s") ds’) x(X*,s,B)T X a(o, X”,B)], the problem

that we need to solve to find the optimal M is
Z(Mt) =N

This is a Fredholm equation of the first kind.

Lemma C.14. Ifa,  : [0,T] X [0,T] — R% y : [0,T] — R, § : [0,T] — R™? are arbitrary

integrable functions, we have that

T T T s
,s) ds, dt = ) dt ds,
/O (/t a(t,s)ds, y (1)) d /0/0<a(t s),y(t))dtds

Proof. We have that:

T T . T T-t

/0 /t (a(t,s),y(t))dsdt‘é’/o /0 (a(t,T - s),y(t)) ds dt

@ [T _ @ (7T, )

_/0 /0 (T —1,T =), y(T t)>dsdt‘—./0 /s (a(T—t,T —5),y(T —t))dt ds

(iv) rort ® T ps
_/0 /T_s<a(T—t,S),Y(T—t)>dtds_/0' /0 <a(t,3),y(t)>dtds

Here, in equalities (i), (ii), (iv) and (v) we make changes of variables of the form ¢t +— T —t,
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s—= T —s,s" = T — ¢ In equality (iii) we use Fubini’s theorem. O

C.4 CONTROL WARM-STARTING

We introduce the Gaussian warm-start, a control warm-start strategy that we adapt from [Liu
et al. 2023a], and that we use in our experiments in Figure 4.3. Their work tackles generalized
Schrodinger bridge problems, which are different from the control setting in that the final dis-
tribution is known and there is no terminal cost. The following proposition, that provides an
analytic expression of the control needed for the density of the process to be Gaussian at all

times, is the foundation of our method.

Proposition C.15. Given Z ~ N(0,1) define the random process Y as

Y, = u(t) +T(1)Z, where pi(t) € R%, T'(t) = ViT(t) € R, (C.36)

Define the controlu : R? x [0,T] — R? as

I-(o0T)(H)(EZT) ! (1)
2t

u(x,t) = o) (au(t) + (AT (H))T(H) ' + )(xx = p(t)) = b(x, 1)). (C.37)

Then, if Ty = 0(0), the controlled process X* defined in equation (4.2) has the same marginals as Y.

That is, for allt € [0,T], Law(Y;) = Law(X}).

Proof. Following [Liu et al. 2023a], we have that

Xy = dpe + AT () Z = (1) + (L ())T (1) (X — p(2)),

Viegpi(x) = -2() ' (x —p(1),  Z(1) =T(OL(®)".
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Now, p; satisfies the continuity equation equation

apr = =V - ((dep(t) + AL ()T (x = (1)) pr) (C.38)

Let D(t) = %O’(t)O’(t)T. We want to reexpress (C.38) as a Fokker-Planck equation of the form

d d d

d
Opr =V - (v(x, t)PtHZ Z 9;9;(D;j(t)p:) ==V - (v(x, t)Pt)+Z ;i Z(Dij(t)ajpt)

=1 j=1 =1 j=1

==V (o(x,t)pr) + V- (D(t)Vps) ==V - (v(x,t)p;) + V- (D(t)Vlog p:(x)p;)

=-V . ((o(x,t)—D(t)Vlog p:(x))p:).

Hence, we need that

o(x,1) = D()Vlog p; = dp(t) + (AL ()T (1) (x — p(1)),

= 0:(x) = (1) + (AT (DT ()7 (x = (1)) +

G TGRI.

(o07)(1)
2

= Jp(t) + (T ()T (1) (x = (1)) = 2(6)7H (x = p(t)).

If we let T(¢) = ['(t)Vt, then £(¢) = tT()T(¢) T = t3(¢) and 8,T(¢) = o, (£)Vt + E(—\/? That is,

NONION (oe) (1) 2(1)7!

0(x.0) = 00) + (T (OVE+ 2 D) =0 o ey - O EE
T -1
= au(t) + (AT (D)™ e = ) + = (1) =TT LOZO oy

For v to be finite at t = 0, we need that (6o ")(0)2(0)~! = I, which holds, for example, if T'(0) =
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0(0). Also, to match the form of (4.2), we need that

o(x,t) =b(x,t) + o(t)u(x,t),

I—(co")(H)2(t)!
2t

= u(x,t) = O'(t)_l(atyt + ((8t1“(t))1"(l‘)_1 + )(x — pe) = b(x,1)).

O

The warm-start control is computed as the solution of a Restricted Gaussian Stochastic Optimal
Control problem, where we constrain the space of controls to those that induce Gaussian paths
as described in Theorem C.15. In practice, we learn a linear spline p = (,u(b))fio, where ,u(b) e R,
and a linear spline I’ = (I'® ))f: o> Where I'®) € R4 These linear splines take the role of y(t) and
3(t) in (C.36). Given splines p and I, we obtain the warm-start control using (C.37); for a given

te[0,T),ifweletb_ = |Bt/T], by =b_+1, A =T/B, we have that

_ (b+) — (b-) (bs) _ ,(b-)
(1) = (t=b_A)p Z(b+A D R it Au ’ (C39)
- _ (by) _ (b-) - (bs) _ 1(b-)
Fpy = U= o-AT Z(b+A DLy Y %, (C.40)
i(x,1) = o(0)™ (Fc0) + (G0 + L OTXOCETTO (7)) b yyean

Algorithm 7 provides a method to learn the splines y, I'. It is a stochastic optimization algorithms
in which the spline parameters are updated by sampling Y; in (C.36) at different times, computing
the control cost relying on (C.41), and taking its gradient.

Once we have access to the restricted control iy, we can warm-start the control in Algorithms 3

and 4 by introducing #ix as an offset. That is, we parameterize the control as ug = iy + tiy.
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1
2
3
4

Algorithm 7 Restricted Gaussian Stochastic Optimal Control

Input: State cost f(x, t), terminal cost g(x), covariance matrix o(t), base drift b(x, t), noise level A, number
of iterations N, batch size m, number of time steps K, number of spline knots 8, initial mean spline

knots pg = (,u(()b)) Ii ,» initial noise spline knots I, = (Fo(b) ) ig: o

forn=0:(N-1)}do
Sample m i.i.d. variables (Z;).; ~ N(0,I) and m times (¢;)’-; ~ Unif ([0, T]).
for j=0:K do

Set t; = jT/K, and compute 1, (2;), @n(tj), fn(tj), (Zf‘n(tj) according to (C.39), (C.40) using p,

I

for i =1: m do compute Y;; = fi(t;) + \/t_jf(tj)Zi and 4, (Yj;, t;) using (C.41);
end
Compute Lrasoc(tim Tn) = £ 27, (L S (Y1a(Yy, t7) 12 + F(Yij, £7)) + (Vi)
Compute the gradient of -[:RGSOC (ptn, Ty) with respect to the spline parameters (p,, I;;).
Obtain pp41, [+1 with via an Adam update on py,, T}, resp. (or another stochastic algorithm)

end
Output: Learned splines uy, Iy, control iy

C.5 EXPERIMENTAL DETAILS AND ADDITIONAL PLOTS

C.5.1 EXPERIMENTAL DETAILS

The control L? error curves show the following quantity:

* * * _9-1 u* - "
By [l (X ) — u(XE 1) [P VO3 0] B, e [ VO 0]

= Eypo[llu" (X}, 1) — u(X], )P (0, X, B)] /Erpe [ (v, X°, B)].

The equality holds by the Girsanov theorem. In practice, we use Monte Carlo estimates of the
right-hand side, which we can easily compute during training because we sample trajectories
controlled by X°.

For all losses and all settings, we train the control using Adam with learning rate 1 x 107, For
SOCM, we train the reparametrization matrices using Adam with learning rate 1 X 1072, We use
batch size m = 128 unless otherwise specified. When used, we run the warm-start algorithm

(Algorithm 7) with 8 = 20 knots, K = 200 time steps, and batch size m = 512, and we use Adam
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with learning rate 3 X 107 for N = 60000 iterations.

QuaDRATIC ORNSTEIN-UHLENBECK The choices for the functions of the control problem are:

b(x,t) = Ax, f(x,t)=x"Px, g¢g(x)=x"Qx, o(t)=0y.

where Q is a positive definite matrix. Control problems of this form are better known as linear
quadratic regulator (LQR) and they admit a closed form solution [Van Handel 2007, Thm. 6.5.1].

The optimal control is given by:

u; (x) = —20, Fix,

where F; is the solution of the Ricatti equation

dr,

di +ATFt + FtA — 2FtO'OO'JFt +P=0

with the final condition Fr = Q. Within the Quapratic OU class, we consider two settings:

« Easy: Wesetd =20,A=0.2[,P=02[,Q =011, 00=1,A=1,T = 1, xjnit = 0.5N(0,I). We
do not use warm-start for any algorithm. We take K = 50 time discretization steps, and we

use random seed 0.

« Hard: Wesetd =20, A=LP=1,Q=05,00=1,A=1,T =1, xjnit = 0.5N(0,I). We
use the Gaussian warm-start (section C.4). We take batch size m = 64 and K = 150 time

discretization steps, and we use random seed 0.

LINEAR ORNSTEIN-UHLENBECK The functions of the control problem are chosen as follows:

b(x,t) =Ax, f(xt)=0, g(x)={(yx), o(t)=o0p.
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The optimal control for this class of problems is given by [Niisken and Richter 2021, Sec. A.4]:

ul(x) = —og er Ty,

We use exactly the same functions as [Niisken and Richter 2021]: we sample (&;;), <ij<q ONCE at

the beginning of the simulation, and set:

d= 10, A=-1+ (éfij)lsl')jsda Y = 1, oo=1+ (gij)lﬁi,jsd’

T = 1, A= 1, Xinit = 0.5N(0, I)
We take K = 100 time discretization steps, and we use random seed 0.

DouBLE WELL We also use exactly the same functions as [Niisken and Richter 2021], which are

the following:

d d

b(x,t) = -V¥(x), ¥(x)= Z Kki(x? —1)%  g(x) = Z vi(x? =12 oy =1,

i=1 i=1

whered = 10, and x; =5, v; =3 fori € {1,2,3} andk; =1,v; = 1fori € {4,...,10}. Weset T =1,

A =1 and xjpir = 0. We take K = 200 time discretization steps, and we use random seed 1.

C.5.2 ADDITIONAL PLOTS

Figure C.1 shows the control objective (4.1) for the four settings. The error bars for the control
objective plots show the confidence intervals for + one standard deviation. As expected, SOCM
also obtains the lowest values for the control objective, up to the estimation error.

Figure C.2 shows the normalized standard deviation of the importance weight for the learned

control u: /Var[a(u, X%, B)]/E[a(u, X* B)]. By Theorem 4.6, when Xy = Xinit for an arbitrary

Xinit (Which is the case for all our experiments), this quantity is zero for the optimal control u*.
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Hence, the normalized standard deviation of « is an alternative metric to measure the optimality
of the learned control.

Figure C.3 shows an exponential moving average of the norm squared of the gradient for LINEAR
OU and DouBLE WELL. For LINEAR OU, the minimum gradient norm is achieved by the adjoint
method, while for DouBLE WELL it is achieved by the cross entropy loss. The training instabilities
of the adjoint method become apparent as well. Interestingly, in both settings the algorithms
with smallest gradients are not SOCM, which is the algorithm with smallest error as shown in
Figure 4.2. Understanding this phenomenon is outside of the scope of this paper.

Figure C.4 shows that the instabilities of the adjoint method are inherent to the loss, because they
also appear at small learning rates: 3 X 107> is smaller than the learning rates typically used for
Adam, which hover from 1 x 107* to 1 x 1073,

Figure C.5 shows plots of the control L? error, the norm squared of the gradient, and the control
objective for the QuADRATIC OU (HARD) setting, without using warm-start, i.e., with the same
algorithms plotted in Figure 4.1 and Figure 4.2. For over 30000 iterations, SOCM and cross en-
tropy have large gradient variance and substantially larger control objective than the adjoint, log-
variance and moment losses. This can be attributed to the large variance of the factor a(v, X°, B),
which is present in the SOCM and the cross entropy losses. Eventually, both the gradient variance
and the error of SOCM drop below those of existing losses.

Figure C.6 shows the value of the training loss for SOCM and its two ablations: SOCM with con-
stant M; = I, and SOCM-Adjoint. For all such algorithms, the training loss is the sum of the L?
error of the learned control u, and the expected conditional variance of the matching vector field
w. Thus, the difference between the training loss plots and the L? error plots is the expected con-
ditional variance of w. We observe that the expected conditional variance in the QuapraTiCc OU
setting is orders of magnitude smaller for SOCM than for its two ablations. For LINEar OU, SOCM
and SOCM-adjoint have similar expected conditional variance, and a possible explanation is that

the LINEAR OU setting is very simple. In the DouBLE WELL setting, the SOCM-adjoint training
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loss curve has spikes that are probably caused by instabilities of the adjoint method. These spikes

can be attributed mostly to the expected conditional variance term, since the corresponding L?

error curve in Figure 4.2 does not present them.
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Figure C.1: Plots of the control objective for the four settings.
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Figure C.2: Plots of the normalized standard deviation of the importance weights, which is given by

\/Var[a(u, X* B)]/E[a(u, X", B)].
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Figure C.3: Plots of the norm squared of the gradient for the LINEAR ORNSTEIN UHLENBECK and DOUBLE
WELL settings.
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Figure C.5: Plots of the control L? error, the norm squared of the gradient, and the control objective for
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