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Abstract. The Reissner-Mindlin plate models thin plates. The condition numbers of finite
element approximations of these plate models increase very rapidly as the thickness of the plate goes
to 0. A Balancing Domain Decomposition by Constraints (BDDC) Deluxe method is developed for
these plate problems discretized by Falk-Tu finite elements. In this new algorithm, subdomain Schur
complements restricted to individual edges are used to define the average operator for the BDDC
Deluxe method. It is established that the condition number of this preconditioned iterative method
is bounded by C(1 + log %)2 if ¢, the thickness of the plate, is on the order of the element size h
or smaller; H is the maximum diameter of the subdomains. The constant C is independent of the
thickness ¢ as well as H and h. Numerical results, which verify the theory, and a comparison with a
traditional BDDC method are also provided.
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1. Introduction. The Reissner-Mindlin plate models the deformation of a thin
plate under external forces; see [13, chapter 6.6] and [12, pp.195-232]. The thin plate
is assumed to be of thickness ¢ and its deformation is described by using two variables,
the displacement, w, and the rotation, . In the limit case of ¢t = 0, the Reissner-
Mindlin plate model is identical to the Kirchhoff plate model, which requires the
Kirchhoff condition, Vw = 6. It is also known that the solution of the Reissner-
Mindlin plate model converges to that of the Kirchhoff plate model as the thickness
of the plate decreases to zero; see [3] and [4].

If simple polynomial finite elements are used to discretize Reissner-Mindlin plates,
we may suffer from locking problems because the Kirchhoff condition is too restrictive
for low order polynomial finite elements. Thus, if continuous piecewise linear functions
are used to approximate @ and w with homogeneous boundary conditions, the finite
element solution must vanish over the plate; see [12, pp.204]. By using mixed finite
elements and a reduction operator II on 0, locking problems can be avoided. We note
that there are many good finite elements for Reissner-Mindlin plates; see e.g., [12,
pp.195-232], [13, chapter 5.6], and [1,2,5-7,15-18,21,22, 24,29, 30, 32, 33].

Any Reissner-Mindlin plate problem without preconditioners has a condition num-
ber which is asymptotically proportional to

Ch™2t72

where C' is approximately 2 in our numerical experiments when h and ¢ are small.
Therefore, the condition number increases very rapidly as the thickness of a plate
decreases and we need good preconditioners to obtain an efficient iterative solver for
the Reissner-Mindlin plate problem.
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There are some previous studies on preconditioners of the Reissner-Mindlin plate
problem. An overlapping domain decomposition method for the Reissner-Mindlin
plate discretized by Falk-Tu finite elements is developed in [25,26]. A BDDC method
for the Reissner-Mindlin plate discretized by MITC elements is developed in [8-10].
A C(H/h) bound on the condition number is obtained in [8] and improved to a
C(1 + log(H/h))? bound in [9,10]. A BDDC method for the Reissner-Mindlin plate
discretized by Falk-Tu elements is suggested in [25] but without a proof of a strong
condition number bound.

The BDDC Deluxe methods are variants of the traditional BDDC methods which
use Schur complements restricted to individual faces to define the average operator
instead of using a conventional pointwise average operator. Although this new average
operator can be somewhat more expensive to apply, BDDC Deluxe methods provide
better convergence rates than the traditional BDDC methods. The BDDC Deluxe
methods were first developed by Dohrmann and Widlund; see [20]. Other applications
of the BDDC Deluxe methods include [11] and [31].

Based on a BDDC method suggested in [25], a BDDC Deluxe method for the
numerically thin Reissner-Mindlin plate discretized using Falk-Tu finite elements is
developed in this paper and a condition number bound is established for the case
when the plate thickness is on the order of the element size. A C(1 + log(H/h))?
bound on the condition number is obtained and it shows at least as good results as
those of [8-10,26].

The Reissner-Mindlin plate theory and Falk-Tu finite elements are presented in
section 2 and 3, respectively, following the presentation in [26]. Balancing domain de-
composition by constraints Deluxe methods are introduced and their condition num-
ber bounds are proved in section 4. An energy bound for the dual variables and an
edge lemma for the Reissner-Mindlin plate are given in section 5. Some numerical
results on BDDC Deluxe methods and traditional BDDC methods are given in section
6. The estimated condition numbers for the new algorithm rarely exceed 4 for small
values of ¢ in our experiments.

2. The Continuous Problem. The plate is assumed to occupy the volume
P, = Q x (—%,+%), where Q is a bounded domain with unit diameter in R? and ¢
is the thickness of the plate. We are interested in the case when ¢ is small. Under
external forces, the plate is deformed and the displacement at each point can be
described using three displacement variables u;, ¢ = 1,2,3. We assume the following
four conditions on the displacement and the stress of the plate (see [13, chapter 6.5]):

H1. The linearity hypothesis.

H2. The displacement in the z-direction does not depend on the z-coordinate.
H3. The points on the middle surface are deformed only in the z-direction.
H4. The normal stress o33 vanishes.

Under these four conditions, the displacement variables can be written as

ui(x,y,2) = —20;(x,y) fori=1,2,
u;;(x,y,z) = w(xay)v

in terms of w, the displacement variable, and 8 = (01, 05), the rotation.

Using a reduction of dimension for the z-direction and the condition H4, the fol-
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Fic. 3.1. the Falk-Tu element with k=2.

lowing variational problem is obtained: Minimize the Reissner-Mindlin energy
/ Ce(0 0) dzdy + Qt 2/ |Vw — 0|* dady

— /gwdmdy—l—/f-@dmdy,
Q Q

where ;;(0) = 3 (gzj + %)’ Ce = 1+u (e (e)I) with the two by two
identity matrix I, and € : o = sz €ij0ij- Here v and E are the Lamé constants
of linear elasticity and g is another parameter related to the plate material. For
simplicity, homogeneous Dirichlet boundary conditions are imposed on 6 and w.

If there were no essential boundary conditions, the null space of the Reissner-
Mindlin energy is three dimensional and its basis elements are w = 1 and 8 = (0, 0),
w=x and @ = (1,0), and w = y and @ = (0,1). The primal variables defined later
will reproduce all functions in this null space.

If we approximate @ and w directly using finite elements, there may be locking.
These problems can be avoided by using mixed finite elements and introducing the
shear stress variable v = pt=2(Vw — 6); see [8,12], and [13, chapter 6.6]. After
including the shear stress variable, we have the following variational problem: Find
0. c Hy(Q),ws € HY(R), and 7, € L*(Q) such that

a(0s,9) + (7., Vv — @) = (9,v) — (£, 9), ¢ € Hy(Q),v € Hy(),

; (2.1)
(Vws — 05,m) — 0 t*(v,,m) =0, n € L*(Q),

where a(0, @) := [, Ce(0) : e(¢p) dudy.

3. Discretization by Falk-Tu Elements. The Falk-Tu elements are conform-
ing elements, ic., ®, C Hy(Q), W, C HLR), and S;, C L*(Q). We choose
(see [12,23])

®, = ]\44;761 + Bk—"_Q7 Wi, = Mlkyo, S = Mg_l (3.1)

on the chosen triangulation with k > 2; see Figure 3.1 for the case of £k = 2. Here
MfL o has components in the space of piecewise k-th order polynomials and belongs

to Hy(Q), M}, is the space of piecewise k-th order polynomials in H§ (), M has
components in the space of piecewise k-th order polynomials and belongs to H*, and
B is the space of piecewise k-th order polynomial bubble functions. From now on,
we will concentrate on Falk-Tu elements with k£ = 2.

Let IT be the L? projector of H3(Q) onto Sj,. We then have the following discrete
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problem, as in [12,13]: Find 6, € O, w, € W}, and ~,, € S}, such that

a(eha¢h) + (7h7vvh - Hd)h) 7’Uh) - (.fa¢h)7 d)h S @}uvh S Wh7

i B (3.2)
(Vwn —T0n,mp,) — 0t (Y4, Mp) = 0, Ny € Sh.
From Boffi et al. [12, pp.213-216], we have the following finite element error bound
for the case of k = 2.
THEOREM 3.1. For a sufficiently smooth solution of the continuous problem, we
have

105 — Onllo + llws — wrlly < CR*([1£1lo + llgllo), (3.3)

where C' is independent of h.

Because we use stress variables which are discontinuous between elements, we can
eliminate them on the element level as is also done in [8,19,26]. We then obtain the
following discrete problem: Find 6} € ®) and wj, € W}, such that

b((emwh)v (d)hvvh)) = (g,Uh) - (f?d’h)a ¢h € Oy, vy € Wy, (34)

where b is defined as

b((8,w), (¢,v)) = a(8, ¢) + t%(ne — Vuw,TI¢ — V). (3.5)

We now define u := (6, w) and U =0, x W,.
4. The BDDC Deluxe Algorithm.

4.1. Decomposition of the Domain. We assume that the domain € is de-
composed into a set of shape-regular nonoverlapping open subdomains {€2;}¥; with
diameters H; as in [13,14,34]. For simplicity, each subdomain is assumed to be a
triangle; it is easy to extend our theory to polygonal subdomain cases given that a
polygon is a union of triangles. Each subdomain €2; is then decomposed further using
quasi-uniform and shape-regular finite elements with a minimum diameter h; such
that the nodes of the elements match across the interface between the subdomains.
The maximum of f?,i =1,...,N, will be denoted by %

i

4.2. Primal and Dual Spaces. In the following, U® will denote the vector
space of values at the nodes of ; \ 9Q. Each U® can be decomposed into a vector
space of values at the subdomain interface nodes and a vector space of values at the
subdomain interior nodes: U®) = Ul(f) ) U(IZ). The space of values at the subdomain
interface nodes will be further decomposed into a space of the primal variables and a
complementary space of dual variables: Ug ) = Ug) &b UX).

The bases of the primal and dual spaces are assumed to have been transformed so
that each primal constraint corresponds to an explicit primal variable of U and Ua
consists of functions with vanishing primal constraints as in [28]. We assume that
the interface space Ug ) has been transformed in the same way. The primal variables
defined later will include nodal values at all the subdomain vertices and the dual
variables will vanish at the vertices.
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Related product spaces, which allow discontinuities across the interface, are denoted
by

H U(’L) H U(Z)

@ and Uy = HUX).
i=1 i=1

N
U :HU
z]:Vl
Up:=[JU

Therefore, we also have U =Ur @ U; and Upr = Uy @ Ua.

The /gontinuous subspace of Ur is denoted by ﬁp and the continug\us subspace of
U by U. The finite element solution is continuous and belongs to U. To describe
BDDC methods, we also need a subspace Ur C Ur which allows discontinuities only
for the dual variables and can be written as

N
Ur = On @ Ua = On (Hug>> 7
=1

where IAJH is the continuous subspace of Ury. IAJH is related to a coarse-level, global
problem of our iterative method.
As in [28], we define several restriction and extension operators for our BDDC

method: E(i) Ur — U(i E(i) Ur — U(i) E(i) Ur — Ug ,and Ry : Up — Up
map Up to their correspondmg components on '™ and UH, respectlvely R( R Up —
U, RV Or —» UY, RY : O — U<H>, and Ry : Up — UH map Ur to their
correspondlng components on I'¥ and UH, respectively. Rp Up — Up is the direct
sum of Ry and R(A),z =1,...,N.

4.3. Discrete Harmonic Functions and Schur Complements. The bilinear
form b related to the nodes of Q; \ 90 and its right hand side can be represented in

matrix form as follows:

B 4+ By — o, (4.1)

0w
Bl"l BFF

If u® satisfies

then u() is said to be a discrete harmonic function; see [34, chapter 4]. The interior
values are well defined by solving the equation (4.1) with given subdomain interface
values u{f )7 and this solution is denoted by H; (ul(f )) where H; is the discrete harmonic
extension operator into €2;. Note that a discrete harmonic function is orthogonal to
any interior function on any subdomain in the sense of the b-bilinear form.

The Schur complement S of U{f ) is defined as
i i i) ()"t pGE)
$O .= i) — pUBWT W i1 N (4.2)

If Q; is a floating subdomain, S is singular with null space elements of zero b-bilinear
energy.
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The Schur complement S of the product space Ur is defined as the direct sum
. ~ T o~
of the S®. We define S := Zi\; Rg) S(’)Rl(f), which is the Schur complement S
restricted to Ur, and also define

N 70
7 T (i R
= [RERY 59| 2 (4.3)
i=1 A
= [B RY"] l Slzig)i Siia l }EE{; (4.4)

which is the Schur complement S restricted to Ur. Note that the Schur complement
on Ur can be written as

S = RLSRy. (4.5)

Eliminating the interior equations of the original equation, we obtain the following
global problem on the interface:

Srur = gr, (4.6)

with
ZN BT [ p(4) (8) ()" 2(9)
gr = Rr (fr - BFIBH I ) :

i=1
We will develop our BDDC Deluxe preconditioner for the operator of equation (4.6).

4.4. The Scaling Operator and the BDDC Deluxe Preconditioner. Any
BDDC algorithm is defined by the choice of primal variables and the scaling operator
that computes an average across the interface. We will first define the scaling operator
Rg r- Ur — Ur

Let e;; be the edge between two subdomains Q; and €, and E;; be the set of the
dual variables on e;;. We obtain two principal minors of the Schur complements S (@)

and SU) by restricting them to E;; and denote these two smaller matrices by S’gi)j
and Sg)J The average of u € Ur across the edge is then defined as
ip, = (54 + Y NSE ul) + 5P ud)). (4.7)

All subdomain vertex variables will be included in the set of primal variables and
the operator RBF is defined as the direct sum of these scaling operators on the dual

variables and the operator ﬁg for the primal variables. As usual, EDJ‘ is the transpose
pT

of Rp .
From these definitions, we easily see that

RIRpr =RY \Rr=1. (4.8)
We define the BDDC Deluxe preconditioner using S of (4.3) as

Mgppc = Eg,rg_lﬁnn (4.9)
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4.5. A Stable Decomposition. From [26, subsection 5.2], we know that if u
is discrete harmonic in each subdomain and ¢ is on the order of h, or smaller than
h, ie., t < Ch, we can find © := (0, w) such that the Reissner-Mindlin energy of the
two functions, u and u, are equivalent. Here u is defined by w = w, 0, =6 ., and
Vw = 110. In interesting problems of the Reissner-Mindlin plates, ¢ is in this good
range. If ¢ is substantially larger than h, the error in the model may be larger than
the finite element error. In the following, small ¢ will mean that ¢ is t < Ch.

4.6. A Condition Number Bound for the BDDC Deluxe Operator. Fol-
lowing the proofs in [27, 35, 36], we will establish a condition number bound of the
BDDC Deluxe operator.

LEMMA 4.1. The eigenvalues of the BDDC' Deluze operator are bounded from below
by 1.
Proof. For any given ur € Uy, let wp := Mpppcur. By (4.8), we have

T THAT G117
up Meppcur = upr Rp SS™ Rp rwr
12 1/2

(EFUD Er“r) 3 (S_léD,rwr, §_1§D,er)§

IN

— (wFRFSRrur) " (wERE 5155 R pur)

o N1/2 - 1/2
= (U%:SUF) (uf Mgppe Mg peMeppcur) /

~ \1/2 1/2
= (’LLITS’LLF) (U?MBDDCUI‘) /

Therefore, u%MBDDCuF < uITSuF. 0

For the upper bound, we will prove the following two Lemmas in section 5 after
that the primal variables have been defined.
LEMMA 4.2.

where C' is independent of H, h, and t if t is small.

The proof of Lemma 4.2 can be borrowed from [26] since the primal variables will
be defined in a way similar to the coarse basis functions of an overlapping method
in [26].

LEMMA 4.3.

B < OO0 T o, ! € O, (4.11)
where C is independent of H, h, and t if t is small. _

We now define an average operator Ep : Up — Ur C Ur by

Ep = RrR} 1. (4.12)

Note that Fp is a projector and an identity operator on IAJF.
LEMMA 4.4.

H ~
|EDUF‘25«' < C(l + log ﬁ)2|ulﬂ|?§, ur € Up, (413)
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where C' is independent of H, h, and t if t is small.

Proof.
N o~
|Epurl% =Y [RY Epur|%, (4.14)
=1
N ) . _
<O (I o + 1R Ep(ur — REun)2e ). (4.15)
=1

‘We then have

[RY Ep(ur — Run)[30 < C Y g, 20
JEE: Fis
<C Z ('“Eu - “%)J 2(1‘) + |Ug)] Z(i) )
em Eij Eij
JEE
< C|= max ( |ag,, —ulf) o + b 20 ), (4.16)
> =3 s, B Eij ngj E;; Sgi)j ) .

where =; is the set of j such that Q; has a common edge with ;. Note that |Z;],
the number of elements in Z;, is bounded from above by three which is the maximum
number of edges of any triangular subdomain.

The first term of (4.16) is bounded by

= (@) |2
|uEij - U’EU S(E’?i)j
65 + 54758 ), — 5 2
; ; F By

<20 S (58, + 587158 58 + 58) 'Sl

J

ij

From (4.15), (4.16), and (4.17), we then have

N
Bourl? < Y (1 By + 2,2y ). (1.18)
et 111 Eyj
We then complete the proof by using Lemmas 4.2 and 4.3. O

Using Lemma 4.4, we have the following result.

LEMMA 4.5. The eigenvalues of the BDDC' Deluxe operator are bounded from above
by C(1 +log(H/h))? where C is independent of H, h, and t if t is small.

Proof. Let again wr := Mpppcur, as in the proof of Lemma 4.1, for any ur € ﬁp.



U1

€3 €2

(Y (%
2 el 3

Fic. 5.1. One subdomain and its vertices and edges.

By Lemma 4.4, (4.8), (4.9), and (4.5), we have that

ulifguF u%: (E%gér) Mgll)Dpr

Il
/N
S

Up ]:?%) S (ﬁrﬁgpg_lﬁjj,rwr)
1/2

< (érun EFUF) s (EDg_léD,er, EDg_léD,FwF) .

e 1/2 H /- .~ o 1/2
< (H%R%SRFUF) C(1+log ﬁ) (S_lRD,FwF7S_1RD,FwF>~
H o\ 1/2 I 1/2
(1+log—) (U%SUF) (U?MBDDCR}S,FS_155—1RD7FMBDDCUF)

C
H N\ 1/2
=C(1+log ﬁ) (uI?SuF) (uf Mgppcur) 1/2

We then obtain u%guF < C(1 +log(H/h))*uL Mgppcur. O

Therefore, we have the following bound for the condition number of our BDDC
Deluxe operator.

THEOREM 4.6. The condition number of the BDDC Deluze operator satisfies the
following bound

~ H
#(MgppeS) < C(1 +1log Z)Q,

where C' is independent of H, h, and t if t is small.
5. The Primal Variables and Proofs of Lemmas 4.2 and 4.3.

5.1. The Definition of the Primal Variables. From now on, we consider
mainly one of the floating subdomains ; such that 9€; (9 = 0. A set of indices
for edges and vertices of €, e1, es, ez, v1, v2, and vs, are defined by Figure 5.1. We
now define our primal variables as being the same as the coarse basis functions in [26].

For 6;, 1 = 1,2, we define a rotational vertex primal variable which vanishes at all
interface nodes except at one subdomain vertex v, where its value equals 6;(vy). We
denote these rotational vertex primal variables by H”H’ii, 1=1,2, k =1,2,3. Since
there are two components of 8, we have six rotational vertex primal variables for each
subdomain.

We define a displacement vertex primal variable wif, k = 1,2, 3, by giving w the
value w(vg) at vg, 0 at the other subdomain vertices, and making it linear along the
edges of the subdomain. In addition to the definition of w on the interface, we give
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values for 6; on the two edges adjacent to the subdomain vertex being considered
such that 8 = %ﬁ_k)twew where /; is the length of the edge e;, t the unit tangent
vector of the edge e; from the vertex of the edge e; other than vy to vk, and 1., the
edge cut-off function which is a piecewise linear function defined on the edge and has
values 1 at all interface nodes except at the two ends of the edge, where it vanishes.

We define a rotational edge primal variable 87, k = 1,2,3, for each edge e; by

prescribing 8 = 0., nnv., , where n is the unit normal vector of the edge e pointing
into the right half plane and O, n := [, (I"(8%¢,) - n)ds/ [, . ds. We set all the
boundary values of w to zero.

D is the sum of the primal variables defined above:

up
3 3 2 3
u =3 wir + 3N e+ > e (5.1)
k=1 k=1

k=11i=1

The dimension of the primal space per triangular subdomain is 9x (1/6)+3x(1/2) = 3
on average. Note that ug) is continuous across the interface and that it is the coarse
interpolant of an overlapping domain decomposition method for Reissner-Mindlin
plates given by [26, (5.13)]. Lemma 4.2 is established in that paper; see [26, (5.17)].

Therefore, we only need to prove Lemma 4.3. For this, we need to borrow some

results from [26].

5.2. Lemmas from [26]. Let &, &, and & be the values of the barycentric

functions of the subdomain at (z,y) related to e;, ez, and es, respectively. € is
defined as the union of €; and its edges.
We define T; on £; as follows:

- e 5
i= 28T el 4 0 on €. (5.2)
yi i Sj i

Note that T; is equal to 1 on e; and vanishes on the other edges. T; has values
between 0 and 1 and is not well defined at the vertices of €;. _

LEMMA 5.1. The gradient of T; is bounded by % on any subdomain ) of diameter
1 where r is the minimum distance to the two vertices of the edge e;. All the second

order partial derivatives of the function Y; are bounded by & on Q.

r2
Proof. See the proof of [26, Lemma 5.2]. O

LEMMA 5.2. The gradient of Y;, defined in (5.2), vanishes on the edges of the
subdomain ;.

Proof. See the proof of [26, Lemma 5.3]. O
From [34, remark 4.13], we know that

H;
||v\|2LOQ(Ql) < C(1+log h—l)||v\|§p(gl), v E Oplg, orvE Wylg,. (5.3)

From [26, (5.15)], we know that

., (I"(8¢e,) - n)ds
fek e, ds

0c,nl = < Cl10]]mr () (5.4)

LEMMA 5.3. Under the condition 116 = V@, the b-seminorm and the H'-seminorm
are equivalent for @ € Oy. The constants of this equivalence do not depend on H,
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and hy but only on the shape regularity of the elements and the Lamé constants. In
particular, we have the relation \0|§{1(Ql) < Ch(0,0)q,.
Proof. See the proof of [26, Lemma 5.8]. O

5.3. Proof of Lemma 4.3. We will use that (5, w) has an energy equivalent to
that of u = (6, w). Here we will drop the subscript ¢j and write e instead of e;; and
E instead of E;;. We denote the two vertices of the edge e by v; and vo. Without
loss of generality, we assume that vy is at the origin, (0,0), and assume that the edge
e can be expressed by ax + by = 0. Here, (a,b) is the unit tangent vector of e from
vy to v1. Let (a/,’) be the unit normal vector of e pointing into the right half plane.

Define
~ ’LU(’Ul) - w(v2) 0 / / Ie)
Wo = f(am’—i—by)—kw(w) + 0. n(a'z+b'y) on Q, (5.5)
where ¢ is the length of the edge e. Note that wy is linear and that a’x + b’y vanishes
on the edge e. We also define

6 := Vg on Q. (5.6)

Note that ug = (50,@0) reproduces all functions in the null space of the Reissner-
Mindlin energy. We can see, from (5.3) and (5.4), that

l[Wol| Lo (0) < CU|W|| L) + Hil|O a1 (1)) (5.7)
and
~ _ 1 _ ~
100l L (0) = l[Vwo|| Lo (o)) < C(EHWHLW(QZ) + (1021 ())- (5.8)

We then define

@ =] IN(Y(@ —@y))  at the nodes of €,

5.9
0 at the vertices of €, (5.9)

and
6, i { I"(VY (w0 — wp)) + Ih(T(éL — Vi)  at the nodes of €, (5.10)

0 at the vertices of €);.

Then, these functions have the same interface values as u%). Here I" is the standard
second order interpolation operator into M? and I" is the standard first order in-
terpolation operator into M% We define the bubble functions by using the equation
116 = Vw on each element.

Note that |@ — wp| vanishes at the two vertices of the edge e and that |@w — wp]| is
bounded by

|w — wo| < r|[V(w — o)L (0) (5.11)
- 1. -

< Cr(Bllm @ + 1@l + Bl 0) (5.12)
H; 1, ~ 1

< Cr(1+log E)2 (18]l () + EHwHHl(QL))a (5.13)

where r is the minimum distance to the vertices of the edge e.
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For each element K, which touches a subdomain vertex where 6 vanishes, we have

_ 1.
1013 () < CﬁhQHOH%W(K) (5.14)
< C(10LlF o (re) + VO[T (1) (5.15)
H;  ~ 1
<C(1+log hfl)(||‘9|\?{1(m) + ﬁ”szl(Ql))- (5.16)
i

For each element K, which does not touch a subdomain vertex, we have
— . . 2 . . 2
0L 1% (k) < || V2T (w0 — wo)HLg(K) +IVIV(w — wo)[ 72 ) +

V1@ - WO)H;(K) +[[rv@: - va)H;(K) L (5a7)

Let K (v) be the union of the elements K with one of its vertices in common with
a vertex v of ;. The sum of the first term of (5.17) over §; \ K(v) is bounded by

~ ~ 2
[| V2" (@ — w0)||L2(QZ\K(U)) (5.18)

- 9 1 119 2 Hl 1 Hl 9
< C(HHHHl(Ql) + H712Hw||Hl(Ql)) o o ﬁ(l—&-log E)T rdrdf (519)
< 01+ 1og 2181 + 73 183 ) (520)
= o8 hy H () H? Wla ) ‘
The sum of the second term of (5.17) over §; \ K(v) is bounded by

VYV (w — {DO)H%?(QZ\K(v))

< CUIBI 10 + s ]2 )/%/Hll(m B e
>~ HI(QZ) le w Hl(Ql) o o 7"2 og hl rar

H; ~ 1 -
<C(1+log ?)2(H0||iﬂ((zl) + ﬁ”wﬂil(m))'
l 1

Similarly, the sum of the third term of (5.17) over Q; \ K(v) is bounded by
H,; ~ 1
C(1+log hfl)Q(llel\?pml) + F?IIW\I%I(QZ))-
Note that the second order derivatives of wg vanishes because wy is linear. There-
fore, the fourth term of (5.17) is bounded by

2

HW(EL - w;o)H e S HV@L‘ < IO (-

2
L L2(K

For the bubble function 85 of an element K, which does not touch a subdomain
vertex, we know that

6 =Vuw -0, (5.21)
=V ('Y (@ — @) — (T(@ — o)) (5.22)

V(0@ — @) — (Ih(vr(w — o)) + I (T (8, — mo))) . (5.23)
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Therefore for each element K, which does not touch a subdomain vertex,
055 k) < CllOB 7~ (k)
< c<|v (0@ = @0) = (T(@ = @) I s

HIVY(@ — o) — I"(VT(@ — o))l Z o (1)

+|| Y (V@ — Vi) — I"M(Y(6;, —v&o))lliwm) (5.24)
We know that
20~ ~\[2 1 2v72~112 c D12
|V (W — @o)|[ 700 (1) = h?”hlv W|| o0 iy < thHVBHw(K)- (5.25)

Using (5.7), (5.13), and (5.25), the sum of the first two terms of (5.24) of an element
K of Q; \ K(v) is bounded by

(w(fhmw o)) = (0@ = @))) I = ()

HIVT(@ — @) — I"(VY (@ ~ {50))|2L<>°(K)>

< ont (IIV2(C(@ = @0)) 3= ) + (VI (@ - wo»uLoo(K))
H, 1 h?
< C(1 +108 )18 ) + 772111 0y 75 + ClB

The third term of (5.24) of an element K of ; \ K(v) is bounded by

ClIY (V@ — Vi) — I"(Y(01 — ViFio)|[} 1)
< ClY(Vw — Vi) — I*(Y (Vi — Vio))|[7 0 (1)
+C I (Y (V@ — Vi) — I"(T (0, — V0)|[7 0 (1)
< Ch||V(YV(@ — @0)|[F e (1) + ClIVED = 0|10 1)

H, 1 h?
<O(1+10gh)(”9||H1(Ql H2||w||H1(Ql)) + C161[371 1) + ClIOBIIE~ (1)

H, hi
< C(1+1log — h )(H0||H1(Ql H2||w||H1 Ql)) L +C||9||H1(K

H? . .
There are on the order of w5 elements in each subdomain and the number of elements
l

with a distance 7 from a vertex is about 7-. Therefore, to bound ‘éB|%Il(Qi)’ we need
to estimate

H
’LL Ty

Zhl 2 hl
CZ hl 22;LQ - Zm’
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where r = ih;. This sum is bounded by C(1 + log %’) Therefore,

_ H, ~ 1 -
10511 @\ k(o)) < C(1+log E)Q(I\BH?{W[) + gzl q)- (5.26)
i
In total,
- D12 Hy o302 L
b(w, w)a, < C|0]51q,) < C(1+log sz) (1017 ) + @l ))- (5:27)
I

Because ug reproduces w = 1 and 6 = (0,0) which is in the null space of the
Reissner-Mindlin energy, we have that

o Hp 5=
(@, wo, < C(1+10g 301771 (5.28)

by using Poincaré’s inequality and \1’[1@11(9[) < C’||5H2L2(Ql) from Vi = 116.
By using Poincaré’s inequality further with the other null space functions of the
Reissner-Mindlin energy and Lemma 5.3,
H; 5~ H,
b(w, 0)o, < C(1 + log hfl)ﬂa@pml) < C(1+log h—l)Qb(u, w). (5.29)
1 l
Because @ has the same interface values as ug, the values of the dual variables on
the edge e, and that the harmonic extension minimizes the b-bilinear form energy,
Lemma 4.3 is proved for a floating subdomain ;.

If ©; is not a floating subdomain, we can modify the proof easily by using the same
argument as in [26, subsection 5.4].

6. Numerical Experiments. In our numerical experiments, H is the coarse
mesh size, h that of the fine mesh, and ¢ the thickness of the plate. Experiments
for each parameter set were run 50 times with random right hand sides and the
average iteration counts and condition numbers are given. The stopping criteria for

the conjugate gradient algorithm was ||||:Z\‘\M§ <1078,
1

6.1. The BDDC Deluxe Operator. We have tested the BDDC Deluxe algo-
rithm numerically using square subdomains.

The condition number as a function of the number of subdomains are given in Table
6.1; as expected, the condition number is bounded and it is also bounded for the case
of a thick plate with ¢t = 1.0.

Results with varying % are given in Table 6.2 and Figure 6.1.

We can see that the maximum eigenvalue of the BDDC Deluxe operator is approx-
imately proportional to (1 + log 4£)2.

In numerical experiments with an overlapping Schwarz method in [26], the dimen-
sion of coarse space per subdomain was on average 7. The dimension of primal space
per subdomain is on average 5 for our BDDC algorithm. In spite thereof, the condition
number of our BDDC algorithm is smaller than that of our overlapping method.

6.2. The Traditional BDDC Operator. We have also tested the traditional
BDDC operator numerically using square subdomains with the same parameters. The
condition number as a function of the number of subdomains are given in Table 6.3.
Results with varying % are given in Table 6.4.

We can see that as the thickness of the plate ¢t decreases and % increases, the BDDC
Deluxe preconditioner performs better than the traditional BDDC preconditioner.




6.2 The Traditional BDDC Operator

TABLE 6.

1

15

Results for the BDDC Deluze preconditioner for % =4, decreasing h = %, and increasing the

number of subdomains = % x 7.
Number of | M\0z | iter | Mpaz \ iter | Amaz \ iter | Apaz | iter | Apaz | iter | Apae | iter
Subdomains [ ¢ = 1.0 t=10"" t=10"2 t=10"7 t=10"1 t=10"
9 2.20 8.0 2.38 9.5 3.02 | 114 | 2.89 | 11.8 | 2.89 | 11.8 | 2.86 | 11.8
36 2.84 (110 | 2.71 | 11.1 | 3.31 | 13.0 | 3.02 | 13.0 | 3.02 | 13.0 | 3.02 | 13.0
81 297 (12.0 | 2.83 | 12.0 | 3.15 | 13.0 | 3.07 | 14.0 | 3.05 | 14.0 | 3.05 | 14.0
144 3.02 | 12.0 | 2.87 | 12.0 | 2.94 | 13.0 | 3.09 | 14.0 | 3.05 | 14.0 | 3.06 | 14.0
225 3.06 | 12.1 | 290 | 129 | 286 | 128 | 3.13 | 14.0 | 3.06 | 14.0 | 3.06 | 14.0
324 3.07 | 13.0 ] 291 | 13.0 | 2.83 | 13.0 | 3.17 | 14.0 | 3.06 | 14.0 | 3.06 | 14.0
441 3.07 | 13.0 ] 2.92 | 13.0 | 2.81 | 13.0 | 3.20 | 14.5 | 3.06 | 14.0 | 3.06 | 14.0
576 3.08 | 13.0 | 2.92 | 13.0 | 2.79 | 13.0 | 3.24 | 15.0 | 3.06 | 14.2 | 3.06 | 14.2
729 3.08 | 13.0 | 2.92 | 13.0 | 2.79 | 13.0 | 3.27 | 15.0 | 3.06 | 15.0 | 3.06 | 15.0
900 3.09 | 13.0 | 293 | 13.0 | 2.80 | 13.0 | 3.31 | 15.0 | 3.06 | 15.0 | 3.06 | 15.0
TABLE 6.2
Results for the BDDC Deluze preconditioner for h = %, 4 x 4 subdomains, and increasing
#o3
Amaz | iter | Amaz | iter | Amaz | iter | Mmaz | iter | Mmas | iter | Amas | iter
H/h [ =10 t=10" =102 t=10"3 t=10"1 t=1075
3 2.25 8.1 2.21 9.9 2.99 | 12.0 | 2.88 | 12.0 | 2.88 | 12.0 | 2.89 | 12.1
6 3.00 | 10.0 | 3.00 | 11.0 | 3.56 | 13.0 | 2.98 | 13.0 | 2.97 | 13.0 | 2.97 | 13.0
9 3.61 | 11.0 | 3.51 | 12.0 | 3.97 | 14.0 | 3.12 | 13.0 | 3.07 | 13.0 | 3.08 | 13.0
12 3.94 | 12.0 | 393 | 13.0 | 432 | 149 | 3.30 | 134 | 3.21 | 13,5 | 3.21 | 13.7
15 430 | 13.0 | 4.22 | 13.3 | 4.57 | 15.6 | 3.49 | 14.0 | 3.35 | 14.0 | 3.36 | 14.0
18 461 | 13.0 | 4.51 | 140 | 4.80 | 16.0 | 3.66 | 144 | 3.47 | 14.8 | 3.48 | 14.9
21 489 | 14.0 | 4.76 | 14.1 | 497 | 16.0 | 3.82 | 15.0 | 3.60 | 15.0 | 3.58 | 15.0
24 5.05 | 14.0 | 495 | 145 | 5.13 | 16.3 | 3.95 | 15.0 | 3.68 | 15.0 | 3.68 | 15.0
27 530 | 149 | 5.16 | 149 | 525 | 16.9 | 4.09 | 15,5 | 3.76 | 15.5 | 3.78 | 15.3
30 5.54 | 15.0 | 528 | 15.1 | 539 | 17.0 | 423 | 159 | 3.85 | 16.0 | 3.87 | 16.0

Fic. 6.1.
function of %

%

——t=10"°

- - —=10°

t=1.0
=107
=102

=107

the square root of the maximum eigenvalue

S
<

1(‘1‘
H/h

10°

The square root of the mazimum eigenvalue of the BDDC Deluze operator as a
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Results for the traditional BDDC preconditioner for % =4, decreasing h =
the number of subdomains =

n
4

REFERENCES

TABLE 6.3

4 X 5.

1

=, and increasing

Number of | M0z \ iter | Anaz \ iter | Anaz \ iter | Anaz \ iter | Anaz \ iter | Anaz \ iter
Subdomains t=1.0 t=10""T t =102 t=10"3 t=10""1 t=10""°
9 2.20 7.9 2.32 9.9 3.26 | 13.0 | 3.53 | 14.0 | 3.52 | 14.0 | 3.52 | 14.0
36 2.84 | 11.0 | 2.71 | 11.0 | 3.24 | 14.0 | 3.64 | 15.0 | 3.65 | 15.0 | 3.66 | 15.0
81 2.96 | 12.0 | 2.81 | 12.0 | 3.04 | 13.0 | 3.64 | 16.0 | 3.68 | 16.0 | 3.68 | 16.0
144 3.01 | 120 | 2.88 | 12.0 | 2.84 | 13.0 | 3.62 | 16.0 | 3.68 | 16.0 | 3.68 | 16.0
225 3.06 | 13.0 | 291 | 12.0 | 2.77 | 126 | 3.59 | 16.0 | 3.69 | 16.0 | 3.68 | 16.0
324 3.07 | 13.0 | 293 | 13.0 | 2.77 | 13.0 | 3.56 | 16.0 | 3.68 | 16.2 | 3.69 | 16.3
441 3.08 | 13.0 | 293 | 13.0 | 2.77 | 13.0 | 3.52 | 16.0 | 3.69 | 17.0 | 3.69 | 17.0
576 3.09 | 13.0 | 293 | 13.0 | 2.78 | 13.0 | 3.49 | 16.0 | 3.69 | 17.0 | 3.69 | 17.0
729 3.09 | 13.0 | 294 | 13.0 | 2.79 | 13.0 | 3.45 | 16.0 | 3.68 | 17.0 | 3.69 | 17.0
900 3.09 | 13.0 | 294 | 13.0 | 281 | 13.0 | 3.41 | 16.0 | 3.68 | 17.0 | 3.69 | 17.0
TABLE 6.4
Results for the traditional BDDC' preconditioner for h = %, 4 X 4 subdomains, and increasing
g3
Amaz | iter | Amaz | iter | Amaz | iter | Amas | iter | Amas | iter | Amas | iter
H/h [ t=10 t=10"" t =102 t=10"3 t=10"1 t=10"5
3 2.26 8.0 2.24 | 10.0 | 3.09 | 13.0 | 3.25 | 13.7 | 3.27 | 13.8 | 3.27 | 13.8
6 3.03 | 10.0 | 3.01 | 11.0 | 3.63 | 14.0 | 3.87 | 16.0 | 3.90 | 16.0 | 3.89 | 16.0
9 3.53 | 11.3 | 3.54 | 12.2 | 4.20 | 15.0 | 4.02 | 16.2 | 4.10 | 16.8 | 4.09 | 16.7
12 3.94 | 12.0 | 3.94 | 13.0 | 458 | 159 | 4.25 | 17.0 | 4.27 | 17.0 | 4.27 | 17.0
15 426 | 13.0 | 4.31 | 140 | 4.84 | 16.0 | 4.50 | 17.1 | 4.51 | 17.9 | 4.51 | 17.9
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27 5.25 | 15.0 | 5.28 | 15.0 | 5.60 | 17.0 | 5.45 | 19.0 | 5.16 | 19.7 | 5.16 | 19.7
30 5.39 | 15.0 | 549 | 153 | 5.78 | 17.3 | 5.67 | 19.0 | 5.28 | 20.0 | 5.28 | 20.0
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