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Abstract. A domain decomposition algorithm, similar to classical iterative substructuring al-
gorithms, is presented for two-dimensional problems in the space Ho(curl; §2). It is defined in terms
of a coarse space and local subspaces associated with individual edges of the subdomains into which
the domain of the problem has been subdivided. The algorithm differs from others in three basic
respects. First, it can be implemented in an algebraic manner that does not require access to indi-
vidual subdomain matrices or a coarse discretization of the domain; this is in contrast to algorithms
of the BDDC, FETI-DP, and classical two—level overlapping Schwarz families. Second, favorable
condition number bounds can be established over a broader range of subdomain material properties
than in previous studies. Third, we are able to develop theory for quite irregular subdomains and
bounds for the condition number of our preconditioned conjugate gradient algorithm, which depend
only on a few geometric parameters.

The coarse space for the algorithm is based on simple energy minimization concepts, and its
dimension equals the number of subdomain edges. Numerical results are presented which confirm
the theory and demonstrate the usefulness of the algorithm for a variety of mesh decompositions and
distributions of material properties.
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1. Introduction. In this paper, we introduce and analyze a domain decomposi-
tion algorithm for two-dimensional (2D) problems in the space Hy(curl; Q). The core
issues of the present study concern an energy-minimizing coarse space in 2D for edge
finite element approximations of the variational problem: Find w € Hp(curl; Q) such
that

ag(u,v) = (f,v)q Yv € Hy(curl; Q),

where
aq(u,v) :z/[(aVxu-va)—i—(Bu-v)]d:E, (fivia= [ f-vdx.
Q Q

This variational problem originates, for example, from implicit time integration of the
eddy current model of Maxwell’s equations,where « is the reciprocal of the magnetic
permeability and B is proportional to the electrical conductivity divided by the time
step; we note that this is the same problem considered in, e.g., [2, 11, 21]. The norm
of u € H(curl; ), for a domain with diameter 1, is given by aq(u,u)'/? with a = 1
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and B = I; the elements of Hy(curl) have vanishing tangential components on 0.
We could equally well consider cases where this boundary condition is imposed only
on one or several subdomain edges, which form part of 92 and which are defined
in the beginning of the next section. Generally, « > 0 and B is a 2x2 positive
definite symmetric matrix. We will assume that « is a constant a; > 0 in each of the
subdomains §2;. Likewise, we replace B by the scalar constant 3; > 0 for each of the
;. Our results could be presented in a form which accommodates properties which
are not constant or isotropic in each subdomain, but we avoid this generalization for
purposes of clarity.

Many theoretical studies on domain decomposition methods are carried out in
the Schwarz framework; cf. [24, Subsect. 2.2]. Let x denote the condition number of
the additive Schwarz operator for some selection of spaces that define a particular
Schwarz algorithm. For a; and (; constant in each subdomain €2;, the estimate

is given in [25] for an iterative substructuring method in 2D with a coarse space based
on standard coarse triangular edge finite elements. Here, and in what follows, C' is
a constant independent of the number of subdomains and the mesh size. Closely
related results appear in [19] for Neumann-Neumann methods, in [22] and [17] for a
one-level FETT method, and in [23] for a FETI-DP method. The estimate in (1.1)
is clearly unfavorable for large values of H?f3;/c;; we will refer to this case as mass-
dominated while in a curl-dominated case this factor is bounded from above. A factor
of H?f3;/a; also appears in condition number estimates for more recent results on a
FETI-DP algorithm in 3D [21].

We avoid this factor in the present analysis by using a nonstandard coarse space
based on energy minimization concepts rather than one based on conventional edge
finite elements. We note that we have also studied energy-minimizing coarse spaces
recently for almost incompressible elasticity problems in [6, 7].

The estimate

k < C(1+log(H/h))?

appears in [12] for a 3D iterative substructuring method. The authors were unable to
conclude whether this condition number bound is independent of jumps in coefficients
between subdomains. In addition, the coarse space dimension is relatively large, being
proportional to the number of fine edges which comprise all subdomain edges.

The estimate

k< C(1+ (H/S))? (1.2)

is given in [20] for an overlapping Schwarz algorithm in 3D. In (1.2), H/¢ is the
largest ratio of subdomain diameter to overlap length parameter for all subdomains.
The coarse space in [20] consists of standard edge finite element functions for coarse
tetrahedral elements. For purposes of analysis, the domain was assumed convex and
constant material properties were considered. In comparison, our theory allows for a
much broader range of material properties and subdomain geometries.

We are unaware of any existing domain decomposition theory in either 2D or 3D
that gives a favorable condition number bound independent of all possible jumps in
material properties between subdomains. Moreover, current domain decomposition
theory for this class of problems is restricted to regular-shaped subdomains. We
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address both these issues for 2D problems in this study; this work builds on earlier
work for regular elliptic problems and linear elasticity; see [5, 15, 6]. Our algorithms
are well-defined and straightforward to implement in all cases and we are able to obtain
results for quite general subdomains which do not even need to be uniformly Lipschitz.
Moreover, we have also observed, in numerical experiments, that the performance of
the algorithm is not diminished significantly in many cases when mesh partitioning
tools are used for the decomposition. Earlier numerical results for an overlapping
Schwarz method based on a closely related coarse space appear in [4].

The organization of the paper is as follows. To begin, the coarse space for our
algorithm and notation are introduced in Section 2. Supporting technical tools for
the analysis are then provided in Section 3. The analysis of the coarse interpolant
and local decomposition appear in Sections 4 and 5. Our algorithm, its analysis,
and some implementation details are presented in Section 6, while numerical results,
which confirm the theory and demonstrate the utility of the algorithm, are given in
Section 7.

2. A coarse space and notation. We assume that the domain 2 is decomposed
into N non-overlapping subdomains €y, ...,Qy, each the union of elements of the
triangulation of 2. Each €, is simply connected and has a connected boundary 02;.
Then, the kernel of the curl operator in Hy(curl, ;) is VHy(grad, §2;) and that of
H(curl, ;) is VH(grad, ), etc.; see, e.g., [9]. The subdomain boundaries can be
quite irregular; see Assumption 1 and Definition 3.1. We denote by H; = diameter
(€2;). The interface of the domain decomposition is given by

re= ([VJ am) \O,

i=1

and the contribution to T' from 9€; by T'; := 0Q;\0Q. These sets are unions of
subdomain edges and vertices. The subdomain edge £% common to Q; and €; is
typically defined as 9€Q; N 9S2; excluding the two subdomain vertices at its endpoints.
We note that the intersection of the two subdomain boundaries might have several
components. In such a case, each component will be regarded as an edge; this will
not cause any extra complications.

We assume a shape-regular triangulation 73, of each ; with nodes matching
across the interfaces. The smallest element diameter of 7j,, is denoted by h; and
the smallest angle in the triangulation 7, of €; is bounded from below by a mesh
independent constant.

Associated with the triangulation 73, are the two finite element spaces VVghriad -

H(grad, ;) and WC’fj’rl C H(curl, Q;) based on continuous, piecewise linear, triangular
nodal elements and linear, triangular edge (Nédeléc) elements, respectively. We could
equally well develop our algorithm and theory for low order quadrilateral elements.

The energy of a vector function uw € H(curl, ;) for subdomain 2; is defined as
Ei(u) := a;(V xu,V xu)g, + Gi(u,u)q,, (2.1)

where «; and (; are assumed constant in §2;. The unit tangent vector for I';, directed
in a counterclockwise sense, is denoted by ¢; and we define the tangential component
of w on 0F); as

U == u - t;.
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We will often consider elements in W(ﬁfrl which are the minimal energy extension for
boundary data of this kind.

Let dg¢ denote a unit vector in the direction from one endpoint of a subdomain
edge £ to the other with the same sense of direction as t;. The distance between these
two endpoints is denoted by dg. Thus, dgdg is the vector from one endpoint to the
other.

The set Sg of all subdomain edges is defined as

Se={EY:i<jand EY £}

The set Sg, is the subset of subdomain edges, which belong to I';. When there is a
need to uniquely define the tangential direction, e.g., in the definition of the coarse
basis functions cg, we will select the direction given for the relevant subdomain with
the smaller index.

The coarse basis function cg for £ € Sg is defined such that its tangential com-
ponent vanishes on I' U 92 except on £ where c¢ - t; = dg¢ - t;. We note that if £ is a
straight edge, then dg = t; so that cg-t; = 1. The coarse basis function c¢ is obtained
by the energy minimizing extension of the tangential data cg - ¢; into the interior of
the two subdomains sharing £. Thus, the construction of a coarse basis function
requires the solution of a Dirichlet problem with inhomogeneous boundary data for
each of the two subdomains that share the edge. We note that if all the subdomains
are triangular, then the coarse basis functions could be the standard Nédeléc basis
functions for the coarse triangulation. However, to succeed in the mass-dominated
case, we should instead use functions that provide minimum energy extensions of the
values on the interface.

Our coarse interpolant of u for our iterative substructuring algorithm (as well as
for an overlapping Schwarz algorithm) can be defined as

ug = Z ugcg, where ug := (l/dg)/ut ds. (2.2)
£eSe €

Let NI € W(ﬁfrl and ¢! denote the finite element shape function and unit tangent
vector, respectively, for an edge e of the finite element mesh 7;,. We assume that
N is scaled such that N/ .t =1 along e. The edge finite element interpolant of
a sufficiently smooth vector function w € H(curl, ;) is then defined as

" (u) := Z ulhiNhi oyl = (1/|e|)/u-t};i ds, (2.3)
ee Mhi ¢

where M"i is the set of edges of (;, the closure of Q;, and |e| is the length of e.
The nodal finite element interpolant of a sufficiently smooth p € H(grad, ;) is
defined as

I"(p) =Y pv)dy, (2.4)
veNhi
where N is the set of nodes of 7y,,, p(v) is the value of p at node v, and ¢, € Wg’gd
is the shape function for node v. A coarse interpolant of p will be introduced in
Definition 3.7 and further considered in Lemma 3.8.
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3. Technical tools. The auxiliary results presented in this section will be used
in the proof of our main result, Theorem 6.1.

Our results apply to subdomains that are uniform. According to Jones [13], these
domains form the largest family for which a bounded extension of H(grad,();) to
H(grad,R?) is possible; we note that they are also known as (e,d)—domains. We
also note that a uniform domain needs not have a uniformly Lipschitz continuous
boundary. Thus, snowflake domains, as in [5, Figs. 5.1 and 5.3] and [15, Figs. 5.3 and
5.4], with fractal boundaries are in this class.

DEFINITION 3.1. (Uniform Domain). A bounded domain Q@ C R™ is uniform if
there exists a constant Cyr(€2) > 0 such that for any pair x, y of points in the closure
of Q, there is a curve y(t) : [0,4] — Q, parametrized by arc length, such that v(0) = x,
v(0) =Yy,

(< Cy( )|z —y|, and (3.1)
min([y(t) — x|, [y(t) — y|) <Cu () - dist(y(t), 0%).

REMARK 1. There are several alternative and equivalent definitions. Thus, the
left hand side of (3.2) can be replaced by

v (t) —z[[v(t) —y|

min(t, ¢ —1t) or by
i ) |z -yl

REMARK 2. For a rectangular domain of width Ly and height Lo, one can show
that Cy is no less than Li/Ly. Thus, the constants in our estimates can be large
when one or more of the subdomains has a large aspect ratio. Any good result on the
convergence of a domain decomposition algorithm with two or more levels requires
the use of

LEMMA 3.2 (Poincaré’s inequality). Consider a domain Q C R?. Then,

lu = talla@) < (1(,2))%1Q0IVulZ2q),  VYu € H(grad, Q).

This is [5, Lemma 2.2]. Here @g is the average of the scalar function u over Q, and
~v(£2,2) a parameter in an isoperimetric inequality as in cf. [5, Lemma 2.1]; see that
paper for references to the literature. Since any simply connected uniform domain
is a John domain and, according to [3], any John domain in the plane has a finite
~v(22,2), we can use Poincaré’s inequality for any uniform domain.

ASSUMPTION 1. The subdomains Q2; are all uniform domains and their uniformity
constants Cy (2;) are uniformly bounded from above by a mesh independent constant
Cy.

DEFINITION 3.3. Let a and b denote the two endpoints of an edge £ = £V € Sg,.
The region Re is defined as the open set with boundary

ORe = vap UE,

where Yap is the curve v in Definition 3.1 for Q; with x =a andy =b.
LEMMA 3.4. For the region Re in Definition 3.3, it holds

|Re| < (CF /m)dz, (3.3)
diam(Rg) < (2CU — 1)de (3.4)
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where |Rg| is the area of Rg and dg is the distance between the endpoints a and b of
the edge E.

Proof. Let 745 denote the curve v of Definition 3.1 for €25, the other subdomain
which has the edge £ in common with ;, with x = a and y = b. Since both ; and
(), are uniform domains, the arc lengths of 4, and g, are bounded by Cyde. With

reference to Figure 3.1, we now define the region Rg¢ as the open set with boundary
8RS = Yab U ;?ab;

and note that the length of the perimeter of Eg does not exceed 2Cydg. Since a
circle maximizes area for a given perimeter, it follows that |Rg| < CZd%/m. The
bound in (3.3) then follows directly since Rg C Re. The bound in (3.4) also follows
from simple geometrical considerations since Rg can always be circumscribed by a
circle of diameter no greater than (2Cy — 1)dg. O

LEMMA 3.5. Given a um']i)rm subdomain Q; and a connected subset £ C 0€);,
there exists a uniform domain Rg, which is a union of finite elements of ;, such that

Re C 7/?\,5, 87/?\,5 NoQY; =&, and

[Re| < Cd2, (3.5)
diam(ﬁg) < Cdg.

Proof. In our construction and proof, we will again use the set Rg and the curve
Yab; the latter forms the boundary of Rg together with the subdomain edge £. We
extend this domain to

Re := Re UCap,

where Cqp is the union of two sets of open circular disks {Bj}§° and {B},}§°. These
disks are all centered on 7,4 as in [5, Proof of Lemma 4.4]. At the end of the proof, we
will also include all of the elements which intersect Cyp in part into ﬁg thereby making
it the union of elements as is required; the modifications required of our constructions
and proofs are relatively minor. N

We note that the uniformity constants of Re can exceed that of ;. With a
considerable effort, we could estimate the new uniformity constant in terms of that
of Q;; we will however not undertake that exercise here.

The disk By is centered at @y € 74 and has a radius r := |a — xx|/(4Cy),
for k > 1. The first of the centers, xg, is located in the middle of the curve g,
i.e., it is equidistant to @ and b. The first circular disk By = B(, has a radius r¢ :=
dist(xg, 09;)/4. We define the other xj recursively as the last point of exit of 74
from Bj_; when moving towards a. Indeed, we can establish that & — a as k — oc.
Similarly, we also construct the second set of circular disks { By}, starting at x{, = xo,
but with centers xj, located between xy and b and where x} — b as k — oo. We
note that bounds on the diameter and area of the domain 7%5 now follows easily from
Lemma 3.4 and elementary considerations.

We now modify the curve 4, as in our previous paper, replacing it by a contin-
uous, piecewise linear curve 7, connecting the consecutive centers @y, and 7., of the
two sets of circular disks. We note that the new curve will be shorter than the one it
replaces and is generally more regular.

This curve and these disks are considered in some detail in [5]. There it is estab-
lished that no point in ; belongs to more than a fixed number, M (Cy ), of disks and
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that intersecting disks have comparable radii. From this fact, we can establish that
the arc length along 7,, cannot grow faster than a constant times the distance from
the nearest endpoint of the edge &; the arc length will of course also be bounded from
below by that distance. We note that consecutive disks overlap creating a neighbor-
hood of the curve 7,;, which at any point on the curve has a width uniformly bounded
from below in terms of the radii of the local circular disks. This follows from the fact
that the radii of intersecting disks are comparable and that xj, by construction, lies
on the boundary of By. R

We now consider an arbitrary pair of points ¢ and d in Rg. Given that they both
belong to €2; and that €2; is uniform, there is a curve 7.4 in the subdomain which
connects them and which satisfies the two conditions of Definition 3.1. We replace
this curve by 7.4 constructed in the same way as 74, and denote by C.q the union of
the circular disks involved in the construction of that curve. If this set is contained
in Re, we can accept the curve 7.4 for this pair of points.

In our discussion below, we will modify the construction of these circular disks
making them smaller by using a constant factor A larger than 4 in the definition of
their radii. The estimate of Cy for R then needs to be increased.

There are several cases to consider. We first assume that both ¢ and d lie between
& and 74 Let y; be one of the centers of the circles of C.4, which is closer to ¢ than
to d, and let its radius be defined by ¢ := |e¢ — y¢|/(ACy). Since a € 99;, we have
lye —a| > Arg; we assume without loss of generality that a is the endpoint of £ closest

to yy.
We now assume that the circle centered at y, and with radius r, intersects a
circle of Cqp centered at xj and with radius 7, = |a — xx|/(4Cy). We then have

lye — x| < ri + e and
ACyrK = la —xk| > |lye — a|l — lye — k| > (A= 1)rp — 1.

By selecting A\(Cyy) sufficiently large and using the fact that the width of the set Cup
can be bounded locally from below in terms of 7, we find that we can guarantee
that the circle centered at yy is contained in R if y, lies between £ and 7,,. We can
therefore change our focus to cases when the two curves 74, and 7.4 intersect since
we have shown that otherwise both requirements of Definition 3.1 can be satisfied.

If 4.4 intersects 4p, it must do so at least twice given that ¢ and d, by assumption,
lie on the same side of 7,;. Denote the first and last such intersection by x. and xg4,
respectively. We then replace the part of 7.4 between x. and x4 by that of 4, creating
a modified curve still denoted by 7.4.

We need to verify that the two conditions of Definition 3.1 can be satisfied after
possibly increasing the parameter Cy.

We first consider the length. The length of the parts of the original 7.4 that are
retained can clearly be estimated by Cy|c — d|. We can estimate |x. — x4| similarly.
As indicated above, the arc length of the part of 7,;, which is incorporated into 7.4
can then also be estimated by a multiple of |z, — x4|. We note that we again might
have to increase the value of Cy.

We next show that the circular disks of C,, centered on 7, are large enough to
accommodate the circular disks centered on 7.4 after a possible increase of the Cy
parameter necessary for 7.4. This can fail only if |¢ — x|, with & € 7.4, cannot be
bounded in terms of |a — x|. This cannot happen since the arc length between a
and x. can be bounded from below by the radii of the circles centered close to ..
That radius in turn provides a bound on the arc length between ¢ and x.. We note
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that along the common part of 7.4 and 74, the arc lengths of 74, and 7.4 increase at
exactly the same rate. This ultimately provides a bound on |¢ — x| in terms of |a — x|
for any point  on the common part of the two curves; this will guarantee that Cgp is
wide enough.

To make the argument complete, we must also consider possible points on the
common part of the curve beyond xg, where the width of Cy, can begin to shrink. We
can then work from the other end point of 7.4, i.e., start from d.

There are also other cases to consider. Thus, if both ¢ and d both belong to Cgp,
we can use the fact that this set is uniform in itself. There are two cases. In the first
case, we can construct 7.4 by connecting ¢ and d by straight line segments to the
points on 7, that are closest and the part of that curve in between. We note that the
distances of those two points to that curve provide lower bounds on the radii of the
circles of Cqp, to which they belong. However, this can lead to a curve that is too long
in comparison with |¢ — d| if the distance of ¢ or d to 7, far exceeds |c — d|. But in
such a case ¢ and d must belong to the same circular disk or to two consecutive disks
in the sets of circles and it is then easy to construct a satisfactory curve 7.4 taking
advantage of the simple geometry.

Finally, let ¢ and d lie on opposite sides of 7,5 and let ¢ € Rg \ Cqp. We then find
the first intersection of 5.4 and 7., when moving from ¢ along 7.4. We connect d by
a straight line segment to the point on 74, that is closest and then build the modified
curve from the resulting three parts. We note that in this case, we will not have a
problem with ¢ and d being too close. R

To complete the proof, we add all the parts of any elements that intersect Re to
the set; effectively this will increase the set Cyp. Should ¢ or d or both belong to this
new part, we can connect these points to points just inside Cqp and construct 7.4 by
using the same ideas as previously. O

We note that estimates closely related to those of the next lemma are presented in
[5] and, in particular, in [15, Lemma 4.4] for the more general class of John domains.
The motivation for considering uniform domains rather than John domains stems from
the need to have a factor of d% rather than H? in (3.8) in an estimate of the L?—norm
of certain edge functions. This is motivated by the need to prove the existence of low
energy coarse interpolants for mass-dominated cases. The new proof is quite different
and, we believe, of independent interest. We will now rely on the fact that the curve
Yap Satisfies the conditions of Definition 3.1.

LEMMA 3.6. Let £ € Sg, with endpoints a and b. There exists an edge function

Jg € W:;'ad equal to 1 at all nodes of £ and vanishing at all other nodes on 0); such
that

(Vie,Vie)q, < C(l + log(dg/hi)), (3.7)

(Ve,V¢)q; < Cd%. (3.8)

Proof. We first rename the edge £ =: & and introduce the additional notation
Ey := ORg¢ \ £. We next define, for = € Rg,

_ 1/dy(x)
di(x) + 1/da(x)’

Je (x) - (3.9)

where d;(x) is the distance of x to the edge &;,7 = 1,2. We then extend 55 by 0 for
r €€ \ Re.
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a

FiG. 3.1. Figure showing geometry of an edge € = £%. The distance between the edge endpoints
a and b is denoted by dg.

This formula provides the correct boundary values at all interior nodes of £ and
at all interior points of £&. At the endpoints of the edges, i.e., at a and b, where V¢
is not well defined by (3.9); we set the value of this function to 0 at those two points.
We note that the contribution of any element, with a or b as a vertex, to the energy of
the finite element interpolant ¥¢ := I"(J¢) will be bounded since all its nodal values
are between 0 and 1. Its gradient can therefore be bounded by the inverse of the local
mesh size.

_We note that in our final estimate, we can use an estimate of the maximum of
|[Vie| over individual elements since the same estimate also holds for its piecewise
linear interpolant J¢.

We now focus on the contributions of all the elements of the domain, which are not
next to the two subdomain vertices, and thus are at a distance exceeding ch;,c > 0,
from a and b. We denote this domain by ;.

We easily find that

~ —doVdy + d1Vds
Vie(x) = (d1 + d2)?

Since |Vd;| < 1, we obtain

1

Vel < T+ dme

Since the domain is uniform, we can bound d; (x) + d2(x) from below by cr(x) where
r(x) is the minimal distance of x to a and b and ¢ > 0 a constant. We can prove this
by considering x; € £ and xo € &, points that are closest to x € Re in the respective
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sets. Let us assume, without a loss in generality, that xo is closer to a than to b.
We also have |[x; — x| = di(x) and |[x2 — x| = da(x) and, by the triangle inequality,
|x1 —x2] < di(x)+da(x). Therefore, dist(xa,&1) < |x1 —x2| < di(x) 4+ da(x). We can
now obtain a lower bound of dist(x2,&1) in terms of |x2 — a| by using (3.2). By using
the triangle inequality, we find that Cydist(x2,&1) > |x — a] — d2(x) and therefore

r(x) = [x — a] < Cu(di (%) + da (%)) + da(x) < (Cu + 1)(d1 (x) + da(x)).

The same type of bounds can also be derived for points a5 closer to b than to a; then
r(x) := |x — b|, etc. Thus, we find,

~ dx
w2§c+c+12/ .
AJ ‘l o1 [ o

The bound (3.7) then follows easily by using polar coordinates centered at a and b.

Finally, the bound (3.8) follows easily from Lemma 3.4 and the fact that 0 <
¢ < 1 and that this function vanishes in all elements that are entirely outside of Rg.
O

We note that we can obtain the same result for the domain Rg as for Re, since
Re C Rg, by simply extending J¢ by zero in Rg \ Re.
We next introduce a coarse linear interpolant fy of an arbitrary element f € W,

grad7
we note that while f, will not belong to Wcuﬂ, its gradient will and its tangential

derivative on the interface will therefore equal the trace of an element in W(ﬁul In
fact, this trace will equal that of an element of our coarse space introduced in Section
2. We note that this linear interpolant is only a theoretical tool and is never calculated.

DEFINITION 3.7. (Linear Interpolant). Given f € W' . and a subdomain edge

& € Sg,, we define the linear function

g Ta

4= f(a) + W(m —a)-dg. (3.10)

We note that f€¢ equals f at the two endpoints of £ and varies linearly in the
direction dg.
LEMMA 3.8. Let Rg be the uniform domain of Lemma 3.5. For any f € W qmd,

there exists a function f€& e Whi grad Such that 28 = f — f€¢ along E. This function
vanishes along both ORe \ € and 9 \ €, and satisfies

FaaulF < C(1 + log(de /hy))?

H(grad,;) (3.11)

2
|f|H(gmdﬁg)'

Proof. We first note that since by Lemma 3.5 | — a| < Cdg, Va € Re,
175~ @)y < C1(B) — fla)]. (3.12)

To estimate the maximum difference of f at any two points in 7%5, we use a well-known
finite element Sobolev inequality

”fmax fmlrlHLao(R ) < C(l + log(dg/hl))lfﬁl(gradﬁg)? (313)

which has been established for John domains in [5, Lemma 3.2], and thus also holds
for uniform domains. Since f — f& = (f — f(a)) — (f&* — f(a)), we have

I1F = P12 e ) < OO+ log(de /R grad 7.
|f |H(grad77§£) < O(l + 10g(dg/hz)) |f|H(grad Re)
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From the previous two estimates, Lemma 3.6, and

V(e (f = ) = Ve (f = F5) + V(= )0,

we find that
£oy)2 2| £12
[e(f — f°7) H(grad,,) < C(1 + log(de /) |f|H(gradﬁg)

since |[¥g| < 1 and ¥¢ vanishes in Q; \ﬁg The lemma now follows from the definition
fE8 == 1M (e (f — %)) and [24, Lemma 4.31]; that lemma shows that we can bound
the norm of the piecewise linear interpolant of the product of two piecewise linear
functions by the norm of their product. O

Later in the analysis, we will need a bound on the average tangential component
of the gradient of a function f € VVgh;'ad along an edge £ € Sg,. Consider an element
with an edge e C € C 9€;. For linear finite elements, V f - ¢; is constant on e, and
the difference in nodal values along this edge is |e|V [ - ¢;, where |e| is the length of
the edge. Summing these differences over all elements along £, we find that

1 oo f(b)—f(a)
dg/gi t;ds = P .

The inequalities of the following lemma are two-dimensional counterparts of 3D
estimates appearing in Corollary 1 and the proof of Theorem 2 in [16]. They can be
derived by arguments for individual elements.

LEMMA 3.9. Let K € Tp,,. Forwe (W" )2 it holds that

grad
V x " (u) = V x u, (3.14)
T () 1725y < Cllwll 2k (3.15)

The next three lemmas and their proofs also hold for connected subsets &, C €.
LEMMA 3.10. Given u € WZ;’H and a subdomain edge € € Sg,, it holds that

jtel* < CllwlTorey + IV X ulliz(r,)):

Here, g is defined as in (2.2).

Proof. We first note that the direct use of the Cauchy—Schwarz inequality to
estimate ug leads to a difficulty since the length of the edge £ cannot be bounded
uniformly in terms of dg, the distance between the endpoints of the edge. However,
we have a uniform bound for the length of the curve ~4, of Definition 3.1, which
completes the boundary of the domain Rg. By using the Stokes theorem, we find that

/u-tids:/ qud:z:—/ u-t;ds.
£ Re ORe\E

By Lemma 3.5, the area of R¢ is of order d% and the length of 74, = OR¢ \ € is of
order dg. The lemma then follows by using the Cauchy-Schwarz inequality and an
elementary argument.

We next consider coarse space functions. Such a function coincides with an ele-
ment in our coarse space on the interface, but it is not necessarily of minimal energy.
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LEMMA 3.11. Given £ € Sg¢,, there exists a coarse space function Ng € Wchurl
with Ng - t; = dg - t; along € and Ng -t; = 0 elsewhere on 0S); such that

INe[72(0,) < Cdé, (3.16)
I % NellZage, < C(1 +log(de /h), (3.17)

where dg is the distance between the endpoints of £. Further, Ng(x) =0, x € Qi\ﬁg,
where Re is the domain of Lemma 3.5.

Proof. Let e, and e, denote the two finite element edges at the ends of £ and
define

N¢ := i (ﬁgdg) + bg/2,
where ¢ is the edge cutoff function of Lemma 3.6 and
be := (de - t2")N., + (de - th' )N, .

Since ¥¢ = 1 along all edges of £ except for e, and e, we see from (2.3) that
" (Yedg)-t; = de-t; along these interior edges. We also have I1" (Vedg)-t; = dg-t; /2
along e, and ey since Yg varies linearly from 1 to 0 along these two edges. For these
two edges, we also have be - t; = dg - t; so that Ng has the correct, specified tangential
data along €. In addition, the tangential data of Ng also vanishes along 99, \ £.

Since Yedg € (Wg’;dd) and dg¢ is a unit vector, it follows from Lemma 3.6 and
(3.15) that

" (D de)|1 720,y < Cde.

Again, since dg is a unit vector, we have that |V x Jedel|12(q,) < [[VVel|r2(0,). It
then follows from Lemma 3.6 and (3.14), that

IV x T (Dede) 32 0, < C(1+log(de /hi).

The coeflicients of N, i and N, hl in the definition of be have absolute values bounded

by 1. It then follows from elementary finite element estimates that |bg||? 1200 < Ch?
and ||V x bg|? 72(0; < C. The lemma now follows directly from the estimates for
T (195(15) and bge. O

The next lemma is a counterpart of Lemma 3.8 for functions in W'

curl”

LEMMA 3.12. Given v € W , and € € Sg,, there exists a function v¢ € wh

curl curl

such that vf - t; = v-t; along £ with vanishing tangential data v - t; along both
ORe \ & and 0 \ €. Further,
1051122 (@) < Cdzllv]l} <z, (3.18)

IV % 0% o) < CUIY % 0], 5, + (1 +loa(de )0l . g,) (319)

Proof. Referring to (2.3), we have

v = Z VeN,.

ee MMi
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As in Lemma 3.11, let e, and ¢, denote the edges at the ends of £. Similar to what
was done in the proof of that lemma, we define

v¥ = Y 0gveN + (ve, N, + ve,Ne,) /2,
ee MMi

where 9% is the value of J¢ at the center of edge e. We can confirm that vt =v-t;
along &€ and that v® - t; vanishes along 9R¢ \ € and 9€; \ €. Since |J¢| < 1, we find

by using the product rule of differentiation and elementary estimates that for element
K

| Z 02U6NGH%2(K) < C”'U||2L2(K)7
e€SK

| Z V x 0§U€N€|‘%2(K) <C(Iv x ”H%z(x) + ||”||2Loo(7§£)||V19€||2L2(K))-

eeSK

Estimates for the remaining two terms are easily obtained and are given by

[[ve, Ne, + ’UebNebH%Q(Qi) < ChlevHioo(ﬁg)?
[V x (ve, Ne, + veaNeb)H%%Qi) < C||’U||200(7§8)-
The proof is completed by assembling the estimates for the terms that define v and
by using (3.7). O

In preparation for Lemma 3.13, we consider the number xg(d)(dg/d) of closed
circular disks, of diameter d, that are required to cover a subdomain edge &; we note
that xe(d) equals 1 if the edge is straight. This is closely related to the Hausdorff
dimension of the edge; see, e.g., [8]. We note that yg(d) increases monotonically when
d decreases. By examining the standard computation of the Hausdorfl dimension
of a Koch snowflake curve, we can, e.g., show that a pre-fractal Koch snowflake
curve, which is a polygon with side length h; and diameter H;, will satisfy xe(d) <
(4/3)'08(Hi/hi)  This is not a very large factor being less than 4log(H;/h;) even in the
very extreme case of H;/h; = 10°.

REMARK 3. We note that a factor of xc(0;) was left out of an argument on page
2161 of [5] and in the bound for the condition number given in Theorem 3.1 of that
paper. This main result is therefore incorrect. However, we can expect that additional
factor to be quite modest in realistic cases.

LEMMA 3.13. Given € € Sg, and h; < d < dg, there exists a coarse space function
Nggy € Wchu"rl with Nggq - t; = dg - t; along £ and Neg - t; = 0 elsewhere on 0); such
that

[ NeallZ20,) < Cxe(d)ded, (3.20)
IV X Neall72(0,) < Cxe(d)(de /d)(1 + log(d/hy)). (3.21)

Proof. Let a and b denote the two endpoints of £. Starting at a and moving
along this curve towards b, we pick p; := a and then ps € £ as a node nearest the last
point of exit of £ from the circular disk B(p1,d) of radius d centered at p;. Likewise,
ps € & is chosen as a node nearest the last point of exit of £ from B(pa,d). This
process is repeated until [pys — b| is no larger than 2d, and we then set py;11 = b.
We denote the segment of €& between py, and pi11 by Ek.
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From Lemma 3.5, we know that there exists a uniform domain ﬁgk C §; with
Bﬁgk N O = &E. For each, we construct a function Ng, as in Lemma 3.11. We may
then use Lemma 3.11 for each &;. By using arguments similar to those of Lemma 3.5,
we find that the support of any of these functions will intersect only a fixed number
of the supports of other elments in this set of functions. Defining Ngg := Zi\il Ng, ,
with M of order xg(d)(ds/d), the lemma then follows from Lemma 3.11. O

The following Helmholtz-type decomposition and estimates allow us to make use
of and build on existing tools for scalar functions in H(grad, D). We refer the reader
to Lemma 5.1 of [11] for the case of polyhedral subdomains; this important paper was
preceeded by [10], which concerns other applications of the same decomposition.

LEMMA 3.14. Given a uniform domain D of diameter d and wp € Wchuiw there
exists pn € W;ﬁfad and T, € Werl such that

up, = Vpp + 7, (3.22)

1900220 < € (lunlacy + I x wnlaco ) (323)

174l (py < C(1 +1og(d/hi))[IV X wn 2 (p)- (3.24)

Proof. We can follow [11] quite closely and note that the following result is
established in Lemma 5.1 of that paper: For any u; € Wi | there exist ¥, €

curl’

(Wi ) pn € Wiy, and gy € Wi, such that
up = gp + 11" (¥},) + Vs, (3.25)
IVprl3 20y < C (lunllza) + IV x wnlliz) ) (3.26)
1P qnl1 2 () + ||\IIhH2H(grad7D) < C|IV X upl|7z2(py- (3.27)

Here, h is a piecewise constant function on the mesh 73, and defined by the diameter
of the individual elements.

This result, in turn, is based on a stable decomposition of any w € H(curl, D)
into a sum of two terms W + Vp, with ¥ € H(grad, D)? and p € H(grad, D), and on
the finite element interpolation procedure of [18].

Such a decomposition can be derived for any John domain, and therefore also
for any uniform domain, by using the main result of [1] and a simple rotation of the
coordinate system, which turns the divergence operator into the curl operator.

Returning to (3.25) and defining 7, := g, + 1" (¥},), the first estimate of the
lemma follows directly from (3.26). The second estimate follows from elementary
finite element estimates for qp, a simple variant of the discrete Sobolev inequality in
(3.13) for ¥y, and (3.27). O

4. Coarse space analysis. We define dAl := max(h;, \/a;/53;), and consider the
two cases dg < d; (curl-dominated) and dg > d; (mass-dominated). Accordingly, we
partition the set of subdomain edges for ); as

Se, =S¢, USE

where for all the edges in Sg. we have dg < cii and those in Sg' we have dg > ch

We know from Lemma 3.5 there exists a uniform domain ﬁg with 8735 NoQY; =€
for each £ € Sg;. We may thus apply Lemma 3.14 for Re, and let Vpp, +7;, denote the
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decomposition of u for 7%5. We set d = d; in Lemma 3.13 for the mass-dominated case
and recall from the proof of Lemma 3.13 that each edge & € Sg! may be expressed as

the union of segments &1, . .. 75M(£ ) We note, by construction, that d; < dg, < 2d;.

Recalling the function f€4 € Wg’gd of Lemma 3.8 and v¢ € W(Zfrl of Lemma 3.12, we
define

g =u-— Z w?, (4.1)

£,
where
W { vﬁfdj rf — filgNg %f £eSg,
Sy ub — usNg; it €€ 8¢
For each & € Sg,, we have

pr(b) — pr(a)

g'ti—(u—vph—rh)'ti+<
de

+ fh£> de - 1,

where a and b are the endpoints of £. The first term vanishes while the second equals
tugdg - t;. Thus, g-t; = ug - t; along £ and the tangential data of g matches that of
the coarse interpolant along & € S¢..

For each & € S¢, we have

M(E,di)
g-ti=|u— Z uft | ot + Uede -t

k=1

Again, the first term vanishes and g - t; = wug - t; along £. In summary, we find
that the tangential data of g along 0f2; is identical to that of the coarse interpolant
ug. Accordingly, we may establish energy estimates for ug from those for g since ug
minimizes energy for the specified boundary data.

Since dg < d; for all £ € Sg , we find from Lemmas 3.8 and 3.14 that

Ei(Vpi®) < C(1 +log(de /hi))* Bz, (u),
where

Eg, = ail|V x uHiz(ﬁg) + ﬁi”uniz(ﬁg)'
Similarly, from Lemmas 3.12 and 3.14, we find

El(r,f) <C(1+ log(dg/hi))QEﬁg (u).

Next, from Lemmas 3.10, 3.14, and 3.11, we also find

E;(The Ne) < C(1 +log(de /hi))* Ex _(u).
In summary, we have from the previous three estimates that

Ei(w®) <C(1+ log(dg/hi))2E73£ (u) for &€ Sg. (4.2)
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We find from Lemmas 3.10 and 3.14 that

2
Ek

72 7 2
< Cdi (1 +log(di/ha)) [V x ull7, 5
and since M (€, d;) is of order xg(d;)(dg/d;), we obtain

&)’

a3 < Cxe(di)(d;/de) (1 + log(di /1:)) ||V x w0

where ﬁg = Ukﬁgk. It now follows from Lemma 3.13 and the definition of d; that
Ey(gNgg) < Oxg(di)(1+log(ds/h:))* B (u).
Similarly, it follows from Lemmas 3.12 and 3.14 that

E;(uf*) < C(1 +log(d;/h:))*Ere, (w),

Since each ﬁgk only intersects a bounded number of other such regions, it follows
from the previous two estimates that

Ei('wg) < C)é(d})(l + log(di/dg))2Eﬁ£ (u) for &€ Sgt. (4.3)

Since each ﬁg and ’ﬁ,g intersects only a bounded number of other such regions, it
follows from (4.2) and (4.3) that
Ei(uo) < Ei(g) < Cxi(1 + log(H;/hi)) Ei(u). (4.4)

where y; = maxgesy xe(d;).

5. Local decomposition. In this section, we establish estimates for an edge
decomposition of the remainder obtained from subtracting the coarse interpolant wug
from u. We find from (4.1) that

w:i=u—uy=(g—u)+ (u—g),

= Wi, + Z wg.

£cSe,
where w;, := g — ug and w;, - t; vanishes on 9€;. From (4.4) we have
Ei(wiy) < Cx}(1+1og(H;/h))*Ei(u). (5.1)
We have also established estimates for the energy of w® in (4.2) and (4.3). We note
that w® - ¢; vanishes everywhere on 0€); except along &.

6. Algorithm and Schwarz analysis. Before providing some implementaion
details of the algorithm, we show how our iterative substructuring algorithm can be
defined in terms of its local and global spaces. With reference to (2.3), we define local
spaces X' and X¢ as

Xi={zx:x= Z acNMY,
eEM?i

X ={x:x= Z acNIY,
ec Mg
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where ./\/l’l“ is the set of edges in the interior of €); and Mg is the set of edges of £
together with those in the interiors of the two subdomains having £ in common. With
reference to (2.2), we also define the coarse space X° as

XV ={zx:x= Z ageg}.
EeSse

For ug € X°, w® € X¢, and w;, € X*, we have

N

U = ug + Z wg+zwir-

E€Se =1

Since each subdomain edge is common to only two subdomains and each of the regions
Re and Re intersects only a bounded number of other such regions, we find from (4.2),
(4.3), and (4.4) that

N N

> Ei(ug) < Cw? Y Ei(u),

i=1 =1

N N
Z Z E;j(w®) < Cw2ZEi(u),
i=1 EE€Se, i=1

N N N

> Ei(wy,) < Cw? > Ei(uw),

i=1 j=1 i=1
where
W= m?xxi(l +log(H;/h;)).
We have thus shown
C’g < CwQ,

where Cj is the constant for the stable decomposition of w in [24, Assumption 2.2].
We note that C' does not depend on possible jumps in coefficients between subdomains
nor on the maximum number of edges for any subdomain. In addition, the maximum
ratio of edge lengths for any subdomain may grow with mesh refinement without
increasing C. From Lemma 2.5 of [24] we find that the smallest eigenvalue of the
Schwarz operator FPgq is bounded below by Cy 2. Thus,

1//\min(Pad) S CLUQ. (61)

Since our algorithm uses exact local solvers, we find from from Lemmas 2.6 and 2.10
of [24] that

Amax (Pad) < N¢ 41, (6.2)

where N€¢ is the minimum number of colors needed to color the subdomains. Since
the local space for each subdomain edge extends into the interiors of both subdomains
sharing the edge, no two edges can have the same color if they are part of the same
subdomain. This implies the bound for A\pax(Paq) grows linearly with the maximum
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number of edges for any subdomain. This observation is confirmed numerically in the
final example of the next section.

Our main result now follows from the estimates in (6.1) and (6.2).

THEOREM 6.1. The condition number k(P,q) of the Schwarz operator for our
iterative substructuring algorithm is bounded above by the estimate

K(Pad) = )\max(Pad)/)\min(Pad) < C(l + Nc)w2.

Comparing the estimate in Theorem 6.1 with (1.1), we see that the factor of
max; H?[3;/c; is no longer present. In addition, the estimate applies to a much broader
class of subdomain shapes.

6.1. Implementation Details. When solving a linear system Kz = f for the
discretized problem, we must apply a preconditioner M ! to the current residual
vector r in each conjugate gradient iteration. In this subsection, we provide some
details on calculating M ~1r for both the iterative substructuring algorithm of this
study and for an overlapping Schwarz approach which uses the same coarse space.

Let the Boolean matrices Ry and Rr select the rows of x corresponding to edges in
subdomain interiors and on the interface I', respectively. For iterative substructuring
methods, the conjugate gradient algorithm is used to solve the interface problem
Szr = g, where S = Krr — Kr1 K K, or = Rrz, g = fr — Kri K} f1,

fr=Rif, fr=Rrf, Ki=RKRF Kpr=RKRL etc

We note that the Schur complement matrix .S needs not be formed explicitly in order to
calculate products of the form Sz required by the conjugate gradient algorithm. We
also note that once xr is obtained, x; can be recovered from x; = KI_I1 (fr — Kirar).

Each column m of the coarse matrix ®r is associated with a specific subdomain
edge &,. Let t., denote the unit tangent vector for the edge associated with row & of
zr. The entry in row k and column m of ®r is given by dgmte, - de,,, where dgp, =1
if e, C &, and g, = 0 otherwise. The coarse matrix for the problem is then given
by

K. = ®LSor.

We next introduce three more Boolean matrices for bookkeeping purposes. Let Ri¢
select the rows of x corresponding to edges in the interior of the two subdomains
sharing £ together with those for £ itself. Next, let Rae select the rows of Rigcx
corresponding to the edges of £. Finally, let Rsg select the rows of xp corresponding
to edges of £. We note that RogRiex = R3exr.

Given a residual vector r, the preconditioned residual for the two-level additive
Schwarz algorithm is given by

M~ =@rK '®Lr+ > RicRoe(RipKR{p) ' RigRaer.
EeSe

Other variants of the preconditioner such as with a multiplicative coarse space cor-
rection are also possible; cf. [24, Section 2.5.2].

For the overlapping Schwarz algorithm, let R; select the rows of x corresponding
to an overlapping subdomain . Typically, €2, is obtained by extending €2; by an
integer number of layers of elements. The preconditioned residual in this case is given
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by

N
M~ =oK 'o" + Y RI(RKR]) ' Rir,
i=1

where
® = RE®r — RTK; ' K- ®r.

We note that in a parallel computing setting, the construction of ® along with the
local contributions to the preconditioned residual can be calculated concurrently. The
coarse corrections in either algorithm, however, cannot in general be done in parallel.
Finally, we note if the coarse matrix K. becomes too large to factor with a direct
method, then it is possible to obtain an approximate coarse solution by applying the
iterative substructuring or overlapping Schwarz preconditioner to the coarse problem
itself.

7. Numerical examples. Numerical examples are presented in this section to
confirm the theory for both regular and irregular-shaped subdomains. For the first
three examples, we consider three different types of subdomains. Type 1 subdomains
have a square geometry and consist of square edge elements. Type 2 subdomains
also consist of square edge elements, but the subdomain edges have ragged shapes
which are not uniformly Lipschitz continuous. Finally, Type 3 subdomains contain
equilateral triangular edge elements, and have subdomain edges with both straight-
line and pre-fractal segments. A more detailed description of these three subdomain
types along with accompanying pictures can be found in [5].

In addition to the classical iterative substructuring (CIS) algorithm analyzed here,
we also present numerical results for an overlapping Schwarz (OS) algorithm which
uses the same coarse space. This is done for purposes of comparison; the analysis of an
overlapping Schwarz algorithm will appear in a forthcoming study for 3D problems.
The method of preconditioned conjugate gradients is used to solve linear systems
with random right-hand sides to a relative residual tolerance of 10~8. The numbers of
iterations and condition number estimates (in parenthesis) of the conjugate gradient
iterations are reported in each of the tables. The dimensionless parameter H/¢ denotes
the relative overlap for the overlapping Schwarz algorithm; cf. [5].

7.1. Example 1. This example is used to confirm that the condition number
estimate for the Schwarz operator is independent of the number of subdomains. The
scalability of both the CIS and OS algorithms is evident in Table 7.1.

7.2. Example 2. This example is used to confirm the polylogarithmic condition
number estimate in Theorem 6.1. The results in Table 7.2 for the CIS algorithm are
plotted in Fig. 7.1 for 3 = 103, and are consistent with theory. In addition to being
noticeably smaller, the condition number estimates in Table 7.2 for the OS algorithm
are much less sensitive to the mesh parameter H/h.

7.3. Example 3. This example is used to confirm that the estimate in Theo-
rem 6.1 is independent of the material property values in each subdomain. We note
that insensitivity to jumps in material properties is evident in Table 7.3 for both
domain decomposition algorithms.
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TABLE 7.1
Results for unit square domain decomposed into N subdomains, each with H/h = 4. Numbers
of iterations and condition number estimates (in parenthesis) are reported for a relative residual
tolerance of 10~8. Subdomain material properties given by o; =1 and B; = 3.

classical iterative substructuring | overlapping Schwarz (H/d = 4)

Type N B3=10"3 8= B=10° | =103 B= 3 =103
1 16 | 18(16.7) | 15(16.3) | S8(3.8) 11(5.1) | 12(5.0) | S(4.6)
64 | 25(18.6) | 21(18.3) | 10(6.1) | 13(5.2) | 12(5.2) | 9(4.5)

144 | 28(19.1) | 22(18.9) | 12(8.1) | 13(5.1) | 12(5.1) | 10(4.6)

256 | 30(19.4) | 23(19.0) | 14(9.9) | 12(5.1) | 12(5.1) | 10(4.7)

400 | 30(19.5) | 25(19.3) | 15(11.6) | 12(5.0) | 12(5.0) | 10(4.7)

576 | 30(19.5) | 25(19.3) | 16(12.7) | 12(5.0) | 12(5.0) | 11(4.8)

784 | 30(19.5) | 25(19.3) | 16(13.7) | 12(5.0) | 12(5.0) | 11(4.8)

1024 | 30(19.5) | 25(19.3) | 17(14.5) | 12(5.0) | 12(5.0) | 11(4.8)

2 16 | 26(30.0) | 20(28.5) | 8(3.7) 11(5.0) | 12(4.8) | S(4.6)
64 | 36(33.6) | 29(33.0) | 11(6.8) | 17(6.9) | 14(7.0) | 9(4.5)

144 | 40(34.2) | 31(33.8) | 14(10.0) | 19(7.6) | 15(7.6) | 10(4.5)

256 | 42(34.5) | 33(34.1) | 17(13.1) | 19(7.5) | 15(7.5) | 10(4.5)

400 | 43(34.6) | 34(34.3) | 18(15.8) | 20(8.0) | 16(7.9) | 10(4.5)

576 | 43(34.7) | 34(34.3) | 20(18.5) | 20(8.0) | 16(8.0) | 11(4.6)

784 | 44(34.8) | 35(34.6) | 21(20.8) | 20(7.9) | 16(7.9) | 11(4.6)

1024 | 44(34.8) | 36(34.6) | 22(22.6) | 20(8.1) | 17(8.2) | 11(5.0)

TABLE 7.2

Results for unit square domain decomposed into 16 subdomains; the domain s triangular for
Type 3 subdomains. Subdomain material properties given by a; =1 and B; = 3.

classical iterative substructuring | overlapping Schwarz (H/d = 4)
Type | H/h | B=10"3 B=1 B=10° | p=10"3] B=1 | B=10°
i 1 | 18(16.7) | 15(16.3) | 3(3.8) 14(5.1) 12(5 0) | 8(4.6)
8 | 20(23.7) | 17(23.3) | 9(5.8) 12(5.1) | 12(5.1) | 8(4.6)
16 | 23(32.1) | 18(31.4) | 10(8.5) | 13(5.1) | 12(4.9) | 9(4.5)
32 | 26(42.0) | 19(41.0) | 11(12.4) | 13(5.0) | 12(4.8) | 9(4.5)
2 1 | 26(30.0) | 20(285) | 8(3.7) 14(5.0) | 12(4.8) | S(4.6)
8 | 27(39.3) | 21(37.8) | 10(6.2) | 14(4.5) | 11(4.4) | 9(4.5)
16 | 24(49.8) | 19(48.3) | 11(11.0) | 13(4.6) | 11(4.3) | 9(4.5)
32 | 26(60.6) | 22(59.0) | 14(18.0) | 13(4.8) | 12(4.6) | 9(4.5)
3 15 | 20(44.8) | 19(44.5) | 13(13.2) | 17(8.3) | 15(8.2) | 11(6.3)
45 | 24(71.0) | 21(70.5) | 12(25.3) | 17(7.9) | 15(7.9) | 12(6.3)
135 | 29(104) | 26(103) | 17(42.7) | 17(8.1) | 16(8.1) | 13(6.3)

TABLE 7.3
Classical iterative substructuring (CIS) and overlapping Schwarz (OS) results for unit square
domain decomposed into 64 subdomains, each with H/h = 8 and H/6 = 4 for OS. The eight
subdomains along the diagonal from (0,0) to (1,1) have a; = v and B; = 3, while the remaining
subdomains have oy = 1 and B; = 1.

Type 1 Type 2

a [E] CIS 0S CIS 0OS
10~° [ 107% | 25(26.2) | 14(5.7) | 35(46.7) | 15(6.6)
1073 1 24(26.0) | 13(5.1) | 34(43.8) | 13(5.4)
1072 | 103 | 21(25.1) | 13(5.5) | 33(43.2) | 15(9.8)

1 103 | 26(26.3) | 13(6.5) | 36(46.7) | 15(8.0)

1 1 24(26.3) | 12(5.1) | 32(44.5) | 13(5.4)

1 103 | 24(24.7) | 12(5.2) | 32(41.9) | 13(5.6)
103 [ 1073 | 31(27.3) | 13(6.4) | 40(48.7) | 15(7.9)
10° 1 25(27.2) | 12(5.1) | 34(46.2) | 13(5.4)
10° 10 | 26(26.8) | 14(6.4) | 34(47.2) | 15(6.8)
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F1c. 7.1. Plot of classical iterative substructuring data in Table 7.2 confirming the theoretical
estimate in Theorem 6.1.

7.4. Example 4. This example is used to demonstrate that the performance
of the CIS and OS algorithms need not be diminished significantly when a mesh
partitioner is used to decompose the mesh. Example mesh decompositions for N = 16
and N = 64, shown in Fig. 7.2, were obtained using the graph partitioning software
Metis [14] as described in [5]. The results in Table 7.4 show that iteration counts and
condition number estimates do not grow dramatically when switching from square
subdomains to ones obtained from the mesh partitioner.

7.5. Example 5. This example is used to confirm that our condition number
estimate does not require all subdomain edges to be of comparable length. Here, the
smaller square subdomains shown in Fig. 7.3 always have 4 elements while the mesh
parameter H/h is increased for the larger surrounding subdomains. The condition
number estimates shown in Table 7.5 for the CIS algorithm are consistent with our
theory.

7.6. Example 6. The final example is used to confirm the estimates in (6.1)
and (6.2). Here we have two large subdomains and smaller square subdomains with
centers along x = 1/2, and whose number grows with mesh refinement (see Fig. 7.4).
Thus, the number of subdomain edges for the two larger subdomains grows linearly
with H/h. The results in Table 7.6 are consistent with the theoretical estimates.
We also note that the results for the overlapping Schwarz algorithm are much less
sensitive to increasing numbers of subdomain edges; this can easily be established by
a coloring argument.
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Fi1G. 7.2. Ezample decompositions (N =16 and N = 64) used in Ezample 7.4

TABLE 7.4
Results for unit square domain decomposed into N subdomains. There are 64 elements per
subdomain for the Type 1 (square) subdomains and approzimately 64 elements per subdomain for
subdomains obtained from the mesh partitioner. Material properties are homogeneous with a; = 1

and B; = 3.

classical iterative substructuring | overlapping Schwarz (H/0 = 4)
Type | N | p=10"3 B=1 B=103 | =103 8= 3 =103
1 16 20(23.7) ) 9(5.8) 12(5.1) 12(5.1) 8(4.6)
64 29(26.6) ( ) 12(9.2) 12(5.1) ) 10(4.5
144 31(27.1) ( ) 14(12.2) 12(5.1) ) 10(4.5
256 34(27.4) ( ) 16(14.7) 12(5.1) ) 11(4.7
400 35(27.6) ( ) 17(16.6) 11(5.0) 11(5.0) 11(4.7
Metis 16 30(27.8) 23(25.4) 10(5.2) 13(6.5) 13(6.5) 9(5.0)
(33.7) (32.2) ) )
(37.4) (36.2) ) )
(38.6) (36.8) )
(41.9) (40.8) )

—_— T

64 | 40(33.7 13(8.8) | 13(5.5
144 | 42(37.4 15(11.9) | 18(8.0
257 | 45(38.6 17(13.3) | 16(7.2
400 | 46(41.9 17(13.7) | 16(7.1

Fia. 7.3. Example decompositions (H/h = 8 and H/h = 16) used in Ezample 7.5.
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and B; = 3.

TABLE 7.5
Results for Example 7.5 (see also Fig. 7.3). Material properties are homogeneous with o; = 1

classical iterative substructuring | overlapping Schwarz (H/d = 4)

H/h | p=10"3 s=1 B=103 | =103 B = 3 =103

4 | 23(15.3) | 18(14.7) | 8(3.4) 15(5.1) | 12(4.9) | 8(4.2)

8 25(16.5) 19(16.0) 10(5.0) 16(6.5) 13(6.3) 9(5.2)

12 25(19.2) 20(18.8) 10(6.8) 16(6.2) 14(6.1) 10(5.8)

16 | 27(21.4) | 21(20.9) | 11(8.4) | 15(6.4) | 14(5.9) | 10(5.9)

20 28(23.1) 22(22.5) 12(9.7) 15(6.4) 14(5.9) 10(5.9)

(1]
2]

[4]

Fic. 7.4. Ezample decompositions (H/h =8 and H/h = 16) used in Ezample 7.6.
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