A Hybrid Domain Decomposition Method and its

Applications to Contact Problems
TR2009-924

Jungho Lee

A dissertation submitted in partial fulfillment
of the requirements for the degree of
Doctor of Philosophy
Department of Mathematics
New York University
September 2009

Professor Olof B. Widlund



© Jungho Lee
All rights reserved, 2009



Dedication

I dedicate this dissertation to my parents. Thank you for the sacrifices you
have made for me; I owe you everything.

1l



Acknowledgements

I thank my advisor Olof Widlund. Without his guidance, this dissertation
would have been impossible. Thank you so much for your encouragement and
invaluable advice, and I am very fortunate to have had an opportunity to work
with you.

v



Abstract

Our goal is to solve nonlinear contact problems. We consider bodies in contact
with each other divided into subdomains, which in turn are unions of elements.
The contact surface between the bodies is unknown a priori, and we have a nonpen-
etration condition between the bodies, which is essentially an inequality constraint.
We choose to use an active set method to solve such problems, which has both
outer iterations in which the active set is updated, and inner iterations in which
a (linear) minimization problem is solved on the current active face. In the first
part of this dissertation, we review the basics of domain decomposition methods.
In the second part, we consider how to solve the inner minimization problems.
Using an approach based purely on FETI algorithms with only Lagrange multi-
pliers as unknowns, as has been developed by the engineering community, does
not lead to a scalable algorithm with respect to the number of subdomains in
each body. We prove that such an algorithm has a condition number estimate
which depends linearly on the number of subdomains across a body; numerical
experiments suggest that this is the best possible bound. We also consider a new
method based on the saddle point formulation of the FETI methods with both
displacement vectors and Lagrange multipliers as unknowns. The resulting system
is solved with a block-diagonal preconditioner which combines the one-level FETI
and the BDDC methods. This approach allows the use of inexact solvers. We show
that this new method is scalable with respect to the number of subdomains, and
that its convergence rate depends only logarithmically on the number of degrees
of freedom of the subdomains and bodies. In the last part of this dissertation, a
model contact problem is solved by two approaches. The first one is a nonlinear
algorithm which combines an active set method and the new method of Chapter
4. We also present a novel way of finding an initial active set. The second one
uses the SMALBE algorithm, developed by Dostal et al. We show that the former
approach has advantages over the latter.



Contents

Dedication . . . . . . . . .. iii
Acknowledgements . . . .. ..o Lo iv
Abstract . . . . . .. v
List of Figures. . . . . . . . . . . . . xii
List of Tables . . . . . . . . . . . xiii
I The Basics 1
1 Introduction 2
1.1 An Overview . . . . . . . . . .. e 2
1.2 Functional Analytic Tools . . . . . . ... .. ... ... ... ... 5
1.3 Krylov Subspace Methods . . . . . ... ... ... ... ... ... 7
2 TIterative Substructuring Methods with Nonoverlapping Subdo-
mains 14
2.1 Introduction . . . . . . . ... 14
2.2 Problem Setting . . . . . . ... 17
2.3 Some Useful Operators . . . . . . . ... ... ... ... ...... 22
2.4 Schur Complement Systems and Discrete Harmonic Extensions . . . 25
2.5 Onme-Level FETI methods . . ... ... ... ... ......... 26
2.6 FETI-DP methods . . .. ... .. ... ... ... . ........ 30
2.7 BDDC methods . . . . . . ... .. .. ... ... 37

II Auxiliary Linear Algorithms for Nonlinear Contact

Problems 40
3 FETI-FETI method 41
3.1 Introduction . . . . . . . . ... 41
3.2 The Model Problem . . . . . . . . . .. . ... ... ... 42
3.3 Technical Tools . . . . . . . . . . ... 45
3.4 Algorithm . . . .. .. .. 61

vi



3.5 Condition Number Estimates .

4 Hybrid method

4.1 Some Algorithms Using Inexact Solvers . . . . . . .. ... ... ..
4.2 Algorithm and the Finite Element Space . . . . . . . .. ... ...
4.3 Convergence Number Estimates
4.4 Numerical Experiments . . . . .

III Solving a Nonlinear Contact Problem

5 Active set method combined with the hybrid method

6 SMALBE Algorithm for Bound and Equality Constraints

6.1 SMALE Algorithm
6.2 MPRGP Algorithm
6.3 SMALBE Algorithm

6.4 Numerical Experiments with SMALBE . . . . ... ... ... ...

Bibliography

vii

76
76
78
87
95

101
102

108
109
113
120
122

126



List of Figures

1.1
1.2
1.3

2.1
2.2

3.1
4.1

4.2

4.3

5.1

CG (Conjugate Gradient) Algorithm . . . . . ... ... ... ...
PCG (Preconditioned Conjugate Gradient) Algorithm . . . . . . . .
PCR (Preconditioned Conjugate Residual) Algorithm . . . . . . . .

K,W and W . .
Wiin 2D . . . . .

W, for FETI-FETL W, for Hybrid . . . . . .. .o

Subdomain structure of the hybrid and the one-Level FETI meth-
ods. In (a), the domain consists of 4 bodies (€;,7 = 1,2, 3,4), each
of which is divided into 4 subdomains (€2;;,7 = 1,2,3,4). In (b),
the domain consists of 4 bodies, each of which is a single subdomain.
Small and hollow dots in both (a) and (b) indicate interior nodes at
which unknowns are eliminated; medium dots in (a) indicate nodes
on the local interface between subdomains of the same body; big
and solid dots in both (a) and (b) indicate the nodes on the global
interface between the bodies. In both (a) and (b), arrows indicate
Lagrange multipliers. Dotted lines indicate the Dirichlet boundary
of the Poisson problem. . . . . . . . .. .. ... .
Condition number estimates for the FETI-FETI method. Area on
which continuity is imposed between bodies: I'; i.e., the entire in-
terface for (I), and only a proper subset of I, T'g for (IT) . . . . . . .
Iteration counts for the hybrid method. Area on which continuity
is imposed between bodies: T, i.e., the entire interface for (I), and
only a proper subset of I', I'g for (IT) . . . . .. .. ... ... ...

Projection of A\* onto the feasible region in original and transformed
coordinates, respectively. When preconditioner = inverse of the
system matrix (as shown in right), projection of the solution of
unconstrained problem, \*, onto the feasible region is the solution
of the constrained problem, A. Therefore we can expect proj(\*) ~
A with a good preconditioner. . . . . .. ... ...

viil



5.2

6.1
6.2

6.3
6.4
6.5
6.6
6.7

Solution of the model problem, from different angles. Ny, = 16, H/h =
S e 107

SMALE algorithm . . . . .. ... ... ... ... ... ..., 110
Gradient splitting: the projected gradient g* is decomposed into ¢
and 3. (a): the iterate is strictly inside the feasible region, so ¢ =
9,0 = 0. (b),(c),(d),(e): the iterate lies on a face, and ¢ is always
defined as the tangential component of g to the face. The normal
component of g to the face, if its negative is a feasible direction,

equals B;ifnot, 6=0. . . . . .. ... 115
Active set method . . . . . . . . ... 116
Polyak’s algorithm . . . . . . . ... ... ... . 117
Gradient projection algorithm . . . . . . .. .. ... ... ... .. 118
MPRGP algorithm . . . . ... .. ... ... ... 119
SMALBE algorithm . . . . . . ... ... ... ... ... ..., . 121

X



List of Tables

4.1

4.2

5.1

6.1

Results for the FETI-FETI method. cond, iter denote condition
number estimates and the iteration counts, respectively. Area on
which continuity is imposed between bodies: I'; i.e., the entire in-
terface for (I), and only a proper subset of I, T'g for (IT) . . . . . . .
Results for the hybrid method. iter denotes the iteration counts.
Area on which continuity is imposed between bodies: T, i.e., the
entire interface for (I), and only a proper subset of I, T'y for (II) . .

Results: active set method + hybrid method. PCG it. denotes
the number of PCG iterations needed to solve (5.4) until the norm
of the residual has been reduced by 107°. outer it. denotes the
number of outer iterations of the active set method; inner it. denotes
the number of iterations needed to solve the inner minimization
problems via PCR method on the active faces identified in the outer

97

iterations. total it. denotes the sum of the number of inner iterations.106

Results: SMALBE . . . . . . . . .






Part 1
The Basics



Chapter 1

Introduction

1.1 An Overview

Finite element discretizations of elliptic partial differential equations result in
a very large, sparse algebraic system. Solving such a system directly can be very
expensive. Even iterative methods, such as the conjugate gradient method when
the system is symmetric and positive definite, can converge very slowly due to the
large condition number of such systems. Therefore we precondition the system
so that the preconditioned system has a much smaller condition number than the
original system. Domain decomposition methods can be viewed as preconditioning
techniques which can take advantage of modern parallel computers.

In domain decomposition methods, the original domain is split into potentially
many subdomains, on each of which a small subproblem related to the original
huge problem is solved directly. Data exchange occurs between neighboring sub-
domains. As the number of subdomains increases, we also need to solve a global
problem, which involves a few unknowns for each subdomain, in order to prevent
the convergence rate from deteriorating.

Domain decomposition methods can largely be divided into two categories,
Schwarz methods (with overlapping domains) and substructuring methods (with
nonoverlapping subdomains). In this dissertation, we will focus on the substructur-
ing methods. We will concentrate on popular variants of the substructuring meth-
ods, namely one-level FETT (finite element tearing and interconnecting), FETI-DP
(dual-primal FETIT) and BDDC (balancing domain decomposition by constraints)
methods.

We consider contact problems with multiple bodies. Contact problems are
characterized by an active area of contact, which is unknown a priori, and inequal-
ity constraints, such as nonpenetration conditions; see [1, Section 3]. Therefore
contact problems can be stated as energy minimization problems with inequality
constraints. In this dissertation, we study two domain decomposition methods



under the assumption that an active set method is used for enforcing inequality
constraints. In each step of an active set method the active set is updated, and
a minimization problem on the current active set is solved approximately, until a
desired accuracy is achieved. Thus, an active set method requires outer iterations
in which the active set is updated and inner iterations in which a minimization
problem is solved.

The two domain decomposition methods we present here deal with the inner
minimization: the first is the FETI-FETI method, which is an obvious extension of
the FETI methods to the context of the contact problems described above and has
been used by the engineering community. The FETI-FETI method is shown not
to be scalable with respect to the number of subdomains, both theoretically and
numerically. A hybrid method is introduced next; it is a not-so-obvious, scalable
alternative to the FETI-FETI method.

This dissertation is organized as follows.

e Part I. in Chapter 1, we provide the very basic functional analytic tools
that are used throughout the theory of domain decomposition methods. In
Chapter 2, we review the one-level FETI, FETI-DP and BDDC methods.

e Part II: in Chapter 3, we introduce a nonlinear model problem and the FETI-
FETI method, and also provide an analysis of the convergence rate of the

FETI-FETI method. In Chapter 4, we introduce the hybrid method and
provide an eigenvalue analysis of its preconditioned operator.

e Part III: in Chapter 5, we solve the nonlinear model problem using a com-
bination of an active set method and the hybrid method studied in Chapter
4. In Chapter 6, we transform the nonlinear model problem in its original
primal form to its dual form in terms of Lagrange multipliers with bound
and equality constraints, and solve it using the SMALBE (Semi-Monotonic
Augmented Lagrangians for Bound and Equality constraints) algorithm in-
troduced by Dostal. We compare these two methods.

1.2 Functional Analytic Tools

1.2.1 Sobolev Spaces

Assume ) is a bounded domain in R",n = 2,3. L%*Q) is the space of all
real-valued, measurable functions v which satisfy

/ lu|?dz < oo.
Q



It is a Hilbert space with the scalar product

(u,v) 12(0) :/uvdx
Q

and an induced norm

||u]|%2( (u,u) Lz / lu|?dx.

The space H'(Q) C L*(Q) is a space of functions u such that u, Vu € L*(Q),
ie.,

/ lu|*dz < oo and/ |Vul*dz < oo,
Q Q

where Vu is to be understood in terms of weak derivatives of u. The scaled H'-
norm of u is given by

1
lulfiey o= [ 1VuPde+ 55 [ fupds
Q Q JQ

where Hg is the diameter of (2; this scaling factor is obtained by dilation of a
domain of unit diameter. The corresponding H!- seminorm is defined by

Q

H () is a closure of Cg°(9) in H'(), a subspace of functions in H'(€2) which
vanish on the boundary in the L?(9) sense.

1.2.2 Trace and Extension Theorems

Assume () is a bounded Lipschitz domain in R",n = 2,3, and also I' C 012, a
subset of positive measure. We define H'/2(T"), the trace space of H*(Q), with the
semi-norm and the full norm given by

|u(z
‘U|H1/2(F // |l’—y|d d dy,

2 2 2
HUHHW(F) = |U"H1/2(Q) + H_FHUHL?(F)

and

where Hrt is the diameter of I' and d is the dimension of €.



1.2.3 Poincaré and Friedrichs’ Inequalities

We first introduce the following theorem, which is [42, Lemme 2.7.1]:

Theorem 1.2.1. Let 2 C R™ be a bounded Lipschitz domain and let f;;1 =
1,---,L,L > 1 be functionals in H*(Y), such that, if u is constant in €,

L
Z|fl-(u)]2:0<:>uzo.

Then, there exist constants Cy and Cy, depending only on ) and the functionals

fi, such that, for u € H*(Q),

L
ull720) < Cilulti gy + Co Z | fi(u)].
=1

The theorem follows from the compactness of H'(€2) in L?*(£2), which in fact
holds even for John domains; see [2]. John domains will be defined in Chapter
3. For the moment, we will only concentrate on Lipschitz domains. The following
lemmas are special cases of Theorem 1.2.1, and are repeatedly used throughout
the theory of domain decomposition methods.

Lemma 1.2.2 (Poincaré inequality). Let Q € R™ be a bounded Lipschitz domain.
Then, there exist constants Cy and Csy, depending only on €2, such that

2
||u||%2(9) < Cﬂuﬁmm + Cy (/Q udx) . Yue HY(Q).

Lemma 1.2.3 (Friedrichs inequality). Let Q@ C R™ be a bounded Lipschitz domain,
and I' C 02 have nonvanishing (n — 1)- dimensional measure. Then, there exist
constant Cy and Cy, depending only on Q and I, such that

ull720) < Ciluli gy + CollullZ2), Yu € H'(Q).

1.3 Krylov Subspace Methods

In this dissertation, we will mainly use two Krylov subspace methods. One
is the preconditioned conjugate gradient method for positive definite and sym-
metric problems. The other is the preconditioned conjugate residual method for
symmetric, not necessarily positive definite, problems.



1.3.1 The Preconditioned Conjugate Gradient Method

We first introduce the conjugate gradient method in its original form and then
its preconditioned version, following the presentation of [14, Section 3.1]. Suppose
we want to solve the following problem:

min f (z), (1.1)
z€R™

or, equivalently,
Az =0, (1.2)

where f(z) = 227 Az —b"x, b € R™ is a given vector and A € R™*" is a symmetric
and positive definite matrix. Suppose we have nonzero vectors {p*}7_, which are
A-conjugate, i.e.,

', Ap") = (', p')a =0, Vi#j.
Such p',- -+, p" are linearly independent and thus form a basis of R®. Any z € R”
can be written in the form

z=6p e+ & (1.3)

Subsituting (1.3) into f, we obtain

z€R™

min f(z) = min f(&p") + -+ min f(&p"). (1.4)

Thus the original problem (1.1), or (1.2), has been turned into n one-dimensional
problems, and it is easy to see that the solution 2 of the original problem is given
by
F=&p" + -+ &,
where
& =b"p"/(p)" Api, i=1,---,n.
Finding the exact solution # can be an enormous task when the dimension n is
large. In such a case, it is natural to find an approximation = of Z with an initial
guess ¥ and just a few elements of the set {p*}7_,. Suppose we want to find a
minimizer z* of f in the set S* := 2% + Span{p!,--- ,p*}. Any 2 € S* can be
written in the form
z=a’+&p'+ -G

and substituting the expression above into f and using the A-conjugacy of {p*}1_,,
we obtain

Fo) = 1)+ (SR A~ ) 4



1
4 (§fz(pk)TApk + fk(A$O o b)Tpk> ]
With ¢° := V f(2°) = A2® — b and fo(z) := 1/227 Az — 27 gy, we have

f(@) = f(2°) + fol&ap") + -+ + fo(&p)

and
fla*) = minf(z) = f2%) + gl};gf(élpl) +ot giegf(ékpk)- (1.5)

From (1.5) also follows

f(ah) =minf(z) = f(@*) + minf(&p"), k=1, (1.6)

wesk £E€R

and that we can generate the approximations z* iteratively. The conjugate direc-
tion method starts from an arbitrary initial guess x°, and given z*~!, we can find
2¥ with the formula

l‘k _ xkfl _ Oékpk, ap = (QO)Tpi/<pi>TApi'

We also need an efficient way of generating {p*}7_,; in the conjugate gradient
method, we apply the Gram-Schmidt process to the Krylov spaces

KF = K*(A,¢°) = Span{g®, Ag®,--- A" g%}, k=1, n,

to obtain a set of search directions. The complete conjugate gradient method for
the solution of (1.1) is is described in Figure 1.1.

1. Initialize: choose 2° € R™, set ¢° = Ax® — b, p! = ¢°

2. Iterate k =1,2,3,---, while ||9k_1‘| >0

ap = <gk71,gk71>k/<Apk’pk>

F = xk’l—akp

g9 = -t

B = <%’“,gk>/l<€g’“‘1,g'“‘l>=—<gk,Apk>/<Ap’“,p'“>
P = g+ Bup

Figure 1.1: CG (Conjugate Gradient) Algorithm



We have the following error bound for the conjugate gradient method; see [14,
Theorem 3.2].

Theorem 1.3.1. Let A be symmetric and positive definite and T the solution of
(2.4). Let 2% k =0,1,2,--- be the iterates of the conjugate gradient method. Then

the error e = 2% — & satisfies

k KO-1Y" o
||e||As2( mm) 11 (17)

where IC(A) denotes the spectral condition number of A.

As Theorem 1.3.1 suggests, the conjugate gradient method in its original form
can require many iterations for a desired accuracy when the condition number of
the system matrix K(A) is large, which is often the case for system matrices which
arise from PDE discretizations. We therefore consider the following transformed
equation, which is equivalent to (1.2),

M=YZAM Y2y = MY, (1.8)

where M ~! is also symmetric and positive definite and (M ~Y2AM~1/?) < KC(A).
Applying the conjugate gradient algorithm to (1.8), we obtain the preconditioned
conjugate gradient method; see Figure 1.2.

1. Initialize: choose 2° € R", set ¢ = Ax® — b, 2° = M~1¢°, p' = 2°

2. Iterate k = 1,2,3,---, while [|¢* Y| > 0

ap = <Z’“‘1,gk‘1>k/<z4p’“,pk>

= 1 g
9 = ¢ -t
6]6 - <Zk7gk>/<2kilagk 1>
P = gF 4 B

Figure 1.2: PCG (Preconditioned Conjugate Gradient) Algorithm



1. Initialize: choose 2° € R™, set 1 = b — Au’,p~ ! = 0,p° = M~1o0

2. Iterate k = 1,2,3,---, while ||[¢*7|| > 0

ﬁ _ <Tk_17M_1Apk_1>/<Apk_1, M—lApk—1>
uk uk—l +ﬁpk_l
k T,kfl - /BApkfl
AMflApkfl’MflApk71>/<Apk71’ MflApkflj MflApk71>
(AM_IApk_l,M_lApk_2>/<Apk_2, M—lApk—2>
pk — M—lApk—l o aopk—l o alpk—Z

S 9 =
= o
1 |

Figure 1.3: PCR (Preconditioned Conjugate Residual) Algorithm

1.3.2 The Preconditioned Conjugate Residual Method

The preconditioned conjugate residual method can be viewed as a generaliza-
tion of the preconditioned conjugate gradient method, for symmetric, not nec-
essarily positive definite, systems; it can essentially be derived by replacing the
Euclidean scalar products of Figure 1.2 with certain bilinear forms. For a fine
introduction, see [25, Section 9.5].

We consider the system (1.2), where A € R" is symmetric but not necessarily
positive definite. Let M € R™ be a symmetric, positive definite matrix. The pre-
conditioned conjugate residual method is described in Figure 1.3.

We define

_ Pmaz  Mmax{|A: A€ o(M 1A}
K(M™'A) = = 1.9
( ) Pmin ~ min{|A| : XA € o(M-1A)}’ (1.9)
where o(M~'A) is the spectrum of M~'A. We have the following result, which is
taken from [43, C.6.2]; a proof can be found in [25, Section 9.5].

Lemma 1.3.2. Let A be reqular and symmetric and M symmetric and positive
definite. Then, after k steps of the PCR algorithm, the norm of the residual is
bounded by

2#
M2k ||y < 22| 1200,
14 p2

where p = E—ﬁ and u € Z, such that k/2 —1 < pu < k/2.



Chapter 2

Iterative Substructuring Methods
with Nonoverlapping Subdomains

2.1 Introduction

The original FETI method, which later became to be known as the one-level
FETI method, was first introduced by Farhat and Roux [24]. The discretization of
an elliptic partial differential equation, with subdomain interface continuity condi-
tions which are needed when a domain decomposition (with no coupling between
subdomains) is introduced, can be formulated as a Karush-Kuhn-Tucker (KKT)
system with the displacement vectors as primal unknowns and the Lagrange mul-
tipliers as dual unknowns. In this original method, the KKT system is reduced to
an equation in terms of the Lagrange multipliers alone; this reduction process re-
quires some care in case of the presence of subdomains lacking essential boundary
conditions. The resulting equation is solved using the conjugate gradient method.
The reduction process involves solving a Neumann problem exactly on each subdo-
main. The resulting algorithm is scalable, in the sense that the number of iterations
needed to achieve a certain accuracy is independent of the number of subdomains,
or, subproblems. Later Farhat, Mandel and Roux introduced a variant of the
FETI method [23] with a Dirichlet preconditioner, in which an additional Dirichlet
problem is solved exactly on each subdomain in the preconditioning step. The
use of this preconditioner makes the resulting algorithm even less sensitive to the
number of unknowns in each subproblem. Theoretical analysis of the convergence
of the one-level FETI method with Dirichlet preconditioners was first carried out
by Mandel and Tezaur in [40], and they showed that the conndition number
satisfies the following upper bound:

2
K<C (1 + log%) : (2.1)

10



where H,h are the diameters of a typical subdomain and a typical element, re-
spectively. See also [6], [7] and [35].

The second generation of the FETI method, namely the dual-primal FETI
(FETI-DP) method, was introduced for two-dimensional problems by Farhat, Leso-
inne, Le Tallec, Pierson and Rixen in [22]. In this method, a certain degree of the
continuity coupling between subdomains, also known as primal constraints, is in-
troduced. The continuity of the displacement vectors at some select interface nodes
is built into the problem formulation, as in primal methods, whereas the continu-
ity at other interface nodes is imposed by the use of dual Lagrange multipliers
as in the one-level FETI method; thus the name dual-primal FETI. In FETI-DP
methods, sufficiently many primal constraints are introduced so that the resulting
stiffness matrix for the entire system becomes invertible. In addition, these primal
constraints also provide a coarse solver which is needed for the scalability of the
algorithm. Mandel and Tezaur carried out a theoretical analysis for the FETI-DP
method in the case of two-dimensional second and fourth order problems, and ob-
tained the same condition number estimate (2.1).

The FETI-DP method is preferred to the original one-level FETI method for
several reasons. Among them, a major advantage is that the introduction of the
primal continuity constraints eliminates the need to solve singular problems. Solv-
ing singular subproblems is not a trivial matter; see [21]. Also, the FETI-DP
method allows us great flexibility in choosing primal continuity constraints, which
provide the coarse solver, and can make the algorithm robust with respect to the
PDE coefficients.

The BDDC (Balancing Domain Decomposition by Constraints) method was
first introduced by Dohrmann in [11]. It is a variant of the two-level Neumann-
Neumann type preconditioner, with its coarse problem similar to that of the cor-
responding FETI-DP method; see [38]. Mandel and Dohrmann proved that the
BDDC method has the same condition number estimate (2.1) in [39], using the
abstract Schwarz framework.

The one-level FETT and the FETI-DP methods are dual substructuring meth-
ods, whereas the BDDC method is a primal substructuring method. This termi-
nology follows from the fact that a minimization problem, in terms of the primal
variables, is solved in the BDDC method, and an equivalent problem, in terms of
the dual variables, is solved in the FETI methods.

In Chapters 3 and 4, we will consider the FETI-FETI and a hybrid methods,
respectively. One-level FETI, FETI-DP and BDDC methods serve as building
blocks of those methods and we therefore briefly describe them here.

11



2.2 Problem Setting

2.2.1 Domain Decomposition

We consider a second-order scalar elliptic problem on a bounded domain €2 C
R" n = 2,3. We denote the boundary of €2 by 02, and assume that homogeneous
Dirichlet boundary conditions are imposed on 9€)p C 0f2, which is a subset of
0 with a positive measure. Let 0Qy := 0Q \ 0Qp be its complement. The
corresponding Sobolev space in which the solution will be found is H} (€2, 9Qp) :=
{fve H'(Q):u=0 on 9Qp}. We find u € H}(2,00p) such that

a(u,v) = f(v), Vv € Hy(Q,00p), (2.2)

where

a(u,v) ::/Qp(:v)Vu-Vv, f(v):/va. (2.3)

Note that (2.2) is equivalent to the following minimization problem:

1
min  —a(u,u) — f(u). (2.4)
uweHY (2,00p)
We decompose €2 into N nonoverlapping subdomains €2;,2 = 1,--- , N, each of

which is the union of shape-regular elements. The diameter of €2; is H;, and we
set H = max;H;. The triangulation of the subdomain €2; is of diameter h;, and
we set h = max;h;. We note that many of the estimates in this dissertation will
be expressed in terms of the ratio H/h, which is to be interpreted as max;H;/h;.
We also note that (H;/h;)™, Q; C R"™ gives a measure of the number of degrees of
freedom associated with €);.

The finite element nodes on the boundaries of neighboring subdomains match
across the interface I' := U,;.;00; N 0€2;. T" is the union of

e faces, edges and vertices in three dimensions: faces, regarded as open subsets
of I', are shared by two subdomains. Edges, regarded as open subsets of the
boundaries of the faces, are shared by more than two subdomains. Vertices
are endpoints of edges.

e edges and vertices in two dimensions: edges, regarded as open subsets of
I', are shared by two subdomains. Vertices, as in three dimensions, are
endpoints of edges.

We note that the nodal values on 0§2p will always vanish and those on 02y which
belong to only one subdomain will effectively belong to the subdomain interior.
They will be eliminated together with the interior degrees of freedom when the
given linear system is reduced to a Schur complement system associated with the

12



interface I'.

We assume that p(z) = p; > pmin > 0,Vx € Qi = 1,--- | N. We also introduce
the corresponding set of interface nodes I'y, := U;;0€; , N €Y 1, where 0€2; ;, and
0S);, are the sets of finite element nodes on 9€); and 9€;, respectively. We also

define local bilinear forms and linear functionals,
a W (u,v) ::/ p(z)Vu - Vo, fO(v) :/ fv, i=1,--- N. (2.5)

We will consider linear elasticity problems in R™, n = 2, 3 as well. The equations
of linear elasticity model the displacement of a linear elastic material under the
action of external and internal forces. The elastic body occupies a bounded domain
Q C R, n = 2,3. We denote its boundary by 02 and assume that a part of it,
0€1p, is clamped, i.e., Dirichlet boundary conditions are imposed on 9¢2p, and that
the rest of the boundary, 0Qy := 9 \ 0Qp is subject to a surface force g, i.e., a
natural boundary condition. We also introduce a body force f, e.g., gravity. With
H'(Q) := (H'(Q))",n = 2,3, the appropriate space for a variational formulation
is the Sobolev space Hg(Q,00p) :={ve H}(Q): v=0 on 90Qp}. The linear
elasticity problem consists in finding the displacement u € H}(Q,9Qp) of the
elastic body € such that Vv € H§(2,02p),

/ G(x)e(u) : e(v)dx + / G(x)f(x)divu divvdx = (F, v). (2.6)
Q Q
Here GG and 8 are material parameters that depend on the Young’s modulus £ > 0
and the Poisson ratio v € (0,3); we have G = E/(1+v) and 8 = v/(1 — 2v).
The coefficients are also referred to as the Lamé parameters. In this dissertation,
we only consider the case of compressible elasticity, which means that the Poisson
ratio v is bounded away from 1/2. Furthermore, €;;(u) := 1(9u;/0x; + Ou;/0x;)
are the elements of the linearized strain tensor, and

3

() ev) = 3 eey(v), (Fv) = /Q £ vdx + /8 g'vir

ij=1

2.2.2 Finite Element Spaces

We discuss the choice of the space of finite element functions in one-level FETI,
FETI-DP, and BDDC methods. We denote a standard finite element space of
continuous, piecewise linear functions on €; by W® . We will always assume that
these functions vanish on 9Qp. Each W is decomposed into a subdomain interior
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part Wl(i) and a subdomain interface part Wr(i):
W@ =weowd.

We denote the associated product spaces by W := Hfil WO W, = Hfil W}i),
and Wp == [, Wr(i).

The functions in W and Wt are in general discontinuous across the interface,
whereas the finite element solutions are continuous across the interface I'. There-
fore we introduce W and Wr, which are the continuous subspaces of W and Wr,
respectively. .

For the FETI-DP and BDDC methods, we will also need a subspace W C W,
intermediate between W and W, which consists of finite element functions which
satisfy certain continuity constraints. The corresponding interface space is denoted
by Wr. In the two-dimensional case, we require the functions in W to be contin-
uous at subdomain vertices. In the three-dimensional case, enforcing such vertex
constraints alone makes the condition number of the resulting algorithm very sensi-
tive to the number of degrees of freedom on each subdomain and we need different
continuity constraints to obtain a better algorithm; we will give more details in
Section 2.6. .

We introduce the following decomposition of Wr:

N
Wr =Wa & Wy = (H W?) @ WH;

i=1
where WH, a primal subspace, consists of continuous functions, and WX), a dual
subspace, consists of functions which are allowed to be discontinuous across the
interface. More precisely, Wy is spanned by subdomain vertex nodal basis func-
tions, i.e., consists of functions which are nonzero on I' only at subdomain vertices
(primal nodes), in the two-dimensional case. Accordingly, WX) € Wr(l) consist of
functions which are zero at the vertices of the subdomain €2;. The terminologies
primal and dual indicate the fact that the continuity is imposed in the manner
of primal methods at the primal nodes, and in the manner of dual methods (i.e.,
via Lagrange multipliers) at the dual nodes, respectively. In the three-dimensional
case, we need to be more careful about the design of WH, i.e., the choice of primal
constraints and WX),Z' =1,---, N, due to the reason mentioned above. Wy is the

product space of WX),Z' =1,---,N and we also define Wy = Hf\il WS), where
Wl(f) is the local subspace of Wi for the subdomain €2;,7 = 1,--- , N. See Figure

2.1 for a depiction of W, W, and W in the two-dimensional case.
We note that we will not distinguish between a finite element function and its
vector counterpart of nodal values.
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For each subdomain €2;,7 =1,--- , N, we assemble local stiffness matrices

i T
AR AR

A(l) = i i
A Af

and local load vectors f(®) by integrating appropriate expressions over individual
subdomains.

Figure 2.1: VV,W and W

@
[ ] ®
L
L D
[ [ ] o [ ] ®
*—o @ D
(a) W: One-Level (b) W: FETI-DP

2.3 Some Useful Operators

We routinely use several restriction, extension, and scaling operators in the
theory of domain decomposition methods. These operators serve many purposes,
and among them is the need to describe small subdomain problems in terms of the
original huge problem on the entire domain.and to establish a connection between
different finite element structures.

The restriction operator R(Fi) maps a vector of the product space Wr to its
restriction in the subdomain space Wr(i). E(Fl) and ﬁ(;) are similar, and represent
restrictions from Wp and /Wp, respectively, to Wr(i). ép : Wp — Wr and ér‘ :
/Wp — Wr are the direct sums of E(Fl) and E(Fi), respectively. Rg) is the restriction
operator from Wi to WI%i)

R(Fi)A extracts the subdomain part corresponding to the subdomain space WX)
from a vector in Wp Slmllarly, Rrp extracts the part that corresponds to /V[7H
from a vector in /Wp. Rr: Wp — Wr is the direct sum of RF A and Rrp.
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We also introduce scaling factors 5:(@ for each node = € I', N 082, .7 =
1,--+,N: for v € [1/2,00),

v
P,
53(1‘):—1, xe@QihﬂFh.
Zjej\[z p;y 7

Here, N, is the set of indices j of the subdomains such that « € 9, .

We also introduce the scaled version of R(Fi)A, which we denote by R%{F A; €ach

row of RI@A has exactly one nonzero entry corresponding to a node x on the subdo-
main interface. Multiplying each such entry with 53 (x) results in the scaled version

R%),F A Rpyr is the direct sum of R%{F A and Rppp. The scaled version of Eg), which

we denote by ﬁg{r, is defined analogously, and so is their direct sum fip,p.
It is easy to see that

E%WED’F = EE,FEF =] and R%WRDI = RE,FRF =1 on WF.
We define the averaging operators on /W[‘ and Wp by
ED = ﬁpﬁg’lﬂ and ED = R[‘R%}F,

respectively.

We need to represent the difference of the values of the displacement unknowns
at a node common to two or more subdomains, in the FETT methods. We usually
use the symbol B, and add more symbols to indicate the space on which it acts.
For instance, the matrix

B—=[BY, B, ... BV

consists of elements 0,1, —1 such that Bu = 0,u € W if and only if the values of
u associated with more than one subdomain boundary conincide. The columns of
B which correspond to the interior nodes of €;, are zero. Thus, B% = [ ( Bl(f) ]
when the interior degrees of freedom are ordered first. Br is obtained by eliminating
the zero columns of B which correspond to the interior nodes, or

Br = [BI(“1)> Bl(“z)’ T 7Bl(“N)]'

Similarly, B and Ep are jump operators which act on the spaces W and Wp,
respectively. B

We also introduce the scaled versions of Br and Br, which we denote by Bp
and §D,p, respectively. BS?F is obtained as follows: each nonzero entry of Bﬁi)
contributes to the Lagrange multiplier enforcing the continuity at a node x €

0€); N 0 and is multiplied by 5} (x) to produce the corresponding Bg?r. ED,F is
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obtained in the same manner.
We define o
Pp := B, - Br.

Lemma 2.3.1.
Ep+ Pp =1, EJQDZED,P[Q):PD; EpPp =PpEp =0

Proof. See [38, Lemma 1]. O

2.4 Schur Complement Systems and Discrete Har-
monic Extensions

In the first step of many iterative substructuring algorithms, the unknowns in
the interior of each subdomain are eliminated. In this step, the Schur complement
with respect to the interface unknowns with their nodes on 9€2; NI is introduced.
For instance, consider the KKT system (2.9) for the one-level FETI method, where
the local stiffness matrices are

i )T
A} AR

A(l) = i i
Ay Afp

. i=1,---,N.

The corresponding local Schur complements are
SO = AL = AQATT AL i=1, N,

and the Schur complement for the entire system is S := diag,S®, a direct sum
of S i=1,--- N.

We introduce the space of discrete harmonic functions, which is an important
subspace directly related to the Schur complements. A function u(® is said to be
discrete harmonic on €2; if

A9 4 4D — o,

From this definition, we can see that a discrete harmonic function in €2; is com-
pletely determined by its values on the subdomain boundary 9€2; N T". We use the
notation u") := Hz(u(rZ )) to indicate extending ug ) into the interior of €2; so that the
resulting function is discrete harmonic in €2;, and call H; the discrete harmonic ex-
tension operator on €2;. Also, we denote the piecewise discrete harmonic extension

of ur into the entire Q by H(ur).

Lemma 2.4.1. Let u(Fi) be the restriction of a finite element function to 02; NT.
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Then, the discrete harmonic extension u® = Hi(u(g)) of u(Fi) into §; satisfies

(@ \animr:“<rz)

and
u(ri)TS(i)u(Fi) — DT A,

Analogously, if ur is the restriction of a finite element function to I, the piecewise
discrete harmonic extension u = H(ur) of ur into the interior of the subdomains
satisfies
uTAu = min v’ Av
vlp=up
and
ubh Sur = u” Au.

2.5 One-Level FETI methods

In this subsection, we review the one-level FETI method. We use the finite
element functions in the space W to discretize the minimization problem (2.4) (or,
equivalently, the variational problem (1.2)). Since the functions in W are in general
discontinuous across the interface I', we need to enforce the continuity condition

explicitly:
1
min=a(u,u) — f(u), subject to Bu = 0. (2.7)

ueWw

We can rewrite the minimization problem (2.7) using matrix notation:

1
min-u’ Au — fTu, subject to Bu =0, (2.8)
ueW 2
where
A J8)
A = T . s f —= .

A £

Introducing a vector of Lagrange multipliers A to enforce the continuity constraint
Bu = 0, we obtain the following Karush-Kuhn-Tucker (KKT) system:
Find (u, A) € W x range(B), such that

Au + BTN = f
a _ } (2.9)
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A is unique only up to an additive element of ker(BT). The space of Lagrange

multipliers is therefore chosen as range(B).

Eliminating the interior unknowns in each subdomain, we obtain the following:
Find (ur,\) € Wr x range(Br), such that

Sur + BIX = g
BFUFF 0 (2.10)
where
S
S = ) S(Z):Agg_A¥}A§?71A¥}T7Z:177N7
S(N)
g | | o
g=| |, d"=g—AnAl fi=1 N
(N)

In all FETI methods, we reduce the KKT system (2.10) to an equation of A
alone, by solving the first equation of (2.10) for ur. The matrices A in (2.9)
and S in (2.10), however, are singular in general, when there are subdomains
with boundaries which do not intersect the Dirichlet boundary 9€2p. We call such
subdomains floating. In such a case the solution of the first equation of (2.10) exists
if and only if g — BEX € range(S); this requirement leads to the introduction of
a projection P, which will be introduced shortly. First, we introduce a matrix R
such that range(R) = ker(95):

where R consists of the null vectors of S® i = 1,---,N. Subdomains with
nonsingular stiffness matrices do not contribute to the matrix R, i.e., R® is an
empty matrix if 9€2; N 0Qp # @. We can now solve the first equation of (2.10) for
ur:

ur = ST(g—BEN) + Ra if g— BL € range(S) = ker(S)* = range(R)*, (2.11)

where ST is a pseudoinverse of S and « has to be determined. Substituting (2.11)
into the second equation of (2.10), we obtain

BrSTBEN = BrS'g + BrRa. (2.12)
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We introduce the notation F' := BrSTBL,d := BrS'g,G := BrR,e := RTg and
P =1 - G(GTG)"'GT. Note that P is a projection operator with its range
orthogonal to G. We apply this P to (2.12) to eliminate the term with a and
rewrite the orthogonality condition in (2.11) to obtain the following:

(2.13)

PF)N = Pd
GTN = e ’

We define the space
V :={u € range(Br) : Bl uu € range(S)} = ker(G7),

which we call the space of admissible increments, following Farhat, Chen and
Mandel [20]. The one-level FETT method is a preconditioned conjugate gradient
method applied to

PFX=Pd, Ae)X+V (2.14)

where )\ is chosen such that GT)\g = e. Here, we only consider the Dirichlet
preconditioner MBI = BD,FSBE,F' With this choice of preconditioner, the
preconditioned operator of the one-level FETI method has the following condition
number bound:

K < C(1+1log(H/R))?, (2.15)

where I denotes the condition number of the preconditioned operator in the ap-
propriate subspace and C' is a constant which does not depend on H or h. For a
proof of (2.15), see [40] or [43, Section 6.3]. Thus the convergence rate of the one-
level FETT method depends only polylogarithmically on the number of elements
across a subdomain.

2.6 FETI-DP methods

In this subsection, we closely follow the approach and notation of [38]. In the
FETI-DP method, we use finite element functions in W= Wi & Wp to discretize
(2.4), or equivalently, (2.3). As mentioned in Section 2.2.2, we can let Wr consist
of functions which are continuous at subdomain vertices and obtain a scalable
algorithm in the two-dimensional case, but enforcing such vertex constraints alone
makes the resulting algorithm very sensitive to the number of degrees of freedom
on each subdomain. In fact, the following upper bound for the condition number
of the resulting preconditioned operator has been established:

H H\?
<C=(1+—=
;c_ch(+h),
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see [17], [37]. Numerical results also indicate that the linear factor H/h cannot
be removed; see [22]. The remedy is to introduce the average values over certain
edges and faces for scalar second-order elliptic problems, and even additional first
order moments for linear elasticity problems with large jumps in PDE coefficients,
as primal constraints in addition to or in replacement of the vertex constraints; see
[36], [29], and [31].

We first provide a common framework for both two- and three-dimensional
cases and then provide more details for the three-dimensional case, following [38]
and [36, Section 4].

Figure 2.2: W in 2D

We first note that the local stiffness matrices A® and the local load vectors
@ can be written as follows:

4O 4O 467 £0

(¥ G 0 or ® 0

AW = A%)I A%)A A% , Y= f%) : (2.16)
A Ana A fii

where I, A and II indicate the index sets corresponding to the interior nodes, dual
nodes, i.e., corresponding to WX), and primal nodes, i.e., corresponding to Wr(f),
respectively. We introduce the matrix Z, which can be thought of as the restriction
of A, defined for the functions in W, to the subspace W:

r 1 nr (DT A
Ay Ay Y
1 1 ~(1
AR} AR AfiA
A= e (2.17)

N MNT F(N)T
A A A
NP gt
AHI AHA AHI AHA AHH
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Here,
A =R AR, A =RY AQL i=1, N,
and N
G = 3 RO AL RY.
i=1
As in the one-level FETI method, we introduce a vector of Lagrange multipliers

and obtain the following saddle point problem:
Find (u, A) € W X range(B), such that

Au + BTA = f
1 . 2.18
Bu = 0} (2.18)

Eliminating the interior unknowns of each subdomain from the system (2.18), we

obtain: . B
Find (u,\) € Wr x range(Br), such that

~ oy
Srur + Brd =g (2.19)
BFU = 0
We note that g{‘ for Wp can be defined as follows:
W] 7 0
uly) (Srur)y’
A ug'N) = 0 : (2.20)
e 1
u (Srur))
| un | L (Srur)n
where ul = [u(Al)T X -u(AN)Tuﬁ]. Sp can also be regarded as the restriction of S,

defined on Wr, to the subspace Wr:
Sy = RISRy.

The matrix g, and therefore also §p, are nonsingular, so we can solve the first equa-
tion of (2.19) for ur without any difficulty and substitute the resulting equation
into the second equation of (2.19):

BrS;'BIXN = —BrS;:ly. (2.21)
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The Dirichlet preconditioner used in the FETT-DP algorithms to solve the equation
(2.21) is of the form Bp rSrBf p.

We now return to the issue of the choice of primal constraints in the three-
dimensional case. We note that for scalar elliptic problems, enforcing the continuity
of edge averages and vertex values leads to a scalable algorithm with its condition
number bounded polylogarithmically in terms of the number of degrees of freedom
on each subdomain, regardless of the coefficient jumps; see [37]. For linear elasticity
problems, we are guaranteed to have such a condition number bound only when
the material coefficient jumps are small, and we need a more elaborate choice of
primal constraints to obtain robust condition number estimates independent of
arbitrarily large jumps of the coefficients; see [36], [31].

There are two ways of enforcing additional continuity constraints besides vertex
constraints, one using an extra set of Lagrange multipliers, and the other, with a
change of basis. The second approach, in which appropriate average values or first
order moments become explicit degrees of freedom, in general leads to a smaller and
computationally more efficient coarse problem. Also, with the second approach, we
can use the same implementation of the algorithm as described above; for details,
see [36, Section 4]

We here illustrate how the change of basis is done when the average values
over all the edges of a subdomain ; are required to have common values across
the interface. We closely follow the idea and notation of [38, Section 3.3] and [37,
Section 4.2.1]. Tt is sufficient to consider the transformation for a single edge, say
E. Let ug and 4g indicate the nodal displacement unknowns for the edge £ in the
original basis and the new basis, respectively. Denoting the change-of-basis matrix
from the new basis to the original basis by T, we have

Tr can be designed in many different ways, depending on which entry of ug

represents the average value of ug: with ug = [ UL e Uy W } and
f[g: [ Uy =+ Uy - 1Y ], where node m can be any node on &,

up = Trpup

U1l [ 1 1 T -’[LI-
- Up | = =1 -+ 1 o —1 G,
| u i 1 L 1L w |
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= Lo G+ | U= = U1 — U — - — g | (2.22)

1 (1)

with @, = 1/1 22:1 ug. Note that the edge unknowns have been separated into
two parts, the first of which is a constant vector and the second of which has
zero average. u,, will be added to the set of primal variables. The rest of the
edge unknowns, i.e., [ Uy o Up—1 Umel - U ], will be the dual variables,
along with the face nodal unknowns. Such a change of basis can be performed
edge by edge, and we define Tg ) as the change-of-basis matrix for all edges, i.e., a
block-diagonal matrix consisting of such T described above for individual edges.
Reordering the unknowns such that u®" = [ u?)T ug)T u%)T }, where u?) are
the interior unknowns, ug) are the interface unknowns excluding the unknowns

corresponding to the edges, and ug) are the unknowns corresponding to the col-
lection of all edges, we now introduce the transformation for the entire subdomain

Qii

I 0 0
TO =101 0
00 7Y
Therefore,
u?) uy)
G| 70 | 0]
uif) ﬂg)
or, with ,&(z)T: Ugl)T Ug)T a(gj)T ]7

In the following discussion, we will always assume that such a change of basis has
already been performed in the three-dimensional case. The local stiffness matrices
need to be modified accordingly, and we use AD = TOT AOTO) i lieu of AD.
We again rearrange %) and A% such that the interior unknowns come first, the
primal unknowns last, and the dual unknowns in the middle; see (2.16). Note
that the set of primal unknowns include not only the vertex nodal values but
also the average values over the edges. We also need to transform the local load
vector f), and reorder the resulting vector accordingly. We will use the original
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notation A®, u® and f® for the transformed and rearranged stiffness matrices,
displacement vectors, and load vectors to keep the notation uncluttered. Now
that we have obtained (2.16) for the three-dimensional case, we can derive the
corresponding matrices, vectors, and operators for the FETI-DP algorithm for the
three-dimensional case as well.

With BD,FSFBgIBFS; lBg as the preconditioner, we also have the following
condition number bound,

K < C(1 + log(H /)2,

for the preconditioned operator of the FETI-DP method. For a proof of this con-
vergence bound for the two-dimensional case, see [41]. For three-dimensional scalar
elliptic problems and linear elasticity problems, see e.g., [37] and [36], respectively.

2.7 BDDC methods

In this subsection, we review the BDDC method, following [45].
The discretized problem on the entire domain (2 is:
Find (uy,ur) € (Wy, Wr), such that

Arr AL ur _ It
<AFI A?é)(?ﬁr)_(fr)‘ (2:23)

The equation (2.23) can be rewritten as

1 DT 501 1
Al Ary Ry ol 17"
N N T N N (N)
S 1 | A |
(1 1 5 N 5 1) (2 7 7
R AR o BYVALY SN R AQRY | Lowe ]| XL R S

(2.24)

Eliminating the interior unknowns of each subdomain, i.e., eliminating the upper
left block of (2.24), we obtain

SFUF =g, (225)

where
N T . . N —1 NT o~
Soo= R - AGA AR
i=1

N o o
= Y RV SORY
i=1
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— RISRr, (2.26)

and
N A~
9= R (S — AGAY 1),
=1

From (2.26), we can see that S can be regarded as the restriction of S, defined
on Wr = Hfil Wr(l), to the continuous subspace Wr. We can also view Sr as the
restriction of Sr to Wr:

In the BDDC method, we use M ! = R{),F§;1RD,F as the preconditioner, and the
preconditioned operator is

RY .S Rpr RESr Ry (2.27)
Recall that the preconditioned operator for the FETI-DP method is
BprSrBb 1 BrSy ' BY. (2.28)

Using Lemma 2.3.1, we can prove that (2.27) and (2.28) have essentially the
same spectrum, and therefore the same condition number estimate, £ < C(1 +
log(H/h))?; see [38].

26



Part 11

Auxiliary Linear Algorithms for
Nonlinear Contact Problems
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Chapter 3

FETI-FETI method

3.1 Introduction

Our ultimate goal is to solve contact problems with N bodies, €y, -+, Q.
Contact problems are characterized by an active area of contact, which is un-
known a priori, and inequality constraints such as non-penentration conditions;
see [1]. We recall that the subdomain interface continuity constraints are of the
form Bu = 0 in the FETI methods, which are due to the use of a domain de-
composition algorithm and the fact that finite element functions that are used are
not continuous across the interface. The introduction of the subdomains and the
ensuing need for continuity constraints such as Bu = 0 are artificial in a sense. In
contact problems, however, inequality constraints arise from the fact that we have
multiple bodies and are inherent to the nature of the problem.

In this and the next chapters, we assume that we use an active set method to
deal with the inequality constraints; for other ways of dealing with inequality con-
straints, see [1]. An active set method gives rise to a sequence of auxiliary equality
constrained problems, in which some of the inequality constraints are replaced by
corresponding equality constraints and the rest are ignored. An active set method
has outer iterations in which the active set is updated, and a minimization prob-
lem on the current active face is solved in each inner iteration. The FETI-FETI
method of this chapter and the hybrid method of the next chapter deal with the
inner minimization problem.

3.2 The Model Problem

In this dissertation, we concentrate on scalar elliptic problems in two- and three-
dimensions with inequality constraints. We present the following model problem
as a motivation. It will actually be solved in Chapters 5 and 6:
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0.75

2
1 . .
min Z (5 /m IVu'|*dx — /QZ fu%lx)

i=1

where  u' € H'(Q),i=1,2, Q'=(0,1)x (0,1),0Q* = (1,2) x (0,1)
u'=0 on T, ={0}x(0,1)
w*—u'>0 on T.={1}x(0,1) (3.1)

The reason we consider only scalar elliptic problems is that the inequality con-
straints in scalar elliptic problems are much simpler than those in linear elasticity
problems and their simplicity allows us to focus on the analysis of the precon-
ditioned operator. In linear elasticity problems, the non-penentration conditions
depend on the current configuration of the bodies and need to be updated in each
iteration (see [1, Section 4]), whereas in this scalar problem the inequality condi-
tion is expresssed by a single equation such as Bu < 0.

We consider multiple bodies €2;,7 = 1,--- , N, each of which has many degrees
of freedom and is decomposed into subdomains €; ;,s = 1,--- ,N,5 = 1,--- | N;.
The diameter of the body Q; is H?, with H, = max;H?. The diameter of the sub-
domain €, ; is H;;, with H, = max; ;H;;. When there is no danger of confusion,
we will use the notation H instead of H, as in Chapter 2.

We assume that at least one body is clamped on part of its boundary, and de-
note the union of such fixed boundaries for the entire system by 0{2p. We assume
that p(x) = pij > pmin > 0,V € Q;;,Vi,j. We also assume that the coeflicient
varies only moderately within the same body; in particular, we assume

Pi ‘= maxpw S sz"j, Vi,j, (32)
J

where C' > 1 is a constant independent of 7.

We introduce two types of global interfaces: the first one is F_gl =, £ ;N
01, and can be viewed as the potential contact area between the bodies: in the
model problem, this is I'.. The second one, the “current” contact area, is denoted
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by I'* gl» Where F’g“l C F_gl; the superscript k indicates the outer iteration of the active
set method and reminds us that the “current” active set changes. In each outer iter-
ation of the active set method some of the inequality constraints are adopted as the
corresponding equality constraints and the rest are ignored, and FSL ;, can be viewed
as the collection of the nodes at which equality constraints are being imposed. We
also introduce the local interfaces Flo)c = U (09, NOQig), i = 1,--- ,N. We
assume there are no traction forces and denote the union of the free boundaries by

We denote a standard finite element space of continuous, piecewise linear func-
tions on €, ; by W), Each W) is decomposed into a subdomain interior part

WI(” and a subdomain interface part Wi ) for functions on 0 ; N Ty WF(” )

is further decomposed into a primal subspace W ") and a dual subspace WX 9 in

the style of the FETI-DP method. In the two- dlmensional case, on which we will
concentrate, we can impose the primal continuity at vertex nodes. In the three-
dimensional case, we require the average values of all edges to be continuous in
addition to the continuity at all vertex nodes. This choice of primal constraints
leads to a scalable algorithm with the condition number estimate bounded above
by C(1 + log(H/h))? in the scalar elliptic case [37]. We also note that all func-
tlons vanish on the D1r1ch1et boundar 8(2 D We define assoc1ated product spaces
= TS W = T W0 = T W Wi = T W
and Wn , which is the contlnuous subspace of T/V(Z

We introduce spaces analogous to the Wp and Wp of Sectlon 2.2.2. Functions in
WIS 7 are in general discontinuous across the local mterface ') and we define W @

as the continuous subspace of VVF : WF = WA > WH is intermediate between
W and W

loc?

3.3 Technical Tools

In the theory of domain decomposition methods, it had been previously as-
sumed that each subdomain is a union of a small number of coarse triangles or
tetrahedra. However, this assumption is often unrealistic, especially when the sub-
domains result from using a mesh partitioner. In such a case, subdomain bound-
aries may not even be uniformly Lipschitz.

However, there have been recent developments on the theory of domain de-
composition methods with very weak assumptions about the regularity of the
subdomains. In this section, we introduce some of the new results obtained by
Dohrmann, Klawonn, Rheinbach, and Widlund. We also provide some technical
lemmas that will be needed for the convergence analysis of the FETI-FETI method.

We first give the definition of a John domain; see Hajtasz [26] and the references
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therein.

Definition 1 (John Domains). A domain Q@ C R"™ - an open, bounded, and con-
nected set - is a John domain if there exist a constant C; and a distinguished
central point xg € () such that each x € ) can be joined to it by a rectifiable curve
v [0, 1] — Q with v(0) = zo,v(1) = x and |z —y(t)| < C - distance(~(t), 02) for
all t € [0, 1].

We note that the length of the boundary of a John domain can be arbitrarily
much longer than its diameter, and also that a John domain can have cusps facing
inwards, but not outwards. This means that if we have a union of several nonover-
lapping subdomains, having any kind of cusp on the interface would lead to the
existence of a subdomain which is not a John domain.

We define uniform domains, which are also known as Jones domains. It is
known, and easy to see, that any uniform domain is a John domain. According
to Jones [27, Theorem 4], uniform domains form the largest class of domains for
which an extension theorem holds in two dimensions; see Lemma 3.3.1 below. We
also note that the complement of a uniform domain is also a uniform domain; see

27, Theorem C].

Definition 2 (Uniform Domains). A domain Q@ C R" is a uniform domain if there
exists a constant Cy such that any pair of points x1 € ) and xo € ) can be joined
by a rectifiable curve (t) : [0,1] — Q with v(0) = x1,v(1) = x5 and the Euclidean
arc length of v < Cylxy — xa| and min,—y s|x; — y(t)| < Cy - distance(y(t), 02) for
all t €0, 1].

3.3.1 Technical Tools - part I

In this subsection, we collect technical tools that are mostly from [43, Chapter
4], [12] and [33]. The first lemma that we introduce is [27, Theorem 1].

Lemma 3.3.1. Let 2 C R"™ be a uniform domain. Then there exists a bounded
linear operator Eq : HY () — HY(R™), which extends any element in H*(Q) to
one defined for all of R™, i.e., (Equ)lg = u, Yu € HY(Q). The norm of this
operator depends only on Cy () and the dimension n.

The following lemma is [33, Lemma 4.5], and we note that Lemma 3.3.1 is
needed its the proof.

Lemma 3.3.2 (Extension Lemma). Let Q; and Q; be subsets of R™ and two sub-
domains with a common (n— 1)—dimensional interface 9. Furthermore, let §; be
a uniform domain, let V' = {v, € WH(Q;) : vp(x) =0 at all nodes of 9\ £V},
and let V' = {v, € W(Q;) s vp(z) = 0 at all nodes of 9Q; \ £7}, where W (€;)
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15 the standard finite element space of continuous, piecewise linear functions on
Q;. Then, there exists an extension operator

El vVl (3.3)
with the following properties:

1. (E]hluhﬂgj =up, Vup€ V;-h
2. |Ejunllmoy < Cllunllae,),  Yun € V],

where the constant C > 0 depends only on the uniformity parameter Cy(CQ;) of the
complement of €); and the shape reqularity of the finite elements and is otherwise
independent of the finite element mesh sizes h; and h; and the diameters H; and
H.

je

We note that the inequalities of the following lemma are well known in the the-
ory of iterative substructuring methods. Proofs for domains satisfying an interior
cone condition are given in [3] and [8, Section 4.9] and a different proof is given in
[43, Lemma 4.15]. For a proof that this inequality is sharp, see [5]. For a proof of
the following lemma, which is for John domains, see [12].

Lemma 3.3.3 (Discrete Sobolev Inequality). Let Q C R? be a John domain with
diameter H. Then,

Hu_/aQH%oo(Q) < C(l—i—log(H/h))\uﬁ{l(Q) and
lullfeiy < CO+log(H/M)[ullF )y Yu € WHQ).

The constant C' depends only on the John parameter C;(2) of Q and the shape
reqularity of elements.

Corollary 3.3.4. Let Q C R? be a John domain with diameter H. Then,
[l = w(zo)|[72) < CH*(1+ log(H/h))[ultp (), Vo € Q. (3.4)
Proof. Note that
[l = w(zo)l[720) < 2lu — tall72q) + 2llae — w(zo)l[72(o) (3.5)

The first term on the right hand side of (3.5) can be estimated by an elementary
Poincaré inequality, which holds for John domains:

|Ju — EQH%?(Q) < CH2|U|12111(Q)7 (3.6)

where C'is a constant independent of the size of €). As for the second term on the
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right hand side,

|iq — U($0)||%2(Q)
< [Ql[|u — g [Feq)
< ClQI(1 + log(H/h))|ul (g (3.7)

where the second inequality follows from the discrete Sobolev inequality in Lemma

3.3.3. Combining (3.5),(3.6) and (3.7), we obtain (3.4). O

We need another tool to estimate energies coming from edge contributions in
the two-dimensional case. For a proof of the following lemma for John domains,
see [33, Lemma 4.4]. See [18] for the first proof of the same lemma for regular
subdomains in two dimensions.

Lemma 3.3.5 (Edge Lemma). Let Q; C R? be a John domain, E7 C 09Q; be an
edge, and Og:; € WH(;) be a finite element function which equals 1 at all nodes of
EY vanishes at the other nodes on 0X);, and is discrete harmonic in Q;. Then,

[H (O w) |7 o,y < C(1+log(H/R)|lullipq,), YueW"(Q:),  (38)

|087;j

2y < C(1+ log(H/)) (3.9)
and
1056120y < CHA(1+ log(H /). (3.10)

Here, C depends only on the John parameter C;(2;) of ; and the shape regularity
of the finite elements. The logarithmic factor of (3.10) can be removed for P
elements if all angles of the triangulation are acute.

We also note that the bound of Lemma 3.3.5 is independent of the length of
the edge £%.

We would need similar face and edge lemmas to advance the theory for the
three-dimensional case. Theory for irregular subdomains in three dimensions is
not complete at this point. However, such bounds have been established for reg-
ular subdomains such as tetrahedra or cubes. Therefore we will assume that we
have regular subdomains in the three-dimensional case in the rest of this chapter.
The following lemma is taken from [43, Section 4.6.3] and [10], which deal with
tetrahedral subdomains and cubic subdomains, respectively.

Lemma 3.3.6 (Face Lemma). Let Q; C R3 be a tetrahedron or a cube, F7 C 09,
be a face, and O € WH(S) be a finite element function which equals 1 at all
nodes of F7, vanishes at the other nodes on 0%);, and is discrete harmonic in ;.

We then have

H(Or0) sy < OO+ log(H/W) lul By Vu€ W), (3.11)
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and

1071 310,y < C(1+ log(H/h))H. (3.12)
C' is independent of H and h.

For the proof of the previous lemma, a function ¥z, is constructed, which
coincides with 0z, on 0€; and satisfies |Vi g, (x)| < C/r(x), where r(x) denotes
the distance between x and the edge of €2; closest to x. The lemma then follows
from the fact that the harmonic extension is of minimal energy.

Suppose we have a square subset, F C F7. We will present an argument that
we can replace F/ with ]—"j in Lemma 3.3.6 and obtain a bound which is uniformly
bounded regardless of the ratio |F]|/|F7|, by constructing a function 19f7 with
similar properties as ¥ z;. Here, we describe how such functions can be constructed
for the case of a cubic subdomain, following [10]. We first consider functions which
are not finite element functions, and then obtain their finite-element counterparts
by linear interpolation. We will use the same notation for both functions.

We first sketch how ¥, is constructed. We divide the cube into twenty-four
tetrahedra by connecting its center C' to all the vertices and the centers of all the
faces, C¥ k = 1,2,---,6, and drawing the diagonals on each face. The function
V£ associated with the face F7 is defined to be 1/6 at the center C, and we require
Uz (C*) = 0,1, where 65, is the Kronecker symbol. dz; is linear on the segment
CC*. The values inside a tetrahedron defined by the segment C'C* and one edge of
the face F* are defined to be constant on the intersection of any plane throughout
that edge and the tetrahedron, and the value is given by the value at the point of
intersection between the plane and the segment CC*.

We now consider ij We can construct a cube, a proper subset of the cubic

subdomain Q;, with 7 as its base; we denote it by 7. In T, ﬂf] is defined exactly
the same way as ¥z; in €);; we can complete the definition of 9, 7 by extending its
values by zero in €, \ 7.

The following is [43, Lemma 4.19]. We note that the proof is quite elementary,
and can be obtained using the energy-minimizing property of discrete harmonic
extensions and inverse inequalities.

Lemma 3.3.7. Let £ be an edge of a subdomain ; C R and let w € W"(Q,).
Then,

[H(Ocu) ﬁfl(gi)
[ H(Ocu) ﬁfl(gi)
The proof of the following lemma, which is [43, Lemma 4.16], is straightforward,;

we can take Lemma 3.3.3 given for two dimensions, and integrate along the third
direction. It will be needed for the analysis of the three-dimensional case.

1" (WDeu) i 0,y < CI" (Ou)l[Za e

<
< (el o, < Cllullzze).
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Lemma 3.3.8. Let ue be the average value of uw over £, an edge of a reqular
domain Q; C R3. Then,

[lul[Z2(e) < C(L + log(H/h))||ul3q,)

and
llu — tg| 226y < C(1 + log(H/h)) ul?q,)-

We can obtain the following lemma by a use of the Cauchy-Schwarz inequality
and Lemma 3.3.8; see [43, Lemma 4.21].

Lemma 3.3.9. Let £ be an edge of Q; C R3. Then, for any u € Wh(€,),

lu = Tellz200,) < CH(L+log(H/h)luli ),
<

|lu — tel[72(a, CH?(1+ log(H/h))|ul3 q,)-

The following lemma is [4, Lemma 2.3], and can be proved by an inverse in-
equality and Sobolev embedding.

Lemma 3.3.10. For all u € W"(€Y;), where Q; C R?,

lullZe () < COA/Mulli ),

where C' is independent of h and the diameter of €);.

3.3.2 Technical Tools - part II

In this subsection, we present lemmas that are specific to the study of the
FETI-FETI method.

We need a Poincaré-type inequality to treat the energy terms coming from the
global interface between different bodies. We present such a lemma for the two-
dimensional case. In the following lemma, which is an adaptation of [8, Lemma
10.6.6], we assume that we have Lipschitz subdomains.

2
) . (3.13)

2) . (3.14)

Lemma 3.3.11. Letv e W0 = Wl(i) D ng) Then

/ vdx

Q;

/ vds
0Q,;NONp

1
|‘v|‘%2(9i) <C <H172<1 + ZOQ(HS/h))2 Z ‘Uﬁ{l(gi,j) + Fg
J

and

J
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Proof. We follow the idea of [8, Lemma 10.6.6]. Let ¢ be piecewise constant in each
subdomain of €, ie., ¢(x) = ¢, Vo € Q;;,7 = 1,--- ,N;. We define a function
Ec e H'(Q;) as follows. On the local interface of ;, Fc is defined as the average

of ¢, i.e.
’ ’ Zje/\/x cij(z)
|

where N, is the set of indices of the subdomains of €2; with z on their boundaries.
Also, we set Eclaq, = ¢|aq,

With Ec|aq,,.j = 1,---, N; given as above, Ec is defined to be discrete har-
monic in each subdomain of €2;. We have

Ec(z) = , T € Fl(?qh,

||C||%2(Q¢)
< 2||e — Ecl|Zaq,) + 2| Edl|72(0,)

1

J

/Q.Ecdx 2) , (3.15)

where the second inequality follows from a Poincaré inequality with scaling. We
estimate the first term of (3.15):

Z le — ECH%Q(Qi,j)

J
< CZ <H52|C - EC|12Y{1(QZ~J) + Hlle — EC||2L2(aQi,j)>
j

IN

C| > Hlle—Eclipq,,+He Y iz | (3.16)
j e€EI()

where the first inequality is a Friedrichs inequality with scaling, £(€);) denotes the
set of interior edges of €2; and [[c]|. the jump of the function ¢ across the edge e.
Note that ¢ — Ec is constant on each edge of €; ;,7 = 1,--- | N;, and its values will
often differ between different edges and vertices. Therefore we can write

(c—Ec)(z)= Y (c—Ed)ebe(x)+ Y  (c—Ec)hbv(x), €I

£eo0 Ve,

We note that the characteristic function ¢ has already been defined in Lemma 3.3.5;
fy is defined analogously. It equals 1 at V, vanishes at all other nodes on 9€; ;
and is discrete harmonic in €2; ;. Noting that ¢ — Ec is discrete harmonic in €, ;,
we have

e = Eclin.,)
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< c (Z (e = BO)lebelinga,,) + D I(c - Ec)\vevﬁmi,j)) SCRL

& 1%

We have

[(c = EC)\598|§11(QZ-J)

< |l[lellbelzr (o
1
< E|mcna|%2(g>|eg|z1<m,j>
1
< C(l+log(Hs/h))E||[[CH$H%2(5)7 (3.18)

where the last inequality follows from Lemma 3.3.5. Using the fact that |0V|%{1(Qi )=
O(1), we have

|(c = EC)|VQV\%11(91;,]-)
< Cl(c— Eo)ly|. (3.19)

We note that (3.19) can be absorbed into (3.18). Combining (3.17), (3.18), and
(3.19), we obtain

|EC‘%11(QZ-J) = |C_EC‘%11(Q
1
< C(l+log(Hs/h))E\I[[CHsHiz<g)~ (3.20)

Combining (3.15), (3.16), and (3.20), we have

el 1720 )
1
< CHP(1+log(H,/h) > ||H[[ Alellibe) t+C0m / Ecdx
ecEi(Q b £
2 1 ?
< CHZXH'(1+log(H,/h)) Z ||[[c]]e||L2(e)+CF£ QEcdm (3.21)
eeé?i(Qi) i

The rest of the proof of (3.13) is similar to the proof of [8, Lemma 10.6.7]; let
v satisfy the assumption of the lemma and v be defined by

1
):m/ UdCL’, VCL’GQZ‘J, j:]_,,Nz
1,] i
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Then,

|m&2)
< 2| o + 27l
< 2l +CQ% 1+ log(H/B) D [l g +
e€E1(2;)
1 B 2
Fb? / vdx >
< (}jﬂmmp )+ HPHT (U log(Ho/h) D7 ([l +
ecE4 ()
HEH (14 log(Ho/h) Y lllo - nmwn;/wx)mm>

eESl(Qz)

where the second inequality follows from (3.21). We estimate the second to the
last term:

HyHZ (1 +log(Ho/h) Y [I[[o = llelf7e
ecEH(8Y;)

< H!H:'(1+log(H,/h) CZ|yv—@H§2 ey
< HZ?H'(1+log(H,/h) OZ(H [0 = 030,y + Hy v — @||iz(ﬂi,j)>

< CHP(1+1log(H,/h) Y yv —03nq,,) (3.23)
J
where the second inequality follows from a trace theorem and the third a Poincaré
inequality with scaling.
Assuming e is shared by €); ; and €2, and V is a vertex of e, we have

H2H*1(1+log(Hs/h))lH[Uﬂelliae)
= HEH;'(1+ log(H,/h))

Vi — vikl[Z2)

< 2HPHM L+ log(Hy /1)) (11vis = visO) 2oy + e = via (V)] o))
< CHyH'(1+ log(H,/h)) (HsHUi,j — vV, + Hsllvig — Uz‘,k(V)H%oo(Qi,k))
< CHA(1+log(Hy /1) (0B, ) + 0B, ) - (3.24)

where the last inequality follows from [43, Lemma 4.15]. Combining (3.22), (3.23),
and (3.24), we obtain (3.13).
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Similarly, we have

||U||i2(szi)
< 2/l — 0[[32(q,) + 211011720,
< 2) Il = 0liEag,,) + C(HEH U+ log(Hy /) > Il e,
J

eEEi(Qi)
2

_|_

/ vds >
90,M0

2D llv=0lfEq, ) + C(Hz?H;l(l +log(H/h) Y Il[[llelli2@)+
j eEE’(Ql)

2
/ vds / (v—0)ds
0Q;NON p 0Q;NONp

). (3.25)
Letting £°(€2;) denote the set of exterior subdomain edges of €;, we have

/ (v—0)dz
0Q;N00 p

IN

2
+

2

< 09 N Q)| (v —10)%ds
9Q;N00Np
= [09:n0Qp| Y v =132
eEgb(Qi)
< 1082 N OQp| Z 1o = ollz2 00, )

J
< CloN | Halvlh, )
J
< CHH, Y |vlin,, (3.26)

J
Combining (3.25), (3.26), (3.23), and (3.24), we obtain (3.14). 0

We note that | [ vdz|* and | [y, (oo, vds|® of (3.13) and (3.14), respectively,

can be replaced by Zle |fi(w)|* (with a proper scaling factor), where f;,i =
1,---,L,L > 1 are functionals in H'(Q2), such that, if u is constant in €,

L
S P =00 =0;
=1

see Theorem 1.2.1. -
We provide a trace theorem for functions in W@, for €; € R? with Lipschitz
subdomains, €;;,7 =1,--- , N;.
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Lemma 3.3.12. Let u e W® = Wl(i) D WF@) Then we have

N.
: 1
lullz290,) < € (Hb(l +log(Hy/h)* Y lulipa, ) + E\|u!|i2<9,-)> . (327

j=1

Proof. We follow the framework of the proof of Lemma 3.3.11. Let ¢ be piecewise
constant in each subdomain of €, ie., ¢(z) = ¢;;,Vo € Q;;,7 =1,--- ,N;. We
define the function Ec as before, i.e., Ec is defined to be the average of ¢ on

Fl(oc, Eclsq, = c|aq,, and discrete harmonic in each subdomain of €2;. Then,

HCH%?(aQi)
|| Ec| |%2(a§zi)

1
(B, + —||Ecr|im))
(HbZ’EC’Hl g el + - lle - Ecrr%Q(m)
1
< (HbZ’EC’Hl + gl 2l Eelin

. Z el

ecEH(8Y;)

IN

IN

IN

1
C | HyH (1 +log(Ho/h)) ) ||HCH6H%Q(5)+EHCH%Q(QZ-) , (3.28)
ecEi ()

where the second, fourth, and fifth inequalities follow from a trace theorem with
scaling, (3.16), and (3.20), respectively. Now let v satisfy the assumption of the
lemma and v be a piecewise constant function which is the average of v in each
subdomain of €2;. Then,

||U||%2(aszi)
< 2l = 0llza(on, + 200200,
— 2 1 2
< C(HH; U+ log(H 1) Y el By + 7oz +
cegi() b
1o = 31120, ) (3:29)

Using a trace theorem with scaling at the subdomain level, we obtain

v = 9l[72(50,)
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< Z |lv —[7290, )

< (JZ (H CEI . +—||v—v||L2 )

< CZH 013 @, - (3.30)
Bounding >~ ¢i (o, [|[[0]]e ||%2(e) as in (3.23) and (3.24), we have

HUH%%aQi)

1
< C (Hb(l + log(H,/h))? Z |U|§11(Qi,j) + E“UH%?(Qi)) : (3.31)
J

]

Before we complete this section, we comment on the analysis of linear elasticity
problems in two and three dimensions. Korn inequality is essential in any such
analysis and here we present a version for Jones (i.e., uniform) domains. For a
proof, see Durdn and Muschietti [19].

Lemma 3.3.13 (Korn inequality for uniform domains). Let Q@ C R" be a bounded
uniform domain. Then, there exists C, which depends only on the Jones parameter
Cy(Q) and the dimension n, such that

[l o) < CZ [le(w)i;11720

i?j

for allu e {ue H'(Q) : [( 8“’—%d$*0>%7*1 ,n}.

We would also need to consider different primal constraints on each body, es-
pecially for the case of three-dimensional problem; see [36] for details.

Using this Korn inequality, the analysis for a two-dimensional linear elasticity
problem with Jones domains can be carried out without much difficulty. However,
we do not have enough technical tools for the three-dimensional case at this point.
For instance, face and edge lemmas similar to those of Lemma 3.3.5 would be
essential; for such results for regular subdomains, see [43, Section 4.6]

3.4 Algorithm

In the formulation of the FETI- FETI method in two _dimensions, we will use
the spaces W, = [], wo . = [1%, W ® W() and Wpc - 1I/V(). See
Figure 3.1(a).
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Figure 3.1: W, for FETI-FETI, ﬁ/\c for Hybrid

(b) Hybrid
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First, we introduce some notation which is very similar to those of the previous
chapters. We introduce the matrices A®, which are direct sums of the stiffness
matrices A7) j =1,... N, for individual subdomains:

AG1)

AW = . i=1,---,N. (3.32)

We also introduce the matrices g(i), which are analogous to the matrix A intro-
duced in (2.17). They are the restrictions of A® to W = WI(Z) & WF(Z):

r i1 i,1)T ~(,1D)T 7
i A L
i1 i,1 (i1
AAI AAA AHA
A6 — ' :
i,N; iN)T  F(,N)T
B i
w0 e . d Wy
L AH} AHA AH} ' AHAZ AHH .
Here,
- T . T
A = R AGY, ARY =RV ARY, i=1, N,
and

N;
A= S5 A g
=1
where Rg’j) : Wr(f) — Wff’j),j =1,---,N,.
A Schur complement S\ on W” is obtained by eliminating the interior unknowns

in each subdomain from A®: see (2.20). Note that §§Z) can also be regarded as
the restriction of S® to Wp(l), ie.,

gg) _ él(j)TS(i)él(j)’

gli) — oSt = Agfg’)_A(Fi}j)TAgijj)flA(Fi}j)T’ j=1,---,N,,

and ]A%l(f) : ngz) — Wlsi), defined similarly as Ry of Section 2.3.
Recalling that we are using an active set method to deal with the inequality
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conditions, we formulate the minimization problem on the current active set:

- ~ ~
min—u’ Aou — ffu, with Z"B.u =0, (3.33)
uEWc2
where
AWM ey f(l)
Zc == ) u = ) ]?c = ;
AWDN) u®™) f(N)
u® e W = Wf(i) D Wr(i), 1=1, , N,
and W
Bloc 0
> Bloc :| 0 0
B, = )
{ By 0 B
(1) (N)
Bio=| BL) B =1 N,
I 0
Zk = { ] .

Z*Bau = 0 in (3.33) indicates the continuity constraint across the local sub-
domain interface Fl(?c,z' =1,---, N, as well as the continuity constraint across the
global area of contact F’;l. A Z;l is a square matrix obtained by replacing some of the
diagonal entries of the identity matrix with zeros; only the entries corresponding
to the nodes at which an equality is imposed are retained. We use the superscript

k to remind us that Z 51 and Z* change in each iteration of the active set method.

We have Bl(;zu(i) = 0,u® € WO = Wl(i) ® WF@, exactly when the values associ-
(4)

oo DA

ated with more than one subdomain on the body €); coincide. Note that B

nonzero columns only for the components of WX).

We also introduce a scaled jump operator, Bp .

1
B, 0
= Bloc D 0 .. 0
B c p— ’ pu—
D, [ Bgl,D :| 0 e Bl(o]\c[)D
1 N
B;(,l,)D e Bél,[))
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and

7 2,1 2, IN; .
Bl(ozz,D: [ BZ(OC,)D ”'Bl(oc,D) ’ Zzl’”' 7N'

Bl(;l p and BZ?D are obtained in the same manner as Bpr of the one-level FETI
method (see Section 2.5). The nonzero entry of Bl(;’cj) associated with the La-
grange multipliers for the continuity at the node x € 9€2; ; N Q; ;. is multiplied by

5jk(a:) = PZk(fC)/ZseNp pis(x), where N is the set of indices of the subdo-

Toc x,loc
mains of {2; with x on their boundary. The nonzero entry of B;l) associated with

the Lagrange multiplier for the continuity at the node x € 9€2; N 9€; is multiplied
by 5;(@ = ZsENfl)oc pj}s(x)/zkeNz,gl,teNz(ﬁ{mpZ,t(x)’ where NV, g is the set of indices
of the subdomains of any body which share the node x on their boundary.

Eliminating the interior unknowns in all subdomains of each body, we obtain
the following reduced minimization problem,

e -
min —U?SCUF — E?UF, with Z#BF,CUF = 0, (334)
“I‘EWF,C
where
glgl) Ul("l)
Se = Cour=| |, WWewi=1... N
S,}N) U%N)

ZF is obtained by removing some of the rows and columns of Z*. This minimization
problem is equivalent to the following KKT system:

3)-[5) e

It is natural to reduce this system to an equation for A as in the one-level FETI
method and solve it with the PCG method in a proper subspace, using the following
preconditioner:

S.  (ZEBr.)T
ZEBr, 0

Mp' = ZEBpr SBY 1 ZE.

The resulting method, which we name the FETI-FETI method, turns out not
to be scalable with respect to the number of subdomains. We present a partial
explanation for this phenomenon, following the framework of [43, Section 6.3].

Let Pp := BZT)IBF, where Br and Bpr are the jump operator and the scaled
jump operator for the one-level FETI method, respectively, defined in Section 2.3.
At the core of the eigenvalue analysis for the one-level FETI method is the following
result:
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Lemma 3.4.1. For any w € range(S), we have
|Powl§ < C(1+ log(H/h))*|wl§,

where C' 1s independent of H, h.

For a proof, see [43, Section 6.2.3]. This lemma is used for bounding A,,,q (M F)
from above. It is easy to show that A, (M, A ) > 1, and therefore that the condi-
tion number of the preconditioned operator for the one-level FETT method grows
like C(1 + log(H/h))?. In order to prove the existence of a convergence bound of
the FETI-FETT method with a similar technique, we would need to bound |ﬁ,§w[ 5,

from above by |wl[g , for w € range(S,). Here, Pk = EEICZI’?EFC. We do this in
the next section.

3.5 Condition Number Estimates

3.5.1 Convergence bound for the FETI-FETI method

In this section, we assume that our two-dimensional subdomains have Lipschitz
boundaries. Recall that PF := BEFCZFBDC, and thus the operator P changes in
each step of the active set method; see Section 3.2 and Section 3.4. We prove

Lemma 3.5.1. For any w € range(gc), we have
Pl < O+ log(H /) wl.

where C' > 0 s a constant independent of Hy, Hy, h.

We first make some observations. We obtain the following formulae by modi-
fying [43, (6.42)]:

(Phw(x)iy= > ol (@) (wis() —wis(@), if ze€d;NTL,  (3.36)
seN;, 2@
(Ppw(x))i= Y ol —wy(x)), if ze€oQuNTh. (3.37)
keN, gl
Also, recalling that P := §g7FCZ#§pC,
(Phw(x)); =0, if 2€dQNT,\ Tk, (3.38)

The above equality is due to the fact that the nodes which do not belong to the
current active set I'V are deactivated. In (3.37) and (3.38), we do not specify
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subdomain indices since we are considering nodes belonging to only one subdo-
main. However, in the following discussion, we sometimes do specify the relevant
subdomain indices when necessary.

We follow the proof of [43, Lemma 6.3] very closely. However, one of the main
differences between the proof there and the proof we present here is that we mainly
work with H'- seminorms instead of H'/?- seminorms. Also, we do not have a
Poincaré-type inequality such as [43, Lemma 6.2] for individual subdomains, since
in our algorithm subdomains of the same body are connected by certain continuity
constraints; instead, we use a Poincaré-type inequality (Lemma 3.3.11) for entire
bodies.

Proof. Recalling that

N N N
|P1§w|?g'c = Z |(Phw); 2597 |w|2§ = Z |wi|2§l£i)>
i=1 i=1
it suffices to show that

|(Phw); % ><O (1 + log(H, /) Jurl2, i = 1,2, , N,
I

S

Furthermore,

|(P1]§w 2~<1) = Z‘ P/?)w )il

where (PEw);; is the restriction of (PEw); € W to W Thus it suffices to
examine each |(ﬁl’§w)”\ g6 separately. For notational simplicity, let v; ;(x) =
(PEw);;. We can see that the coefficients in (3.36) and (3.37) are constant on
each individual edge while their values will differ between different edges. Also,
(PRw(z));; = 0 for a vertex node = € Fl(oc, since we are imposing continuity at
all vertices of the same body. Therefore it makes sense to write v;; as a sum of
functions each of which vanishes at all interface nodes outside a certain edge or
a vertex. We can accomplish this by using characteristic finite element functions
for individual edges and vertices; such characteristic functions for an edge and a
vertex, f¢ and 6y, have already been introduced in Lemma 3.3.5 and Lemma 3.3.11,
respectively. Construction of these finite element functions and the proof of their
characteristics for three-dimensional problems can be found in [43, Chapter 4].
Construction of ¢ and 6y, for two-dimensional problems is analogous and here we
just present their characteristics without any proofs.

Two-dimensional Case
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Using the partition of unity,

h h h
Vg = E I"(Ogv; ) + E I"(Ogvi ) + E I"(Oyv; 5).
SC@Qi’jﬂF’g“l E£COQ;, ml"( i) VC@QiyjﬂFI;l

loc

We first consider the terms for the edges on the global boundary I'y;.
Edge Terms - Global Interface
Suppose & is shared by 0€2; ; and 9€);, where ¢ # k. Then,

I"(Bcvi5) = 1"(00(E) (wiy — wia)),
where 4} (€) is the constant value of 6] (x) on the edge &.

(1" (0 ;)

6 = Pig| H(Ocvi ) F a0, - (3.39)
We then have,

pl]|H(95UZ])|%{1

pi i H(0e (6 (5)(wu we)) @,

201,64(€)7 (|H (B (w3 1)) |7 ”>+|H(95(wkl))|m ”))
2min(p, . pua) (R0 (1055)) )+ PO (w01)) o, )

ININA

Here, the second inequality follows from [36, Lemma 8.4]. We treat the first term
using Lemma 3.3.5:

2min(py j, pia) [ H (0 (wi ) H1 )
< 2p;(1 + log(Hy/h))?|[H(wi ) |7 o,

For the second term, we also need the extension lemma:

2min(p; j, pi) [H (0 (i) i o, )

2C pral By iy (M (Os (wi))) 31 0,

2C pral|H (O (wr )5 o)

2C pra(1 + log(Hy /1)) | H(wi ) |71 o)

VAN VAN VAN

We sum (3.39) over j,k and [, which indicate the indices of all subdomains of
(2; intersecting the global boundary I'y, the indices of all bodies sharing their
boundaries with §2; and the collection of the indices of all their subdomains sitting
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on their boundaries, respectively:
Zﬂh(esv) :
O+ log(Ha /) (3 pisl MCwi) e,y + D, prall i), )

= 00 +tog(H /) (3 pul ) Be,y + 3, pral o, )
)*H

)

S (i:3)

IN

+ C(L+log(H./h) (Z pisl M (i) [E2qq, )+
> prallH (w1 QM)) (3.40)

We control the L?- terms of (3.40) using a similar argument as in [43, Lemma 3.10].
Using a Friedrichs inequality for each subdomain of €2; which intersects the global
boundary, we get

pigl[H(wi )72,y < C (ngw|H(wu)|H1 )+ Hapigllwi 117200, 000, )>
(3.41)
Summing over the boundary of €2;, we get

Z pig|[H(wi )72,

< <H2Z p”’H w2]>|H1 + HSPZHH(U)Z)HL?(BQ ))
N;
< C(Hijm,jm(wi,j)@mw o HyHL (14 Log (Hu /)0 3 [H(wes) o, o+
s=1
N.
Hs - 2
DD ()|,
< CHyH (1—|—log(H /h)) Pzz |H( wz])|H1 ;)

H,
C’Fpi - H2(1+ log(H,/h)) Z H(wi )50,

< CHyH(1+log(H/h)) plz |H( w”)|H1

where the second inequality follows from Lemma 3.3.12 and the third from Lemma
3.3.11. We also note that we repeatedly use the fact that the PDE coefficients vary
only moderately within the same body, i.e., (3.2).

Edge Terms - Local Interface

Suppose € is shared by 0f2; ; and 0€; ;. Then,

I"(Bgvig) = 1"(6e6] (€) (wig — wis)),

where (5;8(8) is the constant value of 53,3(55) on the edge £.
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With w; ; := fQ” w; jdx/ fQ” ldx and w; 5 1= fQH w; sdx/ fﬂm ldx, we have

I (Bevi )
pZJ|H(05Uu)|%Jl(Q

pigl H(0e0] (E)(wig — wis))li(a, )
pij|H(955T (5)((10” _wlj) (wzs wi,S) + (wi,j _wi,S)))liﬂ(QM)
3,0”|7‘((95 S(E)(wiy — wu)|H1(Q”

3pij | H(Ogd; 5(5)(wzs Wis) 0, )

3p1410£0! J(€) (Wi 5 — Wi e)lFn (e, ) (3.42)

+ 4+ IA

We can estimate the first term using Lemma 3.3.5, a Poincaré inequality and [36
Lemma 8.4]:

pii M (00! (E)(wij — i) 3 q, )
< Cpijol (E) (1 + log(Ho/h))|[H(wi ) — Wi 311 ay )
< Cpij(1+log(Hy/))*[H(wi )7 o, - (3.43)

For the second term, we need to use Lemma 3.3.2 in addition to the other lemmas:

Pu|H(05 o] S(E)(wi s — wz‘,s)ﬁ{l(ﬂi,j)

PisO; ( 7| Bl i (H(0e(wi,s — i)l )

Cprdl (€M Be (i — 05 2
Cp,75(1~|—log(H/h)) |H(wi,s)|§{1(m,s)- (3.44)

INIA A

For the last term,
10 (w35 — wi) 71100,y = 10e T (0, | (Wig — Wi )|

The energy of ¢ can be estimated using Lemma 3.3.5. Adding and subtracting
the common value w; ;(V) = w; s(V), where V is an end point of the edge &, we
find that

(@35 — wis)|* < 2|(Wig — wiy(V))I* + 2| (@55 — wis (V).
We can estimate the first term on the right hand side using Lemma 3.3.3:
(@i — wigW)I* < Mlwiy — willizo, ) + C(L+log(Hy/h))wilin, )

The second term can be estimated in the same manner.
Vertex Terms
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We note that

[Ovv; (V)

S0 = Pig HO0 (V) H o,y = Piilbvvi; Wi, ), (3.45)

where the second equality follows from the fact that v; (V) is a constant and 6y,
is a discrete harmonic function. Denoting an auxiliary function which vanishes at
every node in €2; ;5 except at V where it assumes the value 1 by ¥y, we have

pij|Ovvi; (V )‘Hl(Q

piglvis V)P \9v!H19 )

piilvig (V) wV’Hl Qi j)

Cpiglvig(V)I, (3.46)

IAINA

where the first inequality follows from the minimality of the energy of the discrete
harmonic functions and the second inequality from the fact that a nodal basis
function in two dimensions has O(1) energy. Using the formula (3.37) and Lemma
3.3.3,

pijlvig(V)[?

= piglwiV) = Y S WVw(V)

keENy i\ {i}

Nl | losWP+ D SV (V)

keNy gi\{i}

IN

IN

i Nl [ IIHwip) T+ D SOV IH(we)|[Eqy,)
kENV,gl\{i}

Cpi jINy gl (1 + log(H,/h))? (||H(wi,j)|!§{1(gi,j)+

> WP B, ) (3.47)

keNy, gi\{i}

IN

And we proceed as usual. O

We now present a condition number estimate for the FETI-FETT method. We
denote the subspace of Lagrange multipliers in which the preconditioned conjugate
gradient method is performed by V*:

Vhi={\¢e range(Z’lepc : Zﬁépc)\ € rcmge(gc)}.

Recall that My := ZEBpr,S.Bh . ZE. Also, let F := ZEBr, SIBL ZE. Then we
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have the following result:

Theorem 3.5.2. For any A\ € V¥, we have

(MpA, 3) < (FAX) < C (1 + log(H /) (M), X),

S

where C' > 0 is a constant independent of Hy, H, h.

In Section 4.4, we will present numerical results which imply that the the
algebraic factor H,/H, in Theorem 3.5.2 cannot be removed.
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Chapter 4

Hybrid method

In this chapter, we consider the hybrid method, which is a scalable alternative
to the FETI-FETI method of Chapter 3. The hybrid method relies on the use of
an inezxact solver; before we start the description of the algorithm, we review other
algorithms which use an inexact solver.

4.1 Some Algorithms Using Inexact Solvers

In FETI methods, we use a subdomain structure for which the continuity of
the solution across the subdomain boundaries is achieved only at the convergence
of the solution; see Figure 2.1. Thus the continuity condition needs to be enforced
explicitly, which results in an energy minimization problem with an equality con-
straint, which is equivalent to a KKT system with displacement unknowns as
primal variables and Lagrange multipliers as dual variables. This KKT system is
reduced to an equation in Lagrange multipliers alone, and this reduction process
amounts to solving a Neumann problem exactly on each subdomain. As this prob-
lem is solved by a CG method, an additional Dirichlet problem is solved exactly
on each subdomain in the preconditioning step, which makes the convergence rate
less sensitive to the number of unknowns in each subdomain.

The use of inexact Dirichlet solvers is possible without a radical change to the
algorithm. However, the use of exact Neumann solvers is inherent to the struc-
ture of the KKT system and the use of inexact Neumann solvers would lead to a
different problem to be solved. We can choose to keep the original KKT system
the way it is and solve it with a suitable Krylov subspace method, for instance the
preconditioned conjugate residual (PCR) method, with an efficient preconditioner.

The aforementioned approach was taken and successfully analyzed for the one-
level FETI method by Klawonn and Widlund in [34]. In it, they solve a KKT
system using the PCR method. They extended the convergence analysis of Man-
del and Tezaur [40] for scalar, second-order elliptic equations to the system of
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equations of linear elasticity, using the Korn’s inequalities. Also, they analyzed
the convergence rate of the PCR method using some of the results of Brezzi [9)].

In FETI-DP methods, the continuity coupling between subdomains (primal
constraints) results in a nonsingular system matrix and also provides a coarse
solver which guarantees the scalability of the algorithm with respect to the num-
ber of subdomains. The coarse problem is solved exactly with a direct solver.
However, the size of the coarse problem is usually proportional to the number of
subdomains and can be very large when the number of subdomains is large, or the
PDE coefficients are badly distributed and a large number of primal constraints is
needed. In such a case solving the coarse problem can be quite costly. The BDDC
method is very closely related to the FETI-DP method, and suffers from the same
disadvantage when the size of the coarse problem is large.

This issue has been addressed by Xuemin Tu for the BDDC method in [45] for
two dimensions and in [44] for three dimensions, and by Klawonn and Rheinbach
in [30] for the FETI-DP method. In [45], Tu solves the coarse problem inexactly
by grouping subdomains into subregions , i.e., introducing a higher level of hierar-
chy. The same strategy would not work for the FETI-DP method since the coarse
problem is inherent to the formulation of the FETI-DP method, whereas in the
BDDC method the coarse problem is solved in the preconditioning step. Therefore
Klawonn and Rheinbach take a similar approach as in [34] and consider several
different KKT systems, which allow the use of inexact solvers, using the subdo-
main structure of the FETI-DP method.

4.2 Algorithm and the Finite Element Space

We use the notation introduced in Chapter 3. We use finite element functions
in the space Wr,. :== [, WF(Z); see Figure 3.1(b). WF(QL denotes a finite element
space on 0€); N F_gl. Here, OL stands for One-Level; this is because we will use
one-level FETT type preconditioners, which is obtained by regarding each body as
a single subdomain. See Figure 4.1. A .

We introduce the Schur complement §§Z) on WF(Z) , which can be obtained by

restricting S to Wr(i):

§§i) _ ﬁ(ri)TS(i)ﬁ(pi),i =1,---,N,
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Figure 4.1: Subdomain structure of the hybrid and the one-Level FETT methods.
In (a), the domain consists of 4 bodies (£2;,7 = 1,2,3,4), each of which is divided
into 4 subdomains (€, ;,7 = 1,2, 3,4). In (b), the domain consists of 4 bodies, each
of which is a single subdomain. Small and hollow dots in both (a) and (b) indicate
interior nodes at which unknowns are eliminated; medium dots in (a) indicate
nodes on the local interface between subdomains of the same body; big and solid
dots in both (a) and (b) indicate the nodes on the global interface between the
bodies. In both (a) and (b), arrows indicate Lagrange multipliers. Dotted lines
indicate the Dirichlet boundary of the Poisson problem.

h

(b) One-Level FETI
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where 1§§f) : WF@) — WF@, the direct sum of the restrictions E(Fi’j) : WF@ —

WF(” ), j=1,---,N;. We also introduce restriction operators R(Fi) : WF(Z) — WF@,
i1
Ry
RO=1| ],
Ry

where Rl(f’Aj) extracts from a vector in /ng) the part that belongs to Wg’j ) and
RO W — W is defined similarly. We also define the scaled versions RE;{F:

2,1
Ri5ia
R%)F = 2 N
o
RHF

Here, R%’}) A 1s obtained as follows: a nonzero entry of R(Fi’Aj), which corresponds to

anode x € 08 ;5 \ 08, is multiplied by (53& (x), where

PZJ@)

5 () == )
z,]( ) ZkeNéil)oc pzk<x>

The restriction of the minimization problem (3.34) in /anc to the subspace /VI?DC is
as follows:

R SN = . ~p
min —ul S,upr — gl up, with ZﬁBnch =0, (4.1)
“I‘EWF,C
where R
S
S, = ,
g

and Z% is obtained by removing irrelevant rows and columns from Z& of (3.34).
We remind the reader that we use the superscript k to indicate that ZF and 2{?
change in each iteration of the active set method. Note that since the problem
has been formulated in Wr ., we do not need to impose continuity across the local
(1)

loes continuity is already built into the structure. Therefore

subdomain interface, I'

Er,c has nonzero entries only in the columns which correspond to a node on the
global area of contact, I';.
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In addition to Br ¢ we define Br,,,, which acts on vectors in the space
va 1 W ) This operator is needed in the precondltloner for the hybrid method.

Recall that Brc acts on vectors in the space H i1 I/VF and only has rows corre-
sponding to the Lagrange multipliers enforcing the continuity between different
bodies, i.e., continuity across Fgl Thus Br,,, and ch differ only in that Brc has
a number of zero columns which correspond to the nodes on I',. ;. We note that
Br,,, can be regarded as the jump operator for the one-level FETI method viewing
each body as a subdomain. We can define the scaled jump operator Br,, p in the
usual way.

Introducing a vector of Lagrange multipliers A, we arrive at the following saddle
point problem: R

Find (ur, \) € Wr . x range(Z§Br ), such that

RGN

We can solve (4.2) by reducing the system to an equation in A alone in a

S, (ZkBr.)T
Z5Br. 0

proper subspace, but solving an equation of the form §cx = b is expensive. In-
stead, we keep the saddle point problem (4.2) the way it is and solve it by a
Krylov subspace method which can deal with indefinite systems, such as the pre-
conditioned conjugate residual (PCR) method. Due to the singularity of the ma-
trix §c, the solution of the upper part of the system (4.2) exists if and only if
Je — (Z\ﬁERC)T)\ € range(S,). Most of the discussion here concerning this issue will
be very similar to that of Section 2.5 on the one-level FETT method. As in the
one-level FETI method, we introduce a matrix R, such that range(R,.) = ker(S.):

A

where R® consists of the null vectors of §¥),z’ =1,---,N. In the PCR iter-
ations, we will use an initial vector of Lagrange multlphers Ao which satisfies
[0 (Z Br..)"\y € range(S,), and increments ; with Z"fBI:fcuZ € range(S,),i =
1 2,---. Therefore the space of admissible increments is defined as follows:

© .= {p € vange(ZBr..) : (ZEBr..)"p € range(S,)} = ker(G*"),

where G¥ := EFERCRC.

We introduce a projection operator P* for the Lagrange mulipliers which is an
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orthogonal projection from range(Z\{SERC) to VF = ker(G*"):
P* =1 - GHGH GG

~

We also introduce a subspace of Wr,c, WR r .= range(S.). We rewrite (4.2) in terms

of vectors in the subspace ﬁ/\p, r X V. First, noting that any admissible A can be
written as A = \g + p, o € V¥, we rewrite the leading equation of (4.2) as

Seur + (ZEBr.) i = Go — (ZEBr.)" Xo. (4.3)

Using (4.3) and P*' ji = P*p = p, we can rewrite (4.2):

ZkBr, 0 u 0 ‘ ’
The solution of (4.4) satisfies
/‘:S\CA (Pk/Z\F./BF,c)T ur _ /g\c - (Z\FB\RC)TAO (4 5)
P*ZkBr., 0 m 0 ' '

We use the system (4.5) in order to make sure that our iterates are in the sub-
space /WRR x V¥ However, the displacement variable is not uniquely defined
by the system (4.5) since we are enforcing sz’fgp’ch = 0, but not the orig-
inal no-jump condition ZI@ERCUF = 0; in this case, we can obtain a solution
ur — RC(GkTGk)_IGszffﬁncur which satisfies all necessary requirements, with
any given solution ur of (4.5).

We now discuss our choice of the preconditioner. Let Ag)L denote the stiffness
matrix for the entire body €2;: this needs to be distinguished from A®, which is a
direct sum of stiffness matrices for individual subdomains (see (3.32)). We have

(4) ()"

e G
Ary Afy

; izla'“aNa

where A(FZ% is for the nodes on 9Q;NT,; and A(IZI) is for all other nodes on €;, etc. We
define the corresponding Schur complement SS)L = A(FZ% — A?}AE?AA(F?T and also
a block-diagonal matrix for the entire system consisting of the Schur complement
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matrices for each body:

1
Son
SOL =

N
Sor,

Noting that Ag’} can be a large matrix and solving an equation of the form Ag?x =b
can be quite expensive, we also introduce an inezract Schur complement

o i i) 7)) 4 @) .
S(Ozleg“l)“_A§“1)‘AE'I) A%) i=1,--- N,

and their direct sum, Sp;, := = diagl: 150 7 Where A Iil_l is an inexact Dirichlet solver,
which is defined as follows. Let I/VF and W 3 denote the space of continuous
lo. and 0 ; N I‘

W9 respectively. Also, we define a restriction operator RFO : Wl% ng?)] :
After some symmmetric permutation, we can obtain

finite element functions on T'") which are similar to WF( and

loc?

i1 ,1)T 5(i,1 7
W e
i,2 2 i,2
Ag[ AFOI RFO

i,N; i,NiT. i,N;

GO 4G 2T 4(0.2) (zégl)zv A((FOI)T)R(FD )<
i1 i1 i,2 i,2 i i ij i,
L Rro AFOI Rro AFOI RFO AFOI ZRFOJ FOFOR )

(4.6)
The solution of A}?x = b can be found by a block factorization. More precisely,
. ali N; i,j)T i 7)Y 4,07 i.j
with Sﬁo) =D i R(FOJ ) (AFOF A(FO]I Aglj A(FOJI) )R(FO )| we have

Z.7 . 71 . 7;7 . T Z.7 . .
P =AY 0] — ALY R ). =1 N (4.7)
where
i 1
S ar, = br, — ZR T AL A D). (4.8)

Solving (4.8) can be expensive; the solution of E§?£ = b is defined as

= A O~ AT REa), =L N ()
where
7 ] 1, i)~ (G
ey = RO 50T (m S RS A6 A bgn), (.10
j=1
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with Eg)’m and 57&) defined similarly as E%%F and §§“, respectively. We now
introduce the following block-diagonal preconditioner for the system:

PrMghooP, 0
-1 _ R BDDCT R
where Pr := I — R.(R'R.)"'R! is an orthogonal projection operator onto
range(S,) and
(T S 51
RS 7
Mpppe = ’
(T ST 5V
R0 )
Mp' = ZEBry, pSorBr,, pZE .
We rewrite the KKT system (4.5):
Az = F, (4.12)
where
S\ (sz\kér )T ur /g\
A= o~ P=te - and F:=|7°|. (4.13
P2, 0 A o |- 413)

Our hybrid method is the preconditioned conjugate residual (PCR) method, to
solve the preconditioned system

B 'Ax =B F. (4.14)

4.3 Convergence Number Estimates

The preconditioned system (4.14) is solved using the preconditioned conjugate
residual (PCR) method. Suppose the following system is solved with the PCR
method with the preconditioner B~!:

Au = F. (4.15)

According to Lemma 1.3.2, we need to study the spectrum of the preconditioned
operator B~ A, which has the same spectrum as B~/2AB~1/2,
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General Case We first study a general case, where

A BT . At 0
A= { B 0 ] , BT = o Ct|’
assuming that R R
aout Au < uF'Au < oqu® Au, V. (4.16)

We assume A, E, C are real symmetric and positive definite, and B has full rank.
Then,

2—1/214;1\—1/2 A\—l/QBTa

—1/2 —1/2 __
B AB - 6—1/2321—1/2 0

In the following, we use the notation A= A"V2AAY? and B = C-Y2BA-Y2.
Note that _
aoulu < ulAu < ayulu,  Va. (4.17)

We study the cases where A=Aand A # A separately. When A= A, Ais
simply the identity matrix and

I BT

871/2 871/2 _
A B 0

(4.18)

Lemma 4.3.1. Let B2 AB~Y/2 be defined as in (4.18). We then have

K(B™A) = K(B7AB™) = 1521 \/16141)\: —;

where Aoz and \in are the largest and smallest eigenvalues of §T§, respectively.

Proof. We consider the following eigenvalue problem:
u u
=15

u+§T)\:tu
Bu = t\

I BT
B 0

which is equivalent to

(4.19)

Substituting the second equation of (4.19) into the first, we obtain

u + t_léTéu = tu.
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Denoting the eigenvalues of BTB by A\;,2=1,--- ,n, we obtain
(I+XN/t—tu=0, i=1,---,n.

Since u = 0 leads to A = 0, we need to solve 1 + \;/t —t =0,i = 1,--- ,n, which
are equivalent to the quadratic equations t> — ¢t — \; = 0. Their solutions are

1/24+4/1/4 + \; and thus
o(BrA) ={1/2+\/1/4+ N :i=1,--- ,n}.

Clearly,

max{|A|: A€ a(BrA)} = 1/2+/1/4+ A\par and
min{|A|: A € o(BT'A)} = —1/2+ V/1/4+ Min,

where A4 := max} | \; and Ay, 1= min | \,.

]

We now consider the case A # A. Then the eigenvalue analysis of A; =
A BT

6_1/2 8_1/2:
A B 0

is not as easy, and we left- and right- multiply this

A-12

0 7 } to obtain

symmetrized preconditioned operator with C~1/? = [

I AV—I/QET

. —1/2 -1/2 __
Api=CPACc = T

(4.20)

Eigenvalues of Ay can be analyzed in the same manner as in Lemma 4.3.1.
To relate the spectrum of A; to the spectrum of Ay, we use the Courant-Fischer
Minimax Theorem.

Theorem 4.3.2 (Courant-Fischer). Let A € R™™ be a symmetric matriz with

real eigenvalues \;,1 = 1,--- ,n, which are ordered so that \y > Xy > --- > \,.
Then T4
. xt Ax
A, = max min 4.21
k dim(V)=k zcV :L»Tx ( )
x#0
T
xt Az
M\ = min max 4.22
k dim(V)=n—k+1 zeV aij ( )

z#0

Let \y > Ay > --- > ), denote the eigenvalues of As, and N> > >0,
the eigenvalues of A;. Suppose A\, > 0 and Ay < 0, where )\ is the smallest
positive eigenvalue of Ay and A1 the largest negative eigenvalue of Ay. Also, let
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¢i,i = 1,--- ,n denote the eigenvectors of Ay such that Ayq; = \ig; and ¢ ¢; =
8ij,i,j = 1,+++,n. Using (4.21) and the fact that A, = CY/2A4,C"/? we have

Ay = max minxT'Alx_ max min(cl/2$)TA2(C1/2x) (CV22)T(CV2%x)
k_dim(V)Zk zi\g :L‘Tx _dim(V):k zi‘g (C1/2$)T(Cl/2x) {L‘T:L'

For V := C~"2span{q",¢®?,--- ,¢®}, we have

nin (Cl/QJJ)TA2<Cl/2x)
= @RI ©
Noting that
aprls < 2TCx < aqa’x, Vr (4.23)

due to the definition of C and (4.17), we have

min (C1/2ZL‘)TA1 (61/2.%‘) (C1/2J])T(Cl/21‘)

2 @R aTa

> )\kOéo.

Taking the maximum over all k-dimensional subspaces on the left hand side of the
previous equation, we obtain B
)\k Z )\kao.

Similarly, using (4.22), we have

Met1 =  min maxxTAlx = min max<cl/2x)TA2(Cl/2$) (Cl/%)T(Cl/%)
R L rev 2Ty daim()=n—k wev (Cl/QI)T<Cl/2x) 2T
z#0 x#0

For V :=C~1/2{q*+D ... ¢™} we have

1/2,\T 1/2
I?fvx(ccl/? ;420<16/2 < e
iy (CV)T(CH )
and 1/2,\T 1/2 1/2,\T((1/2
maX(C/x) Ay (CY22) (CY22)T(CV %) < Mg
N L P

Taking the minimum on the left hand side of the previous equation, we obtain
Mea1 < Meg10v1.
By a similar argument,

5\1 S )\1061 and S\n Z )\nOéo.
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Letting A/, and A, denote the maximum and the minimum eigenvalues of

Zil/Znggfl/z, respectively, we obtain

YR Ay A
K(Ay) = et alk on maxth, [}
min{ A, [A\e+1|} — @0 min{ g, [Axt1]}
- alch (€51 1/2+\/1/4+>\;nax
- ( 2) S - 7 9 <424)
Qg Qo —1/24\/1/4+ X ..

where the second inequality follows from the definition of A in (4.20) and Lemma 4.3.1.
Noticing that

)\max(g_l/2§T§g_l/2) )\maz(ETE))\maz(g_l)

<
Amin(A"2BTBAY2) > X in(BTB) Apin (A7),

and

1 ~ 1
—uTu <u'A 7w < —uu, Vu,
ay Qo

we rewrite (4.24) in terms of A4 and Ay, the maximum and the minimum
eigenvalues of BT B and obtain:

K(A) < ™ 1/2 4+ /1/4 + Mpaz/ o

T a0 —1/2+ \/1/4 + Ain/ar (4.25)

Special Case =~ We now use these results to study the convergence bound of our
preconditioned system B~!'A, where B~ and A are defined in (4.11) and (4.13),
respectively. We have

A=Sr, B=P'ZiBr,, A™'=PpMgh,oPr, C7'= P*MpPR.

Notice that A, A and C are now singular. However, this does not pose any problem,
since in the application of the PCR method our iterates will be in a proper subspace
in which those matrices will be nonsingular. From (4.25), we can see that the
extreme eigenvalues of BTB and ap, aq in (4.16) are important parameters, where
BTB = A-Y2BTC-'BA-Y2 which has the same spectrum as BA"'BTC~!. In
our case, BA™'BTC~! becomes P*ZkBrPrMgh PrBLZE P* . P*M;'P*. For
a proof of the following lemma, see [38].

Lemma 4.3.3.

Py T~ 1~ H, 2 i
xTSS)Tx < xTR(DZ);SS) IRE:Z)),F$ <C (1 + log (7)> :ETSﬁ)Tx, (4.26)
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for all x € range(é’\g)), i=1,---,N.

Thus, we can study the spectrum of

P B
PkgllfgrngP]inrTZ]f‘ P]i‘ PEMp' P .
= P"ZEBrSIBEZE P* - P*ZEBr,, ,SoLBL,,  ZF P

For,p

instead of that of P*ZFBrPpMy) . PrBLZE" PE . PEMSP* where

S
St =
S
Lemma 4.3.4.
AN AL AN AT ST
BrS{BLZE P* = By, Sh, BE. ZF P

Proof. Note that the solution of :S’\lg)ul@ = EI@TU, where EI@TU € range(glg)), can
be obtained from the following equation:

B i i, 1)T 50 1r i 7
W
0,2 1,2 1,2 1,2
App Ari” Ry ug )
i,Ni i,Ni T ’i7Ni Zle
(1,17 4(i,1) (1,2)" 4(i,2) (Jésf% )(N) A(H( ))TR(F( ))( ) ug('))
i,1 i,1 1,2 1,2 i,N; i,N; N; i,j i,5) (i.J ~
L RF AFI Rr AFI RF AFI Zj:l RFJ AFFJ RF] 1L U
~ 0
0
= : : (4.27)
0
| B |

where Rl(f 2 AWF(“ — ng’j ) is a restriction operator. Noting that all entries of
~/\T .
Bg v, corresponding to the nodes on FZ(Q:,

results in Bl(f)Zv, we can rearrange the system (4.27):

are zero and eliminating those entries

O
| W) 407 (i)
R I A I I (4.28)
Arr Arp Up Brg, v

where ug) is the displacement on T'y; N 9€;. The equivalence of (4.27) and (4.28)
hows that BOSY' BOT 2 ph — B 5! g0 4T pi

Tor For
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]

Due to Lemma 4.3.4, the operator that we need to study can be written as

P*ZEBr,, Sh B ZE P* - P*ZEBr,, ,SouBL, | ZE P*.

For,p

The proof of the following lemma proceeds, line by line, as the proof of [43, Theorem
6.15].

Lemma 4.3.5. For VA € range(P*),

(A A)
< (P*ZEBr,,Sh, BL ZE P*.P*ZEBr,, ,SorBL, | ZE PEA )
< C(L+log(Hy/h))*(1+ log(H,/h))* (A, A).
We now can derive a concrete bound for (4.25), using Lemma 4.3.3 and 4.3 .4.

In our case, Apax = C(1 + log(Hy/h))*(1 + log(Hs/h))* Anin = 1,4 = C(1 +
log(H,/h))?, and ap = 1. Assuming H,/h and H,/h are large enough, we have

]' 1 )\max )\mam
- - ~ 4.29
2+ 2+ (%)) (7)) ' ( )
and
11 A 11 Ao 11 Ao Amin \ 2
= - mn e - 1 4 mn - _ - 1 2 mwn O 4 mn )
2+ 4+ (65} 2+2 * (65} 2+2< - (0%} + <( (071 )
(4.30)

Combining (4.25), (4.29), and (4.30), we have
K(A)) < C(1 +log(Hy/R))(1 + log(H,/Rh))®. (4.31)
We obtain

Theorem 4.3.6. Let B~', A, and K(B~'A) be defined as in (4.11), (4.13), and
(1.9), respectively. Then we have the following bound:

K(B™'A) < C(1 + log(Hy/h))(1 + log(H,/h))®.
4.4 Numerical Experiments

Recall that an active set method consists of outer iterations, in which the ac-
tive set is updated, and inner iterations, in which auxiliary equality constrained
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Table 4.1: Results for the FETI-FETI method. cond, iter denote condition num-
ber estimates and the iteration counts, respectively. Area on which continuity is

imposed between bodies: T', i.e., the entire interface for (I), and only a proper
subset of T', Ty for (II)

(1) (1I)
1/H, H,/Hs Hg/h cond iter | cond iter

2 2 2 2.5536 7 1.9940 7
4 3.6188 12 | 2.8136 10
6 3.9929 13 | 28718 10
8 3.9004 13 | 27254 10
10 3.7063 13 | 2.6951 10
12 4.0142 13 | 2.7227 10
2 4 2 7.1076 10 | 49790 9
6 12.07490 12 | 7.1625 10

8 17.1343 13 | 7.7988 10

10 22.2380 15 | 8.6543 11

12 27.3672 14 | 12.2114 12

14 32.50125 17 | 12.0330 12

16 37.6688 19 | 154197 12

18 42.8328 20 | 16.4836 12

2 2 4 4.5201 9 | 42664 9
8 6.9059 10 | 6.3238 10

16 9.8320 12 | 9.1107 12
32 13.2897 13 | 12.1263 13
64 17.2765 16 | 15.6644 14
128 | 21.7917 18 | 23.3692 17

problems are solved on the current active set. In this section, we solve such auxil-
iary equality constrained problems using the FETI-FETT method and the hybrid
method.

We solve the following minimization problem:

NbXNb 1
min Zz: (5/ |Vu'|Pdr — /Q, fuzdx) ; (4.32)

where €; € R%i = 1,---, N, x N, are square bodies with side length H, :=
NbXNb

1/N, which form the system Q = U Q; = [0,1] x [0,1]. We require u’ €
i=1
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Table 4.2: Results for the hybrid method. iter denotes the iteration counts. Area
on which continuity is imposed between bodies: T, i.e., the entire interface for (I),
and only a proper subset of I', Iy for (II)

(1) | (1)
1/Hb Hb/Hs Hs/h iter | iter
2 2 2 10 | 10
4 12 | 11
6 12 | 11
8 11 | 11
10 11 | 11
12 11 | 11
2 4 2 10 | 10
6 8 10

8 8 10

10 8 | 10

12 8 9

14 8 8

16 7 8

18 7 7

2 2 4 11 | 13
8 13 | 15

16 14 | 16

32 15 | 17

64 16 | 19

128 | 17 | 20

HY(Q)), v |oq,n00 = 0. Each €; is decomposed into Ny x N, square subdomains,
each of which is discretized by square bilinear elements of side length h. Also,
I' := U;£,;0Q; N 0SY; denotes the interface between the bodies.

We consider two linearized problems, each with a different contact area between
the bodies. In the first problem, the entire I" is considered as the contact area, i.e.,
we require the continuity of the displacement vector across the entire I'; see Figure
4.1. In the second problem, continuity is imposed only on the middle third of the
faces between the bodies. The Krylov subspace methods of choice are the precon-
ditioned conjugate gradient method for the FETI-FETT method and the precondi-
tioned conjugate residual method for the hybrid method. All our experiments have
been performed in MATLAB, and the stopping criterion is ||r,||2/||ro|]2 < 107°,
where 7, and ry are the n th and initial residuals, respectively.
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In Table 4.1, the results obtained with the FETI-FETI method are presented.
We have three parameters; the number of bodies across Q (N, = 1/Hy), the num-
ber of subdomains across each body (Ny = H,/Hy), and the number of elements
across each subdomain (Hg/h). We vary one parameter while keeping the other
two fixed. The results for the first set of experiments, with the entire I' as the
contact surface, are shown in Column (I); those for the second set of experiments
with a reduced contact area shown in Column (II). We observe that the condition
number estimates and the iteration counts are indepedent of 1/ Hj, linearly depen-
dent on H,/H;, and logarithmically dependent on Hg/h. The condition numbers
from Table 4.1 are also plotted in Figure 4.2.

The same numerical results have been obtained independently by Klawonn and
Rheinbach; see [32] and [28].

In Table 4.2, the results for the hybrid method are shown. We vary the pa-
rameters the same way we did for the FETI-FETI method. We observe that the
iteration counts are independent of 1/H,, and logarithmically dependent on H/h.
The iteration counts from Table 4.2 are also plotted in Figure 4.3.
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Figure 4.2: Condition number estimates for the FETI-FETI method. Area on
which continuity is imposed between bodies: T, i.e., the entire interface for (I),
and only a proper subset of I", Iy for (II)
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Figure 4.3: Iteration counts for the hybrid method. Area on which continuity is
imposed between bodies: I', i.e., the entire interface for (I),

subset of T, T'y for (II)

12 . ]
« w« T @
~ X T
1o <4-Experiments (I) | |
@ -k-Experiments (Il)
c 8+ B
>
o
o
c
S 6 1
©
8
=, |
2r 1
o . . . .
2 4 6 8 10 12
1/Hb
(a) 1/H}, varies
11 T T T T T T T
104 <-Experiments (I) | |
o “Experiments (Il)| |
8r X 4
2 mi
s T b
>
S 6 |
c
8 5 1
©
O 4r ]
3r 1
2r 1
1r 1
2 4 8 1(?_1 /le 14 16 18 20
s b
(b) Hy/Hg varies
20
18- i
16f e — ]
4 o i
’5127 /ﬁ/ <-Experiments (I) | |
8 & “Experiments (Il)
cl i
Rl
g g 1
2
= |
af ]
2r 1
o . . . . .
! 2 |ogz(‘hs/h) 6 7

(¢) Hg/h varies

71

and only a proper



Part 111

Solving a Nonlinear Contact
Problem
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Chapter 5

Active set method combined with
the hybrid method

An active set method can often be slow due to a poor guess of the optimal
active set. We discuss how to find a reasonably good initial active set. We first
recall that our minimization problem (3.1) can be written as

N P A : 5
min —uiSaur — geur, with  Brup <0, (5.1)
up€WT ¢

in terms of the primal variables. We can also reformulate (5.1) in terms of the dual
variables:

1 e o~
mingATBF,CSgBﬁ A—dr\, with A >0, (5.2)

where d, = Egcgiﬁc
In our experiments, we solve the dual problem (5.2) approximately and use the
resulting solution, denoted by A, to obtain the initial active set.

More precisely, we inexactly solve the unconstrained version of (5.2)

Cc

1 o oy~
ming A" Br.SIBf A - A" (5.3)

with the preconditioned conjugate gradient method, with ED,F,C§6§57F7C as the
preconditioner, where B pr.c is the scaled version of B\p’c. We denote the resulting
solution by \*. Subsequently, we orthogonally project A\* onto the feasible region
in the transformed coordinate system, which is associated with the preconditioner
Bpr.cScB} ., and denote such a projection by A.

In Figure 5.1, we illustrate the projection of A* in the original and the trans-
formed coordinate systems. The concentric ellipses on the left of Figure 5.1 indicate

the level sets of f()) := %/\TERC:S*\;EE A — d" ), whereas the concentric circles on
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the right of Figure 5.1 indicate the level sets of the transformed function
F) = L3 5 Gt - R N ]
FOO) = SN B SUBE S T = LT - T

where M~ is the pseudoinverse of the system matrix, i.e., M~ := (§p70§6§§C)T.
The feasible region Q5 := {\ : A > 0} has been transformed into Qp := {\ :
M~Y2)\ > 0}.

Whereas the projection of \* onto {25 in the original coordinate system does not
necessarily coincide with ), the minimizer of the inequality constrained problem
(5.2), the projection of \* onto 5 in the transformed coordinate system coincides
with A. When M~ (ERCS‘\CE{C)T we cannot expect this to happen, but we can
expect the projection of A\* in the transformed coordinate system to be a better
approximation of A than the projection in the original coordinate system, and we
will use the projection in the transformed coordinate system as our initial vector.

However, we note that we do not solve (5. 3) exactly in practice, due to the
presence of ST solving an equation of the form S,z = b with a given right hand
side b can be expensive. Instead, we replace S i with M5! sppc» and solve the resulting
problem:

1 .~ -
ming A Br. oMy pe Bii A - A\, (5.4)

We still denote the solution of (5.4) by A* and the projection of A* onto the feasible
region Qp = {A: M~Y2X > 0} by A, where M ! := BDFCS BDFC

We recall the KKT conditions for (5.1), Wthh are satisfied by an optimal pair
(UF, )\)

éF,cur < 0
A >0
AT(ép,ch) = O (55)

S\CUF — /g\c + ./BS%:C)\ O
The second and the third equations of (5.5) indicate that A; > 0 implies
(Brcur); = 0. This motivates us to set

initial active set = {i: \; > 0}. (5.6)

This turns out to be a good estimate of the optimal active set. Once the initial
active set is chosen, we solve the corresponding saddle point problem of the form
(4.2) with the preconditioned conjugate residual method. If the resulting solution
is infeasible or does not satisfy the KKT conditions, we modify the active set and
repeat the process. In other words, we
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1. solve (5.4) with the PCG method, iterating until the norm of the residual
has been reduced by a factor of 107°; denote the resulting solution by \*.

2. Project \* onto Qp in the transtormed coordinate system as described above,
to obtain the projection ), and the initial active set {i: Ai > 0}.

3. Withag = [uf A7) =1[0_ A7) as initial vectors, solve a saddle point problem

of the form (4.2), where Zf 7k of (4.2) is determined by the current active set.
Iterate until the norm of the residual has been reduced by a factor of 107°.

4. If the u part of the resulting solution is not feasible or not optimal, modify
the active set accordingly, following Figure 6.3, and repeat the process.

We have solved the nonlinear model problem (3.1) with the method described
above; the results are reported in Table 5.1.

Figure 5.1: Projection of A\* onto the feasible region in original and transformed
coordinates, respectively. When preconditioner = inverse of the system matrix (as
shown in right), projection of the solution of unconstrained problem, \*, onto the
feasible region is the solution of the constrained problem, \. Therefore we can
expect proj(A\*) ~ A with a good preconditioner.

In Table 5.1, notice that the number of inner minimizations does not increase
rapidly as we increase the number of elements per subdomain or the number of
subdomains per body (or membrane, in the model problem), which is an indication
of the scalability of the hybrid algorithm.
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Table 5.1: Results: active set method + hybrid method. PCG it. denotes the
number of PCG iterations needed to solve (5.4) until the norm of the residual has

been reduced by 1075,

outer 1t.

denotes the number of outer iterations of the

active set method; inner it. denotes the number of iterations needed to solve the
inner minimization problems via PCR method on the active faces identified in the
outer iterations. total it. denotes the sum of the number of inner iterations.

Ngwp(1/H) H/h  Ngos(A)  Ngos(total) PCG it. outer it. inner it. total it.
16(4) 4 17 561 5 2 16 16 32
16(4) 8 33 2145 6 2 21 19 40
16(4) 12 49 4753 6 1 25 21 21 67
16(4) 16 65 8385 7 4 29 24 22 22 97
16(4) 20 81 13041 7 4 27 25 23 22 97
64(8) 4 33 2145 7 2 19 19 38
64(8) 8 65 8385 8 1 25 25
64(8) 12 97 18721 8 1 28 28
64(8) 16 129 33153 9 1 31 31
64(8) 20 161 51681 9 2 32 28 60

144(12) 4 49 4753 8 1 21 21
144(12) 8 97 18721 10 2 26 24 50
144(12) 12 145 41905 11 3 30 26 27 83
144(12) 16 193 74305 11 4 32 30 28 28 118
144(12) 20 241 115921 11 4 35 31 29 29 124
256(16) 1 65 8385 9 1 21 21
256(16) 8 129 33153 11 1 29 29
256(16) 12 193 74305 13 2 33 27 60
256(16) 16 257 131841 13 2 35 30 65
256(16) 20 321 205761 14 3 39 32 32 103
400(20) 4 81 13041 10 2 23 22 45
400(20) 8 161 51681 12 3 29 27 25 81
400(20) 12 241 115921 14 3 33 32 30 95
400(20) 16 321 205761 14 4 38 34 31 31 134
400(20) 20 401 321201 15 5 39 38 32 32 32 173
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Figure 5.2: Solution of the model problem, from different angles. Ny, = 16, H/h =
8.

Nk ® B A N o
N L L L | | L I,
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Chapter 6

SMALBE Algorithm for Bound
and Equality Constraints

By the duality theorem of [14, Chapter 2], the nonlinear model problem (3.1)
can be reformulated in terms of Lagrange multipliers as a bound and equality con-
strained problem; we will give this reformulation in Section 6.4. We first describe
the SMALBE (Semi-Monotonic Augmented Lagrangians for Bound and Equality
constraints) algorithm for convex quadratic problems with bound and equality
constraints, developed by Dostal [13],[14, Chapter 6]. In Section 6.4, we will use
this algorithm to solve the problem (3.1).

We wish to solve a bound and equality constrained problem of the following
form:

min f(z), (6.1)

ueQpE

where f(z) = 327Azx — b"2, A € R™™ is a positive definite, symmetric matrix,
bl € R" Qpr :={x € R": Br = ¢ and x >1},B € R™" and ¢ € ImB.
To allow the possibility that not all components of x are bound constrained, we
admit [; = —oo. In the SMALBE algorithm, the equality constraints and the
bound constraints are treated separately. In particular, the SMALBE algorithm
has features of the SMALE (Semi-Monotonic Augmented Lagrangians for Equality
constraints) algorithm and the MPRGP (Modified Proportioning and Reduced
Gradient Projection) algorithm, which are methods for convex quadratic problems
with equality constraints and bound constraints, respectively. We first review these
two methods.
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6.1 SMALE Algorithm

The SMALE algorithm is for convex quadratic problems with equality con-
straints. Suppose we want to solve

min f (),
ueQp

where %xTAx — bz, A € R™™ is a positive definite, symmetric matrix, b €
R" Qp:={r € R": Bx =c},B € R™", and ¢ € ImB.

We introduce the augmented Lagrangian penalty function L : R*tm+l - R
which is defined by

L(z, )\, p) = f(z)+ (Bx — )"\ + gHBm—cHZ. (6.2)
and g, its gradient with respect to x, by

g(x, A\, p) :i=V,L(z, N\, p) = Az — b+ BT (\ + p(Bx — c)). (6.3)

The SMALE algorithm, described in Figure 6.1, can be viewed as an inexact
augmented Lagrangian method with adaptive precision control. In Step 2, we can
use any convergent algorithm for minimizing strictly convex quadratic functions,
such as the conjugate gradient method. The SMALE algorithm has both outer
(update of A and p) and inner (finding x, given A\ and p) loops, and the number of
iterations required for the convergence is bounded for both in terms of a few pa-
rameters, e.g., Amin(A), the smallest eigenvalue of the Hessian of the cost function.

Let 7 denote any set of indices and assume that for any ¢ € 7 we have a

minimization problem
minimize fi(z) st. z e (6.4)

where O = {z € R™ : Byx = 0}, fi(z) = 327 Ay — b} 2, with A, € R™*™ positive

definite and symmetric, B; € R"™*" and b;, x € R™. Then we have the following
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. Initialize: choose n >0,83>1,M >0,py > 0,\° € R™, k=0

. Tterate k = 0,1,2,---, while [|g(x*, \*, pp)|| > Me|[b]| or ||Bz*|| > €||b]],
where € > 0 is a given tolerance (inner iteration with adaptive precision
control):

find 2% such that

lg(a®, A%, p)l| < min{M||Bz* — c[|,n}.

. Update the Lagrange multipliers:

ML= AP 1 p(Ba® — c).

. Update p provided the increase of the Lagrangian is not sufficient:

if k> 0 and p
L(:L‘k’ >\k>Pk) < L(Ik_la Ak_l?ﬂk—l) + EkHBxk - CHQ

Pr+1 = Bpk
else
Pk+1 = Pk

Figure 6.1: SMALE algorithm
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result, [14, Theorem 4.21], which shows that the number of outer iterations required

for the convergence of the algorithm to a certain accuracy is bounded in terms of

Theorem 6.1.1. Let {z§}, {\i'} and {p.+} be generated by the SMALE algorithm
of Figure 6.1 for (6.4) with ||b;]| > n > 0,8>1,M > 0,p0=po > 0,\) =0. Let

0 < min be a given constant. Finally, let the class of problems (6.4) satisfy

Umin S )\mzn (At>7

where Amin(Ay) denotes the smallest eigenvalue of Ay, and denote

a=(2+3)/(aminpo)

where s > 0 is the smallest integer such that 3°py > M2/amm. Then for each e > 0

there are indices k;,t € T, such that

ki <a/e +1

and xft is an approximate solution of (6.4) satisfying

[lge(ws®, A5 pege || < Mellbel| - and || Byag*|] < e |bi]|- (6.5)

We have another result, which shows that the number of inner iterations needed

to find 2* which satisfies our requirements is bounded:

Theorem 6.1.2. Let {zF}, {\i'} and {p;1} be generated by the SMALE algorithm
of Figure 6.1 for (6.4) with ||b;|| > n: > 0,8 >1,M > 0,p0 = po > 0,\) =0. Let
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0 < Gmin < Umaz and 0 < Byae be given constants. Let Step 2 be implemented by

the conjugate gradient method which generates the iterates x,’f’o, xf’l, e ,xf’l = ak
starting from :Uf’o = 2V with x;7' = 0, where | = I(k,t) is the first index satisfying
either
k,l k,l
lg(at”", A, p)l| < M| By
or

lg(i ' AF, o)l < eM|Jbe]].

Finally, let the class of problems (6.4) satisfy
Amin S )\mm(At) S )\max(At> = HAtH S Amax Cl’ﬂd ||BtH S Bmax~

Then the Algorithm generates an approzimate solution z¥ of any problem (6.4)
which satisfies (6.5) at O(1) matriz-vector multiplications by the Hessian of the

augmented Lagrangian L, for (6.4).

6.2 MPRGP Algorithm

The MPRGP algorithm is used for convex quadratic problems with bound
constraints. Suppose we want to solve

min f(x) (6.6)

ueQp

1

10T Az — bz, A € R™" is a positive definite, symmetric matrix, b,/ €

where

R™ Qp :={x € R": z > [}. Again, we allow [; = —oo. By the duality theorem of
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[14, Chapter 2], we know that an optimal KKT pair (z, 5\) € R™ x R" satisfies

241 < 0
A >0
M(=i+1) = 0
L.(2,%) = 0,

where

1
L(z,\) == §xTAx — bl 4+ N (—x + ).

These conditions are equivalent to
Az —b>0 and (Az—b)'(z—-1)=0, (6.7)
or, componentwise,
Ti=L=¢>0 and Z,>0l;=¢=0 i=1---,n, (6.8)

where §; = (AZ—b),;. The KKT conditions (6.8) determine some important subsets
of N ={1,2,--- ,n}, the set of all indices. We define an active set of = as the set

of all indices for which x; = [;;
A(x) ={i e N :z; =1},
and a free set of x, as the complement of the active set:

Flx):={ie Nz, #1;}.
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We also introduce two subsets of A(x),

Bz)={ieN :z;=1,9, >0}, Bo(z)={ieN:z;=1,¢g >0},

which are called a binding set and a weakly binding set, respectively. We decompose
the part of the gradient g(x) = Az — b which violates the KKT conditions into the

free gradient ¢ and the chopped gradient 3, which are defined by

oi(z) = gi(x) for i€ F(x), ¢i(x)=0 for ie Ax),
Bi(x) =0 for i€ F(x), pilx)=g; (x) for ie Az), (6.9)

where g; := min{g;, 0}. Introducing the projected gradient g*(z) := ¢(z) + B(x),

we can rewrite the KKT condition as

g (z) =0.

Note that ¢ and 3 are orthogonal to each other and —¢ and — 3 are feasible descent
directions for f; see Figure 6.2.

Among the methods for convex quadratic problems with bound constraints such
as (6.6) are the active set method, Polyak’s algorithm, and the gradient projection
method. We will briefly describe these methods, since the MPRGP algorithm has
features borrowed from these methods.

In an active set method, also known as a working set method, we solve a
sequence of auxiliary equality constrained problems defined by a subset of the set
N. This task would have been very simple if we knew A(%) a priori, but since this

is usually not the case, we start out by guessing which inequalities would be active
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Figure 6.2: Gradient splitting: the projected gradient ¢ is decomposed into ¢
and (. (a): the iterate is strictly inside the feasible region, so ¢ = ¢, = 0.
(b),(c),(d),(e): the iterate lies on a face, and ¢ is always defined as the tangential
component of g to the face. The normal component of g to the face, if its negative
is a feasible direction, equals (; if not, g = 0.

V
Qs (2 g;ocp

(b) - © |9
9

in the solution .
Let I C N denote the set of indices of the bounds I; which are predicted to be

active in the solution, and let

W]:{yGRRyZ:lZ,ZEI}

In this dissertation, we will call the predicted set of active bounds I and W; an
active set and an active face, respectively. The complete active set method is
described in Figure 6.3.

Polyak’s algorithm, described in Figure 6.4, differs from the active set method
mainly in that we do not wait until an auxiliary, equality-constrained problem is
solved to test the feasibility of the intermediate solution. We perform conjugate
gradient iterations on A(z%), the active set of 2% k = 0,1,2,---, if ||¢(a*)|| > 0,

i.e., if it is worthwhile to stay on the current active set; ||¢(z*)|| = 0 indicates that
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1. Initialize: choose x° € Qp, set I® = By(z°),k =0

2. Tterate k =0,1,2,--- while ||g¥(z*)|| > 0
Minimize in face Wiys:

g = arg mingew , f(y)

if gy € Qp,
set ot = g, IM1 = By (xkHL).

else L
set 21 as the cross point of the line segment %y

and Qp, and ¥ = A(LFH).

Figure 6.3: Active set method

we have reached the optimal point on the active set and we either have reached
the solution or should leave the face. If the conjugate gradient iterate, say y, is
feasible, we accept it as the next iterate, i.e., set zF*! = vy, and if not, we take
the cross point of the line segment z%g and Qg as 2. If ||¢(z*)|| = 0, we take
—B(2*) as the search direction and take z**! := 2% — a,,3(2*), where a,, is the
minimizer of f(z* — af(z%)).

In the gradient projection method, described in Figure 6.5, the next iterate
is always defined by 281 = Po, (2% — ag(2¥)), where Py, denotes the projection
operator onto g, @ is a fixed steplength, determined by the spectrum of the

matrix A, the Hessian of the cost function.
Polyak’s algorithm and the gradient projection method have different benefits.

A nice feature of the gradient projection method is that we have a convergence rate

bounded in terms of the spectrum of the matrix A, whereas Polyak’s algorithm does
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1. Initialize: choose 2° € Qp, set g = Az® —b,p = g7 (2°),k =0

2. Tterate k = 0,1,2,---, while ||¢gF (2*)|] > 0
if [|¢(z*)]] >0
g =9 p/PpTAp,y = F — aggp
ap = max{a : zF —ap € Qp} = min{(xf —1;)/pi : pi > 0}
if aey < oy (conjugate gradient step)
M =y, g = g — acAp,
B=o(y)" Ap/p" Ap,p = d(y) — Bp
else (expansion step)

ab =2k —app g = g — apAp,p = ¢(2F1)
end

else
d = B(z%), .y = g*'d/d" Ad,

ZEk—H _ $k . acgd7 g=g— achd,p = gb(xk+1>

end

Figure 6.4: Polyak’s algorithm

Given a positive definite, symmetric matrix A € R™*" and b,] € R”

1. Initialize: choose z° € Qp,a € (0,2[|A||71),k =0

2. Tterate k = 0,1,2,---, while ||¢gF(z*)|| is not small
Gradient projection step:

2" = Py, (a* — ag(ah))

Figure 6.5: Gradient projection algorithm
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not come with such an upper bound. On the other hand, the gradient projection
method does not use the concept of active sets so it is prone to switch faces many
times before it gets close to the solution.

The MPRGP algorithm combines the good features of Polyak’s algorithm and
the gradient projection method. Some notable differences between the MPRGP
algorithm and Polyak’s algorithm are that the magnitude of the free gradient
#(2*) and that of the chopped gradient 3(x*) are compared in each iteration, and
if [|¢(x")|| is considerably larger than 3(x*), our search for the next iterate stays
on the current active face determined by A(z*). If not, we leave the face and take
—3(z*) as the search direction. The MPRGP algorithm is described in Figure 6.6.
The complete description of the MPRGP algorithm and the criterion for deciding
whether to leave the face or not requires a few more definitions, and we leave them
out to keep the exposition simple and refer the reader to [14, Chapter 5]. The
following theorem gives us a convergence rate for the MPRGP algorithm; see [13,

Theorem 5.9].

Theorem 6.2.1. Let ' > 0 be a given constant, let N\, denote the smallest eigen-
value of A, and let {z*} denote the sequence generated by the MPRGP algorithm
of Figure 6.6 with a € (0,||A||~']. Then

F@™*) = f(@) < me(f(2") = f(2)),

where & denotes the unique solution of (6.6) and

(6.10)
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Choose @ € (0,2[|A||™)
1. Initialize: choose 2° € Qp, set g = Az® — b, p = ¢(2°),k =0

2. Iterate k =0,1,2,---, while g (2%) > 0
if ¢(a*) dominates

g = g'p/p" A,y =" —agp
a; = max{a:z" —ap € Qpt =min{(zF —1;)/p; : p; > 0}

if aey < oy (conjugate gradient step)
" =y, g = g — ag,Ap,
B =o(y)" Ap/p" Ap.p = ¢(y) — Bp
else (expansion step)
P = Py, (k — ag(ah))
g = Akt — b p = ¢(a*t1)
end
else (proportioning step)
d=p(z"), a = g'd/d" Ad
oF = 2b —ad, g = g — aAd,p = ¢(x
end

k+1)

Figure 6.6: MPRGP algorithm

with T' = maz{T, T}, The error in the A— norm is bounded by

) i A" )
I~ 13 < 2l alfs <2 (1 g ) I =3l (61

We note that for a typical unconstrained convex quadratic problem, the conju-

gate gradient method has the following relative error bound:

k
A) -1
Hx’“—s%lliﬂ(%) I = 411, (6.12)
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see Section 1.3.1. We also note that

1 K(A) -1

TSR K(A) +1

and thus the MPRGP algorithm in general converges more slowly than the CG
method for the same cost function; this is because the MPRGP algorithm has the
expansion and the proportioning steps in addition to the CG steps (see Figure 6.6),

which are not as effective as the CG steps at decreasing the cost function.

6.3 SMALBE Algorithm

The SMALBE algorithm is for convex quadratic problems with bound and
equality constraints, such as (6.1). It is a modification of the SMALE algorithm;
the only difference is in Step 2. Not surprisingly, we use the same functions L and
g = VL, as defined in (6.2) and (6.3) to describe the algorithm. From the KKT

conditions, a feasible vector x € Qpg is a solution of (6.1) if and only if
g>0 and g¢g'(x—1)=0,

or equivalently

where g¥ is the projected gradient of g, as defined in Section 6.2. The SMALBE
algorithm for (6.1) is described in Figure 6.7. We have results concerning the upper
bound for the number of iterations required for the convergence of the outer and

the inner iterations, which are analogous to those of Section 6.1; see [14, Chapter

6).
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Given a symmetric positive definite matrix A € R™*"™ B € R"™*" n-
vectors b, (.

1. Initialize: choose n > 0,3>1,M > 0,py > 0,\° € R™, k=0

2. Iterate k=10,1,2,---,
Find z* > [ such that

lg” (", A, pi)l] < min{M]|Ba*||, n}

3. Update the Lagrange multipliers:

)\k-l—l — /\k+pkak

4. Update p provided the increase of the Lagrangian is not suffi-
cient:
if k>0 and
L(zF, X, pr) < L(2F 1, A1 ppq) + 2+ ||Ba* — ¢||? then
Pr+1 = Bpr
else

Pk+1 = Pk
end

Figure 6.7: SMALBE algorithm

6.4 Numerical Experiments with SMALBE

In this section, we reformulate the problem (3.1) in terms of the Lagrange multi-
pliers as a bound and equality constrained problem and solve it with the SMALBE
algorithm described in the previous section. Following [16], we decompose 2; and
()5 into subdomains in the style of FETT-DP methods, which is the approach taken

in the FETI-FETT method. Eliminating the interior unknowns of each subdomain
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as usual and using the notation of Chapter 3, we obtain

.1
min —ul Sur — g up, with Bjur <0 and Bgur =0, (6.13)
up€WPp ¢

where
§§ 1) (1)

and

such that Bgur = 0 enforces the continuity condition between the subdomains of
the same body and Brur < 0 enforces the nonpenetration condition between (24
and QQ.

The primal problem (6.13) is equivalent to the following dual problem:

min @()\) subject to A; >0 and R(j.— §§c)\) =0, (6.14)
where
range(R) = ker(S,),
Lip T3
0()\):5)\ FAX—\d
with

F = BroSiBl,, d=Br.Sg.

We modify the dual problem (6.14) further to obtain a version more suitable for
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computations. We adopt the notation
é = RTE?"C, €= RTgc

and let T denote a matrix which defines the orthonormalization of the rows of G ,
so that the matrix

G=TG

has orthonormal rows. With e = T'€, we can rewrite (6.14) as
1 -
min§>\TF)\ —Md st. A\>0 and Gir=e. (6.15)

The following lemma, taken from [15], allows us to reformulate the problem (6.15)

in a vector space, not an affine space:

Lemma 6.4.1. Let Ep,c be such that the negative entries of By are in the columns
that correspond to the nodes in the floating body s. Then there is X such that
XIZO and G\ = e.

Using Lemma 6.4.1, (6.15) can be rewritten as
1 -
minsX'FA=Ad st A ==X and G =0, (6.16)

where d = d — F. Finally, we observe that (6.16) is equivalent to the following

problem:

1 ~
min§)\T(PFP + QA= A'Pd st. A\;>0 and GX=e¢, (6.17)
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where p is an arbitrary positive constant and

Q=G"G and P=1-Q.

We now use the SMALBE algorithm to solve the problem (6.17), with the MPRGP
algorithm to solve auxiliary bound constrained problems; the results are presented
in Table 6.1.

1,y are decomposed into N x N square subdomains, each of which is dis-
cretized by conforming piecewise quadratic elements with square elements of side-

length h. The computations were performed with the parameters

M=1, py=30, T'=1, and e=10"7,

and the stopping criterion for the outer iterations was

lg" (A9 < ellbl] and [|BA™[] < e[[b]].

We record the number of outer iterations, the number of inner iterations for each
outer iteration, and the total number of inner iterations. We note that in each
SMALBE iteration, the first outer iteration requires the largest number of inner
iterations. This is because in the beginning the iterate is normally on a wrong
active face and we end up taking many expansion steps and proportioning steps,
which slow down the convergence of the MPRGP algorithm; see the discussion at
the end of Section 6.2. After a while, however, the iterate settles down on the
right face and we mainly take CG steps, which explains smaller number of inner

iterations.
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Table 6.1: Results: SMALBE

Ngup(1/H) H/h Naog(N) Ngog (total) outer it. max(inner it.) total it.
16(4) 4 161 561 4 24656 41
16(4) 8 369 2145 5 596878 88
16(4) 12 577 4753 5 3898118 74
16(4) 16 785 8385 4 50 13 12 13 88
16(4) 20 993 13041 6 47 13 129 12 8 101
64(8) 4 705 2145 5 326666 56
64(8) 8 1633 8385 6 4998977 89
64(8) 12 2561 18721 7 559137999 111
64(8) 16 3489 33153 8 8411131111999 157
64(8) 20 4417 51681 8 39 13 12 13 10 12 12 10 121

144(12) 4 1633 4753 6 50107775 86
144(12) 8 3793 18721 7 359119887 87
144(12) 12 5953 41905 8 39131278888 103
144(12) 16 8113 74305 10 40 1121121098898 136
144(12) 20 10273 115921 11 44 8 21 141212108 13 8 8 158
256(16) 4 2945 8385 6 491261077 91
256(16) 8 6849 33153 8 3213101112888 102
256(16) 12 10753 74305 10 34191710 12101089 8 137
256(16) 16 14657 131841 11 121712138911 88 160
256(16) 20 18561 205761 12 50 15 21 13 20 10 11 10 12 12 8 10 192
400(20) 4 4641 13041 7 40 11 10 10 6 8 6 91
400(20) 8 10801 51681 9 4116111110896 9 121
400(20) 12 16961 115921 11 34815151111109699 137
400(20) 16 23121 205761 13 511315101513 1310119699 184
400(20) 20 29281 321201 14 230 10 16 18 1522 11 11 10 139 11 9 11 396

We also compare the total iteration counts of Table 5.1 and Table 6.1; note that
for certain combinations of Ny, (1/H) and H/h the SMALBE algorithm requires
twice as many iterations as the combination of an active set method and the hybrid

method.
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