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ABSTRACT

Finite element tearing and interconnecting (FETI) type domain decomposition
methods are first extended to solving incompressible Stokes equations. One-level,
two-level, and dual-primal FETT algorithms are proposed. Numerical experiments
show that these FETI type algorithms are scalable, i.e., the number of iterations is
independent of the number of subregions into which the given domain is subdivided.
A convergence analysis is then given for dual-primal FETT algorithms both in two
and three dimensions.

Extension to solving linearized nonsymmetric stationary Navier-Stokes equa-
tions is also discussed. The resulting linear system is no longer symmetric and a
GMRES method is used to solve the preconditioned linear system. Eigenvalue es-
timates show that, for small Reynolds number, the nonsymmetric preconditioned
linear system is a small perturbation of that in the symmetric case. Numerical ex-
periments also show that, for small Reynolds number, the convergence of GMRES
method is similar to the convergence of solving symmetric Stokes equations with
the conjugate gradient method. The convergence of GMRES method depends on
the Reynolds number; the larger the Reynolds number, the slower the convergence.

Dual-primal FETT algorithms are further extended to nonlinear stationary
Navier-Stokes equations, which are solved by using a Picard iteration. In each
iteration step, a linearized Navier-Stokes equation is solved by using a dual-primal
FETTI algorithm. Numerical experiments indicate that convergence of the Picard
iteration depends on the Reynolds number, but is independent of both the number

of subdomains and the subdomain problem size.
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Chapter 1

Introduction

1.1 An overview

Solving partial differential equations numerically is often reduced to solving large
linear systems of equations. The size of a problem can often make the problem
impossible to be solved on a single machine. Solving large linear systems on parallel
computers is therefore imperative. The efficiency of such an approach depends on
the degree of parallelism of the algorithm, i.e., the portion of the works that can
be implemented in parallel. Direct solvers of solving a linear system are robust,
but not efficient on parallel computers. Iterative methods are therefore often used
in parallel computing for solving large linear systems. A very important type of
iterative methods are the Krylov subspace methods. It is important that a Krylov
method incur a constant (or nearly a constant) number of iterations, when the size
of the problem (or correspondingly the number of processors) increases, in order
to make the algorithm scalable on a parallel computer.

When using a Krylov subspace method to solve a linear system Ax = b, we

just need to implement the multiplication of the matrix A times vectors. In each



iteration step, we are looking for an approximation x, of x, which minimizes a
norm of the error, r — x,,, or the residual, b — Az, in a certain Krylov subspace.

The convergence of a Krylov subspace method, for a symmetric positive definite
problem, depends on the condition number of the matrix A. The condition number
of A often depends on the mesh. In order to make the convergence of a Krylov
subspace method independent of the mesh, we often solve a preconditioned linear
system M~'Az = M~'b, where M~! is called the preconditioner. We expect the
operator M 1A to be better conditioned and therefore faster convergence to be
achieved.

Domain decomposition methods are a type of preconditioned Krylov subspace
methods, where we use subdomain solvers (often coupled with a coarse level solver)
to construct the preconditioner for solving the original global problem. In each it-
eration step, we solve small subdomain problems in parallel, and we also solve a
coarse level problem. In most cases, a coarse level solver is crucial to make the par-
allel performance insensitive to the number of processors. A powerful framework
of analysis has been well established in the past two decades for the study of sym-
metric positive definite elliptic PDEs; see the proceedings of annual international
domain decomposition meetings, cf. [2], [14], [15], [38], [39], [40], [45], [46], [54],
[58], [67]. The book [74] and the references therein also give a good introduction
to this field.

There are two main different types of domain decomposition methods: over-
lapping Schwarz methods and iterative substructuring methods. In an overlapping
Schwarz method, the domain is decomposed into overlapping subdomains. For a

two-level algorithm of this type, the preconditioner is assembled from subdomain



solvers and a coarse level solver. In each iteration step, only subdomain prob-
lems and a coarse level problem are solved. It has been proved that the condition
number of a two-level overlapping Schwarz method, for symmetric positive definite
problems and with generous overlap between subdomains, is bounded from above
independently of the number of subdomains and the mesh size, cf. [18].

In an iterative substructuring method, the global problem is reduced to a prob-
lem for the subdomain interface variables, by using a Schur complement procedure.
This interface problem is then solved by a preconditioned Krylov subspace method.
The scalability of the nonoverlapping substructuring methods has also been estab-
lished, cf. [19] and [21].

The Finite Element Tearing and Interconnecting (FETT) methods form a spe-
cial family of domain decomposition methods. They are iterative substructuring
methods of dual type. The first FETI method was proposed in [29] for solving
positive definite elliptic partial differential equations. In this method, the spatial
domain is decomposed into nonoverlapping subdomains, and the interior subdo-
main variables are eliminated to form a Schur problem for the interface variables.
Lagrange multipliers are then introduced to enforce continuity across the interface,
and a symmetric positive semi-definite linear system for the Lagrange multipliers
is solved by using a preconditioned conjugate gradient (PCG) method.

There are extensive applications of domain decomposition methods to saddle
point problems, especially for incompressible Stokes problems. Previous domain
decomposition methods for incompressible Stokes equations have been based on
primal iterative substructuring methods, cf. [1], [7], [11], [12], [13], [35], [59], [60],

[61], [64], [66], [69], [76], on overlapping Schwarz methods, cf. [34], [36], [48], [70],



and on block preconditioners, cf. [47], [49]. A discussion of overlapping Schwarz
methods and iterative substructuring methods for solving incompressible Stokes
problems is given in Chapter 2.

In this thesis, FETI type domain decomposition methods are extended to solv-
ing incompressible Stokes equations. In Chapter 3, one-level, two-level, and dual-
primal FETI algorithms are proposed to solve incompressible Stokes problems in
two dimensions. We only consider approximations with discontinuous pressure.
Therefore, only continuity of the velocity component is enforced across the sub-
domain interface by introducing Lagrange multipliers. The pressure component
is not required to be continuous either across the subdomain interface or inside
each subdomain. By a Schur complement procedure, the indefinite Stokes prob-
lem is reduced to a symmetric positive definite problem for the dual variables, i.e.,
the Lagrange multipliers. A conjugate gradient method is used to solve this dual
problem. Numerical experiments show that these FETI algorithms are scalable.

Convergence analyses for the dual-primal FETT algorithms are given in Chapter
4, in both two and three dimensions. We prove that the condition number of the
preconditioned linear system is independent of the number of subdomains and
bounded from above by the product of the square of the logarithm of the number
of unknowns in each subdomain and a factor that depends on the inf-sup constants
of the discrete Stokes problems.

Extension to solving linearized nonsymmetric stationary Navier-Stokes equa-
tion is discussed in Chapter 5. The resulting linear system is no longer symmetric
and a GMRES method is used to solve the preconditioned linear system. Eigen-

value estimates show that, for small Reynolds number, the non-symmetric pre-



conditioned linear system is a small perturbation of that in the symmetric case.
Numerical experiments also show that, for small Reynolds number, the conver-
gence of GMRES method is similar to that of the symmetric Stokes equation case.
The convergence of GMRES method depends on the Reynolds number; the larger
the Reynolds number, the slower the convergence.

A nonlinear Navier-Stokes equation solver, using Picard iteration, is also con-
sidered in Chapter 5. In each iteration step, a linearized Navier-Stokes equation
is solved by using a dual-primal FETI algorithm. Numerical experiments show
that the convergence of Picard iteration depends on the Reynolds number, but is
independent of either the number of subdomains or the subdomain problem size.

The following two sections give a review of some introductory material, in-
cluding Sobolev spaces and mixed finite element methods for solving saddle point

problems.

1.2 Sobolev Spaces

Let Q be a bounded Lipschitz domain in R?, d = 2 or 3 . The space L*(Q2) is the

space of all real valued measurable functions u for which

1/2
|20y = (/ IUIQda:> < 0.
Q

L3(9) is the subspace of the functions u € L?(Q), which satisfy [, udz = 0. The

space H'(Q) is the space of all locally integrable functions u, for which
/ lu|?dxr < oo, and / Vu - Vudr < oo.
Q Q

The scaled H'-norm of u is given by

1
Q QJ0



where Hgq is the diameter of €2; this scaling factor is obtained by dilation from a

region of unit diameter. The H'-seminorm of u is defined by
|u|§{1(m = /QVu - Vudz.

H}(Q) is the subspace of H'(Q) of functions vanishing on the boundary 9.
The trace space of H'(Q) is H'/2(992), where for any I' C 05, the corresponding

semi-norm and norm are given by

2 u(z
|ulfp/2r —// |x_y|d ddy, (1.1)

1
ol oy = llpasa) + EIIUII%z(m, (1.2)

and

where Hp is the diameter of T'. The maximal subspace of H'/2(T), for which the
extension by zero to the complement of I is a bounded operator in the H'/?-norm,
is known as HI/Q(F), cf. [82]. This space can be defined in terms of a norm given
by
o1y = Vol + [ ok 13)
where d(z,0T") is the distance from z to the boundary JT'.
The following two lemmas can be found in [27, Section 5.8.1] and in [16, The-

orem 6.1], respectively.
Lemma 1 (Poincaré’s inequality) Let

X 1 / J
it=——+— [ udzx
volume(Q) Jo

be the average of u over Q. Then there exits a constant C(2), which depends only

on the Lipschitz constant of 0S), such that

lu = allz2) < C(Hal|ulgi), Yue H(Q).



Lemma 2 (Poincaré-Friedrichs’ inequality) Let 0Q2p be an open subset of OS2
with positive measure. There ezists a constant C (S, 0Qp), which depends only on

the Lipschitz constants of 02 and on the measure of 0Qp relative to OS2, such that

1 2
Ho \ Jsq,

1.3 Mixed finite element methods for saddle point
problems

Let W be a Hilbert space with the norm || - ||y and inner product (-,-)y. We
consider a continuous bilinear form a(u,v) on W x W i.e.,
|a(u, v)| < [lallllullwllv]lw.
This bilinear form defines a continuous linear operator A : W — W' given by
(Au, v)wrxw = alu,v), YveW,ueW.

Let @ be another Hilbert space with the norm || - || and inner product (-, -)q, and

let b(w, q) be a continuous bilinear form on W x @, i.e.,

[b(w, @) < [[bll[lwllwllglle-

Again, we can introduce a linear operator B : W — (), and its transpose B’ :

Q@ — W' by
<Bw7Q>Q’><Q — <waBIQ>W><W’ - b(w7Q)7 Vw € I/Vaq € Q

We consider the solution of the following saddle point problem: for any f € W',

g €@, find u € W and p € @, such that,
a(u,v) +b(v,p) = (f,v), WWeW,
(1.4)
b(u,q) = (9,9), Ye€Q .



We have the following theorem about the existence, uniqueness, and stability

of problem (1.4), cf. [10, Proposition 1.3],

Lemma 3 If there exit positive constants cg and 3y such that

a(v,v) > |||}y, Vo € KerB, (1.5)
and
b(v,q
sup (v,9) > Bolldllo/kers,  Va € Q, (1.6)
vew [[vllw

then there ezists a unique solution (u,p) to problem (1.4) for any f € W' and

g€ ImB, and

el < 17w+ (14120 Jgllgr,

IPllasers < 2 (14 20) 1w + L (1+ 220 g

Let W" and Q" be finite element subspaces of W and @, respectively, where
h refers to the element size. The discrete variational problem is to find u® € W"
and p* € Q" such that

a(u, o) + b, p") = (f,0"), Vot e Wh|
(1.7)
b(u",q") = (9,4"), Vg"€Q".

We have the following approximation result, cf. [37, Theorem 1.1, Chapter IIJ,

Theorem 1 If there exit positive constants o and 3 such that
a(v", ") > al|lv"|}, Vv € KerB", (1.8)

and

b(Uh qh) h h h
sup ——————> > o YY" e Q" 1.9
uhewph lo"lw lla HQ/KerBh rew (19)



then there exists a unique solution (u”,p") to problem (1.7), and
h h : h - h
u—u +|lp — <c| inf |[Ju—w + inf — , 1.10
o=+l = o < ¢ ing lu = ol + it 9= "lo) . (110

where ¢ depends on (3, but is independent of h. The solution (u",p") is bounded as

follows:

Il < 21l + 3 (1+220) Jigllgr (1.11)
19" llaserss < 3 (14 L) £l + 28 (14 12L) Jgllgr (112)
Condition (1.9) is called the inf-sup condition and is often referred to in the

literature as the Ladyzhenskaya-Babuska-Brezzi (LBB) condition. It is a sufficient

but not a necessary condition for the estimate (1.10).



Chapter 2

Domain decomposition methods
for incompressible Stokes
equations

2.1 Krylov subspace methods and precondition-
ers

Krylov subspace methods are a very important type of iterative methods to solve
the linear system Ax = b. The idea is to project an m-dimensional problem into a
lower-dimensional Krylov subspace. Given a matrix A and a vector b, we denote
by K, the Krylov subspace spanned by the vectors b, Ab, ..., A" 'b. In the nth
iteration of a Krylov subspace method, we look for an approximate x,, of x, which
minimizes a norm of the error, e,, = r — x,,, or the residual, b — Az, in the Krylov
subspace IC,,.

A very important Krylov subspace method to solve Ax = b, when A is sym-
metric, positive definite, is the conjugate gradient method, cf. [43]. In the nth
iteration step of the conjugate gradient method, the approximate solution z,, is

the unique element in the space zy + K, which minimize ||e,||4. Here z; is the

10



initial guess. We have the following theorem about the convergence rate of the

conjugate gradient method, cf. [78, Theorem 38.5],

Theorem 2 Let the CG method be applied to a symmetric, positive definite prob-
lem Ax = b. Let k be the 2-norm condition number of A, i.e., the ratio of the

largest eigenvalue to the smallest. Then the A-norm of the error satisfies

—1\"
lealla _ (f ) |
€0l VE+1

Thus, the convergence rate of a conjugate gradient method depends on the

condition number, i.e., the distribution of the eigenvalues of the matrix A.

When A is not symmetric, positive definite, the generalized minimal residuals
(GMRES) method can be used to solve Az = b. In the nth step, we approximate
the solution = by a vector x,, € zy + K,, for which the norm of the residual,
rn = b— Ax,, is minimized, cf. [72]. The following theorem gives the convergence

rate of the GMRES method, cf. [78, Theorem 35.2],

Theorem 3 In step n of the GMRES iteration, the residual r,, satisfies

Irall _ '
< inf ||pn(4)]| < &(V) inf ||p, ,
frol] < pif llen (Al < (V) inf {lpallaca

where A(A) is the set of eigenvalues of A, V' is a nonsingular matriz of eigenvectors

(assuming A is diagonalizable), P, is the set of polynomials p of degree < n with

p(0) =1, and ||palaca) = sup.en(a) [Pa(2)]-

From this theorem, we can see that, if A is not too far from normal in the sense
that k(1) is not too large, and if a properly normalized degree n polynomial can be

found with rapidly decreasing values on the spectrum A(A) with increasing n, then

11



GMRES converges quickly. When the spectrum of A is tightly clustered away from
the imaginary axis, we can expect that infy, ¢p, ||pn|[a(a) decreases quickly with 7.

We can see that the distribution of the eigenvalues of A often determines the
rate of convergence of a Krylov subspace method. When the linear system Az = b
comes from the discretization of a PDE, in most cases, the spectrum of A depends
on the mesh: the finer the mesh, the more scattered the eigenvalues. In order to
make the convergence of a Krylov subspace method insensitive to the mesh, we
need to build a preconditioner of the matrix A, and instead of solving Az = b, we

solve the preconditioned linear system
M 'Ax = M b, (2.1)

where M ™! is called the preconditioner. We expect that the spectrum of the
preconditioned operator M~!'A be more tightly clustered than that of A, so that
faster convergence can be achieved by solving the preconditioned problem (2.1).
The choice of M~! = A~! makes the condition number of M~'A equal to one,
and the convergence is achieved in one step. However, we need to multiply M !,
A1 in this case, by a vector in each iteration step, and the computation of A~!
times a vector is just as expensive as to solve Ax = b. Therefore, not only is the
condition number of the preconditioned operator M A required to improve, but

it is also important to make the multiplication of M ~! times a vector inexpensive.

12



2.2 Domain decomposition procedures for Stokes
equations

2.2.1 Discrete incompressible Stokes equations

We consider solving the following incompressible Stokes problem on a bounded,
polyhedral domain €2 in two or three dimensions with a Dirichlet boundary condi-

tion,

—Au+Vp = f, inQ,
—-V-u = 0, inQ, (2.2)
u = g, onodf,
where the boundary data g satisfies the compatibility condition fm g-n=0. For
the sake of simplicity, we choose g = 0 in our discussions.
The solution (u, p) of equation (2.2) satisfies the variational problem (1.4) with
the velocity space (H}(2))? and the pressure space @ = L3(€2), and

ou,; O0v;
a(u, v) /Vu Vv-Z/ax]ax] vq):—/ﬂ(v.v)q.

i,7=1

Later, the domain Q will be decomposed into subdomains, and we will use a;(, )
and b;(-,-) to denote these bilinear forms restricted on each subdomain Q°.

Both bilinear forms, a(-,-) and b(-,-), are continuous:
la(w,v)| < CllullgIvllm,  Vu,v e (Hy ()",

(v, )| < ClIvlimllllze, Vv € (Hy())", q € L§(Q),

and the bilinear form a(-,-) is elliptic on (H(€2))?, i.e., there exists an «y such
that
la(v, V)| > aol|vili, Vv € (Hy ()"

13



We also know that there exists a positive constant 3 such that

and therefore, we know, from Theorem 1, that there exists a unique solution
(u,p) € (HZ(Q)? x L3(Q) to problem (2.2), for any f € ((H3(Q)?)', cf. [10,
Section II.1.1].

We solve this variational problem (1.4), corresponding to the incompressible
Stokes equations (2.2), by using finite element methods. We triangulate the domain
Q2 into shape-regular elements of characteristic size h. From now on, W and @) are
used to denote finite element subspaces of (H}(2))? and L3(1Q), respectively. The
discrete variational problem is: find u € W and p € @ such that

(Vu,Vv) — (p,V-v) = (f,v), YWweW |
(2.3)
—(V-u,q) = 0, Vge Q.

We assume an inf-sup stability of the chosen mixed finite element space W x @),

i.e., there exists a positive constant (3, independent of h, such that

b(w,q)
sup
wew || Wi

> Bllgllc2, Vg€ Q. (2.4)

After discretizing the integrals in (2.3), we have the following matrix form:

u A BT u f
“(3)-(25)0G)-(0) e
2.2.2 Finite element methods with discontinuous pressure

We assume that the domain 2 can be decomposed into quadrilateral (hexagonal
in three dimensions) subdomains and that each subdomain is further refined into

a fine quadrilateral or hexagonal finite element mesh. Among the many choices

14



of the inf-sup stable mixed finite elements for incompressible Stokes equations, we
consider several. In each case, we use a discontinuous pressure approximation; this
is allowed because the pressure is the space of L3().

The first choice is the popular Q2 — P1 mixed finite elements for the two-
dimensional case, where the velocity is a quadratic function and the pressure is a
linear function on each quadrilateral element; see Figure 2.1 for illustration. We

know that this choice satisfies the inf-sup stability condition (2.4), cf. [10].

) U
o Value of velocity
\
b OX— b X Value of pressure
| Value of pressure and
its derivatives
O © O

Figure 2.1: Q2-P1 mixed finite element in two dimensions

The second choice for the two-dimensional case is illustrated in Figure 2.2,
where the velocity is linear on each triangle and the pressure is a common constant
on these four triangles. The inf-sup stability of this choice can be easily proved by

using the macroelement technique given in [75].

0

Figure 2.2: A mixed finite element in two dimensions

15



The finite elements used in our three-dimensional numerical experiments are
illustrated in Figure 2.3, where the velocity is spanned by 1, x, y, z, zx, zy on
each prism, and the pressure is a constant on these eight prisms. It is also easy to

prove the inf-sup stability of this choice, by using the macroelement technique.

=

Figure 2.3: A mixed finite element in three dimensions

2.2.3 Decomposition of the solution space

The domain €2 is decomposed into N, nonoverlapping polyhedral subdomains €2,
i =1,2,..., Ny, of characteristic size H. ' = (U9€*)\ 01 is the subdomain interface.
We decompose the discrete velocity space W and the pressure space () into

W =W;® Wp,
(2.6)
Q = QI S QO:

where W1 and Qr are the direct sums of subdomain interior velocity space W&,

and of subdomain interior pressure space %, respectively, i.e.,
N wri _ aNs i
W, = D5 W1 Qr = D2 Wr-

Each subdomain interior velocity component wi € W has its support inside the
subdomain Q' and equals zero on the subdomain interface 'NOQ!. Each subdomain

pressure component ¢¢ € Q% has zero average on subdomain Q¢ and equals zero

16



outside. gy € )y is the subdomain constant pressure part, which has a constant

value ¢} in the subdomain Q. These ¢} satisfy
Ny
> gym(@) =0, (2.7)

to make the global Stokes problem have a unique solution. Here m(Q¢) is the
measure of the subdomain Q. We can see that the space W; and the space Q;
are direct sums of independent subdomain spaces, which means that there are no
direct communication between different subdomain components. Therefore, these
parts can be easily processed on different processors in parallel for the subdomain
solvers. The space Qg is not subdomain independent, because each its component
has to satisfy a global condition in equation (2.7). Therefore, they cannot be
processed the same as the subdomain interior velocity and pressure. Instead,
these subdomain constant pressures appear in a coarse level problem. Solving
this coarse level problem in each iteration step makes the subdomain boundary
velocities satisfy the incompressibility condition on each subdomain, cf. [7], [48],
and [64].

Wt is the subdomain interface velocity space, and it is decomposed differ-
ently in different algorithms. In the primal iterative substructuring methods, the
neighboring subdomains share degrees of freedom at each interface node. Each
function wr € Wy is continuous across the subdomain interface I'. In this case,
Wr cannot be written as the direct sums of subdomain interface velocity space
W%; however we use W to denote the component of Wr on 9Q°. In the one-level
and two-level FETT algorithms, the neighboring subdomains are completely torn

apart, which means, at each interface node, different degrees of freedom are as-
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signed to the neighboring subdomains which share this node. In this way, jumps
across the subdomain interface are allowed for the interface velocity wr € Wr,
and the space Wr is the direct sum of independent subdomain interface velocity
space Wh. In the FETI-DP algorithm, the neighboring subdomains share degrees
of freedom only at a few interface nodes, for example at subdomain vertices, and
have different degrees of freedom at all other common interface nodes. In this case,

Wr is decomposed into
Wr=Wn@Wa=Wno (@, W) , (2.8)

where each function wi € Wiy is continuous across I', and each function wa €
W, allows jumps. We also use Wi to denote the component of W on 9.
See Figure 2.4 for illustration of the interface velocity in different nonoverlapping
domain decomposition methods in two dimensions. In all cases, we use W' to
denote the space of velocity on subdomain Q¢ i.e., W’ = Wi U W&,

Using the decomposition of the solution space given in (2.6), the linear sys-

tem (2.5) can be written as

A]] B?I A%:I 0 uy f]
Bir 0 Br 0 pr | _| O (2.9)
AF[ B?F AFF Bg ur fp ) )

0 0 By 0 Do 0

We define a Schur complement operator St as

-1
Sr = Arpr — (Ar; BE . 2.10
T I'T ( I'T H‘) ( B[[ 0 B[F ( )

The linear system (2.9) can then be reduced to a problem for the interface velocity

ur and subdomain constant pressure py:

(5 W) ()= () e
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Figure 2.4: Interface velocity of different nonoverlapping methods

where

Ay BT\ '/ f
ff = fp — (A BY) ( e ) ( ! ) . (2.12)

B 0 0
2.2.4 Discrete Stokes extensions

The Schur complement operator Sy, defined in (2.10), can be subassembled from
the subdomain Schur complement operators Si, where Si is defined on the sub-
domain Q¢ by

] ] -1 T
i i i T Al[[ B;q; A%‘I
SF = AFF - (AFI BIF) < i i . (2-13)
BII 0 BIF
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St can be viewed in terms of an operator applied on the interface velocity vector

up, i.e., given any interface vector uf, the vector Spuf satisfies

i il il i
A B Apg u; 0
B} ;0 B}F p§ = 0 ) (2.14)
A, Bin Al up tuf.

We know, from the definition (2.13), that the action of Si can be evaluated by
solving a Dirichlet problem on the subdomain €. From equation (2.14), we see
that to compute the action of Sﬁ_l, we need to solve a Neumann problem on the
subdomain Q. In the following lemma, we show that the resulting subdomain

Schur complements Si are positive semi-definite.

Lemma 4 The subdomain Schur complements Sk defined in (2.14) are symmet-

ric, positive semi-definite, and they are singular for any subdomain with a boundary

that does not intersect 05).

Proof: 1t is easy to see that Si is symmetric. Therefore we just need to show
that ul.” Siul. > 0, for any nonzero vector ui.. For any given vector ul, we can
always find a vector

; : o\ —1 T
u; A B Apy : 515
3 A W T By | " (215)
by solving a subdomain incompressible Stokes problem with Dirichlet boundary

data ul.. Therefore,

. T . e e .
A VA A A VA

u; A B Apg u;

il i i i i i i
Ur opur = Pr By, 0 By Pr
i i i i i

up Ar; Bir Aprp up
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. T . T . .
- ( 7,) ( i i i +2p; ( By Bir) ;
up Arr App ur up
T . . .
B (u@) (Aln Aﬁ)(ﬂ%)
uj At Afp uj

where the last equality results from Biu: + Bi.uh = 0, because the vector

(ut, pt, uk) satisfies equation (2.14). Since the matrix

( A Ay )
Apr Apr

is just the discretization of a direct sum of Laplace operators on the subdomain
Q, it is symmetric positive semi-definite, and we find that ul.’ Stul. > 0, for any
nonzero vector uk. The inequality is strict when the boundary of subdomain '

intersects 0.

O

Each subdomain Schur complement operator S corresponds to the standard
discrete Stokes extension operator SH': Wi — W?, defined by: given a velocity
ul € Wi, find SH'ul. € W' and p} € QY such that

a;(SH'uk, v') +bi(viph) = 0, Vv e W,
bi(SH'uf, q7) = 0, Vg eQy, (2.16)
SH'ul, = ul.

The Si-seminorm is defined on the finite element function space W4 by
[upf%; = uf Siuj = a;(SH'up, SH'up), Vuj € Wi

A global discrete Stokes extension operator SH: Wr — W is defined such

that SH' is its restriction to the subspace Wi. The Sp-seminorm is defined on
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the finite element function space Wr, by
lur|$, = ulSrur = a(SHur, SHur), Vur € Wr.

The interface problem (2.11) can be written in the following variational form:
find ur € Wr and py € QQ, such that

a(S’HuF, SHVF) + b(S?’[VF,po) = < fF,VF >, Vvr € WF,
(2.17)
b(SHur, q) = 0, Vqo € Qo-

The discrete Stokes extension operators SH' and SH are the counterparts of
the discrete harmonic extension operators H* and H, respectively. The subdomain
discrete harmonic extension operator H' : W% — W is defined by: given ul €

Wi, find H'uk € W' such that

i (2.18)

a;(Hub,vl) = 0, WYv'eW¢
H'ul, = ul.

The global discrete harmonic extension operator H: Wr — W, is defined such
that H' is its restriction on the subspace Wik.

The following lemma can be found in [3] for the case of piecewise linear elements
and two dimensions. The tools necessary to extend this result to more general finite

elements are provided in [81].

Lemma 5 There exist positive constants C7 and Cs, independent of H and h,

such that

OI|WF|H1/2(F) < G(HWF,HWF) < 02|WF|H1/2(I‘)7 VYwr € Wp,

01|W%|H1/2(3Qi) S az(/HZW%, /HZW%) S 02|W%|H1/2(30i), VW% € W%
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The following lemma gives a comparison of the energies of the discrete Stokes

and discrete harmonic extensions, cf. [7, Theorem 4.1]:

Lemma 6 There exist positive constants Cy and Cs, independent of H and h,

such that

ClﬁZCL(S%WF,S%WF) S a(%WF,HWF) S CQG(SHWF,SHWF), \V/WF € WF,
C1%a;(SH'wWi, SH'w}) < a;(H'wi, H'w) < Coai(SH'wh, SH'wL), Ywh € Wi,

C1B%a(SHw, SHwr) < a(Hwp, Hwy) < Cha(SHw, SHwr), Vwy € Wi,
1.e.,

CiB|wrls. < |WF|H1/2(F) < Cslwr|s., Vwr e Wp,
Clmwﬂs;; < |W%|H1/2(89i) < 02|W%‘|Sf‘7 vwi € Wi,

Ci1Blwalsy < [walyi2ry < Co|wnls,, Vwnp € Wi,

where (3 is the inf-sup stability defined in (2.4).

2.3 Overlapping Schwarz methods

In this and the following sections, we will discuss some domain decomposition
methods that have previously been developed for the incompressible Stokes equa-
tions (2.2).

In [48], an overlapping Schwarz method was proposed for solving the linear sys-
tem (2.5). Each nonoverlapping subdomain ' is extended to a larger subdomain
Q. The preconditioner M~! for K is based on solutions of local saddle point

problems on the overlapping subdomains Q' and on solution of a coarse saddle
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point problem on the coarse subdomain mesh, i.e.,
Ns
M=) RI'K; 'R+ RjK; 'Ry, (2.19)
i=1
where RT K 'R, represents a local problem solver and RIK;'R, represents a
coarse problem solver. A GMRES method is used to solve the following pre-
conditioned linear system,
N
(Z RiTKi‘lRiKJrROTKO_IROK) ( ; ) =M ( g ) .
i=1
Thus, in each iteration step, we need to solve subdomain saddle point problems and
a coarse level problem. Numerical experiments show that the convergence of the
GMRES method is independent of the mesh size h and the number of subdomains

Ny, cf. [48]. Theoretical analysis of this method is still missing.

2.4 Primal iterative substructuring methods

Iterative substructuring is the other major type of domain decomposition meth-
ods. We recall that, when an iterative substructuring method is used to solve a
partial differential equation, we first decompose the domain €2 into nonoverlapping
subdomains and set up subdomain stiffness matrices. We then eliminate subdo-
main interior variables and form an interface problem. This interface problem is
solved by a preconditioned Krylov subspace method to obtain the solution on the
interface. A back solve is then applied to obtain the interior part of the solution.

A balancing Neumann-Neumann method was proposed in [64] to solve the inter-
face linear system (2.11). The intuition is that solving the indefinite problem (2.11)

is equivalent to solving the following symmetric positive definite problem: find
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ur € Wr g such that

Srur = ff,, (2.20)

where S and £ are defined in (2.10) and (2.12), respectively. Wr g is the subspace

of benign velocities defined by
WF,B = K€T‘BO == {WF € WF | B()WF = 0},

The preconditioner used in the balancing Neumann-Neumann method is of the

form:

T N. T
e (3 )2 (3 H)e)

where Q is a coarse level saddle point problem solver and (' requires solving
subdomain saddle point problems.

By utilizing this coarse level operator Q¥ , we can keep the interface velocity ur
in the benign subspace Wr p throughout the computation, and therefore reduce
the indefinite saddle point interface problem (2.11) to the positive definite prob-
lem (2.20). A conjugate gradient method is used to solve the preconditioned linear
system, and it was proved in [64] that the condition number of the preconditioned

operator is bounded from above by

1\ 1 H\’
C’(l—i-%)@(l—i-logﬁ),

where 3 is the inf-sup constant of the original discrete Stokes problem, [, is the
inf-sup constant of the coarse level saddle point problem, and C is a positive
constant independent of the mesh size H and h. Further applications of balancing

Neumann-Neumann methods to linear elasticity problems can be found in [41] and

[42].
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2.5 Some other methods

In [7], a nonoverlapping domain decomposition approach was directly applied to
solving the discrete system (2.5). The algorithm only requires the solutions of
smaller discrete Stokes systems on the subdomains and another reduced system.
This reduced system is a saddle problem which involves the subdomain interface
velocity and the mean value of the pressure on each subdomain. This reduced
system is solved by an iterative method. We note that Lemma 6 first appeared
in [7].

In [76], a nonoverlapping domain decomposition method was applied to solv-
ing incompressible Stokes equations modeled by the hp version of finite element
methods. In this approach, the original indefinite problem is reduced to a positive
definite interface problem by the introduction of a discrete divergence-free har-
monic extension map. A preconditioned conjugate gradient strategy is then used
for solving this interface problem. Two preconditioners were introduced there. It

was proved that the condition number is bounded from above by

H 1\’ Hk
Cﬁ <1+ B) <1+10g7> (1+logk),

when a hierarchical hp preconditioner was used, cf. [76, Theorem 4], and by

C (k) <1 + %) <1 +log %)2

when a Neumann-Neumann preconditioner was used, cf. [76, Theorem 5]. Here [
is the inf-sup constant of the original discrete Stokes problem and £ is the local
degree of the finite elements.

Block-diagonal and block-triangular preconditioners, are considered in [47] and

[49] for solving saddle point problems. with diagonal blocks approximated by an
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overlapping Schwarz technique with positive definite local and coarse problems.
It was proved that the condition number of the block-diagonal preconditioned
operator is bounded from above by C'(1 + %), where ¢ is the width of the overlap,
cf. [49, Theorem 4.2]. When a block-triangular preconditioner was used, it was
proved that the spectrum of the preconditioned system is contained in a real,
positive interval, which is independent of the discretization, cf. [47].

In [11], an iterative substructuring method of dual type was used to solve the
incompressible Stokes equations. There the pressure is continuous inside each
subdomain, but jumps are allowed across subdomain interfaces. A preconditioned
conjugate gradient method is used to solve a linear system of Lagrange multipliers,
which constrain the continuity of velocity on the subdomain interface. Since no
coarse level solver is implemented in each iteration step, the convergence of CG
depends on the number of subdomains.

Some other domain decomposition methods for incompressible Stokes equations
can be found in [1], [12], [13], [34], [35], [36], [59], [60], [61], [66], [69], [70].

Other approaches for the iterative solution of saddle point problems are Uzawa’s
algorithm, cf. [6], [22], [55]; multigrid methods, cf. [4], [5], [9], [79], [83]; precondi-
tioned conjugate gradient methods for a positive definite equivalent problem, cf. [8];
block-diagonal preconditioners, cf. [50], [62], [71], [73], [80]; and block-triangular
preconditioners, cf. [24], [26], [47], [63].
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Chapter 3

FETI type algorithms for
incompressible Stokes equations

3.1 Introduction

The Finite Element Tearing and Interconnecting (FETT) methods were first pro-
posed in [29] for positive definite elliptic partial differential equations. In this
method, the spatial domain is decomposed into nonoverlapping subdomains, and
the interior subdomain variables are eliminated to form a Schur problem for the
interface variables. Lagrange multipliers are then introduced to enforce continuity
across the interface, and a symmetric positive semi-definite linear system for the
Lagrange multipliers is solved by using a preconditioned conjugate gradient (PCGQG)
method. This method has been shown to be numerically scalable for second or-
der elliptic problems. For fourth-order problems, a two-level FETT method was
developed in [28]. The main idea in this variant is that an extra set of Lagrange
multipliers are used to enforce the continuity at the subdomain corners in every
step of the PCG iterations. A similar idea was used in [31] and [65], to introduce
the Dual-Primal FETI (FETI-DP) methods in which the continuity of the iterates

28



are enforced directly at the corners, i.e., the degrees of freedom at the subdo-
main corners are shared by neighboring subdomains. The FETI-DP methods were
further refined to solve three-dimensional problems by introducing Lagrange multi-
pliers to enforce continuity constraints for the averages of the solution on interface
edges or faces. This set of Lagrange multipliers, together with the corner variables,
form the coarse problem of this FETI-DP method. This richer, primal problem
is necessary to obtain satisfactory convergence rates in three dimensions. It was
proved in [57] that the condition number of a FETI-DP algorithm grows at most as
C(1+1log(H/h))?* for two-dimensional second order and fourth order positive defi-
nite elliptic equations. New preconditioners were proposed in [51] and it was proved
that the condition numbers can be bounded from above by C(1 + log(H/h))? for
three-dimensional problems; these bounds are also independent of possible jumps
of the coefficients of the elliptic problem.

In this chapter, we extend the FETT algorithms to solving incompressible Stokes
problems. In our FETT algorithms, we only consider finite elements with discon-
tinuous pressure component. This makes it possible to only enforce continuity of
the velocity component across the subdomain interface using Lagrange multipli-
ers. The pressure component is not required to be continuous either across the
subdomain interface or inside each subdomain. By reducing the original problem
to a dual problem on the Lagrange multiplier variables, the solution of the original
indefinite saddle point problem is reduced to solving a positive definite problem for
the Lagrange multiplier variables, and therefore a preconditioned conjugate gradi-
ent method can be applied. In each iteration step, we solve indefinite subdomain

saddle point problems and coarse level problems directly. In one-level FETT and
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two-level FETI algorithms, the coarse level problems are positive definite, while
in the FETI-DP algorithm, the coarse level problem is a saddle point problem.
In the following sections, we develop these three different FETI algorithms for
two dimensional incompressible Stokes equations. In the next chapter, we prove
the condition number bounds for our FETI-DP algorithms, both in two and three

dimensions.

3.2 One-level FETI algorithms

In this section, we develop a FETT algorithm for solving the incompressible Stokes
equations (2.2). Let us recall that the problem has been reduced to solving the
interface problem (2.11), where the solution upr € Wr and py € Q. For each
interface grid point, we assign different degrees of freedom to the neighboring sub-
domains. Therefore, the velocity field allows jumps across the subdomain interface.

The continuity constraint on the interface velocity ur is enforced by
BFU.F =0 (31)

where Br is a matrix constructed from {0, 1, —1} such that the values of ur coincide
across the subdomain interface I' when Brur = 0.

We know from section 2.2.4 that the global Schur complement operator St is
positive semi-definite. Therefore, the problem (2.11) and (3.1) can now be written
as a saddle point problem subject to the continuity constraints: find the stationary
point of

) 1
L(wr,q) = inf sup —wiSrwr + g3 Bowr — fFTwF,
WrEWT 40€Qo
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subject to

BFWF =0.

By introducing a vector of Lagrange multipliers i to enforce all the constraints

Brwr = 0, we obtain the following linear system:

SF Bg BIT: ur ffk
By 0 0 po | =10 , (3.2)
Br 0 0 1 0

which can be written as
SF BT ur . f;
(5 %5 )(%)=(F) 9
if we use A to incorporate both p and py, and use B to denote the block matrix

built from By and Br.

To guarantee the solvability of equation (3.3), we require that
fi — B")\ L Ker(Sr), (3.4)

where Ker(Sr) is the kernel of Sp. The solution ur of equation (3.3) then has the
form

ur = SH(£: — B'\) — Ra, (3.5)
where Slt is a pseudoinverse of St, and the range of R is the null space of the

operator Sr. Notice that Bur = 0 and R” (ff — B"\) = 0, and we have

F G A d
(er T)(2)-(F) 09
where F = BS| BT, G = BR, d = BS}f;, and e = R”f;.

Solving this FETI interface problem is equivalent to solving the following con-

strained optimization problem
Minimize %)\TF)\ — M\,
(3.7)
subject to  GTA =e.

31



When we use a conjugate gradient method to solve this optimization problem, we
need to make )\ satisfy the constraint GT'\ = e, in each iteration. We choose the
initial guess A\g as \g = G (GTG)f1 e, which satisfies this constraint. And then we

apply a conjugate gradient method to solve
PFX=Pd, X&)\ + Range(P). (3.8)

where the projection operator P is defined by

1

P=1-G(G"G) G".

We can see that the A\ always satisfies the constraint GT' )\ = e.

Two different type preconditioners have been proposed in the literature for
the FETT methods for positive definite elliptic problems: the computationally eco-
nomical lumped preconditioners, cf. [32], and the mathematically optimal Dirichlet
preconditioners, cf. [30] and [33]. A condition number bound, C(1 + log(H/h))?,
has been proved in [56] for the FETI method with Dirichlet preconditioner, both
in two and three dimensions. A scaled Dirichlet preconditioner is proposed in [53],
and a condition number bound C(1 + log(H/h))? is proved. This bound is also
independent of possible jumps of the coefficients of the elliptic problem.

In our numerical experiments in section 3.5, no preconditioner is used to solve
the FETT system (3.8) of the incompressible Stokes equations. We have tested
Dirichlet preconditioners in this FETT algorithm for solving Stokes problems, and

found no improvement in the convergence.

32



3.3 Two-level FETI algorithms

In the two-level FETI methods, we are solving
Minimize %)\TF)\ — M\,
(3.9)
subject to  GTA=e and CTP(FA—d)=0,

where C' is a chosen matrix. We can see that

CTP(FA—d) = C"(1-G(G"G)"G") (FA—d)
= " (FA=d=G(G"G) ' G"(F)A - d))
= C"(FA—d—-Ga)

== —CTBUF.

Notice that Bur is the jump of the velocity components across the subdomain
interface. By requiring CTP(F )\ — d) = 0, we make this jump orthogonal to the
columns of the matrix C. If we choose a matrix C such that each column corre-
sponds to a subdomain corner mode, then the velocity will always be continuous at
the subdomain corners when we solve problem (3.9) by using a conjugate gradient

method.

3.4 Dual-primal FETI algorithms

In this section, we develop a dual-primal FETI algorithm for solving the incom-
pressible Stokes equations in two dimensions. Our algorithms for three-dimensional
problems will be discussed in the next chapter.

We start by considering equation (2.9), where we need to find (u;, p;, ur, pg) €

(W1, Qr, Wr, Q) such that the equation (2.9) is satisfied.
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We decompose Wr into a subdomain corner velocity subspace W and the

remaining interface velocity subspace Wy, i.e.,
Wr=WPd Wah . (310)

The continuity of each function in W is enforced directly, i.e., the degrees of
freedom at a cornerpoint are common to all subdomains sharing this corner. The

continuity constraint for any function wa € W is of the form
BAWA == 0, (311)

where the matrix Ba is constructed from {0,1,-1} such that the values of wa
coincide across the subdomain interface I' when Bawa = 0. We also introduce

redundant continuity constraints of the form
QABawa =0, (3.12)

for all wa € Wa. This continuity condition is enforced in each iteration step of
our algorithm, while all the continuity constraints of (3.11) are not satisfied until
convergence. The matrix Qa, in equation (3.12), is constructed such that, for any

function wa € Wa, QA Bawa = 0 implies that,

/ (wh, —wh) =0, VIV (3.13)
rii

By introducing Lagrange multipliers A and p to enforce the continuity constraints
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(3.11) and (3.12) for the functions in W, equation (2.9) can be written as

A[[ B?I AZI Agl 0 0 0 uy f]
Brr 0 Bia Bie 0 0 0 Pr 0
AA] B?A AAA AgA BZO BXQA B£ Uua fA
ACI B?C ACA ACC BgO 0 0 Uc = fC
0 0 BAO BCO 0 0 Po 0
0 0 QLBa 0 0 0 0 ! 0
0 0 Ba 0 0 0 0 A 0

(3.14)
We notice that two sets of Lagrange multipliers A and p are introduced to
enforce the continuity constraints of the velocity across the interface I' given by
equations (3.11) and (3.12). In fact, p is redundant because Baua = 0 implies
Q% Baua = 0. But in our algorithm, A and p are treated differently. We iterate on
the dual variable A\, and the continuity condition Baua = 0 is not satisfied until
convergence. However, by solving an augmented coarse problem exactly in each
iteration step, QA Baua = 0 is satisfied throughout. This extra set of Lagrange
multipliers p is in fact grouped together with the primal variables and it augments
the corner velocities to form the coarse level velocity component. This coarse level
velocity component forms the coarse level saddle point problem together with the
subdomain constant pressures. We will prove the inf-sup stability of this coarse
level problem in section 4.3. Without this extra set of Lagrange multiplier y to
augment the subdomain corner velocities, the coarse level saddle point problem is
very similar to the Q1 — PO mixed finite element, which is not inf-sup stable.

By using the notations

uy Uc
u=\|pr |,a=1|p |, (3.15)
ua H
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equation (3.14) can be written as,

K, K, B i, f,
K! K. 0 a | =1 £t |, (3.16)
B, 0 0 A 0

where K,,, K;., K.., By, f}, and f'c, are the corresponding block matrices and block
vectors.
Our algorithm results from two consecutive elimination procedures applied to

equation (3.16). We first eliminate the subdomain independent variables @, and
ch Kcl l~lc f‘*
- - = ¢ A
(e k) (%)= (5) 517

K= K. — KE;KT;IKTC ) kll = _BTK;«IB? ) kcl = _KZ;KE«IB? )

obtain

where

and
f=f, - KLK 'f,, d =-B.K,',.
We then eliminate G, from equation (3.17), and obtain a linear system for the

Lagrange multipliers A,

(Ky — KYKZPK)\ = dy — KYKUEE (3.18)

cc ¢

This is the dual problem in our nonpreconditioned FETI-DP algorithm for Stokes
equations. We will show in section 4.1 that this dual problem is symmetric, positive
definite, and therefore a conjugate gradient method can be used to solve (3.18).
After obtaining A, we solve equations (3.17) and (3.16) to obtain u. and u,,

respectively.
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The preconditioner used in our FETI-DP algorithm, is the standard Dirichlet
preconditioner, which is given by BaSrBX, where Sr is defined in (2.10). The
preconditioner involves solving subdomain incompressible Stokes problems with
Dirichlet boundary conditions. We will show in section 4.4 that this preconditioned

linear system can also be solved by a conjugate gradient method.

3.5 Numerical experiments

One-level FETI, two-level FETI, nonpreconditioned FETI-DP, and preconditioned
FETI-DP algorithms were tested by solving the two-dimensional incompressible
Stokes equation (2.2) with Q = [0,1] x [0,1], £ = 0, the boundary conditions
g = (1,0) on the upper side y = 1, and g = 0 on the three other sides.

We choose the initial guess A to satisfy the constraints in (3.7) and (3.9), for
the one-level and two-level FETT algorithms, respectively. We use a zero initial
guess A = 0, for the FETI-DP algorithms. In each case, the conjugate gradient
method is stopped when the residual satisfies ||r¢||2/||7o|l2 < 107%, where ry, is the
residual of the Lagrange multiplier equation in the kth iteration.

In Figure 3.1, we give the CG iterations counts, to achieve convergence in
each algorithm, for different mesh sizes. We see, from the left figure, that the
convergence of each algorithm is insensitive to the number of subdomains, and that
the preconditioned and nonpreconditioned FETI-DP algorithms converge faster
than the one-level and two-level FETI algorithms. The right figure shows that
the convergence of CG iteration, for each algorithm, depends on the subdomain
problem size. The growth of the CG iteration count for the preconditioned FETI-

DP algorithm is the slowest. It is interesting to see that for smaller problem, the
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nonpreconditioned FETI-DP algorithm behaves better, but for bigger problem the
preconditioned FETI-DP becomes advantageous. The reason is that the condition
number of the preconditioned algorithm is bounded from above by the square of the
logarithm of H/h, while the condition number of the nonpreconditioned algorithm
is most likely bounded by a linear function of H/h.

Figure 3.2 plots the approximate velocity and pressure of this lid driven cavity
problem, solved by using the preconditioned FETI-DP algorithm in the case of
10 x 10 subdomains and H/h = 12.

60 6
" %] one-level FETI
C C
'g 50 one-level FETI .g 50
o o
[0} [0
'6 40 6 40 S Nonpre. FETI-DP
S_) 30 two-level FETI 8 30
g 20 Precond. FETI-DP g 20 Precond. FETI-DP
Z . P4

10 Nonpre. FETI-DP 10

0 50 100 150 200 0 10 20 30 40
Num. of subdomains, for H/h=8 H/h, for 16 subdomains

Figure 3.1: Scalability of FETI type algorithms
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Figure 3.2: Approximate velocity and pressure of FETI-DP algorithm for the case
of 10 x 10 subdomains and H/h = 12
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Chapter 4

Convergence analysis for
FETI-DP algorithms for Stokes
equations

In this chapter, we will give a convergence analysis of our dual-primal FETT algo-
rithms for solving incompressible Stokes equations in both two and three dimen-

sions.

4.1 Dual-primal FETI algorithms in general form

In section 3.4, we have developed a dual-primal FETT algorithm for solving two-
dimensional incompressible Stokes equations. In this section, we give a general
description of our dual-primal FETI algorithms, including the three-dimensional
case.

We start by solving the global linear system (2.9), where we need to find a
vector (ur,pr,ur,po) € (Wy,Qr, Wr, Qp) such that equation (2.9) is satisfied.
For convenience, we make no distinction between the symbols of a vector and its

corresponding finite element function, and the same rule also applies to a vector
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space and its corresponding finite element function space. For example, wr can
denote either a vector in the vector space Wr, or a finite element function in the
finite element function space Wr.

Let us recall that, the domain €2 is decomposed into N; non-overlapping poly-
hedral subdomains ¢, i = 1,2,..., N,, of characteristic size H. T' = m
is the subdomain interface, I'/ = 9QF NIV is the interface of two neighboring
subdomains Q¢ and /. Each subdomain Q' is triangulated into shape-regular el-
ements of characteristic size h, with the finite element nodes on the boundaries of
the neighboring subdomains matching across the interface I'. T, and sz are used
to denote the grid points on I' and 'Y/, respectively.

In three dimensions, each subdomain interface I' is decomposed into a subdo-
main face F¥, regarded as an open set, which is shared by two subdomains, edges
E% which are shared by more than two subdomains, and vertices V¥*, which are
endpoints of edges. We use F and £ to denote the grid points on F¥ and %,
respectively. Orij, Ogir, and 6yu are the standard finite element cutoff functions.
The first two are the discrete harmonic functions which equal 1 on Fi/ and £/*,
respectively, and vanish on the rest of I'j,; #y,1 denotes the piecewise discrete har-
monic extension of the standard nodal basis function associated with the vertex
Vil In two dimensions, we only have edges and vertices, with each edge shared by
two neighboring subdomains and the vertices being the end points of edges.

When we were developing a dual-primal FETI algorithm in section 3.4 for
the two-dimensional case, we introduced an extra set of Lagrange multipliers u
to enforce the redundant continuity constraint (3.12). In each iteration step of

our algorithm, a coarse level problem is solved, which includes p as one of its
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variables, and therefore the dual velocity part wa always satisfies the continuity
condition (3.13) throughout the computation. The Lagrange multipliers p there-
fore play a role as a coarse level velocity component, which is spanned by the cutoff
functions of the subdomain interface edges. By viewing p as a coarse level primal

velocity variable, we can decompose the interface velocity space Wr as
Wr=Wro W, , (4.1)

where, in the two-dimensional case, the primal subspace Wy is spanned by the
subdomain vertex nodal finite element basis functions 6,z and the cutoff functions
O¢ix associated with all the edges of the interface T'. WA is the dual part of the
velocity space, and it is the direct sum of local subspaces WiA, which are defined
by

Wi = {wh € Wi wh(V!) = 0,%) oo =0, VW, €F C 907},
with W&Sik defined by
f ci wi dx

Jeu dx

In three dimensions, we can similarly introduce Lagrange multipliers to enforce

1
WA,gik =

continuity constraints for each subdomain edge and face such that the dual ve-
locities have the same edge and face integrals across the interface. In this way,
the primal velocity subspace Wy is spanned by the subdomain vertex nodal finite
element basis functions 6y,: and the cutoff functions f¢i and 0 associated with
all the edges and faces of the subdomain interface I'. WA is the dual part of the
velocity space, and it is the direct sum of local subspaces WiA, which are defined

by
Wi = {wh € Wi wh (V1) = 0, pie = 0,Wh 5y =0, VW, EF FT C 00},
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with WiA e and WiA i; defined by

) 3
— fgik widx — f}'ij W dx
W ik — — and A\'% 7 B e ——
Agik = AFi = [ond
Fij 0X

fgik dx '

Using these notations, the discrete velocity and pressure spaces are decomposed
as follows:

W =W;® Wy o Wa,

Q:QIEBQm

and we need to solve the following problem: find a vector (ur,pr,um, ua,py) €

(W1, Qr, Wi, WA, (o) such that

A[[ B?I Agl Agl 0 uy f[
Brr 0 Bm Bia 0 Pr 0
AH[ B?H AHH Agﬂ B(?H ur = fH y (42)
Aar BT, Aan Aaa B, ua 1N
0 0 Bon Boa 0 Po 0

where the dual velocity part ua is required to be continuous across the subdomain
interface I'.

A Lagrange multiplier space A is introduced to enforce the continuity of the
velocities across I'.  We obtain the following discrete problem: find a vector

(ulaplauﬂap(];uAa)‘) € (WDQI;WI_DQO;WA:A) such that

A]] B?I AEI 0 Agl 0 uy f[
Bir 0 Bm 0 Bia 0 Dr 0
AH[ B?H AHH B(?H Agﬂ 0 ugg _ fH (4 3)
0 0 BOH 0 BUA 0 Po 0 ’ '
AA[ B?A AAH BéA AAA B£ UA fA
0 0 0 0 Ba 0 A 0

where the matrix Ba is constructed from {0,1, —1} such that the values of ua

coincide across subdomain interface I' when Baua = 0. Here, we will exclusively
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work with fully redundant sets of Lagrange multipliers, i.e., all possible constraints
are used for each node on I'. The matrix B then has a null space and to as-
sure uniqueness it is appropriate to restrict the choice of Lagrange multipliers to
Range(Ba), i.e., A = BaWa. Also note that we are not requiring the pressure
to be continuous across the subdomain interfaces in our algorithm, since we only
consider finite elements with discontinuous pressure component.

By defining a Schur complement operator S by

A]] B?I Aﬁ] 0 Agl uy 0

Bi;r 0 Bm 0  Bia Pr 0

AHI B?H AHH B(?H Agﬂ ur = 0 s (44)
0 0 BOH 0 BOA Po 0

Axnr Biy Aan By Aaa ua Sua

solving linear system (4.3) is reduced to solving the following linear system

S B% ur \ [ i
Ba 0 A ~\ 0 )
By using an additional Schur complement procedure, the problem is finally reduced

to solving the following linear system with the Lagrange multipliers A as variables:
BaST'BIXN = BASTf. (4.5)

This is the dual-primal FETT algorithm without preconditioning, equivalent to
the linear system (3.18), for solving incompressible Stokes problems. The precon-
ditioned algorithm and its convergence analysis will be discussed in section 4.4 for
two dimensions and in section 4.5 for three dimensions. Here we show that S is
symmetric, positive definite on the space WA, and that we therefore can define an

S-norm.

Lemma 7 S is symmetric, positive definite on the space WA.
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Proof: It is easy to see, from its definition (4.4), that S is symmetric. We next
just need to show that (Sua,us) > 0, for any nonzero function ux € W . For
any given function up € WA, since the coarse-level saddle point problem is inf-
sup stable, we can always find a vector (uy, pr, un, po) such that equation (4.4) is
satisfied. Therefore,

(guA, up) = uiguA
T

uy A]] B}} Aﬁ] 0 Agl uy
pr By 0 Bm 0 Bra pr
= up Anr Bly Amn Bgjn ARn un
Po 0 0 B 0 Boa Do
ua Aar Bixn Aan By Aaa up
uy 4 A]] AEI Azl uy
= upn Anr Amn A£H upn
ua Aar Aan Aaa ua
_|_2<pI>T<BH Bm BIA) :llrI[ +<pI>T<0 0)(]91)
Po 0  Bon Boa Po 00 Po
ua
uy 4 A]] Aﬁ] Agl uy
= un Anr Amn Aﬂn Un )
ua Aar Aan Aaa ua

where the last equality results from Bjyur + Brpun + Braua = 0 and Bygup +
Boaua = 0, because the vector (ur, pr, um, po, ua) satisfies equation (4.4). Since
the matrix . .

A A Axg

Anr Amn Akg
Aar Aanm Aaa

is just the symmetric, positive definite discretization of a direct sum of Laplace
operators with Dirichlet boundary conditions, we find that (Sua,us) > 0, for any

nonzero function up € Wa.
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Since S is symmetric, positive definite on the space WA, we can define an

S-norm on WA, i.e.,
|WA|§ = (S’UA, UA), VYwa € Wa.

We know, from the proof of Lemma 7, that for any given wa € WA, |Wals =

|wWr|s., where wp = wp + wa, with wy; determined by equation (4.4). We have

/i V- (wa + W) =0, VQ’}. (4.6)

(Walg = Wnig‘lfvn {|WA + Wi sp

4.2 Technical tools

In this section, we give some lemmas which are necessary in our convergence anal-
ysis.

Lemma 8 can be found in [51, Lemma 7].

Lemma 8 Define an interpolation operator Iry : Wr — Wy by:

[pHWp Z Wp Qyzz ) + Zngk Ocit (l‘) + ZW]:ij 0rij (l‘), wn 3D,

vzl gik Fij

and

[FHWF Z WF gvil ) + Z ngk ggik (l‘), m 2D.
yil ik

We then have
|IFHWF|i[1/2(F) S C(]. + IOg(H/h)”WFﬁ[l/Z(F), \V/WF € WF,

and
||WF — IFHWF||L2 < CH|WF|H1/2 VWI‘ € WF,

where C is a constant independent of H and h.
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Lemma 9 can be found in [17, Lemma 4.5].

Lemma 9 Let Ozi;(z) be the cut-off function of the open face F, and let I"

denote the interpolation operator onto the finite element space W*. Then,
Lo i i
1" O Wi iy < CUHlOg(H/ R (IWE 2 isy + 7 IWE 72 i), YW1 € W
Lemma 10 can be found in [20, Lemma 3.3].

Lemma 10 Let £%* be any edge of QF which forms part of the boundary of a face
Fi c 0. Then,

I8y < CO1+ og(H/M) (1w By + 7 Iwhleo) Vv € Wi
For the next lemma, see [17, Lemma 4.7].
Lemma 11 Let O be the cutoff function associated with the edge E*. Then,
|Ih(98“cW%) 21/2(391‘) < C”W%H%?(sik) ’ VW% S er .

The following lemma is for the two-dimensional case and can be found in [82,

Lemma 3.3],

Lemma 12 Let wp € Wr. IHwr is the linear interpolant from the values at

subdomain vertices. Then

Z |wp — IHWFﬁ/Q,Z’gik' < C(1+1log(H/h))? |WF|1/22391 .
gk
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4.3 Inf-sup stability of the coarse saddle point
problem

In this section, we give an estimate of the inf-sup stability of the following coarse

level saddle point problem,

a(S’HuH, SHVH) + b(SHVH,po) = < fr[, v >, VVH € WH,
(4.7)
b(SHuH,qg) = 0, qu € H[).

The method we are using here is the macroelement technique, introduced
in [75]. This technique was also used in [64] to prove the inf-sup stability for a
coarse level saddle point problem, introduced in the Balancing Neumann-Neumann

method.

Theorem 4 For the coarse level saddle point problem (4.7), we have

b(S%WH, %)2
sup

> CB*(1 +log(H/R)) Ylgo| 22 = B2|lqol|?2, VYqo € T,
U e Sy 2 O+ log(H/M) Mlaolfi: = Bl Voo € T

where (B is the inf-sup stability constant of the original Stokes problem, defined
in (2.4). B2 = CB*(1 + log(H/h))™! is thus the inf-sup stability constant of the

coarse level saddle point problem.
Proof: We know, from Lemma 6, that
C1f%a(SHuy, SHuy) < a(Hug, Hup), (4.8)

and we know that
b(SHW, q0) = b(Hw, qo)- (4.9)
Therefore, we just need to estimate

. b(HWH, %)2
inf  sup ,
90€Q0 wrcWp G(HWH, HWH)
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which will provide the inf-sup stability estimate of the incompressible Stokes equa-
tion on the mixed finite element space W x Q.

A macroelement technique is used to establish the inf-sup stability of the space
Wi X Q. A marcoelement M in this case consists of two neighboring subdomains,
which share an edge in two dimensions and share a face in three dimensions; see

Figure 4.1 for the two-dimensional case.

) O v O
o Value of velocity
D X D X D X Value of pressure
Q' ol
O 15} O O 19

Figure 4.1: A marcoelement M being the union of two neighboring subdomains

It is easy to see that pi = p}, if S, (V- v)po = 0 for any finite element function
v which vanishes on the boundary of M. The only thing we need to show is a

result similar to [75, Lemma 2], i.e., we need to establish that

b(HW]‘[, qO)
sup
wiEWn \/G(HWH, HWH)

> Chllgolle: — Collgollns Yo € Qo,

where

N
Il = 1S / Taolds,
i=1 7o

with [go] the jump of gy across 92"
We follow the procedure in the proof of [75, Lemma 2]. From the inf-sup
stability of the corresponding continuous problem, we know that for any ¢q € Qy,

there exists a function wp € H'2(T') such that

b(Hwr, q0) > Csllqgol|7z, (4.10)
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and

Va(Hwr, Hwr) < lqol|z2. (4.11)

We choose wy; as the interpolant of wr, i.e., wyg = Irgwr. We then know, from
Lemma 8, that

||WH — WI‘“L?(F) S OH1/2|WF|H1/2(F), (4.12)

and

|WH|H1/2(I‘) S 0(1 + 10g(H/h))1/2|WF|H1/2(F). (4.13)

Then, we have, from (4.10), (4.11), and (4.12),

b(Hwi,q) = b(H(wn —wr),q) + b(Hwr, q)

> b(H(wn —wr),q) + Csllgol|7
N, N,

= Z(%Z(WH —wr), Vgo)ai + Z [20](wn — wr) - nds
i—1 i=1 7o
+C3lqo][72

> —H Y lwi — wrl| 2yl olln + Csllgo]|%

> —Culwr|giemllaolln + Csllgoll 7

> —Cullgollz2llgolln + Csllqoll7

(Csllaollz> = Cullgolln) llgoll 22,

and, from (4.13) and (4.11), we have

Va(Hwn, Hwn) < Cs (1+log(H/h)'""? \/a(Hwr, Hwr)

< G5 (1 +log(H/)" [lgo]] 2.

Therefore,

b(HWHaQO) —1/2
su > (1 +log(H/h C > — (! ,
o JalHw Hwn) > (1 +1log(H/R))™" (Cillgoll> — Collgolln)
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where C; and C5 are constants independent of the mesh size H and h. This is

—-1/2

just the conclusion of [75, Lemma 2], except for the (1 + log(H/h)) factor. We

find, using the result of [75], that

2
inf  sup b(Hwn, )

> O (1+ log(H/h))™" 2
0€Q0 wcWp a(%WH,HWH) - ( + Og( / )) ||q0||L27

and therefore, from (4.8) and (4.9), we have

2
inf sup b(Sle_[a qO)

> CB2 (14 log(H/R) ™" ||qo| 2
00€Q0 wyewy A(SHW, SHwr) — B7 (1 +log(H/Rh)) ™ llqol |7

O

4.4 Condition number bounds in two dimensions

Our preconditioner in two dimensions is BASpBX, and the preconditioned linear

system is

BASrBLBAS 'BEN = BASrBLBAS M} . (4.14)

When we use a Krylov subspace iterative method to solve equation (4.14),
both Sp and S~ are applied to vectors in range(BY). In order to use a conjugate
gradient method to solve the linear system (4.14), we have to show that both St and
S—1 are symmetric, positive definite on range(BY). From Lemma 4, we know that
Sr is symmetric, positive semi-definite on the space W and it is singular because
of the interior floating subdomains. Now on the range of BX, each interior floating
subdomain becomes fixed, because the velocity equals zero at each subdomain
vertex. Therefore St is nonsingular on the space range(BY) and therefore becomes

positive definite. We also know, from Lemma 7, that S! is symmetric, positive

definite. Therefore we can use a conjugate gradient method to solve (4.14). In the
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remainder of this section, we give a condition number bound for the preconditioned

operator BoSrBYBAS~'BY.
Lemma 13 For any wa € Wa, BYBawa € Wa.

Proof: Given wpa € WA, we need to show that, on each subdomain interface
edge £Y,

/(BZBAWA)Z == 0, and / (BgBAWA)j = 0.
gu

gis

This is easily verified by noticing that,
(BZBAWA)i |gij: (WlA — W]A) |gij, and (BgBAWA)j |gij: (W]A — WlA) |gij,
and that

wh = wh =0,
gii gii

because wa € Wa.

Lemma 14 For any wa € WA; Wals < 2|walsy.

Proof: Given wp € WA, in order to compute its S-norm, we need to determine
the element wpr = wp + wa € Wr, such that (4.4) is satisfied, and we have

|Wals = |Wr|s.. Therefore,
(wals = [Wrlse < [walse + [Wlsp

In the following, we bound |wy|s. by |wWals;-
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We know that, given a wa, to find a wy is equivalent to solving the following

coarse level saddle point problem: find wi € Wy and pg € (Jy such that

G,(SH(WH + WA): SHVH) + b(SHVI_I:pO) - 07 vVH € WH7
(4.15)
b(SH(WH + WA): q0) = 0, qu & HO-

We know, from the inf-sup stability of this coarse level problem and Theorem 1,

that

SHwa,SH 2 b(SHWa,
[Wi|s. < sup alSHWs, SHVn) + — sup M.
V€W vinlse Bo goeqo o]l L2

Since wa € WA, we have b(SHwa,qy) = 0. Therefore, we have, from the conti-

nuity of the bilinear form a(-, ),
wilse < [wals;.

Therefore

(Walg < [walsp + [Wilsp < 2|walsy.

Lemma 15 For any wa € WA, we have,

1
|BABawal%, < C@(l +log(H/h))*|wal%,
where C' > 0 is independent of h and H.

Proof: We consider an arbitrary wa € WA. In order to compute its S—norm,
we need to determine the element wpr = wiy + wa € W with wi; € Wy, which
satisfies equation (4.4). Then, we know that |wa|s = |wr|s.. We next note that

we can subtract any continuous function from wa without changing the values of
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BEYBawa; thus, B Bawa = BYBa(wa +wp — If'wyy), where 17wy is the linear
interpolant on the subdomain boundary, from the values of w at the subdomain
vertices.

We introduce the notation
(VP )i=1 1,.,N = = BABa(Wa + wy — I"wy) = BLBa(wr — I"wr).

We then have to estimate

N
BEBawa i, = |BXBa(wr — I"wr)[3, = > [Vif%.

i=1
We can therefore focus on the estimate of a single subdomain contribution. Notic-
ing that vk vanishes at the subdomain corners, we can split vk as
i Z i
VF — VF,S”“ .
EkCoq?

On each edge £, we know that

V{—\’gik = (BgBA(Wp — [HWF))‘;k = (Wp — IHWF)::“c — (Wp — IHWF)‘I:,Uc )

We have to estimate its Si—norm. We have, from Lemma 6,

|V71:—x’gik g% = | (WF -1 WF)gzk — (WI‘ — IHWF)‘I;”c |§%
1
< @ (WI‘ - [HWI‘) - (WI‘ - [HWI‘)k |§{1/2(5ik)
2
< 52 (WF -1 WF) |§_[1/2(gik)

2 (WF_I WF) |i[1/2(5ik)7

B
where the two terms on the right can be bounded by C%(l—i—log(H/h)) |WF|H1/2 (6%

and C’%(l + log(H/h))?|WE |31, (oary> Tespectively, by using Lemma 12. Then, by
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using Lemma 6 again, we have

i 1 i
|VF|§1£ < C@(l +log(H/h))? (|WF|251Z + Z |W1’£|?9{:) ;
keNi

where A/ is the set of indices of all the neighboring subdomains of Q.

O

Theorem 5 The condition number of the preconditioned linear system (4.14) is

bounded from above by C’%(l + log(H/h))?, where C is independent of h and H.
Proof: We will show that
1
MNMAN<ANTFN < C@a +log(H/R))>ATMA, VAeEA, (4.16)
where M~! = BoSrBY, F = BAS™'BY%, and C is independent of h and H.
Lower bound: We have, cf. [51] and [57],

2
NFA = max (O Dawa)l
0£wacWa  |Wal%

From Lemma 13, we know that BZBAWA - WA. We also know from Lemma 14

that [wa|gs < 2|wals, for all wa € BZBAWA. Therefore, we have

A\, BABYB 2 \.B 2
VP> max BDATABAL g O Bawall
opwacWa  |BaBawalg 04wacWa [ BaABawalg,

where we have used that fact that BaBA = 21.

Since for any v € A there is a wp € WA such that v = Baowa, we have

AP (A )
MTEN > [, = ’ .
|Bivls, (M~'v,v)

We find that
MM < MNTF,
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by choosing v = M.

Upper bound: Using Lemma 15, we have

2
)\TFA — max_ (AaBA“;A)
0£wacWa  [Wal%
()\ BAWA)Q
< +log(H/h max oo
52( s(H/1)" 0£waeWa |BABAWA G,
()\ BAWA)2
= +log(H/h max
52( s(H/h)’ 0£wacWa (MT'BAawWa, BAWA)
(A, v)?
= log(H —_—
52( + log(H/h))* max O 10,7)
= 52( +log(H/h))2(MA,N) .

O

4.5 Condition number bounds in three dimen-
sions

The preconditioner used for three-dimensional problem is DBaSpBA D, where D is
a diagonal scaling matrix. Each of its entries corresponds to a Lagrange multiplier
and is given by uf(x) at each interface point x. uf(x) is the pseudoinverse of the
counting functions p(x): at each interface node x € I'y, u(x) equals the number
of subdomains shared by that node, and pf(x) = 1/u(x).

The preconditioned linear system is
DBASrBXDBAS™'BAX = DBASyBL\DBAS™'f} | (4.17)

which defines our FETI-DP algorithm for solving three-dimensional incompressible

Stokes equations.
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We introduce two operators Pa and Fa: for any wa € WA,
PAWA = BgDBAWA,

and

EAWA = WA — PAWA.

We know, from [51], that at any interface point x € [';, N 9%,
(Pawa)'(x) = > pl(x) (Wh(x) = wh (%)),
JENS
and

(BEawa)'(x) = 4l (x) | wa(x) + D wh(x)

where N} is the set of indices of all the subdomains which share the interface point
x with subdomain Q°. We note that Eawa(x) is the interface average of w(x)
and is continuous. Pawa(x) represents the jump of wa(x) across I' and is not
continuous in general.

Since A = BAWA, we know that, for any Lagrange multiplier A\ € A, there
exists a function wp € WA, such that A = Baowa. The following lemma shows
that we can choose a special wa € WA, such that its average Eawa € Wy and

A= BAWA.

Lemma 16 For any Lagrange multiplier X\ € A, there exists a function wa € VA\7A,

such that A = BaAwa and the average of Wa, FEAWa, is in the primal space Wry.

Proof: Let us denote the number of grid points on the face .7-",?, by #]—",ij, and

the number of grid points on the edge £, by #&*. We note that each face is
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shared by two neighboring subdomains, and each edge is shared by more than two
neighboring subdomains. We use mgix to denote the number of subdomains which
share £%.

In order to find a wp € WA, such that A = Baowa and Eawa € Wy, we need
to solve a linear system to determine the interface velocity values wa(x), Vx € T'p,
such that wa has zero integrals on each subdomain face and edge, A\ = Bawa,
and Eawp is spanned by the face and edge cutoff functions 67; and 6gi. The
faces contribute 6 ) #.7:,2‘7 unknowns, and the edges 3 > .., mgir #EF since the
velocity wa is a vector valued function with three components.

Let us now check the number of linearly independent constraints in this linear
system. The number of constraints, for the zero face and edge integrals, is > ~;; 6+
3 cir mgie. In order that Eawa is spanned by 0z; and fgi, we need to have
the same average value Eawa at different grid points, for each face and each
edge. This will add 3 (#F/ — 1) + 33 cu (#&F — 1) linearly independent
constraints, where we have eliminated one grid point on each face and each edge
to make these constraints independent, because we have already restricted wa to
have zero integrals on each subdomain face and edge. The condition A = Bawa
will introduce another 33 i (#FY — 1) + 33 e (men — 1)(F#EF — 1) linearly
independent constraints, where we have used the fact that, at each edge point,
there are mgir — 1 independent Lagrange multiplier constraints. We can see that

we have in total

6> #F 43> mea#t&)
Fij ik

linearly independent constraints in the linear system to determine the same number

of unknowns. Therefore, we can always find the wa € WA, such that A = BAawa
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and Eawa € Wi,

As an extra check that these constraints are indeed linearly independent, we
note that, if A = 0, then wa is continuous and Eawa = wa. Since Eawa € Wpg
and wp € WA, we know that wa is a constant on each face and edge, and the

face and edge integrals equal zero. Therefore wa = 0.

O

Lemma 17 For any wa € WA, if Eawa € Wi, then there exists a positive

constant C, independent of h and H, such that |wals < C(1 + %)|PAWA|5F.

Proof: Given wa € Wa, we know from (4.6) that

/ V- (wa+wp) =0,V QZ}
Qi

wals = _inf {Iwa +wals,

= inf {|PAWA + EAawa + WH|5F
wneEWn

AV (PAWA + EAWA + Wn)i = 0}
(X3

Y {P
oinf |PAWA + Wi,

/ V- (PAWA +Wn)i = 0},
Ol
where we have used the fact that Eawa € Wrj.
Therefore,
(Walg < [Pawalsy + [wnlsy,

where wyy is determined by solving the following coarse level saddle point problem:

given Pawa, find wi; € Wy and py € Qg such that
CL(SH(WH + PAWA),S%VH) + b(S%VH,pU) = 0, VVH € WH,

(4.18)
b(SH(WH + PAWA)a q0) = O, qu € HO-
We know, from the inf-sup stability of this coarse level problem and Theorem 1,
that
SH(P, S 2 b(SH(P
wilg, < sup a(SH(Pawa), SHvn) | 2 sup (SH(Pawa), qo).
vn€EWn |VH|SF Bo q0€Qo ||qO||L2
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Hence, from the continuity of the bilinear forms,

1

|WH|SFSC 1+— |PAWA|SF;

Bo
where C' is a positive constant independent of A~ and H. Therefore, we have

1

(Walg < C(L+ —-)|Pawals.
Bo
O

The following lemma is the three-dimensional version of Lemma 15. Our proof

is very similar to that of [51, Lemma 9].

Lemma 18 For all wa € WA, we have,

1
5

where C' > 0 is independent of h and H.

[Pawals, < C—(1+log(H/h))*[walg,

Proof: We consider an arbitrary wa € WA. In order to compute its S—norm,
we need to determine the element wp = wp + wa € Wr, which satisfies the
definition of S in equation (4.4). We know that |[wa|s = |wr|s.. We next note
that we can subtract any continuous function from wa without changing the values
of BADBaw; thus, B\DBawr = BA\DBAwA.

We introduce the notation (v&);=1, .y := BXDBawr. Then, we have to esti-
mate

N

|BADBawA[§, = [BADBawr|%,. = Z |V%|§;-

=1

We will focus on the estimate of the contribution from a single subdomain Q. By

noticing that vi vanishes at the subdomain vertices, we can split the function v&

60



by using the cutoff functions 0 and O,
vi= Y I"Orvi)+ D IM(Oavi). (4.19)
FiCont EikCoN?
We need to estimate the S&-norm of the function vi. From Lemma 6, we know

that

|V% i‘l 32 |VF|H1/2 808

therefore, we just need to estimate We have, from (4.19),

|V%|§11/2 808"

T H1/2 391 Fiuvp 1/2 U f,‘lk T/ g1/2(800
[vi|? <C 11" (0 V)|| F +C "(Oginvi)|? (09"
Fii Cont SZ’CCE)W
(4.20)

We first estimate ||Ih(9fijv%)||Héé2(fij). We note that vi. = ul; (wh — wl) on F}?

and there ;LTP-J- is constant, we have, by using Lemma 9,

11OV g sy = 11O sl (k= W2 e
= ||[h(9fif,“;rij((w% - Wén-]-) - (W% - W]fij)))“Hééz(fij)
< C 1+ log(H/R))? (Iwh = Wil o+

g v = ) — = ) )

Using Poincaré’s inequality, we have
11 Or Vil e pisy < CL+10g(H/B)? (1WE oy + IWE i) )

Let us now evaluate |I"(fgixvi) where £% is an edge on the subdomain

2
|H1/2(8Qi)’
boundary 0€2’. Let the edge £%, e.g., be shared by the subdomains €, {/, QF,

and Q, where ' shares a face with each of Q7 and €, but only an edge with QF.

61



From Lemma 11, we know that we just need to evaluate [I"(0gicvi)[72 gy Notice

that on edge £%,

V% = szk( Wr WF) + Ngzk( WF) + “81’9( Wi — W{“)’

and that u:[:ik is constant, therefore we just need to estimate

1% (s (ot = w0) [y 1% (B (o~ mwnpgﬂ
+ " (O (Wh = W) 172y

The estimates for the first and the third terms can be reduced to face estimate,
because 0 and 7, as well as Qf and ), have a face in common. We just give the
estimate for the first term here; the same procedure works for estimating the third
term. We have, by using Lemma 10 and Poincaré’s inequality
117 (Bgin (Wi = W) (17 e
||Ih (Hsik (WF - W}‘ij)) —I" (gsik (W% - wa)) ||L2 (Eik)
1% B (= W) By + 11 (B (3 = 57)) [

<m+mwmﬂ@mmm)%wwwgéwo

=)
L2(Fii)

C1-+10g(/1) ([E Rz + W)

IN

IN

+ (|W%|§{1/2 Friy T %HW% — Wi

IN

Let us now estimate the second term. Here, we use [Wh;|? < 1/H||WF||L2 (&)

L2(8“’“ < C'H. Using Lemma 10, and that wi has common edge averages,

C =i —k
L.e., Wgi = Wey, We have

||[h (951'“( WI‘)) ||L2 (Eik)
= ||Ih (Hsik (W? - Wzsk)) —I" (gsik( F WM)) ||L2 (Eik)
< ||[h (95“9 (er - Wzsk)) ||%2(gik) + ||Ih (95“9 (Wl]2 ng)) ||%2(sik)

62



IN

C (IIwh ey + w3y )

1 ]
< cu-+1og(/0) (1w By + I

1
+ <|WF|§{1/2(}"€J') + E||Wll£||i2(fkj)>>

< C(1+1og(H/R)) (IWh By + W Bruarun )

with F¥ a face of €; and F* a face of €, which have the edge £* in common.
The last inequality follows from the shift invariance of the expressions on the third
line, i.e., we can add constants to wi and w& without changing the value of the
expressions and then use Poincaré’s inequality. We have now bounded each term

on the right side of (4.20), and we have

|V%|?{1/2(agi) < C(1+1log(H/h))? |W%|ip/2(agi) + Z |W%|ip/2(am) )
JENT

and therefore

Vi, < O (0 Tog(H/M) | 1H B + 3 W Brmnn |

ﬁ JENE
where N is the set of indices of all the subdomains which surround the subdomain

Q. Then, by using Lemma 7, we have

Vil < o 5 (1+log(H/h)* | |wrle

3

si T Z |WF|

JEN?

O

Theorem 6 The condition number of the preconditioned linear system (4.17), in
2
three dimensions, is bounded from above by C (1 + %) %(1 +log(H/h))?, where

C s independent of h and H.
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Proof: We will show that

, <1 + %) B MMM < MNTFN< 02%(1 +log(H/R))>’AXTMA, VAeEA,
(4.21)
where M~' = DBASyBXD,F = BAS 'B%, and C}, C, are positive constants
independent of h and H.
The upper bound can be shown in the same way as in the proof of Theorem 5.
Here we just give the proof of the lower bound.

We have, cf. [51] and [57],

2
NFA = max (A Dawa)l
0£wacWa  |Wal%

Let p € A be arbitrary. It then follows from Lemma 16 that there exists a wa €
WA, such that p = Bawa and Fawa € W We also know from Lemma 17
that, for this wa, |wals < C(1 + %)|PAWA|5F. Therefore, we have, by using the
definitions of Pn and M !, that

A BAWA)|2 1

ATFA > (A, [(X, Bawa)|* 1 —2M

> )= = — :
=0+ 5 |Pawal%, o+ 50) (M~1pa, )

It follows that
1\ 2
c, <1 + —) MNMN<NF),
Do
by choosing = M A, and C' is independent of h and H.

O

4.6 A second three-dimensional FETI-DP algo-
rithm

A decomposition of velocity space was given for the three-dimensional case in sec-

tion 4.1. There the coarse level primal velocity space is spanned by the subdomain
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vertex nodal finite element basis functions 6y and the cutoff functions fgix and
0ri; associated with all the edges and faces of the interface I'. A preconditioner is
given in section 4.5, based on this decomposition, and the condition number bound
is given in Theorem 6.

In this section, we propose a FETI-DP algorithm based on a different decom-
position of the velocity space in three dimensions and prove the same condition
number bound as in Theorem 6. The advantage of this second algorithm is that
the size of coarse level problem is smaller and therefore the coarse level solver is
less expensive.

We follow the procedure of section 4.1. The primal velocity space Wy is now
spanned by the subdomain vertex nodal finite element basis functions 6y, and
the pseudoinverse functions /LTP-J-, corresponding to each subdomain face F“. The
counting function pri; (x) equals 0 at the interface grid points outside the sets of
FU(UgincorisEF), while its value at any node on F;’ and its edges ¥ equals the
number of subdomains shared by that node. ;LTP-J- (x) = 1/pri(x) for all interface
nodes where pizi;(x) # 0, and it vanishes at all other points. Also note that both
pri; and /ﬂ}ij vanish at the subdomain corners. WA is the dual part of the velocity
space, which is the direct sum of the local subspaces \7\72 In this three-dimensional

case,

Wi = {wh € Wi :wi (V1) =0, 5 =0, YW, F7 c 90’} (4.22)

We can see, from the definition of the dual velocity space WA, that we only require
the face integrals across each subdomain interface I'/ to be zero, while there is no

constraint on the edge integrals. Therefore the edge cutoff functions disappear
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from our coarse level primal velocity space Wy, and the size of the coarse level
saddle point problem is reduced.

Before we give a condition number bound for this new FETI-DP algorithm,
we need to discuss the inf-sup stability of the coarse level saddle point problem
first. In section 4.3, we have given an inf-sup stability estimate for a pair of mixed
finite element spaces, Wy X (0o, both in two and in three dimensions. There, in
three-dimensional case, the coarse level velocity space W1y is spanned by 60y, Ogix,
and fri;, corresponding to each subdomain vertex, edge, and face. Now in this
new FETI-DP algorithm, the space Wy is reduced and it is spanned only by 6y,
and ;LTP-J-, while the coarse level pressure space )y remains the same. The inf-sup
stability of this new mixed finite elements is also proved by using a macroelement
methods, like in the proof of Theorem 4. The only thing different is that, instead
of using Lemma 8 in the proof, we use the following lemma, which can be found

in a somewhat different form in [21].

Lemma 19 Define an interpolation operator Zrr : Wr — W by:

IFHWF (X) = Z Wr (V”)gvil (l‘) + Z W]:ilc ,U/j;_-” (l‘), VWF € WF.
yil Fik

We then have
|IFHWI‘|§[1/2(F) <C(1+ IOg(H/h))|WF|ip/2(F)7

and

[wr = Zenwr|[ 22y < CH[Wr[f2 ),

where C 1s a positive constant independent of H and h.
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By using this lemma, we can choose wyi; = Zrpwr in the proof of Theorem 4,
and have the same estimates as in (4.12) and (4.13). Everything else is the same,
and the inf-sup stability estimate in Theorem 4 is therefore proved for this new
pair of coarse level spaces W X Q).

In order to obtain a condition number bound as in Theorem 6, we need to prove
the counterparts of Lemmas 16 and 18 for the space W defined in (4.22). The
proof of the counterpart of Lemma 16 is similar to the proof of Lemma 16 in sec-
tion 4.5. The only difference is that no edge cutoff function is included in the primal
velocity space Wi, and therefore there is no zero edge integral constraint in the
dual velocity space WA. We can check that the number of unknowns and the num-
ber of linearly independent constraints are both 63" 1 #F + 33 cir meun#EF.

For the proof of the counterpart of Lemma 18, we follow the procedure in sec-
tion 4.5 and need to bound the two terms on the right side of the inequality (4.20).

The estimate of the first term, ||[I*(0z;v) is the same as in section 4.5.

||H1/2 (Fii)>

The estimate of the second term, |I"(fgivi)|? needs to be changed. In the

H/2(00¢)?
estimate in section 4.5, we used the fact that each function in the space WA has
common edge integrals. This constraint is not satisfied now, and here we use a
technique from [52] to reduce the edge estimate to a face estimate.
As in section 4.5, we need to estimate
17" (Beix (Wi = Wi)) gy + 11" (Beir (Wh = WE)) (1725
+ I (9&' (wp — WF)) ||L2 gik)*
The estimates for the first and the third terms can be reduced to face estimates,

in the same way as in section 4.5. The only difference is for the second term

11" (O (Wi — wh)) 17, ey: Where the edge £ is shared by the subdomains €',
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O, QF and Q, and € shares a face with each of €/ and Q', but only an edge with
QF. We find

11 (Bes (. = w)) (2o
11" (Oen (Wi = W) = 1" (O (Wi — i)
I (g (Wi — 0 50)) — I (Ogan (Wh — Wheyr) 172k
< C <||[ (O (W — W) [172(gny + 1" (B (Wl = W) 172y +

1" (B (9 = )) ey + 17 (B (w0 = 50)) (2o )

IN

It is sufficient to estimate the first term, the remaining three terms can be treated
similarly. Using Lemma 10 and the Poincaré inequality, we have
17" (Oeie (Wh = W2zis)) |22 e
< O+ 10g(H/)) (1w By + W5 = i 20 )

< O+ log(H/ M) W2 s

Using these estimate, we have

1" Bk (3 = W) By < 1+ 108 (H/R) (18 a1z
+|WF|H1/2 p])) .

We have now obtained the same bounds on the right two term of the inequal-
ity (4.20) as in section 4.5. Therefore the counterpart of Lemma 18 is proved for
the space WA, defined in (4.22), and we therefore obtain the same condition num-
ber bound as in Theorem 6 for this three-dimensional FETI-DP algorithm without

edge constraints.
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4.7 Three-dimensional numerical experiments

We use this second FETI-DP algorithm, developed in section 4.6, to solve a three-
dimensional lid driven cavity problem, described by the incompressible Stokes
equations (2.2), with Q = [0,1] x [0,1] x [0,1], f = 0, g = (1,0,0) on the up-
per face z = 1, and g = O elsewhere on the boundary. A conjugate gradient
method is used to solve the preconditioned linear system (4.17), as well as the
non-preconditioned linear system (4.5). The initial guess is A = 0 and the stop-
ping criterion is ||rg||2/||70]]2 < 1075.

Figure 4.2 gives the number of CG iterations for different number of subdo-
mains with a fixed subdomain problem size H/h = 4, and for different subdomain
problem size H/h with 27 subdomains. We see, from the left figure, that the con-
vergence of this FETI-DP method is independent of the number of subdomains,
when the preconditioner is used. The right figure shows that the CG iteration count
increases, in both the preconditioned and the non-preconditioned cases, with an
increase of the subdomain problem size, but the growth is much slower with the

Dirichlet preconditioner than without.
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Figure 4.2: CG iteration counts for the 3D Stokes solver vs. number of subdomains
for H/h = 4 (left) and vs. H/h for 4 x 4 x 4 subdomains (right)
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Chapter 5

FETI-DP algorithms for
stationary Navier-Stokes
equations

5.1 Introduction

In this chapter, dual-primal FETI algorithms are extended to solving stationary
incompressible Navier-Stokes equations in two dimensions. For a linearized Navier-
Stokes equation, the same procedure as in section 3.4 can be used to derive the
FETI-DP algorithm, except that a stabilization term is added for problems with
high Reynolds numbers. The preconditioned linear system is not symmetric, pos-
itive definite, and therefore a GMRES method is used to solve the preconditioned
linear system for the Lagrange multipliers. We can show that, for small Reynolds
number, the eigenvalues of the preconditioned operator are located in the right
half plan and are bounded away from the imaginary axis. Numerical experiments
show that the degree of clustering of these eigenvalues depends on the Reynolds
number and the subdomain problem size, but is insensitive to the number of subdo-

mains. For nonlinear Navier-Stokes equations, a Picard iteration is used. In each
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Picard iteration, a linearized problem is solved by using the FETI-DP algorithm.
Numerical experiments show that the convergence of Picard iteration depends on
the Reynolds number, but is insensitive to the number of subdomains and the

subdomain problem size.

5.2 A FETI-DP algorithm for linearized
Navier-Stokes equations

In this section, we develop a FETI-DP algorithm for solving the following linearized
incompressible Navier-Stokes equations on a bounded, polyhedral domain €2 in two

dimensions,

—vAu+(a-V)u+Vp = f, inQ,

~V-u = 0, inQ, (5.1)
u|3Q = g, on 29 )
where v is the viscosity, V -a = 0, and the boundary data g satisfies the compati-
bility condition [,,g-n = 0.

The solution of equation (5.1) satisfies the following variational problem: find

uec{ue (H(Q)?|u=gon dN} and p € LZ(Q) such that,

(Vu7 VV)Q + % (a : V)u7 V)Q - (p7 V : V)Q = (f7 V)Q? \V/V S (H&(Q))Za

—(V-u,q), = 0, Vg € L5(Q)
(5.2)

where (-,-)q denotes the inner product in L?(Q), and the pressure variable p and
the right side vector f have now been scaled by a factor of 1/v. The reason that
we put v to the denominator is that we want to show that the nonsymmetric
linearized Navier-Stokes problem (5.2) is a small perturbation of the symmetric

incompressible Stokes problem (2.3), when v is large.
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Notice that since V-a =0 and v € (Hj(2))?, we can write the nonsymmetric

bilinear term ((a- V)u,v), as a skew-symmetric term:

—~

(a-V)u,v)Q:/(a-V)u-v

Q

([a-smv [ 9rn) =L [ amved [ ons
</Q(a-V)u-v—/Q(a-V)v.u>

(((a-V)u,v)g = ((a- V)v,u)q).

N = N = N =

Then the variational equation (5.2) can be written as

(Vu7 VV)Q + o (((a ’ V)u, V)Q - ((a ’ V)V7 u)Q) - (p7 V- V)Q = (f7 V)Q?

2v

—(V-u,q)q = 0.
(5.3)

We solve the variational problem (5.3) by using mixed finite element methods.
The domain 2 is triangulated into shape-regular elements of characteristic size h.
Again, W and @ are finite element subspaces of (H'(€))? and L3(€), respectively.
We have the following discrete variational problem: find the velocity u € W, which

equals g on 0€), and the pressure p € () such that,
(Vu, VV) + % (((a ’ V)u, V) - ((a ’ V)V, u)) - (pa V- V) = (f7 V) , VWweWw,

—(V-u,q) = 0, Vg € Q.
(5.4)

A stabilization procedure is necessary to achieve better convergence for solving
problems with large Reynolds number. We introduce an operator L to represent

the differential operator for the velocity component:

1
Lu=—-Au+ —(a-V)u= Lyu+ Lgu,
v
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where L,u and Lggu are the symmetric and skew-symmetric parts, respectively.
A stabilized version of the discrete variational problem (5.4) is:

(Vu, Vv) + o (((a- V)u,v) — ((a- V)v,u))
+ Tcen 0 (P, 25 (Los 4+ pLo)v) = (0,7 V)

= (V) + Yge, 0 (f hic (Lo + pLs)v>K, Vv e W,

’ al

(

(5.5)

. (V- u,9)=0, Vgeq,

where 0 > 0 and p € R need to be chosen, cf. [68]. In our numerical experiments,
we choose p = 1, which gives the Garlerkin/Least-Squares method originally de-
veloped in [44] for advection-diffusion problems. ¢ is chosen such that, on each

element K, with diameter hg,

Thie  if Peg > 1,

2|a
d =
Th? .
%, if Peg <1,
h . . .
where Pej = glah la| = |ay|+|ay|. We choose 7 = 1 in our numerical experiments,
cf. [77].

The same procedures as those used in Chapters 3 and 4 can now be used
to solve the discrete variational problem (5.4) for small Reynolds number, and
the stabilized discrete variational problem (5.5) for large Reynolds number. The

preconditioned linear system, a nonsymmetric version of (4.14), is of the form:
BaSYBIBASNT BEX = BASNBYBASY £}, (5.6)

where SN and SV are defined by

A+ 1INy Bf, AL+ iNia uy 0
B 0 Bia Y |=1]0 : (5.7)
Aar+ tNar Bfy Aaa+ +Naa us SNu,
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and

AH—F%NH B?I AEI‘F%NIH 0 AgI—F%NA] u?]
B[[ 0 B[H 0 BIA p§\7
Anr + %NHI By Anm+ %NHH Biy Axp+ %NHA upy
0 0 BOH 0 B()A pé\f
Aar+ INa;r Bin Aan+ iNan Bfy Aaa+ 2Naa ua
0
0
= 0
0
SNIIA

(5.8)

Here the N matrices correspond to the discretization of the skew-symmetric term
s ([o(@a-V)u-v— [, (a-V)v-u). The stabilization terms are not included here.
The conjugate gradient method cannot be used to solve the preconditioned

linear system (5.6), because this problem is no longer symmetric, positive definite;

instead we use GMRES.

5.3 Numerical experiments

In this section, we give some numerical experiments for solving the linearized
incompressible Navier-Stokes Stokes equation (5.1) in a two-dimensional domain
Q2 =10,1] x [0,1], where f = 0, the boundary condition g = (1,0) on the upper
side y =1, and g = 0 on the three other sides. The convection coefficient is chosen

- 22y — 1)(1 — (2 — 1)?)

—2(2z = 1)(1 = (2y — 1)*)
cf. [25].
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We use GMRES method to solve the preconditioned linear system (5.6), with
an initial guess A = 0. The stopping criterion is ||ry||2/||rollz < 1075, where 7y
is the residual of the Lagrange multipliers at the kth iteration. A stabilization
procedure is used as in section 5.2.

Figure 5.1 shows the convergence of GMRES method for solving the precondi-
tioned linear system (5.6), on two different meshes with different Reynolds num-
bers. The left one is for 8 x 8 subdomains and H/h = 10; the right one is for 10 x 10
subdomains and H/h = 16. We can see that, on both meshes, the convergence
of GMRES method depends on the Reynolds number: the larger the Reynolds
number, the slower the convergence.

Figure 5.2 concerns the scalability of GMRES. The left one shows the change
of GMRES iteration count with the number of subdomains, for different cases.
We see that for small Reynolds number, the convergence is independent of the
number of subdomains. For large Reynolds number the convergence becomes even
better when we increase the number of subdomain. The right one shows that the
convergence of the GMRES method depends on the subdomain problem size. The

number of GMRES iterations appears to grow like a logarithmic function of H/h.

5.4 Eigenvalue estimates of the preconditioned
linear system

We know, from Theorem 3, that the convergence of the GMRES iteration for
solving a linear system, Az = b, depends on (V) and inf, cp, ||pn||aca). Here V
is a nonsingular matrix of eigenvectors (assuming A is diagonalizable), A(A) is the

set of eigenvalues of A, P, is the set of polynomials p of degree < n with p(0) =1,
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Figure 5.1: Dependence of the convergence of GMRES on the Reynolds number

and [[pn ||aa) = SUP,cA(A) pn(2)].

In the linearized Navier-Stokes case, we can see that k(1) depends on the
Reynolds number. When the Reynolds number is large, the preconditioned opera-
tor BaSNBEYBASN ' BY is very far from normal, and therefore (V') is large, and
we have slow convergence. When the Reynolds number is not large, the precon-
ditioned operator is not too far from normal, and therefore (V') is small, and we
will have fast convergence.

The value of infy cp, ||Pnllaca) depends on the distribution of the eigenvalues
of the preconditioned operator. When the spectrum is tightly clustered away from
the imaginary axis, we expect that inf, cp, ||pn||aca) Will decrease quickly with n
increasing.

In this section, we will show that the spectrum of the preconditioned operator
BaSNBLYBASN™ BY, without stabilization, is a perturbation of the spectrum of

BaSrBYBAS 'BY in the Stokes case, when the Reynolds number is not large;
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Figure 5.2: Scalability of our FETI-DP algorithm

this work has been inspired by [26].

It should be pointed out that, this section only explains the convergence be-
havior of the GMRES iterations for solving equation (5.6), but does not give a
complete estimate of the rate of convergence.

In section 4.4, we have proved that for two-dimensional Stokes problems, the
condition number of the preconditioned operator BaSrBXBaS 'BY is bounded

from above by C’%(l + log)2. We now have the following lemma:

Lemma 20 For any wa € BZBAWA, we have

WgBZBASFBZBAWA

—=
WASWA

v <

<T,

where vy =1 and I = C%(l + log2t)?.

Proof: We know, from the inequality (4.21), that

1

H
52(1 +1log—)’ATA, VA eEA.

MNXN < AT'BASrBEBAS™'BEN < C -
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Noticing that BoBX = 21, we have

MN'BABEN < MN'BABLBAS:rBLBAS'BIA

1 H 2\T T

For any wp € BZBAWA, there is always a A € A, such that wa = BA\. Therefore

1
7

and we therefore know that the eigenvalues of the operator B BASpBXBaS™! are

H
(]' + log_)2W£WA7

whwa < whBYBASrBLBAS 'wa < C -

located in the interval [y, T].
0

In the remainder of this section, we prove the following theorem, which gives
a bound on the Rayleigh quotient corresponding to the nonsymmetric operator

BLBASNBLBASN .

Theorem 7 For any wa € BZBAWA, we have

W£B£BASINB£BAWA

=
wASNwa

(1+0(w ™))y <

<(1+O0 )T,
where v and T' are given in Lemma 20.

Let un = BX\Bawa, and we have

uZSINuA . UZS[‘UA

T RT N pT T QN =
o - & - T &N .
WTSNWA WTSNWA WAS~ WA
A A T
WxSWA

We know, from Lemma 20, that

T

uj Srua <T

= = — )
whiSwa
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T ¢oN T N
therefore we just need to show that both UASFUA and WAS WA are of the order

UZ‘SFUA WXS‘WA
_ . . . ul SNu
1+ O(v~1). Here we just give the estimate of uATsFFuAA' The same argument works
A
TS'N
for Ya2_a,
WASWA

Recall, from the definition of S¥ in equation (5.7), that

upSpua = (up uy) 1 1
Aar+ 5 Nar Aaa + ;Naa

A]] Agl uN NII NIA uN
- (uévTub(A S e ) s {0 ) (w0
AT AA AT AA
T
Y (u)
Aar Aaa ua

1/2 1/2
1( NT T A ALy / - A Ap / uy’
Aar Aaa Aar Aan ua

o A AN Ng N\ [ An AL\

A= :
Anr Aan Nar Naa Anr Aaa

We know from [23] that the spectral radius p(N;a) = O(1), therefore

_ T Arr Aga ud
uiSfua = (1+0@™)) (u) uj) ( e 4 ) < uIA ) :
Al Aaa

At the same time, we know that
A AL u
s = o) (47 350) ()
Therefore, in order to show that ul S¥ua = (1+ O(r™")) ukSrua, we just need
A AL uy
GVl e
Aar Aan ua

A[[ AZI uy
= (1+0@™)) (uf u}) ( ) ( ) :

to show

(5.9)
Arr Aan ua
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where ul satisfies the following linear system, cf. (5.7),

A+ 1N, BY ul AL+ INpA (5.10)
- - ua, :
By 0 P}V Bia

and u; satisfies the following linear system, cf. (2.14),

A;; B AL
i Dyp ( u; ) _ A (5.11)
B 0 Pr Bia

We know, from equations (5.10) and (5.11), that

Arr + %NH BY; < uy > B A Bf; < us ) %NIAUA
B[[ 0 pﬁ\f B]] 0 Pr 0 ’

which can be written as
A+ iN B uy B A B, ( us ) LINiaua
Brr 0 Py — b1 B 0 0 0 '
We know, from (5.12), that

py — i =
- (BII(AH + %NH)AB}FIY1 (BIIuI — Bri(Ar + %Nll)il(AHuI - %NIAUA)) .

We use the next lemma, cf. [26], to compute (AH + %NH)_I.

Lemma 21
(A +INm) ™ = AL (1= LNy + 5B) A"
- (A;II - %AI_II/QNHAI_II/Q + %AI_II/QEAI_;ﬂ) )
- A A -1 -
where Nij = AI—II/2NHAI—11/2’ E = N}, (I + %NH> , and the spectral radii p(Nyy)
and p(E) are of the order of O(1).

81



Using Lemma 21, we have
N _ B ~1
PN —pr=— (BII (A;; _ %A;[1/2NIIA[II/2 i V_12AHl/2EAHl/2) BE)

(Burus = Bur (477 = 247N, 4 24 2B (A — LNiswa)).

After dropping the O(Vl—z) term, we have
Py —pr = - (BH (Affl - %A;II/QNIIA;;ﬂ) BIT1>_1
(BHuI — By (AI_II - %AI_II/QNHAI_;ﬂ) (AHuI - %NIAUA)> .
Then use Lemma 21 again and drop the terms of order O(-5). We have
pY —pr = —% (S;ol + %SJOI/QMIIS;ﬂ) Bir (AEINIAHA + AI_II/ZNHA%QUI> ;

where S, = BHAI_IIBITI, and Mj; is a matrix with spectral radius of O(1).
From equation (5.12), we know that
u) = (AH + %Nn)il (AHuI - %NIAUA — Bl (p} — pI))
_ (A;} _ §A;}/ZNHA;}/2) (Anuf — 1Njaua
+1pT, (S;ol n 55;01/21\2115;01/2) B (A;;z\fmuA + A;}”N,,A}fu[) )
_ (A;; — LA N ALY 2) (AHuI — LNjpus
+1BT S By, (A;;NmuA +ATY QNHA}?uI) )
= u;— 1 (A — A BES B AL (Niaua + Nipuyp)
We have the following lemma:
Lemma 22 The function uy and ur in equation (5.9) satisfy
uy =u; — 1y, (5.13)

where

R _ RV
u; = _;AHI/Q (I - A111/2BESOOIBHAIII/2> A7 (Nraua + Nypuy) . (5.14)
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By using Lemma 22, Equation (5.9) can be easily proved, and so is the Theo-
rem 7.

In the following, we describe some numerical experiments concerning the eigen-
values of the operator BaSNBXBASN ' BY.

In Figure 5.3, we plot the eigenvalues of the preconditioned operator for dif-
ferent number of subdomains, with H/h = 8 and v = 1/80. We can see that the
regions of eigenvalues are almost the same in the different cases. In Figure 5.4, we
plot the eigenvalues of this preconditioned operator for different H/h, with 4 x 4
subdomains and v = 1/80. We see that the eigenvalue region expands when H/h
increases. In Figure 5.5, we plot the eigenvalues of this preconditioned operator
for different Reynolds number, with 4 x 4 subdomains and H/h = 8. We see that
with an increase of the Reynolds number, the eigenvalues become more scattered,
which is consistent with the estimate in Theorem 7. This explains the fact that
the convergence of the GMRES method to solve (5.6) slows when the Reynolds

number is increased.

5.5 Picard iterations for Navier-Stokes equations

In this section, we give some numerical results for the following incompressible
Navier-Stokes equations solved by using Picard iteration.

We solve the nonlinear lid-driven-cavity problem:

—vAu+ (u-V)u+Vp = f, inQ,
Vu = 0, inQ, (5.15)

u = g, onodf),

where Q2 = [0, 1] x [0, 1], f = 0, the boundary condition g = (1, 0) on the upper side
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Figure 5.3: Plots of eigenvalues for different number of subdomains

y = 1, and g = 0 on the three other sides. In each Picard iteration, a linearized
Navier-Stokes problem:

_VAun+1+(un_v)un+1+vpn+1 — f,
~V-u"tt = 0, (5.16)

un+1|aQ = g
is solved by using the dual-primal FETT algorithm developed in section 5.2.

In our experiments, we start from a zero initial guess u’ = 0, and the Picard
iteration is stopped when the nonlinear residual is reduced by 107%. The residual of
the Lagrange multipliers is reduced by 10~*, in the GMRES solver, in each Picard
iteration step when solving the linear equation (5.16).

Figure 5.6 shows that the convergence of the Picard iteration depends on the

Reynolds number: the larger the Reynolds number, the slower the convergence. We
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Figure 5.4: Plots of eigenvalues for different subdomain problem sizes

used two different mesh sizes: one is for 8 x 8 subdomains and H/h = 10; the other
is for 10 x 10 subdomains and H/h = 16. Figure 5.7 indicates that the convergence
of the Picard iteration is independent of the mesh size. From the left figure, we can
see that the convergence is independent of the number of subdomains; from the
right one, we can see that the convergence in also independent of the subdomain
problem size, where for large Reynolds number, the mesh has to be fine enough to
make the Picard iteration counts comparable.

We also check the dependence of GMRES convergence on the Reynolds num-
ber and on the mesh size, in each Picard iteration step. From the left graph in
Figure 5.8, we can see that the convergence of GMRES iterations depends on the
Reynolds number; from the right graph, we can see that the convergence of GM-

RES iterations is independent of the number of subdomains. Figure 5.9 shows that
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Figure 5.5: Plots of eigenvalues for different Reynolds numbers

the GMRES convergence depends on the subdomain problem size. In Figure 5.8
and Figure 5.9, the Y-axis is the average GMRES iteration count to reduce the
residual by 10~ in each Picard iteration.

Figure 5.10 gives plots of the numerical solutions of the nonlinear lid-driven-

1

500> for these two mesh sizes. Figure

cavity problem (5.15) for viscosity v =
5.11 gives plots of the numerical solutions of the nonlinear lid-driven-cavity prob-

lem (5.15) when the viscosity v = 55, for 10 x 10 subdomains and H/h = 16.
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Figure 5.10: Approximate velocity and pressure for v = ﬁ and different meshes.

Upper graphs: 8 x 8 subdomains and H/h = 10; lower graphs: 10 x 10 subdomains
and H/h = 16

Figure 5.11: Approximate velocity and pressure for v = m with 10 x 10 subdo-
mains and H/h = 16
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