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PREFACE

In a paper by Cai, Casarin, Elliott, and Widlund [5], three algorithms were
presented based on the overlapping Schwarz methods for Helmholtz’s equation.
The algorithms are called Algorithm 1, Algorithm 2, and Algorithm 3 in increasing
order of sophistication. Algorithm 3, which is a new type of overlapping Schwarz
methods, converges the fastest to the solution of the equation but its analysis and
implementation is complicated by the fact that jumps are allowed in the iterates
across the domain interfaces. This new algorithm was inspired by the thesis of
Després [10] and it can be considered as an overlapping version of Després’ method.

In this dissertation, we focus on Algorithm 3 which is also called the Discon-
tinuous Overlapping Schwarz Method (OSM-D) in Casarin and Widlund [7]. The
discontinuity of the iterates of Algorithm 3 (OSM-D), which is the fundamental dis-
tinction from the classical algorithms, is implemented by allowing multiple values
on the artificial interfaces. To handle this important property, we use a saddle-
point approach. We study the basic properties and formulation of Algorithm 3
(OSM-D) and develop a convergence theory for simple problems as well as more
complicated problems using a formulation based on Lagrange multipliers. Several
numerical results including some for multi-level variants of Algorithm 3 (OSM-D)

are also presented and analyzed.



ABSTRACT

A new type of overlapping Schwarz methods, the overlapping Schwarz algo-
rithms using discontinuous iterates is constructed from the classical overlapping
Schwarz algorithm. It allows for discontinuities at each artificial interface. The
new algorithm, for Poisson’s equation, can be considered as an overlapping ver-
sion of Lions’ Robin iteration method for which little is known concerning the
convergence. Since overlap improves the performance of the classical algorithms
considerably, the existence of a uniform convergence factor is the fundamental
question for our new algorithm.

The first part of this thesis concerns the formulation of the new algorithm. A
variational formulation of the new algorithm is derived from the classical algo-
rithms. The discontinuity of the iterates of the new algorithm is the fundamental
distinction from the classical algorithms. To analyze this important property, we
use a saddle-point approach. We show that the new algorithm can be interpreted
as a block Gauss-Seidel method with dual and primal variables.

The second part of the thesis deals with algebraic properties of the new algo-
rithm. We prove that the fractional steps of the new algorithm are nonsymmetric.
The algebraic systems of the primal variables can be reduced to those of the dual
variables. We analyze the structure of the dual formulation algebraically and an-
alyze its numerical behavior.

The remaining part of the thesis concerns convergence theory and numerical
results for the new algorithm. We first extend the classical convergence theory,
without using Lagrange multipliers, in some limited cases. A new theory using

Lagrange multiplier is then introduced and we find conditions for the existence of

vi



uniform convergence factors of the dual variables, which implies convergence of the
primal variables, in the two overlapping subdomain case with any Robin boundary
condition. Our condition shows a relation between the given conditions and the
artificial interface condition. The numerical results for the general case with cross
points are also presented. They indicate possible extensions of our results to to

this more general case.
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Chapter 1

Introduction

1.1 An Overview

The numerical solution of partial differential equations often leads to quite large,
sparse linear systems. Domain decomposition methods are general flexible iterative
methods for solving such problems. Domain decomposition algorithms are divided
into two classes, those that use overlapping domains, which are often referred
to as Schwarz methods, and those that use nonoverlapping domains, which are
called iterative substructuring methods. The discrete approximation to a partial
differential equation is obtained iteratively by solving problems associated with
each subdomain and passing information between neighbors. Numerous domain
decomposition methods have been designed, studied, and implemented in last two
decades. Two books by Smith, Bjerstad, and Gropp [43] and Quarteroni and
Valli [40] have appeared recently, and almost yearly international conferences are
being held; see [16, 8, 9, 17, 22, 39, 23, 18, 4, 28, 24, 46].

The first domain decomposition method is the alternating method of H. A.

Schwarz [42]. At the core of that work is a proof that the iterative method converges



in the maximum norm at a geometric rate. In his work in the 1980’s [25, 26], P. L.
Lions analyzed the convergence of Schwarz methods using two different methods,
a mazimum principle and Hilbert spaces. He also established the convergence of
certain nonoverlapping domain decomposition methods by using energy estimate;
see [27]. Since he used the Robin boundary condition on the artificial interfaces,
we will call this algorithm the Robin iteration method; see [40]. In contrast with
other domain decomposition algorithms, we have little information about the rate
of convergence of the Robin iteration method. B. Després applied this idea to a
more complicated example, Helmholtz’s equation in his thesis [10].

In 1998, Cai, Casarin, Elliott, and Widlund presented a new family of over-
lapping Schwarz methods which uses discontinuous iterates. The idea of the new
algorithm was inspired by Després’ thesis and can be considered as the overlap-
ping version of Després’ algorithm. This new algorithm is quite effective for solving
Helmholtz’s equation but its analysis and implementation is complicated by the
fact that it allows the discontinuity across the artificial interfaces.

In this thesis, we concentrate on overlapping Schwarz algorithms using
discontinuous iterates for Poisson’s equation, which can be considered as an
overlapping version of Lions’ Robin iteration method. Here, the discontinuity of
the iterates of the new algorithm, which is the fundamental distinction from the
classical algorithms, is implemented by allowing multiple values on the artificial
interfaces. To analyze and implement this new algorithm, we need a redesign the
data structures and to define new concepts and notations.

The study of new algorithm has posed many interesting questions related to how

far and in what sense the classical theory of domain decomposition methods can be



extended to this new setting, such as to what extent there may be a counterpart of
the geometric convergence factor of the classical Schwarz methods and of the energy
estimate of the Robin iteration methods. It is also interesting to see what new
phenomena occur and what new insight this might lend to the classical algorithms.

The first questions are related to how to extend the relevant notations of the
classical algorithm to a general setting and how to formulate the new algorithm
carefully to understand the differences between the new and classical algorithms.
One focus of this thesis is the extension and interpretation of a new algorithm
inside the classical theory. In Chapter 2 concerns the formulation of the new
algorithm in terms of the classical algorithms. The notations in [5] are revised and
extended to a new setting for Poisson’s equation. The new algorithm is derived
from two intermediate algorithms with the new concepts and notations related
to the discontinuity of the iterates, the fundamental distinction from the classical
algorithms. To analyze this important property, we use a saddle-point approach
which is also used for formulating the Finite Element Tearing and Interconnecting
(FETI) method by Farhat and Roux [13]. We show that Algorithm 3 (OSM-D)
can be interpreted as a Block Gauss-Seidel method with dual and primal variables;
a new dual variable can be computed from given primal variables and the dual
variables will then be used to compute a new primal variable.

In Chapter 3, we extend the results of the classical convergence theory without
using Lagrange multiplier in some limited cases. In a special geometry in the two
overlapping subdomain case, we show that the rates of convergence on the two
nonoverlapping parts is better than that of the Robin iteration methods. Inspired

by Nataf [33] and [34], we apply his idea to Poisson problem on several overlap-



ping (finite) strips and we extend this results to a general quadrilateral which is
conformally equivalent to a rectangular domain.

In Chapter 4, we analyze the algebraic structure of the new algorithm. In
classical theory, each fractional step is symmetric with respect to the L? inner
product. However, the fractional steps of the new algorithm are nonsymmetric
in general. Therefore, it is impossible to apply the classical conjugate gradient
method. The algebraic convergence theory of overlapping Schwarz methods in [3]
is applied.

The algebraic systems of the primal variables can be reduced to those of the
dual variables. In the two overlapping subdomain case, the dual system results
in a block 2-cycle matrix. We analyze the structure of the subblock matrices
algebraically and check their numerical behavior in Chapter 5.

A convergence theory using the Lagrange multipliers is introduced in Chapter 6.
First, we prove the convergence of the new algorithm in a special geometry. We
find a condition for the existence of a uniform convergence factor for the dual
variables, which implies convergence of the primal variables, in the two overlapping
subdomain case with any Robin boundary condition. This result shows a relation
between the artificial interface condition and the other conditions which are related
to the geometry and the overlap. This new idea is extended to the general two
overlapping subdomain case with any Robin boundary condition. In this general
cases, we also find a condition for the existence of a uniform convergence factor.

Several numerical examples and results are presented in Chapter 7. The nu-
merical results for the general case with cross points indicate possible extensions

of this new approach to this more general case.



We will next provide some mathematical background and establish some nota-

tions which will be needed throughout.

1.2 Sobolev Spaces

In this section, we recall some basic results on Sobolev spaces for our work. For a
description of the general spaces and their properties, see [1, 30].
Let © be a bounded Lipschitz region in R%. The space L*(Q) is defined as the

closure of C*(2) in the norm,

lull 2y = (/Q lul2dz)V? < oo.

The H'-seminorm and norm of u € H'(Q) are, respectively,

/ |Vul? dr;
Q

||U||%{1(Q) = |U|%11(Q)+||U||i2(9)-

|U|%Il((2)

To define traces of Sobolev spaces on boundaries, we also need the fractional
order Sobolev spaces,

H°(Q?) (0<o<1)
defined by the completion of C*°(Q) in the following norm,

lullie() = (ull 2@ + lulm@)",

where

u(z) — u(y)]?
R — 77 dxdy.
|| g () /Q 0 |z —y|& ray

A more detail introduction to the important tools used in domain decomposition

theory can be found in [41, 6, 44].



1.2.1 Trace Theorems

For a continuous function v on Q, the trace of u can be simply defined by restricting
u to 0. The trace theorems extend this definition to more general functions; see [1]

for the general theory.
Theorem 1.1 If Q is a Lipschitz domain and u € H*(Q2), 1/2 < s <1, then,
You = U |gn€ Hs_l/Q(aﬂ).

Moreover, the restriction operator from H*(Q) to H*~'/2(0Q) is onto and contin-
uous,

||70U||Hs—1/2(an) < C(s, Q)||u||Hs(Q),

where C(s,Q) is a constant that depends only on s and .
In Chapter 6, we will use a variant of this result.

Theorem 1.2 If Q) is a Lipschitz domain, then

Youlirepay < Cluling,
and
|voullZ200) < Cr(lulfn gy + l[ullF2@))-
1.2.2 Poincaré and Friedrichs Inequalities

The Poincaré and Friedrichs inequalities are important to establish the equivalence
of certain norms. Their proofs are using Rellich’s theorem, i.e., that the unit ball
of H™(Q) is relatively compact in H™~'(Q). These results are used in the proof

of the existence of weak solutions of elliptic boundary value problems; see [29].
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In particular, when considering domain decomposition methods, we are inter-
ested in formulations of these inequalities which specify the dependence of the
constants on the domain (2; see [35] for elementary proofs. Let Q € R? and let Hq

be the diameter of €2.

Theorem 1.3 (Poincaré’s Inequality) There exists a constant C(Q2) that de-

pends on 2 but is invariant under dilation of €1, such that
1
lulfo) < COH(uliio) + gl [, udal), Vu € H'(@),

When we study elliptic problem with Dirichlet boundary conditions on parts of
boundary A C 99, we need to consider a Sobolev space H} (Q) = {u € H'(Q)|u, =
0}. The Poincaré’-Friedrichs’ Inequality gives an equivalence of norms on this
space. The idea of its proof can be found in [35] and we can also find a proof in

[41].

Theorem 1.4 (Poincaré-Friedrichs’ Inequality) Let A C 0Q with positive

measure. Then,
2 2 (1,12 1 2 1
Il 20y < O M) HE(lulip oy + 7= ([ oudo)). V€ HY(@),
where C(2, \) is a constant that is invariant under dilation of Q and A.
In Chapter 6, we will use the classical Friedrichs’ Inequality,
Theorem 1.5 (Friedrichs’ Inequality) If A C 0Q with positive measure. Then,
) < Crllulipey + [ Juf do), Vue H'(9).

where C'r depends on Q and A.



Corollary 1.1 If A C 9Q with positive measure. Then, the H'-seminorm is an

equivalent norm on Hj(Q), i.e.,

1.3 Symmetric Positive Definite Matrices

The following properties of symmetric positive definite matrices will be used in

Chapter 5; see [20, 21] for a general theory.

Theorem 1.6 The product of two symmetric positive definite matrices A and B

15 a diagonalizable matriz, whose eigenvalues are all real and positive.

Theorem 1.7 If a matriz A is symmetric positive definite and a matriz B is

Hermaitian, then there exists a nonsingular square matriz C' such that C*BC' 1is

diagonal and C*AC = 1.

From these theorems, we can prove the following two theorems.

Theorem 1.8 Let A and B be Hermitian matrices, and suppose that A is positive
definite. Then A — B is positive definite if and only if all eigenvalues of BA™! are

less than 1.

Proof By Theorem 1.7, we can find a nonsingular square matrix C' whose
inverse is C' in Theorem 1.7 such that A = CIC* and B = CDC* where D =
diag(dy,ds, - --,d,) is diagonal. Then A — B is positive definite if and only if
C(I — D)C* > 0, which is the case if and only if d; < 1 for i = 1,2,---. Since
BA™' = CDC*C*'C~' = CDC™", the eigenvalues of BA™" are less than 1.



Theorem 1.9 Let A and B be Hermitian square matrices, and suppose that A is
positive definite. Then A + B is positive definite if and only if all eigenvalue of

BA~! are greater than —1.

Proof Similar to that of Theorem 1.8.

1.4 M-matrices and H-matrices

The following properties of M-matrices and H-matrices will be used in Chapter 4;
see [19, 20, 36] for a general theory.
A order relation in the algebra of all real matrices is defined by elementwise

inequalities; For A = (ans3) and B = (bag),

A>B & Aap > bag, Ya, V3,

A>B & aus > bas, Vo, V.
Definition 1.1 An N-by-N matriz A = (a.p) is an M-matriz if
o >0 1 <a<N, aap <0 Vo #p, (1.1)

and

A is reqular ( A™' exists) and A >0, (1.2)

where 0 is zero matriz.

Definition 1.2 An N-by-N matriz A = (aap) is an H-matriz if its comparison

matriz B = (bag) =< A > is an M-matriz, where

baa = |aaa|a ba,@‘ = _|aa,6'| <0 Va#0. (1.3)



Definition 1.3 An N-by-N matriz A = (aag) is strictly diagonally dominant if

|Gan| > Z laag] 1< a <N, (1.4)
B#a

and weakly diagonally dominant if

|Gaa] > D laas] 1 <a <N, (1.5)
b#a

Theorem 1.10 Let the N-by-N matriz A be strictly diagonally dominant and let

the sign conditions (1.1) be satisfied. Then A is an M-matriz.
We also have the following theorem,

Theorem 1.11 (a) A strictly diagonally dominant matriz is an H-matriz.
(b) A positive definite matriz satisfying the condition in (1.1) is an M-matriz.

(¢c) An Hermitian M-matriz is positive definite.

1.5 Strengthened Cauchy-Schwarz Inequalities

The following Strengthened Cauchy-Schwarz (or Cauchy-Buniakowskii-Schwarz
(C.B.S.)) inequality will be used to prove the convergence of a general domain

case in section 6.2.5 ; see [11] for details.

Theorem 1.12 Given a finite-dimensional Hilbert space H, an inner product (-, -)

on H and two subspaces Hy, Hy of H such that
H1 N H2 — {0},

then there exists

Y= fY(Hla HZ) S (07 1)?

10



such that for all hy € Hy and hy € Hy the following strengthened C.B.S.-inequality
holds:
(R, h2)| < llha [l Azl (1.6)

where the norm s induced by the inner product
|2l =/ (R, h).

Corollary 1.2 Let M be a symmetric positive definite matriz, and let U and V'
be disjoint vector subspaces of the space on which M operates. Then there exists a

v € 10,1) such that

(u'Mv)?* < Y*u'Muv'Mv VYu e U, veV. (1.7)
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Chapter 2

Discontinuous Overlapping
Schwarz Methods for Poisson’s
Equation

2.1 Overlapping Schwarz Algorithms for solving
Helmholtz’s Equation

In a paper by Xiao-Chuan Cai, Mario A. Casarin, Jr, Frank W. Elliott, Jr, and
Olof B. Widlund [5], three domain decomposition methods were introduced for
the solution of Helmholtz’s equation. They are based on the overlapping Schwarz
method and are called Algorithm 1, Algorithm 2, and Algorithm 3 in increas-
ing order of sophistication. Algorithm 1 is the classical overlapping multiplicative
Schwarz algorithm which uses Dirichlet boundary conditions at each artificial in-
terface and it is known to be successful for solving Poisson’s problem. However,
Algorithm 1 is unsuccessful in solving Helmholtz’s problem. Algorithm 2 improves
on Algorithm 1 by using approximate Sommerfeld boundary conditions at each
artificial interface while maintaining continuity of the iterates. Algorithm 3 is con-

structed from Algorithm 2 and allows discontinuities at each artificial interface.

12



Algorithm 3 is a new family of domain decomposition methods which uses discon-
tinuous iterates. The idea of Algorithm 3 was inspired by the thesis of Després
[10].

The basic domain decomposition algorithm considered by Després is defined as
follows. The model problem of a Helmholtz’s equation with Sommerfeld boundary

condition is given by

—Au— (k(z))*u = f in Q (2.1)

8—u—iku = ¢ on 01,
on

where £ is a real parameter. The given region () is divided into two nonover-
lapping subregions 2; and €2y, and the iteration is advanced by simultaneously

solving

—Auftt — Bt = f i Qy,

ou ! ou™

—L— —ikuft = —— —ikul, on T, (2.2)
anj anout

aun+1

R Y S -

on,; ikuj g on 0f),

in the two subregions. Here I' is the artificial interface which is the intersection of
0€); and 0€2,. We also define n; as the outward normal of €; with n,, = —n; and
where up,, is the previous approximate solution outside €2;.

Algorithm 3 is an overlapping version of Després’ method and quite effective in
different contexts for solving Helmholtz’s equation. For experimental results; see

Casarin, and Widlund [7], [5].
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2.2 Continuous and Discontinuous Overlapping
Schwarz Methods

In this thesis, we will study the convergence of Algorithm 3 for solving Poisson’s
equation. The difference between Algorithm 2 and Algorithm 3 is whether the
continuity of the iterates is maintained or not. There are two basic alternatives:

1. the new values replace the old ones on each artificial interface.

2. the new and the old values are kept.

Algorithm 2 results from the first choice and Algorithm 3 from the second. In
[7], Algorithm 3 is called the Discontinuous Overlapping Schwarz Method
(OSM-D). So, it hereafter will be called Algorithm 3 (OSM-D). Also Algorithm
2 will be called the Continuous Overlapping Schwarz Method (OSM-C).

2.3 Variational Formulation of Algorithm 3
(OSM-D)

Algorithm 3 (OSM-D) is designed to take advantage of discontinuities and is de-
rived from the associated continuous Algorithm 2 (OSM-C). To understand Algo-
rithm 3 (OSM-D), we first review the variational form of Poisson’s equation with
Robin boundary conditions and also derive the classical algorithm and Algorithm
2 (OSM-C).

We consider the following problem :

—Au = f in €, (2.3)
u+ a% =g on 012,
on

where €2 is a bounded region which is decomposed into several overlapping subre-
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gions. Using Green’s formula, we convert (2.3) into the following variational form:

Find u € H'(Q) such that,

1
a(u,v) = /QVu-VUjLE/aQuU (2.4)

_ 1 1
= /vanLa/anv Vv € H (Q).

Restricting u and v to elements of an appropriate space V" of P! finite element

function, the bilinear form of (2.4) can be written in matrix form as
u'Av = a(u,v). (2.5)
2.3.1 Classical Algorithm for solving Poisson’s equation

The one-level basic overlapping multiplicative Schwarz method is constructed from
a collection of overlapping subregions {€2;}, which covers the given region 2, and
their boundaries 0€2;. The boundary 0€2; consists of ©;, which is the part of the
given boundary 0€2, and the artificial interface I'; which is a common part of 0€2;
and other neighboring subregions. The classical multiplicative Schwarz method,
known here as Algorithm 1, imposes a Dirichlet condition on the artificial interface

T

'K

We split the bilinear form a in (2.4) into the local bilinear forms a; and af defined
by,
a(u,v) = a;(u,v)+aj(u,v),
/ Vu- Vv + — / U (2.6)

(wv) = [ Vu-V .
aj(u,v) / u - v+ ecuv

aj(u,v)

15



The associated splitting matrices are derived simply from (2.6),
A=A;+ A5 uApw=ai(u,v), u'A5=ai(u,v). (2.7)

Let R; be the rectangular restriction matrix, modified from Smith, Bjgrstad, and
Gropp [43], that returns the vector of values defined in the interior of 2; and the

part of the given boudary 02 N 0€2;, i.e.,

ug;uan, = Rju = ( Io ) < 08 > ' (2.8)

U(s\e;)
The local matrices, B;, Bj are represented in terms of the splitting matrices Aj,

Aj and the restriction matrices, R;,Rs.
B]' — RjAj(Rj)t, .B]C - R;A;(R]C)t

The j-th fractional step of the classical multiplicative Schwarz method can be

written as
Untj/p) = Ut (-1 /p) + AT (0 = A g-1/m)s (2.9)
with A7 = (R;)"(B;) *(R;). In the classical method, the matrix A] restricts the

residual to €2; U ©;, solves the problem on the subdomain for a correction, and

then extends it by zero onto the entire domain €.

2.3.2 Algorithm 2 (OSM-C) for solving Poisson’s equation

In Algorithm 2 (OSM-C), we use a Robin boundary condition, a more general

boundary condition, on I'; given by

oulrtt O(us)™
a2 — (6" — g—2 I 2.10
u;t + o o, (uj)" — & ot on I (2.10)
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To construct a local problem on each subdomain €; from (2.10), we split the

bilinear form a in (2.4) into local bilinear forms a; and a§ defined by,

a(u,v) = aj(u,v)+aj(u,v),
aj(u,v) = /Vu Vv + — /uv—i— /uv (2.11)
1
aj(u,v) = /Vu Vv—i- uv—— uw,
: or & Jre

where @ is a constant in a Robin boundary condition on the artificial interface,
and which is not necessarily identical to c. The associated splitting matrices are

derived simply from (2.11),
A=A+ A5, uAjw=a;(u,v), u'Alv=d(u,v). (2.12)

To define the local matrices in terms of matrices of smaller size, we introduce
some additional notations modified from Smith, Bjgrstad, and Gropp [43]. Let R;
be the rectangular restriction matrix that returns the vector of values defined in

the interior and the boundary of 2;, i.e

— R — U(e;009;)
Uquan = R]u == ( I 0 ) ( U(Q;\F]) ) . (213)

The local matrices, B;, Bj are represented in terms of the splitting matrices Aj,

Aj§ and the restriction matrices, R;,Rs.
Bj = R;jA;(R;)', Bj = R;AS(R;)".

The j-th fractional step of the multiplicative Schwarz method can be written

asS
Winti /) = Ut G—1)/p) + (R) (B) ™ (R;) (b — Augui(i—1)m))- (2.14)
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A local solver is defined by Af = (R;)"(B;) '(R;).

We now define a square projection matrix P; with zero entries except for the
diagonal elements corresponding to the indices of 2; U0€2;. The projection matrix
P; is written in terms of the restriction matrix R; as P; = (R;)'R;. With this

notation, the j-th fractional step of Algorithm 2 (OSM-C) can be rewritten as

Uneifp) = P ume-nm + PAT (b= Afumig-n/m). (2.15)

In Algorithm 2 (OSM-C), the matrix A} restricts the residual to Q; U 09,
solves the problem on the subdomain for a correction, and then extends it by zero
onto the entire domain €. Thus, in this j-th fractional step z(,1;/,) is updated
only on €2; U0€;. To maintain continuity, we overwrite the old values by the new
values on the artificial interfaces in Algorithm 2 (OSM-C). Therefore, Algorithm 2
(OSM-C) is easy to implement because it does not require multiple values on the
artificial interfaces.

We note that Algorithm 2 (OSM-C) is constructed from the local bilinear forms
(2.11). Considering these forms, we can rewrite equation (2.4) using local bilinear

forms as

/Vu”e“’ Vo + — / Yo+ < / Yu+ VUOZd Vv (2.16)

+ u’ U——/ U—/fv+ /gv VUGHI(Q).

«

On I'; the artificial interface of j-th step, the old values are overwritten by the new

values and are lost.
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2.3.3 Multiple values on the interface

With multiple values on the artificial interface, the approximate solution u"*7/? in

the j-th fractional step is updated only on €2; U 0€2; and defined by,

il — ™ on QU
ud  on Qs
From (2.4) and (2.16), the residual corresponding to u"**/? given by,
a(u”+j/p,v)—/ fv—l/ gvzi/ (uOZd—u”ew)vzi/ [u] v, (2.17)
0 a Joa aJr; r;

«

where [-] means the jump across the interface. Let U be exact solution. The error

is defined as e"ti/? = y"+i/P — U and we get the following equation,

. y 1
a(e"/P v) = a(u P ) — a(U,v) = T/ [u] v.
o JTy;

If [u] = 0 then e = 0. So continuity implies convergence.

With multiple values on the artificial interfaces, we can compute the residual
from only the jumps on the artificial interfaces. Therefore, the original problem
can be reduced to a problem of small size on the artificial interfaces. From this
observation, we see a similarity to algorithms such as FETI. Since the residual has
nonzero values in 7 without multiple values on the artificial interfaces, Algorithm
2 (OSM-C) cannot be formulated only in terms of the values on the artificial
interfaces. We now introduce Algorithm 3 (OSM-D) which allows multiple values

on the artificial interfaces.

2.3.4 Atomic Subdomains

The Algorithm 3 (OSM-D) can be derived from Algorithm 2 (OSM-C) by allowing

discontinuities across the artificial interfaces I';. Since discontinuities are allowed,
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Figure 2.1: Three atomic subdomains and two overlapping subdomains

the variational form in (2.4) must be rewritten in terms of broken forms defined
on a collection of certain subsets of the €2;’s, and the data structure should be
redesigned and a proper function space, with multiple values on the interfaces
{T';}, needs to be constructed. We need to define a good subset structure which
maintains the independent structure for each member of a collection of the subsets
with multiple values on each interface.

Since each subdomain is open and every pair of neighboring subregions has
a nonempty intersection, we can construct a family of disjoint open sets such
that each member is a proper subset of one or more subdomains. We choose the
collection of the largest open sets satisfying this condition. We call the elements
of such a family of subsets the atomic subdomains {Q27}.

We will use the following notations. We hereafter use the superscript notation

for the quantities related to the atomic subdomains and subscripts for those of the
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original subdomains. Quantities with tilde are defined on a region including the
artificial interfaces where we have multiple values.

We first consider a product space V associated with {Q7}. Since V is defined
independently on each €29, the total function spaces V can be identified with the

direct product of all continuous function spaces V¢ defined on the Q9,
V=V, (2.18)

where n, is the number of atomic subdomains.

@ € V can be interpreted as (u',---,u% -+, u™) with u? € V9. Let V be the
continuous function space on Q. Since V is a proper subspace of V, we also define
a function R from the continuous function space V to the discontinuous function
space V as a direct product of the RY, the restricted embeddings onto atomic
subdomain Q?, defined by

R=PR, (2.19)

2.3.5 Continuous and Discontinuous Artificial Interfaces

In each fractional step, the discontinuity of the values on each artificial interface
depends on its geometric relation to the subdomain of the fractional step. We
consider a simple example. In Algorithm 3 (OSM-D), we use the three function
spaces of the three atomic subdomains in the two overlapping subdomain case.
In the first fractional step, we make the iterates continuous across I'y with no
constraints across [';. In the second fractional step, we make the iterates continuous

across I'; with no constraints across I'y. Thus we need a product space of three
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independent atomic subspaces for Algorithm 3 (OSM-D),
v=1v'pvrpve
In fact, we use two proper subsets of V in Algorithm 3 (OSM-D), namely
Vi=vi@Vv?: ve=1@vh
Therefore, we have the following relations,
VcVvicV, VcV,cV.

The two fractional steps of Algorithm 3 (OSM-D), in the case of two overlapping
subdomains, have two different kinds of artificial interfaces, those that are hereafter
called the continuous artificial interfaces, which are located inside the subdo-
main and have the same values on the corresponding boundaries of the atomic
subdomains in the subdomain, and those that are hereafter called the discontin-
uous artificial interfaces, which are also formed by the part of the boundaries
of the subdomain of the fractional step.

In a general partitioning with cross points, the discontinuity exists on the part
of the artificial interface which is not included in the subdomain where the solu-
tion is updated. For the sake of convenience, we hereafter define the concept of
discontinuous artificial interfaces and continuous artificial interfaces on the closure
of the subdomain of the fractional step. Therefore, in each fractional step, we al-
ways have a set of discontinuous artificial interfaces and another set of continuous

artificial interfaces.
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2.3.6 Algorithm 3 (OSM-D) for solving Poisson’s equation

The multiple values on the artificial interfaces are an essential part of Algorithm 3
(OSM-D), but the multiple value formulation results in complicated data structure
for Algorithm 3 (OSM-D). We now construct the local matrices of Algorithm 3
(OSM-D) in terms of the discontinuous artificial interfaces and the continuous
artificial interfaces discussed in previous section.

From the formulas (2.10) and (2.11), we can construct an overall structure of
the local matrices for all atomic subdomains as follows. The discontinuous artificial
interfaces in the j-th fractional step for {2; can be defined as the faces of contact to
Q%. For each atomic subregion 2, the continuous artificial interfaces in the j-th
fractional step for €2; can be defined as the part of the boundary of the atomic
subdomains in €2; which have faces of contact to certain €2; with ¢ # j but is not
part of 0€2;.

We therefore define a form aqq as in (2.4) with & € V and v € V and given by,

1 1 1
aqe(RY(a),v) = / Vu? - Vo+—= [ vwov+—= | vwv—=[ ulv, (2.20)
Qa o JOu o JTY o JTL

where
Fﬂ = 001N {U{02 Q7 C Qe }}, (2.21)
I’ = 909N {Up{00%|Q7 C O},
0! = 9NN k=1,---.n°.q=1,-,ng,

where n’ is the number of subdomains and & can differ from « on the artificial

interfaces. The bilinear form (2.11) can be written on each subregion as

ag, (4,v) = Y agd(u’,v), &Qjc_(ﬂ,v): > agd(ul,v). (2.22)
01CQ; QuCQs
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We consider P! discontinuous finite element function vt permitting multiple
values on the artificial interfaces. The discretized associated function space of V,
can be defined by the direct product of the function spaces (V)" which are finite
element space which have degrees of freedom associated with the atomic subregion

Q¢ and where

Vi =P (2.23)
q=1
An element of V", @, can be interpreted as (u',---,u?,---,u") with u? € (V)"

Assuming v to be an element of V", the continuous finite element function space,

aga can be given, in matrix form on each atomic subregion €2;, by
(u?)t Aqev = aq, (u?,v). (2.24)

The matrix form Aj, defined on €; U 0€2;, a union of atomic subdomains can
be redefined using (2.22) as,

A= Y A (2.25)
QuC(Q;U00;)

Since V" allows multiple values on the interface, the number of degrees of
freedom of Algorithm 3 (OSM-D) is bigger than that of Algorithm 2 (OSM-C)
for the same problem and Algorithm 3 (OSM-D) also requires different, more
complicated data structures. To formulate Algorithm 3 (OSM-D), we need to
introduce additional matrix forms. Let R? be the rectangular restriction matrix
for each atomic subdomain that returns the vector of values defined in the interior

and on the boundary of 29, i.e.,

W =Rii=(10) ( e ) (2.26)



The total restriction matrix R is

R=((@®) - (R ). (2.27)

For each atomic subregion €29, we can define a smaller local matrix B? in terms
of Ags and R as,
BY = R1Aq (R (2.28)

From these local matrices, we can construct a partitioned matrix A defined by,
A =diag( B" --- B™ ).

The square projection matrix Pj is defined as the square matrix which has zero
entries, except for the diagonal entries corresponding to all indices corresponding
to UQ such that Q7 C (; U 0€2;). The following two equations relate the A; of

Algorithm 2 and the A; of Algorithm 3 (OSM-D),

A]' == (R)tpjzijé, A = (R)t(i - P])A]R

j
The j-th fractional step of Algorithm 3 (OSM-D) is built from that of Algorithm
2 and is defined by,

Untifp) = Plims-1)p) + PiRAT (b — R'PfAlins(-1)/p))- (2.29)

The residual of each fractional step is computed from the contribution from each
atomic subdomain using A which is a discontinuous version of A in (2.5). In this
case, each atomic subregion contributes separately to A in the matrix computa-
tions. Computational results with Algorithm 3 (OSM-D), which will be described

in Chapter 7, show that Algorithm 3 converges under a variety of conditions.
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2.4 A Saddle-Point Approach

There are many papers regarding the Finite Element Tearing and Interconnecting
(FETT) method including Charbel Farhat and Frangois-Xavier Roux [12] and [13].
The FETI method is a special iterative substructuring method where Lagrange
multipliers are used to enforce the continuity conditions across the artificial in-
terface. Since we allow a discontinuity across the interface between neighboring
atomic subregions, we will try to study the convergence of Algorithm 3 (OSM-D)
using a Lagrange multiplier formulation.

The variational problem (2.4) with two overlapping subdomains is equivalent
to the following: Given f and g, find the function u that is a stationary point of

the functional

J(v) = = Sa(v,0) — (0, f) - Lo g)on,  with (2.30)

D[ 0 o [ o

We will use the following notations. Let €2; and €2, be two overlapping sub-

Q

domains which are embedded in Q such that Q = Q; U Qy,. We then have three
atomic subregions Q!, which is the nonoverlapping part of Q;, 2, which is the
nonoverlapping part of Qy, and Q'2, which is the overlapping part of Q; and Q.
Let ') = a’n Qy and 'y = a’n Q, and let ©, = Q; U 99 for any 2; contiguous
to 0€). The outward normal of §2; is n;, 1 =1, 2.

2

Solving the above problem is equivalent to finding the three functions u!, u?,

and u'? that are stationary points of the functionals:

JI(UI) = %G(UI,UI)QI — (’Ul, f)Ql — é(?}l,g)agl, (231)
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JQ(UQ) = 50(1’ v )az — (V7 oz — — (v, g)anz
1 1
J12(1)12) = 5@(1}12,1}12)(212 — ( ,f)Qm — —(1)12 g)3Q12
where
1.1 1 1, 1 o1 1 1.1
alu,v )y = Vu -Vo+—= | wov —=[ uov,
Ol o Jel & Jry
1 1
a(u? v = Vu? - Vol + = | u?o?— = | u??
Q2 o Joz a Jr,
a(u12,1;12)912 _ Vil . vyl + 1 W22 4 = 1 w22,
QL2 O12 Of I'yurlrs
(Ul,f)szl = o fUl, 7g o0l = / !JU
(U27f)92 — QQf'UQa U y g 392:/@290 )
12 _ 12 12 _ 12
(U 7f)912 - Q12 fU ) ('U 79)3912 - /@12 guv—,

that satisfy the continuity conditions across the two interfaces,

ut =u'? on T, u? =u* on To. (2.32)

Solving the variational problems in (2.31) with the continuity conditions (2.32) is

equivalent to finding the saddle point of the Lagrangian
J*(Ula U27 7)127 1, /'LQ)
— Jl(vl) + J2(,U2) 4 J12(,U12) + (1}12 o 'UI;,U/I) 4 (,U12 o 'U27H2)7

02 =) = [ @2 =), (@2 =0k e) = [ -0,
1 2

This means finding functions !, u?, and u'? and Lagrange multiplier \; and ),

that satisfy
J*(ut, u? ', e, pe) < JF(ut u? ut? A ) < JF(h R vt AL Ng),  (2.33)

for any admissible v!, v2, v'2, py, and ps.
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2.5 An Algebraic Formulation of Algorithm 3
(OSM-D)

2.5.1 Notations in the Two Overlapping Subdomain Case

/

1 12

A
r r
2 1

Figure 2.2: An illustration of the two overlapping subdomain with two artificial
interfaces which is allowed to have discontinuity (multiple values)

To construct an algebraic formulation of Algorithm 3 (OSM-D) for the two
overlapping case, we will use the following notations. Within the three atomic

subdomains !, 92, and Q2 we denote the number of interior and boundary

1
a’

nodal unknowns except the unknowns on the two artificial interfaces by n!, n!2,
and nz respectively and the number of the two artificial interfaces I'y and 'y nodal
unknowns by n! and nl. We also define the number of interior and boundary
nodal unknowns except the unknowns on the artificial interfaces of two subdomain
Q= QLUQ2UTy, and Q, = QP2 UQ?UT, by nf and n$ respectively. With

a certain numbering, we have the following two connectivity matrices for the two

Lagrange multipliers on the two artificial interfaces,

11:(01 1212), 12:(1112 02),
L=(0 1?), r=(I1* 0),
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where 0% is an n!/ x n, i =1,2, and 0; is an n} x n$, i = 1,2, zero matrix and I}2
is the n! x n!, 7 = 1,2, identity matrix between the atomic subdomains Q'? and
0, i = 1,2, respectively.

To formulate a two overlapping subdomain problem, we need to define the fol-
lowing submatrices as well as matrix forms A!, A%, and A'? and the local matrices

B!, B?, and B'? of section 2.3.6,
A:dmg( B! B2 B2 )
Blzdiag( B! B12 ) BZdeg( B!z B2 )
A=), k=01 ),
Bf =B Bj=B' fi=/f [fi=/[,

with

~ t - o~

f=(r 2 ), f=rj (2.34)
and the following vector notations for the solution,

= (u uw?), dp=(u? u?), u=v uj=u (2.35)

The two fractional steps of Algorithm 3 (OSM-D) can be written as two prob-

lems with two positive definite matrices B; and B,

B, = étél; By = Rtém fi= Rtfla fo= Rtf;, Uy = thl; Uy = étdZ,
(2.36)

The first problem is related to the first fractional step and is the following,

B1U1 == f1 + (II)T)\Q, Bfuf = flc - (IIC)T)\Q, [1U1 = [fuf, (237)
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the other is,
Byus = fo+ (I)" A1, Bsus = f5 — (I A1, Tus = T5us. (2.38)

We note that the notations and ideas of this section can be generalized to the

case of general overlapping subdomains with regions with cross points.

2.5.2 Algebraic System for the Two Overlapping Subdo-
main Case

Assuming that u', u?, and u'? are elements in the appropriate spaces, the problems

in section 2.4 results in a discrete problem and the following algebraic system:

Blul = - ()h, B = (), (2:39)

BIZuIQ — f12 + (IIIZ)T)\I 4 (IQIQ)T)\Q

Ilul — [112U12, [2U2 — [212U12
or
B0 0 (Y 0 ul fr
0 B2 o _([112)T _([212)T w2 12
0 0 B> 0 (17 @ | =1 7 (2.40)
I —12 9 0 0 A 0
0 —I2 P2 0 0 Ao 0

In this setting, the Lagrange multipliers A; and A\, measure the error between

the exact solution,
U — (Ul7 U12, U2), Wlth BIUI — fl7 B2U2 — f2, B12U — f12

and the approximate solution,



Given the continuity of u! and u'? in the first fractional step, we have
Biuy = Ry(B'u'+ B"%u"?)
= RS ) = it )
Given the continuity of u? and u'? in the second fractional step, we have
Byuy = Ry(B*u®+ B"u'?)
= RY(H 7+ (PN = ok ()0
Finally, if we have continuity across both interfaces,
Au = RYB'w'+ B"%u'? + B*u?)
= R'(f'=(I)" XM+ 2+ (1) + (L) A+ 2 = (1))
— R(f'4+ 24 =f
We note that the notations and ideas of this section can be generalized to the

case of general overlapping subdomains for regions with cross points.

2.5.3 Algorithm 3 (OSM-D) as a Block Gauss-Seidel method

In this section, we will study Algorithm 3 (OSM-D) for two overlapping subdomains
as a Block Gauss-Seidel method. For given u!, ul?, and u2, a new value \? can be

obtained from the following equation,
Xy = (7 - B*2) = I{(f* — B*).
Given A}, the first fractional step can be written as in section 2.5.2,
WP = (BT A+ (1))
= (B)7'(fi + ()" I*(f* — B?up))
= (B)"'(h + (L)' I{(f* = B*uy)).
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The last part of the previous equations matches Algorithm 3 (OSM-D) which allows
new and old data on the artificial interface between Q, and QS = Q'. Since the
Lagrange multiplier A} is obtained from the continuous fractional solution u, in
()5, the old and new values of u,, on the artificial interface of {2 are equal and we
can use either of them. Since we will update the fractional solution /2 in €y, it
is reasonable to use the outside interface values which keep their value in the next

fractional step and affects the new fractional solution. From the previous step, we

have the fractional solution u,,,,, and u,?%, ,. Also A2 can be obtained from
the equation,

(IM*A = 1 — BY!, (2.41)
which can be used to rewrite the next equation for )\711+1/2 and U}L+1/2a

)‘?H/2 =I'(f' - Bluiﬂ/z) =I5(f' - Blu}zﬂm)-
The second fractional step begins with A\*™/% and we get ury, and u? | using the
same process,
aytt = (Bo) (o + (1) ATT)
= (Bo) "' (fo+ (1) I'(f' = Blupyy)s))

= (Bo) ' (fo+ ()" I5(f' — BIUTILH/Q))-

We need the last equation for the same reason as explained in the paragraph below

the equation for U?H/ ?. If we add the following relation,

U711+1 = u711+1/2? (2.42)
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and we then obtain «"*'. Finally, we need to get A5*" used in the next iteration

step for u"+3/2,
)‘;H_l = IQ(fZ - Bzuyzu-l) = [1C(f2 - Bzui-q-l)-

The two vectors A\; and Ay play a main role in communicating data between the two
fractional steps and updating the data. Therefore, the convergence of Algorithm
3 (OSM-D) is strongly related to that of the Lagrange multipliers A; and .
It happens when the two vectors A; and Ay reach the exact Lagrange multiplier
values of the exact solution. We will therefore study the behavior of the Lagrange
multipliers which is related to the data on the artificial interfaces.

The notation and idea of this section can be generalized to the case of the sev-
eral overlapping subdomains. For an algebraic formulation as a block Gauss-Seidel
method, Lagrange multipliers are essential. There is no difference between Algo-
rithm 2 (OSM-C) and Algorithm 3 (OSM-D) for overlapping subdomains without
cross points. However, with cross point, Algorithm 2 (OSM-C) does not maintain
the old value on the boundary of the complementary subdomain which is essen-
tial to produce suitable Lagrange multipliers. Therefore, Algorithm 2 (OSM-C),

cannot in the general case be formulated using the methods of this section.

2.6 Derivation of the fractional steps

We want to show that Algorithm 3 (OSM-D) in (2.29) is identical to the process
given by the Block Gauss-Seidel algorithm in the previous sections. The frac-

tional steps of Algorithm 3 (OSM-D) for two overlapping subdomains are written
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according to equation (2.29) as,
ling1/2 = Pfii, + PLRAY (b — R'P{Aq,)
U1 = Piigy1jo + PoRAS (b — R'Ps Ny 1)0).-

We will also check the structure of the Lagrange multipliers and the fractional
steps. Since we have used matrices which have smaller dimension than the matrices
in (2.29), we need the following identities

(I)TT = RUR'PE,  (I,)TI¢ = RyR'PE. (2.43)
From these identities, we have the following relation,
(B;)"' = PLRATR'P,, (B,)"! = P,RA}R'P;.
We write the fractional solution u?ﬂ/ ? for each subdomain as,
w ™= (BT (1))
= (B)7'(A+(I)'P(f? - Buy))
= (B) M(fi + RiR'P{(f* - B*u}))
= (B) '(RiR'Pf + RiR'P{f — R\ R'PfAu,)
= (B) 'Ri(R'f — R'P{Au,)
= (B1) 'Ri(b— R'PfAay),
and v is also obtained similarly,
us™ = (By) 'Ry (b — R'P§Aiiyy10). (2.44)

We can now see the relation between the discontinuous and continuous function
spaces in Algorithm 3 (OSM-D). The operator R and the transpose R' communi-

cate the data between the discontinuous and continuous spaces with the projection
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operators Py, P, Pf, and PZC. In each fractional step, we keep the old values out-
side the subregion where the solution is updated by new values. We can therefore

see that the algorithm (2.29) and algorithm of the previous sections are identical.
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Chapter 3

Convergence Theory for
Overlapping Strips and General
Quadrilaterals

3.1 Introduction

In this chapter, we develop a theory of the convergence of Algorithm 3 (OSM-
D) for several overlapping strips without cross points. In section 3.2, we review
the convergence in the nonoverlapping subdomain case. In section 3.3, we study
conditions for convergence of Algorithm 3 in the case of two overlapping general
subdomains. In section 3.4, we show the convergence of Algorithm 3 (OSM-D)
for two overlapping rectangular subdomains. In section 3.5, we show that the
convergence is geometric for the case of several strips. The basic idea of that
section is inspired by Nataf [33] and [34]. In the final section 3.6, we extend the
results to a general quadrilateral which is conformally equivalent to a rectangular

domain.
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3.1.1 Basic idea and Notation

We begin this chapter by introducing the basic idea. We consider the Poisson
problem with Robin boundary condition as in Chapter 1 and we will also use the
definitions and notations therein. The main idea in this chapter is the energy
estimate used in [27]. In nonoverlapping subdomain case, P. L. Lions has proven
the convergence of the Robin iteration method using such an energy estimate. We
will study the extension of this methods for the overlapping subdomain cases.
Let 2 be a bounded open set in R2. We also assume that the various boundaries
including the original boundary and artificial interfaces are smooth enough to
define an outward normal n for the different subdomains. We consider a harmonic

function, i.e., a function v such that

2 2
—Av:—(@—l-av

Multiplying by v and using Green’s identity and the identity

AB = (4 +7B)" ~ (A= 1BY
we have,
) oy o
[P // ydo= [ va-ds (3.2)
_ i/@ (UMS—“) ds — E/ (v—d%)QdS.

Since we use the concept of subdomains and atomic subdomains in this chapter,
we need to use the separate notations for the two different kinds of domains. Let
w" /P be the j-th approximation of u in €; (a subdomain) and (uf)"*i/? be the

j-th approximation of u in Q¢ (an atomic subdomain) at step n. With the error
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eI =y, — I MTIP ig the j-th error of w in € and (ef)"*9/P the j-th error

of u in 2 at step n. The outward normal of €; is n; and of Q' is n’. Now we define

the following,

n+i/p _ 1 n+j/p aenﬂ/p
Al — / (9P + a=L—)ds, (3.3)
j
o 1 o a(ej)nﬂ'/p
A\n+i/lp — J\n+i/p 2
(W)l = = [ (@) a=5 s,
1 , 3en+3/p
grtile / n+j/p _
; Y (€ o o )2dS,
(Bj)n+j/p — %/ ((ej)n+j/p . Ofa(eja)njj/p)QdS,
a n
8en+J/p P n+j/p

n+J/p // ( ejéy )QdQ,

n+j/p J\n+i/p
J\n+i/p — (/)™ d(e’) 2
(E7) //QJ( 835 )+ oy ) 2.

3.2 Convergence on Two Nonoverlapping Gen-
eral Subdomains

Let u? be an approximation of u in €; at step n and let u?*' be the solution of

— A n+1/2 f1 iH Qz

oul 1/ ouy
w4 &alinl = uy — &anz on Iy (3.4)
u?H/Q =g, on Oy.
and
—Au?“ = f2 in Qz
8un+1 e 8un+1/2
ultt a2 =Y ——— on I
2 8n2 ! 8n1 2
ug“ =g, on O,.
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With the error e = u; — u?, we can take f; =0 and g; = 0. From (3.2), we have,

n—+1 n+l __ n+1 n+1 n+l __ n+1

From (3.4), we have,

A?‘Fl — Bg, Ag+1 — B{L+1.
By summing over n = 1,2 in (3.5) with (3.6), we have,
E{L+1 + Eg+l + Bg+1 — B72”L
By summing over n =0,---, M — 1, we have,
M
Z (EY + EY)+ B) = B°.

By summing over M, we finally have,
Y (E}+ EY) = B° < .
n=1

Therefore, we find,

(3.5)

Since { E"'} is a sequence of H' seminorms and the boundary condition is zero, we

can use Friedrichs’ inequality and finally have,

Jim lleM|zr =0, i=1,2.

Remark: The convergence for general nonoverlapping domain case has been

proved by P.L. Lions; see [27].
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3.3 A Condition for Convergence on Two Over-
lapping General Subdomains

Let u?*! be the solution of

(1) given

(2) Vn >0,

(ul)O c HI(QI), (UIZ)U c HI(QIZ), (UQ)O c HI(QQ)

AT = f i

n+1/2 2\n
ntlj2 | ~0u on  ~0(u?)
+ _— — (6] F
Uy a o (u)" — & o2 n Iy
P n+1/2
u?ﬂ/z P =g on O'UO"
3711
—Au?“ = f2 in QQ
aunJrl a(ul)n-l-l/Z
I R AR Vo B
2 Ongy () ont
8 n+1
udt! + R g» on O%UE%
3712

on FQ

With the error /7% = u; — u"™? (or (ef)"+/2 = u! — (u)"*+i/2), we can take

)

fi =0 and g; = 0. From (3.2), we have,

ATIH—I/Z > B?+1/2, B;H—l/? > A;H—I/Z
AP B, BT s Apt,

(En+1/2)1 <E?+1/2, (En+1)2 <E§L+1_

For Algorithm 3 (OSM-D), we have,

n+1/2 _ ip+41 n+l __ 4n+3/2
A2 = qnt gl — g2

b

If the following relations are true,

A?H/Z > B;z+1/2 Agﬂ > B?H,

Y
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then, we have,

A717,+1/2 > A;+1/2 Ag,Jrl > A717,+1,

Y

and we obtain,

AP S AT (3.9)

This is the fundamental idea. In contrast with the nonoverlapping case, which
allows comparison of the quantities on the same artificial interfaces, we need to
compare certain quantities on two different artificial interfaces in the two overlap-
ping subdomain case. Therefore the relation between the two artificial interfaces

is required in the study of the convergence of Algorithm 3 (OSM-D).

3.4 Convergence on a Rectangular Domain

In this section, we will develop a convergence proof of Algorithm 3 (OSM-D) for a

rectangular domain. For the first fractional step, we have
Ae"tV2 = en 12y entt2 =0 in Dy, (3.10)

where D; is the rectangle {(z,y)[0 < =z < 1,0 < y < lIpr,} whose east side
{(z,y)|lr = 1,0 < y < Ip, }, west side {(z,y)]z = 0,0 < y < I, }, and south
side {(z,4)|0 < z < 1,y = 0} have homogeneous boundary condition. The north
side {(z,y)|0 <z <1,y = Ir, } has the following nonhomogeneous Robin boundary

condition for a given e”,

aen+1/2
6n+1/2 4 d

=e'+a—. A1
o e +ozay (3.11)

The second fractional step can be written as follows,
A"t = el +ept! =0 i D, (3.12)
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where D, is the rectangle {(z,y)|0 < = < 1,Ir, < y < 1} whose east side
{(z,y)|z = LI, <y < 1}, west side {(z,y)|x = 0,lr, < y < 1}, and north
side {(z,y)|0 < x <1,y = 1} have homogeneous boundary condition. The south

side {(z,9)|0 <2 <1,y = Ip, } has the following nonhomogeneous Robin boundary

condition for a given e"t!/2,

n+1 ~ a€n+1

~a€n+1/2
e —a ey e————

-y y (3.13)
3.4.1 A Basic Computation

In this section, we will carry out the basic computation to support the results of

the following sections. We will consider the following quantity,

1 /! -9

G(y) = f/ lu + au,|*dz. (3.14)

aJo

We have the following expression for its first derivative,
: 1 9 N
Hy)=Gy) = 2 /0 (auuy + |uy|” + w gy + auy uy,) do
1

We also need the first derivative of H at y,

11 .
H'(y) = 2 /0 (5(|“y|2 + uuyy) +(3 Uy Uyy + “uyyy) + o (|uyy|2 + Uy uyyy)) dx
1

- 2=
«

(A1 4+ A3) +2(3B1 + By) +2a (Cy + Cy).

H(y) > 0 since
o Ay = [} uuydr > 0since A) =2 (fy |uy|* + |ug?dz), with Ag(0) = 0.

e By = f01(|uy|2 + uuy,)dz > 0 since fol(|uy|2 + Uty )dr = fol(|uy|2 + |ug|?)d.
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o Co = [y uyuyydr = — [ uy uzpdr > 0 since Cy =[5 [tyy|? + |ugy|* dv, with
Co(0) = 0.

H'(y) > 0 since

o Ay = [} |uy|?dx > 0.

o Ay = [} uuy,dr > 0since [ uuy,dr = — [y utgdr = [y |u|>dz > 0.

o By = [} uy uy,dv = Cy > 0.

o By = [ wuyy,dr > 0 since By(y) = [y (|uay|? + |tez|?) dz with By(0) = 0.

o Oy = [ |uyy|?dz > 0.

o Oy = [ uy uyyydr > 0 since [} uy, tyy,de = [ [ug,|*>dz > 0.
Therefore, H'(y) > 0 is true. The function H(y) is also a strictly monotonically

increasing function.

3.4.2 The difference between A7"/? and A2"/? as a function
of the size of the overlap

Without loss of generality, we will compare A”™/% and A7™/? in the first fractional

step,
1 a€n+1/2
Q2] ) = A2 _/ n+l/2 | ~ 2
) = A = L[ (et 62000
1 Qe t1/2
Q2L ) — A2 _/ n+1/2 | = 249

From the mean value theorem for G"*/2, we have

Gn+1/2(lF1) _ Gn+1/2(lr2) - (Gn+1/2)/(z)(lr1 —Ir,)

Hn+1/2(Z) (lrl — lF2), lF2 <z < lFl-
From the results of subsection 3.4.1, we have,
H"+1/2(lp2) < H”+1/2(z) < H"“/Q(lpl). (3.15)
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Therefore, we have,
Hn+1/2(lp2)(lpl . lI‘z) < Gn+1/2(lpl) B Gn+1/2(lp2) < Hn+1/2(lF1)(lF1 — ZFQ).

From this, we have,

G2 (I, (G™12) (Ir,)
G2 () (1+ W(lrl —Ir,)),
G2 (Ir,) (G™12) (i)

G () > (1- W(lm —Ir,)).
Let | = Ip, — Ir, be the size of the overlap and let DY = (log(G?)'(Ir,) and

DS = (log(G?)'(Ip, ), respectively. Since D} > 0 and Dy > 0, we have,
(1= DM a2 (1)) < G2 (1) < (14 DY) 1Gr (). (3.16)
For the second fractional step, we have a similar formula,
(1 — Dy DG™ H(Ip,) < G (Ip,) < (1 + DD G (Ip,). (3.17)
3.4.3 Convergence rate for a single fractional step

In this section, we compare the two quantities A?H/z and A&"*”“”. We have the
following relations for Algorithm 3 (OSM-D),
An+1/2 Ag,—}-l — A;H—l/? _ B;H-I/Z — (En—|—1/2)1 > 0’ (318)
A?—i—l - A(TH-I +1/2 _ An-i—l Bn+1 (En—l—l) > 0.
From the results above, we have,
AT s (1 Dyt P Ay
> (14 Dy D (1 + DM ) AMTY 4 (14 DY )BT
> (1+ Dyt 01+ Dptt Al
+ (L+ DY+ DI (B 4+ (1 + Dy TPy (B )Y,
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and
AR > (14 DI (L 4 DT ) A
+ (14 Dr) (1 + DY (B2 4 (1 4 prtt ) (B2,
with
14Dy DY 1+ Dt < 1,

(1+ D+ 1)=H (1 4+ DI =t <,

The convergence rate factors thus depend on the overlapping size.

3.4.4 The convergence of Algorithm 3 (OSM-D)

If we apply the idea in the previous section for n = 0, we have,

A}/2 > (1+ D;H/Z (1 + Dptt l)AgnH)H/Z
i=n j=i _ . -
+ Z(H(l + Déﬂ/Z 1+ DIt 1)) (B2
i=0 j=0
i=n j=i—1 ‘ ' - |
+ Z( H (1 + D%+1/2 l)(l -+ D{‘i'l l))(l + D;+1/2 l)(EZ+1/2)1,

i=0  j=0

and

A% > (1_|_D?+1 l)(l—i—Dén—H)-H/Q l)Agn-H)—H
i=n Jj=i

+ ST+ DI+ DY )y (EiD+/2)

+ ( (1 4 D{+1 l)(l + D£j+1)+1/2 l))(l + Dz1'+1 l)(Ei+1)2.
i=0 j=0

Finally we can let n go to infinity and we have,
j , . .
A > S (ITA+ D52 n+ Dt i) (B

J]=

@
Il

o

o

7 -1

+ S CIT @+Di 2+ D n)( + Dy 2 B2,

I
8

o

@
Il
<.
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and

A% > - ( (1 +DJ+1 (1 +D§j+1)+1/2 l))(E(i+1)+1/2)1

<
i

=)
[,

fo R0

-1
(1+D{M 1) (1 + DY) (1 + D (B,

Ml
g

+ 2

-
Il
o

<
Il

This means that

j=n | .
(TT(1+ D520 + DI D)) EY)? -0 as n— oo,
=0

and that

ﬁ 1+ DI )1+ DYTIVH ) (EMH 0 as - oo

and that

(E™1)? = 0, (E(n+1)+1/2)1 —0 as n — oo. (3.19)

Since {(E™)'} and {(E™*'/?)?} are sequences of H, seminorms over Q! and Q2
respectively and the original boundary condition is zero, we can use Friedrichs’

inequality and we finally have,

lim [|e"||giy =0, lim [|e""2|| g1 g2 = 0. (3.20)

n—o0 n—0o0

Compared with the nonoverlapping case, we just have shown that we have a better
rate of convergence on the two parts that are covered only once since the weighted
values converge to zero and the weights are strictly greater than 1. We will extend
the geometric convergence result for Algorithm 3 (OSM-D) on two overlapping
strip subdomains in the next section. Using conformal mapping and the results in
this section, we can extend the result on the convergence of Algorithm 3 (OSM-D)

to a more general domain, see section 3.6.
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3.5 Geometric Convergence on Several Strips

We will now show the geometric convergence of Algorithm 3 (OSM-D) for several
overlapping strips following F. Nataf [33] and [34]. The author of these pa-
pers uses open boundary condition for the convection-diffusion equation with an
approximate factorization of the convection-diffusion operator and proves the con-
vergence on several overlapping strips for convection-diffusion equations. Since we
use a Robin boundary condition, we can find certain similarity between these two
different cases. To apply the idea of [33] and [34], we will consider the following

factorization of the operator —A in the two-dimensional case,

Ae = _(a% + ia%) (2 _ 9, (3.21)

In this section, we assume the domain €2 is a unit square. We also assume zero
Dirichlet boundary condition on the two boundary segments {(z,y)[0 <z < 1,y =
0} U{(z,y)|0 < x < 1,y = 1} and zero Robin boundary condition with a = &
on the other two boundary segments {(z,y)[0 <y < 1,2 =0} U {(z,y)|0 <y <

1,z = 1}. We have the following simple boundary conditions on the two different

sides of the artificial interfaces I';,

e+ de, = &(e, + =), on the top side,

D @

e — ae, = —a(e, — =) on the bottom side.

[STRGY

So we have the following equation for the factorization of the operator,

~te =~ + DE - 1)) - (5 + o)) (322

47



We multiply (3.22) by e, — £ and integrate over the unit square. Since the following

relation holds,

we have the following equation,

1/t e 1 /! e
>/ |€y—7|2|y=1dx+—/ ey = = [ly=o dr

/ / —le, — |2 dydz —/ / —5 + €as) (€ — %) dydz = 0.

Similarly, multiplying (3.22) by —(e, 4 £) gives the following equation,

1 /1 e 1 /1 e
_/ |6y+7|2|y:1dx__/ |6y+7|2|y:0dx

// ~|ey ~|Zalydfv+// —5 + €az) g)dydx:().

(3.23)

(3.24)

(3.25)

We add the two equation in (3.24) and (3.25) and apply integration by part to the

last term, and obtain,

1 ! e 1 rt e
- 5/0 |€y_5|2|y=1dx+§/0 |€y_5|2|y=0dx

1/t e 1/t e

+ 5/0 |€y+5|2|y=1dx_§/0 |€y+5|2|y=0dx
9 1 g1 9 1 gl

- 7/ / (ley|* dydx — 7/ / lex|?) dydx = 0.
aJo Jo aJo Jo

Finally, we have the following relation,

9 11 ) 2 11 )
7/ / ey dydx+7/ / lex|” dydx
aJo Jo aJo Jo
1 rt e 1 /1 e

+ 5/0 |6y—5|2|y:1d$+§/0 |6y+5|2|y:0d$

1 /1 e 1 /1 e
= 5/0 |6y_5|2|y:0dx+§/0 |6y+5|2|y:1dx'
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3.5.1 Nonoverlapping Strips

In this case, we can define the subdomains by,
Q(m) = {(z,9)[0 <z < Llrymy <y <Ilpym} m=1,--- N,
with  Ir (m) = Iryms1y Iy =0 and  Ipy) = 1.

We can apply the same computation for each of the subdomains and have the

following equation,

2 (L o[leyom) 2 (L [leyom)
T/ /Fl |ey|2dydx+7/ /F1 |ex|*dydz (3.27)
Q@ JO Jiry(m) QO Jlpy(m)
1 rt €9 1 rt €9
+ 5/0 |6y - 5| |y:l1"1(m) dz + 5/0 |6y + 5| |y:lr2(m) dx
1 /! e 1/t e
= 5/0 |6y - 5|2|y:lf‘2(m) dr + 5/0 |6y + 5|2|y:lr1(m) dx.

To show the convergence of Algorithm 3 (OSM-D), we define the following,
n 1 ! n e" 2 n 1 ! n e" 2
A =5 [ e+ SPdr, Biy) =3 [ e - Slde, (3.28)
2 1 Irs (m 2 1 Iry(m
m== [ [ edyde o+ = [ e Py
Q0 Jiry(m) Q70 Jlrym)
We have the following relation from the boundary condition of Algorithm 3 (OSM-
D),
AR (lrymy) = AR (eyemy) = A (rynry), m <N =1
By (Irym)) = By 1 (Inym)) = By (leym-y),  2<m
A?v(lFl(N)) = 0, and B?(lpz(l)) =0.
Equation (3.27) can be written as,
Ey, 4 Bh(lpymy) + A (Inom)) = By, (Ira(m)) + Az, (I, (m))
= Bgz—l(lrl(mfl)) + Anmji—ll (lf‘z(erl))'
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Summing over m, we obtain,

> (En + Bl (leymy) + Al (Iegomy) = Y (B (Ieyim=1)) + Aoy (g me1y))-

m m

Summing this equation over n, we have the following,

20 B+ 200 Brllrum)) + 20 A e
Z ZBm 1 lFlm 1) +Z ZAerl le m+1) ))

By cancellation, we finally have the following,

> (O ER) Z AY 1 (Iryme)- (3.29)
Therefore

lim |e" | = nlg{)lo(z E})=0. (3.30)

n—oo
Since the original boundary condition is zero, we can use Friedrichs’ inequality and
finally have,

dim |[[e”[[;2 = 0. (3.31)
3.5.2 Several Overlapping Strips

In this case, we define the subdomains by a uniform subdomain size L and a

uniform overlap of § between neighboring subdomains,

Qm:{(l'ay)|0§l'§1,lr2(m)Syglrl(m)} m:]_,-..’N,

with L = lFl(m) - lI‘z(m) 0= lFl(m) - lFQ(erl) 5 lI‘z(l) =0 and lI‘l(N) =1.
We define the function G(y) as follows,

Gly) = /01 ef? da. (3.32)
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The function G(y) has first and second derivatives given by
1 1
G'(y) =2 / ee,dr and G"(y) =2 / (eeyy + |e,?) dz. (3.33)
0 0
By integration by part, we find
1 " ! 2 ! 2 2
SG" = [een +le,)dr = [ (eal + e, do > 0.

We introduce H(y) as the solution of the following ordinary differential equation,

H'=0 H(0)=G(0) H(L)=G(L). (3.34)
We have,
) = GO - 1)+ Dy (3.35)

We also have the following inequality,
(H'-G"=-G"<0. (3.36)

From this equation, we conclude that G(y) < H(y) and we have the following
inequality,
1

Gy) <GO0)(1 - Zy) +G(L)

- (3.37)

¥
T
We will use the same notations and boundary conditions as in (3.27) and (3.28) in

this section. We also have the following,

An(leyom) = Anh (oymy), m <N —1 (3.38)
Bgz(llb(m)) = B:;szl(lf‘z(m))a 2<m

AT]%(ZFl(N)) = 0, and B?(lpz(l)) = 0

We now define the following function in each subdomain €2,,,

n

e e”
Wiz, y) = e, + = Zn(x,y) = ey — =
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Since W} (z,y) and Z (z, y) also are harmonic with zero value on the two boundary
segments {(z,y)|0 <z <1,y =0} U{(x,y)|0 <x <1,y =1}, we can apply the

inequality in (3.37) and we have the following relations,

) )
A (Ipymy) < (1 — E)AZ(ZFQ(mH)) + (E)A"m(lrl(mﬂ)) (3.39)
) )
By (Iry(m)) < (E)Bﬁ(lrz(m—n) + (1 - E)Bﬁ(lrl(m—n)-

Now we want to show the following from the previous results for 0 < j7 < N — 2,

N J N
> En+ Z ) By _i(lryov—iy) + Y A (Ira(m)) (3.40)
m=1 1= m=1
N—-1-— N—-1—j
Hl Z By, (Irs(m ‘Hl Z By, _1(Ir(m))
m=2
) j+1 N S ,
+ 1—— ZAT”ZFZ ) (=) +( J“ ZAZH”FI m))-

We will use mathematical induction. We will begin with the case of j = 0.

3.5.3 Geometric Convergence

(I) j=0:

We sum (3.27) over m and use the last relation of (3.38) to obtain,
N

Z En + Z Bn lpl Z Anm(lpz(m))
m=1 m=1
N

N
= > Bh(rym) + D Anle,m)
m=1 m=1
N N—-1
= Y Bh(lrym) + Y A (Irym))-
m=2 m=1

From the relations in (3.38), we have,

N N N
m=1 m=1 m=1
N
= Z B:;bz l(le + Z A:%Jrll lFl( ))
m=2 m=1
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Applying relation (3.39), we have,

N N N
S EL+ > Bl(Irymy) + Y An(Ivsm))
le 5 m=1 Nm 1 5
< > (E)B%—l(le(m—l)) +> (- E)B?n_1(lrl(m—1))
m=2 m=2
N—=1 N-1 )
+ 21 (1-—+ Anm+11(lrz(m+1 + Zl 7 ) A Iy me)-

From the last relation of (3.38) and simplification, we obtain,

N N
Z En _|_ Bn lFl _|_ Z Anm lF2
m=1 m=1
6 N—_1 6 N—-1
L Z B?n le Z BZL lFl
m=1
6 N (S N-1
+ (=) 20 AL raem) + () 2 AR (e my)-
m=1 m=2

From the relation (3.38), we have,

(IT) j to j+1:
We will now show the general step in the mathematical induction. We suppose

the inequality holds for some j; we want to show it also holds with j + 1. From

the relation in (3.39) and the assumption follows,

> En+ Z(E)ZBJT\Lhi(lrl ) + Z A7 (Iry(my) (3.41)
m=1 =0 m=1



e OB 5
< (7) Z f “1llrym-n) + (1 = 5)33171(5F1(m—1))))
=2
1N—1—] 6 j+1 N ) 5 -
b S B ) + (L= D) (Y A ) (57
=1 i=1 m=1
1 = n 2— 6 n—2—1q
+ L Y (( Am+1 (Ir, m+1))+(Z)Am+1](lrl(erl)))‘
m=j+2

After simplification, we have,

m=1 =0 m=1
8 jaz m” 0\ j42 ffj 0
< () By, (lrymy) + (=) ((7)Bm(lry(m))
I e (m) I = VT (m)
0\ i 0.2 & 0\t
b Bl v )+ (1= ) (S A ) (5))
i=1 m=1
S . N-1 )
+ (FP Y AT (U m)-
L “—
m=3j+3
From (3.38), we have,
Jj+1 N
ZE“+Z BKleFl +ZA?an2
m=1
5 . N—-2—j N—-2—j (5
< (Z)]+2 Z Br?z(lf‘z(m)) ]+2 Z Bn lFl )
m=1 m=1
) j+2 N 5 3
+ 1——22,4"%2 (L) + ( ”QZAZH”FI ))-
i=1 m=1 m=35+3

So we have proved the inequality in (3.40) for j + 1.

(III) Geometric convergence:

We have the following inequality from (3.40) with j = N — 2 and the relation
(3.38),

N N-1 6 N
m=1 z:O m=1
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5 N— 1 N )
< 1-7) A Iy my) (7)7).

z:lml

Oq

We define the following,

N
Cn == SUPOSiSN—Z Z Az;z(lrb(m)). (343)

m=1

We prove that
(i) C™ < C™': From (3.42),

5N1

1-p XY e

< C’”*l for 1<i<N-—-1.

IN

N
Z A:Ln(lU(M))
m=1

The following relation is obvious from the definition of C",

N

> A (Ipymy) < C™1 for 1<i< N-—1. (3.44)
m=1

(ii) Cn=tteV=1 < (1 — (£)N=1)eCm=!: From equation (3.42),

n+j 0 - n—1—j
Z Am+](lF2(m)) S (1 - (E)N I)C =
m=1

< (1—(%)N‘1)C”‘1 for j>0.

From which, we have,

)
CMHN=2 < (1 — (E)N—I)C"—1 for n>N—1. (3.45)
Finally, we have,
Cm—l—l—a(N—l) < (1 _ (%)N—I)Cm—l—i—(a—l)(N—l)
)

< (1- (E)N_I)O‘C"_1 for n>N-—1.
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So we have the relation,
CrNTL < (1 - (%)Nl)cn for n>N-—1. (3.46)

From this inequality, we can see that Algorithm 3 (OSM-D) with several overlap-

ping strip subdomains converges geometrically in a certain sense.

3.6 Convergence using a Conformal Mapping

3.6.1 Quadrilaterals and their Conformal Module

In this section, we consider a more general domain which is the image under a
conformal mapping of a certain rectangular domain. We consider the conformal
mapping for a bounded domain with a Jordan curve I' as its boundary which is
a union of 4 analytic arcs I'; (j = 1,2,3,4) and such that the conformal mapping
is continuous over the closed domain ' = ' UI”. Here Q' is a Jordan domain
in the complex (or two-dimensional Euclidean) w-plane (w = 2’ + iy'or (2',y')),
and we consider a system consisting of (2" and four distinct points wy ((z',y])), we
((zh, yh)), ws ((xh,v5)), wa ((2),y})) in a counter-clockwise order on its boundary
0 =T". Such a domain is said to be a quadrilateral @’ (see [37, 38, 15]) and is

denoted by

QI = {Q,|w1 (xlh y1)7 wZ(x,m yé), w3(xg7 yg): w4(x£17 yil)} (3'47)

The conformal module m(Q') of Q" is defined as follows. Let Q@ = Rj denote a

rectangle of the form

Q=R ={(r,y)0<z<a,0<y<b} h=alb, (3.48)
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in the z-plane (z = x 4+ iy). Then m(Q') is the unique value of h for which @’ is

conformally equivalent to the rectangular quadrilateral

Qn = {Q=Rplz1 =0(x1 =0,y1 =0),22 = L(22 = 1,92 = 0),

zZ3 — 1 —|—Zh,(l'3 = ]_,yg = h),Z4 = Zh(l‘4 = 0,y4 = h)}

This means, for h = m(Q'"), there exists a unique conformal map

0 Q

Figure 3.1: An example of the conformal mapping between a rectangular domain
and a general quadrilateral

F:Q—=Q or F(z,y)=(2"(z,v9),y (z,v)), (3.49)

which takes the four vertices of €2, 2;,7 = 1,2, 3,4, respectively, onto the four

corner points of 7', i.e.,
F(z1) = wy, F(22) = wy, F(23) = w3, F(24) = wy

Figure 3.1 shows an example of such an F. Since F' is a conformal mapping, we

can define F'~! as another conformal mapping defined by,
F_l(wl) = 21, F_I(UJQ) = Z9, F_l(w:;) = Z3, F_l(w4) = Z4
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3.6.2 Conformal Mapping

To establish the convergence of Algorithm 3 (OSM-D) on a general quadrilateral,
we need to consider several quantities on such a region. Since the results have been
established for a rectangular domain, we use the conformal mapping in our analysis.
The difference between two quantities corresponding to the two domains should
result from the conformal mappings F' and F~!. We can define the conformal

mapping F and F! as,
F(:L‘, y) = (:U,(:L‘, y)7 y,(x7 y)) Fﬁl(xla yl) = Fﬁl(x(ajlv yl)a y(xla yl))' (3'50)
Also we define the error vector e(z,y) on the rectangular domain and €'(z',y') on
the general quadrilateral can be written as follows,
e(z,y) = €@ (z,y),y(z,v))
el(xla yl) = e(x(x', yl)a y(x,7 y,))
The normal derivative on the general quadrilateral

The normal derivative is given by

o(e')?

_ npg o 1
o V(e -n (3.51)

To know the relation between the normal derivative on the general quadrilateral,

"6 . o W
%, and the corresponding normal derivative on the rectangular domain %Ln, we

need to develop a relation Ve and V(¢’). From a routine calculation, we have

Ox Oz Ox Oz
(V) = ((e'u,,(e')yf):(ex,ey)(%i %i>=<v6>t(%_i _>
oz’ Oy’ oz’ oy

Since F'is a conformal mapping, it preserve angles. Therefore the normal direction

vectors on the artificial interfaces on the rectangular domain map on to the normal
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direction vectors on the artificial interfaces on the general quadrilateral. Thus, we

have,

n = an =) /\/| (3.52)

From the Cauchy-Riemann equations, we have

'y 0y 1o 10\ (2
gt Y2 .
SP 1L = [P )P, (353)
and therefore,
ox' oy
"= F'(2)]. .54
o = (5 20 |F(e) (351)
From this result, we have,
o)’ 8eﬂ
L =P, (359)

3.6.3 The three factors of the (4’)’ on the artificial inter-
face T

Since we consider the conformal mapping F' between the rectangular domain and
the general quadrilateral, there exists a C'! mapping (path) between the artificial
interface on the rectangular domain and that of the general quadrilateral. Let this
C' mapping (path) between the standard interface of the rectangular domain I's

and that of the general quadrilateral I'; be given by,
o:Tg={(z,y)|0 <z <1y=y}—TyCR. (3.56)

Since the conformal mapping F' is defined on the rectangular domain, we can
consider €'(z’,y') on the artificial interface as a function of one variable ¢. Let

F'(T'5) be I's. Therefore, the artificial interface of the general quadrilateral I'; can

29



be considered as the path over a certain interval [0, 1] and we need to review the

definition of path integrals. We have,
[1 o= [ f@)o (357)
From the definition of the complex derivative, we have the following relation,
0" (t)] = [F3(2)], (3.58)

on the artificial interfaces. From the result above, we have,
/, |u’|2d5’:/ [ul?| Fj(2)|dS, (3.59)
deP deP
/ 10 s’ = J Gy NESEIPIFS)IdS = [ 150P/1E)1dS,

, 0¢ deP oef
/ ¢SS = /Fﬂ S /1FH(2) | F () S = / e S—dS.
The third quantity is preserved under the conformal mapping and equals the

Dirichlet integral given in (3.2); we have just shown that the Dirichlet integral

is invariant under the conformal mapping.
(A")2 on the artificial interfaces

From the previous results, we have

1 a' ,

:1/ |QS/ 2/6_51& | |25"
_ 41(1/ | F(2 )|d5+2/ / |—| J|F'(2)|dS

From the property of conformal mappings, we have

1
Fvs, 8 > 1, ” <|Fa(2) < — < < 7. (3.60)
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From this, we have,

LA < (A8 < Al (3.61)
Vs

In the case of two overlapping subdomains, we have two artificial interface, I} and

I',. Therefore, we can find a uniform constant,

v = max{y1, 72}, (3.62)
with the following property,
Ly "1 1o "1 2
_Aa < (A )a < fyAa _Aa < (A )a < fyAa' (363)
Y Y

3.6.4 Convergence and Geometric Convergence on over-
lapping Quadrilaterals

From (3.19), we have the following results for the standard rectangular domain,
(E™2 50 (B 50 as n— oo
From the result of the previous section,

(En+1)2 — ((E,)n+1)2, (E(n+1)+1/2)1 — ((E/)(n+1)+1/2)1

b

and we have,
(ENY™H2 50 (B2 50 as n— oo,

Therefore, we have the same result as in section 3.4.

From the section 3.5, we have geometric convergence of the following quantity,

N
c" = SUPo<i<N -2 Z Az;z(lrb(m)), (364)

m=1
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with the following relation

CrNTL < (1 - (%)NI)C’” for n>N -1,

with /V is the number of the overlapping subdomains.

We have established the following relation in the previous section,

1
—AJ < (A5 < ypAL.
Vs

Since we have N overlapping subdomains in the general cases, we have

Y= max{fyla"'any}a

with

1
—AL < (A5 <AL VE=1,--N.
5

Because of the following relation,

Al (Irymy) = G lry(m)),

we have
1
—CP < (O < ~CP.
~
Therefore,
(C”)n+N—1 < ,ycn-i-N—l
< y(1— (%)N_I)C” for n>N-1
< (9)*(1 - (%)N—l)(c')n for n>N—1.

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)

From this inequality, we see that Algorithm 3 (OSM-D) converges geometrically

in the general overlapping quadrilaterals if

(21— (¥ <1
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We have v > 1 and the value depends on the behavior of the conformal mapping
F on the artificial interfaces I'3.  With a certain overlapping size 9, the value
s 5

(1—($)V 1) < 1. Also a larger overlap will make the value (1 — (£)V!) smaller

and the value of (7)?(1 — (£)¥~') decreases. Therefore, given a value of v, there

exist a certain value d; which makes,

5

(A= (P¥ <1, dh<o<L, (3.72)

hold. Therefore, this result on the geometric convergence of Algorithm 3 (OSM-
D) depends on the conformal mapping between a rectangular domain and the
general domain as well as on the overlapping size. With sufficient overlapping size,
Algorithm 3 (OSM-D) has geometric convergence in the general quadrilateral and

multiple strip case.
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Chapter 4

Algebraic Properties of Algorithm
3 (OSM-D)

4.1 Nonsymmetry of Algorithm 3 (OSM-D)

4.1.1 The symmetry of the fractional steps of Algorithm 2
(OSM-C)

To establish the symmetry of the symmetric multiplicative Schwarz variant of
Algorithm 2, it is enough to check each step. From formula (2.15), we see that
the mapping is affine because of the constant term. So it is sufficient to check
the linear part of (2.15) which can be computed by subtracting the value of the

fractional step corresponding to a zero input. We get,

The symmetry of this problem is defined with respect to the A-norm: (u,v)s =

u'Av. What we want to check is the following property,

u' AMjv = (Mju)' Av.
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We can rewrite (4.1) as,
M; = I—P;—PATA+ PATA;, since Al = (R))"(B;)"'(R;), (4.2)
= I —P;— Pi(R)"(B))™ (R))A + Py(R))"(B)) ™' (R))4;,

Wlth Pj == (Rj)tRj

because of (R;)'R;(R;)" = (R;)",
= 1P —(R)"(B;) "(Rj)A+ (R)"(By) '(R;)A4;,
from the two identities A; = A;(R;)'(R;) and B; = R;A;(R;)",
= I-P;—(R)"(B;) "(Ry)A+ (R)"(By) '(B;)(Ry),
and since the second and fourth terms are identically the same,
= I—(R)"(B))~ (R))A
Since
Mj =1 — (R;)"(B;) ' (1)) A, (4.3)

the relation AM; = (M;)"A is clear.

4.1.2 The nonsymmetry of the fractional steps of Algo-
rithm 3 (OSM-D)

The same idea can be applied to (2.29) to provide a formula for Algorithm 3
(OSM-D),
M; = Pf — P;RATR'PFA. (4.4)

Equation in (4.4) can be rewritten as,
M, = [ — P, — PRATRA + PRATRPA. (15)
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Figure 4.1: An illustration of nonsymmetry of Algorithm 3 (OSM-D)

We can first try the same computation as (4.2) to check for symmetry of AM;. Tt
is clear that I and IBjRA;’Rtﬁij satisfy the symmetry relation. Since A is defined

as a partitioned matrix and the following equation holds,

(36)(55)=(35)(a5) 4o

it is true that /~\f~’] = ﬁj]\. Since we have checked the symmetry of the three terms,

it is now only necessary to check the symmetry condition for PjRA;“Rtf\. The
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symmetry of ij%A;’Rt]X would mean that
ARATR'P,A = AP RAT A, (4.7)

Comparing RA;rf%tPj and f’jf%A;’Rt, we realize that these cannot be same
because of the discontinuous artificial boundary of the subdomain. Since we al-
low a discontinuity on the artificial interfaces in Algorithm 3 (OSM-D), we have
multiple values which contribute to the matrix computation in every cycle. The
nonsymmetry of Algorithm 3 (OSM-D) arises from the handling of the data on the
artificial interfaces. We recall that since we consider overlapping subregions and
two neighboring subregions have a common atomic subregion, each subregion (2;
has two kinds of interfaces, the continuous artificial interfaces and the discontinu-
ous artificial interfaces, in the j-th fractional step which updates the data on that
subregion.

We now consider only the discontinuous artificial interfaces which is I';, the ar-
tificial interface of the subregion €;. Since Algorithm 3 (OSM-D) allows different
values on the discontinuous artificial interfaces, we can again divide the discontin-
uous artificial interfaces into two kinds, which is the interface which is a subset
of €; U 0Q and that which is a subset of the complement of €2;. We call the first
inside interfaces and the others outside interfaces. For RAth]sj, the P; takes
only data on the inside boundary, R uses only this data, A;’ restricts, solves, and
extends, and R copies the result on both inside and the outside interfaces. However
in ﬁjf%A;’Rt, R' combines the data on both interfaces, AT restricts, solves, and
extends, R copies the result on both interfaces, and ﬁj takes only the result of the
inside interfaces. So the two results are not same. The linear part of Algorithm 3

(OSM-D) is not symmetric in general.
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4.2 The Matrix of Algorithm 3 (OSM-D) of Unit
Square

In this section, we will consider the structure of A. We consider the general matrix
of Algorithm 3 on a unit square and n x n overlapping subdomains. With a
uniform size on each overlapping subdomain, we have several different types of
atomic subregions; for example, in the case of the nine overlapping subdomains
with different . and @&, we have 25 atomic subregions of 16 different types.

A partitioned matrix A is defined by,
A =diag ( Bi(a,&) -+ By(,a) ),

where n = the number of atomic subdomains with

M(a,a) K(a,a) 0 0
K(a,a) L(a,a) K(o,a) 0 “ 0
Bj (Oé, d) = : ’ : R
0 0 K(a,a) L(aya) K(a,a)
0 K(a,a) M(a,a)
and with
M. (a,&) My(a, &) 0 0
Mo(aad) Md(aad) Mo(aa &) 0 0
0 0 M,(a, &) Mgla,a) M,(a, &)
0 0 M,(a, &) M (a, @)
My(a,@) —1 0 0
-1 4 -1 0 0
0 -1 4 -1 0 0
L(Oé, d) = )
0 0 -1 4 -1
0 0 -1 Mya,a)
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and

M,(a, @) 0
0 -1 0
K(a,a) = : : : (4.8)
0 -1 0
0 M,(a, &)
Here,
1, 11
(! M, (a, &) = EaH
1+%§h v _i_iih
M (o, a) = 1—igh
1 %%h llh 2+l§h
+ o3t 33 ~ 13
¢ g My(a,a) =< 2+ =zh
Ssi i
a3

The different combinations of subblock matrices produce different partitioned ma-

trices for the different atomic subregions.

4.3 Splitting Theory of Algorithm 3 (OSM-D)

4.3.1 Basic Theory of Splitting

There are many papers on splittings of matrices, including [36, 3, 47]. Let us

consider the iterative solution of the linear equation system
Ax =0, (4.9)

where the square matrix A is nonsingular with real vectors x, b. Many iterative
methods for the linear system considered can be formulated by means of a suitable

splitting of the matrix A,

A=M — N where M isnonsingular, (4.10)
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and the iterative solution 2" is generated, as follows,

Mz" ™' = N2" +b, n=1,---, (4.11)

or equivalently

o = MTINz" + M7, n=1,--, (4.12)

with a given initial vector x°.
Theorem 4.1 (The Fundamental Theorem of Linear Iterative Methods) Let H be
an N X N matriz and assume that the equation v = Hx + d has a unique solution

x*. Then the iterates (4.12) with H = M N converge to x* for any 2° if and

only if p(H) < 1 where p(H) is the spectral radius of H.

Proof See Theorem 7.1.1. in [36].

For any matrix A = (a;;) € R™", we define the matrix |A| = (|a;;|) and its
comparison matrix < A >= (ay;) by
i = |aiil, i = —lai|, i # j.

Definition 4.1 For a nonsingular matriz A the decomposition A = M — N is
called:

(a) a regular splitting of A if M= > 0 (nonnegative) and N > 0;

(b) a nonnegative splitting of A if M~ >0, M~'N >0 and NM~' > 0;

(c) a weak regular splitting of A if M~ > 0 and either M—*N >0 or NM ! >

(d) a P-regular splitting of A if MT + N = 0 (positive definite);
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(e) a strong P-regular splitting of A > 0 if N = 0 (semi positive definite);
(f) a M-splitting of A if M is an M-matriz and N > 0;

(9) a H-splitting of A if < M > —|N| is an M-matriz;

(h) a H-compatible splitting of A if < A >=< M > —|N|;

We have the following theorem regarding the uniqueness of the splitting of a

linear iteration matrix.

Theorem 4.2 Let A and T be square matrices such that A and I —T are nonsingu-

lar. Then, there exists a unique pair of matrices B, C, such that B is nonsingular,

T=B"'C, and A= B — C. The matrices are B=A(I —T) ! and C = B — A.
Proof See [3].

Theorem 4.3 For a nonsingular matriz A,

(a) any regular splitting of A is a nonnegative splitting of A;

(b) any nonnegative splitting of A is a weak reqular splitting of A;

(¢) any strong P-reqular splitting of A = 0 is a P-reqular splitting of A;

(d) any M-splitting of A is a regular splitting of A;

(e) any M-splitting of M-matriz A is an H-splitting of A and also as H-
compatible splitting of A;

(f) any H-compatible splitting of H-matriz A is an H-splitting of A.
Proof Easy or see [14] for (d), (e) and (f).

Theorem 4.4 Let A= M — N be a splitting.
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(a) If the splitting is reqular or weak reqular, then
p(M*N) <1 ifandonlyif A >0;
(b) If the splitting of the symmetric matriz A is P-regular, then
p(M*N) <1 ifand only if A = 0;
(c) If the splitting is a M-splitting, then
p(M™'N) <1 if and only if A is an M-matriz;
(d) If the splitting is a H-splitting, then
p(M™'N) < p(< M > |N]) < 1.

Proof See [36, 14].
We need to define the following two norms for the nonnegative or positive

definite matrices.
Definition 4.2 (a) || - ||a (A-norm): For a positive definite matriz A > 0,
1B][a = [|AY?BAT2|

(b) || - |lw (Weighted max norm): The weighted maz norm for the vector y is

defined as,

lyllw = max [2L] w >0,
]:1,"',” w]

and the weighted max norm for the matriz B is given by

1Bllw = sup [[Bz[|.

2] lw=1
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We can find more detailed explanation and several theorems on the A-norm and

the weighted max norm in [45]. We will introduce the following basic properties

of the two norms.

Theorem 4.5 (a) Let A = 0 and H be a real square matriz. Then A = H" AH if
and only if ||H||a < 1.

(b) Let B be a real square matriz and w be a real vector with w > 0, and let

v > 0 be such that

|Blw < yw.

Then, ||B||w < 7. The inequality is strict if
|Blw < yw.

Proof See [45]. From the definition above, we have the following comparison

theorem.

Theorem 4.6 Let A = M, — Ny = My — Ny be two splittings.
(a) If the two splittings are reqular splittings with A~ > 0 and M; ' < My,
then

p(M{'N) < p(M;'N) < 1.
The inequality is strict if A=' > 0 and M; ' > M, .

(b) If the two splittings are nonnegative splittings with A~" > 0 and M;" <
My, then

p(M{'N) < p(M;*N) < 1.

The inequality is strict if A=* > 0 and M;' > M;".
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(¢) If the two splittings are weak splittings with A=* > 0 and M{' < My, then
|M7 Nl < [IMg "Nl < 1.

The inequality is strict if A=' >0 and M; ' > M, .
(d) If the two splittings are strong P-regular splittings with A > 0 and 0 =<

Ni < Ns, then
IM7UN Ly = p(M7N) < p(M5 N = [|M5 Nl < 1.
The inequality is strict if 0 < Ny < Ns.
Proof See [3, 47].

4.3.2 Splitting theory for Multiplicative Schwarz Methods

To define a splitting of the multiplicative Schwarz methods, we need to define the
following concepts of multisplittings which has been discussed in several recent

papers including [32].

Definition 4.3 A multisplitting of a square matriz A is a collection of triples of
matrices (My, Ny, Ex), k = 1,---,n, satisfying:

(a) A= M — Ni,k=1,--- n,

(b) My is nonsingular for k=1,---,n,

(¢c) Ex,k =1,--- n, are diagonal matrices with nonnegative entries which sat-

i5fy,

S Ey>1.
k=1
The iteration to solve Ax = b is defined by
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7 =3 By (M Ny + M 1'b).
k=1

Using the matrices
n n
H=Y EM'Ny, G=Y EM?,
k=1 k=1

we can express, if G is nonsingular, the multisplitting (M, Ny, Ex)}, as a (single)
splitting (G~', G™'H) of A.

In this section, we will review part of the convergence theory in [3]. The
classical multiplicative Schwarz is defined as a stationary iteration with given initial
data 2°,

P =T+b+¢, k=01,

where

T=(I-PF,)I—=PFyy)---(I-P)=1I_,(I - P)

and c is a certain vector. We also define,
P, = R (R;AR])'R;A.

Therefore to define the classical multiplicative Schwarz methods in terms of a

multisplitting, we need the following expression of each single splitting A = M;—N;,
E;M; " = RI(R;ART) 'R,
where

E; = R[R;.
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The general restriction matrix R; for the i-th subdomain is defined as the matrix

whose rows are rows of the identity matrix satisfying the following relation,

with I; the identity matrix for a smaller real space and m; a permutation matrix
on that space.

We also have the following expression for the diagonal matrix Ej,

e " i .
El ”Z ( 0 0 )7(7]

The given matrix A can be partitioned with A; a n; X n; principal submatrix

corresponding the i-th subdomain of A:

A K
: T —= v v
miAm] (K,.T AS )

where A¢ is the complementary principal submatrix of A;.
Let A be a symmetric positive definite matrix (or a general matrix which has a
positive definite principal submatrix). For each i = 1,-- -, p, we construct matrices

M; as follows,

We then have,

A7b 0 A7b 0
MY = RT'R.AT ; = RTIL0Vm T i .
E;M; R, R;m, ( _ )7@ R; [I;|0]m;m; ( 0 (49! >7rZ

T A;l 0 T T
= R; [1;]0] (Ao )™= R; [A;|0)m; = R; Ai[L;]0]m;
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If we replace A§ with any nonsingular matrix C' (or a more general matrix which

is singular but for which we can define a generalized inverse), we obtain

~ A 0
L T 7
Mz—7TZ< 0 C,)m

We then have the same process since

ol oo A0 e AT 0 _
E;M; = RiRmi< 0 C+ >7rZ—RZ- [IZ|O]7rl7rz-< 0 c+ |7

—1
_ RiT[m()]( A >m — RT[A|0)m: = RT A0
RTAR;.

Let the real vectors z and y be defined by

y=I— EM;" A

x:m-(xl) and yzm(yl).
T2 Y2

Yz = Ta-

with
We then have that

We have the following process for the general partitioned matrix with an invertible

(a5 ) ()= (i c>(

= mAn Ty =mAy = mA( — E;M; A)x

st ( 5 et (4 L8 et Yoo )
(8 (Y ) )

7

Aia



Il
N
IS

(80 ()
- (i 8o (5 ()
_ (8 KTA1K>< ) <KTAOIKM>.

Therefore, we have,

= e

Ay = —Kizs.

If we replace A$ with any nonsingular matrix A$ (or a more general matrix

which is singular but for which we can define a generalized inverse) such that

then

4; K Y\ _ ~ ~0 ~
KIA; )\ w2 )\ —KPAT Kiay )

Therefore, we have,

Ay = ~K; iX2.
From this result, we have the following,

Theorem 4.7 Let A be a symmetric positive definite matriz. Let x, y be such
that,
y=(— E;M; "A)x.

Then the following identity holds:
Iyl — 12113 = —(y — 2)" BiAE(y — @) < 0.

Proof See [3].

From the previous computation, we can revise the theorem above to obtain,
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Theorem 4.8 Let A be a general matriz which has a nonsingular principal sub-

matrizc fli such that

Let x, y satisfy,

Then the following identity holds:
yTAy — 2T Az = —(y — 2)TE;AE;(y — x).

Theorem 4.9 Let A be a symmetric positive definite matriz. Then the multiplica-
tive Schwarz iteration converges to the solution of Ax = b for any choice of the

initial quess z°. In fact, we have
p(T) < ||T[la<1.

There exists a unique splitting A = B — C such that T = B~'C, and this splitting

15 P-regular.

Proof See [3].

We also have the following theorem.

Theorem 4.10 Let A be a symmetric positive definite matriz. Let x, y be defined

by

where M is defined by



and A; satisfies,

Ay = A — (A — Ay)  with AT + A, — A; = 0.

Then the following identity holds:

lyll% = Ml = —(y = 2)" Bi(M] + M; — A)Ei(y — ) < 0.

Proof See [3].

We have the following convergence theorem,

Theorem 4.11 Let A be a symmetric positive definite matriz. Then the multi-

plicative Schwarz iteration with the iteration matriz,

T=(-EM'A)I—-E, M A)---(I—-EM"A),

with same condition on M and A; as in Theorem 4.10, converges to the solution

of Ax = b for any choice of the initial quess 2°. In fact, we have
p(T) < |T|a < 1.

There exists a unique splitting A = B — C' such that T = B='C, and this splitting

15 P-regular.

Proof See [3].
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4.3.3 Splitting theory for Algorithm 3 (OSM-D)

We will consider Algorithm 3 (OSM-D) with @ = &. The original matrix A of
Algorithm 3 (OSM-D) is

M K 0 0
K L K 0 0
0 K L K 0 e 0
A=| = S (4.13)
0 0 K L K 0
0 0 K L K
0 0 K M
where
12 _1411
11Jr 13?h 22 +1Oé%h 1 Ollh 0 8
~2 T a6 Ta3h T3t
M =
0 0 —1+1iip 21+11§fz —%+I§2%h
0 0 —L4 1l 1412
24+L12h -1 0 0
—1 4 -1 0 0
0 -1 4 -1 0 0
L= ,
0 0 —1 4 -1
0 0 -1 24+12p
—14+1ip 0
0 -1 0
0 ~1 0
0 ~14 1y

From this structure, we have the following properties of A.
e A is strictly diagonally dominant and positive definite.

o If 3 =2 <3, then A satisfies the sign condition and is a M-matrix.

Q>

o If 7=

Q=

> 3, A is a H-matrix.
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Since the local matrix B; for the i-th fractional step has the same structure as
A with a much smaller size, B; is not same as A;. The condition for Theorem 4.11

is given by the following computation,

M K 0 0
K L K 0 0
0 K L K 0 0
0 0 K L K 0
0 0 K L K
0 0 K N
with o h
ol !
=y R, :
vo| 0w a0 0
0 L M n
3¢ 3 3
0 0 L

If we have the condition § = g > 3/2, then
B + B, — A; = 2B, — A; = 0.

This is the sufficient condition for the convergence of Algorithm 3 (OSM-D). With

this condition Algorithm 3 (OSM-D) converges according to Theorem 4.10.

Theorem 4.12 Algorithm 8 (OSM-D) converges in two overlapping subdomain

with & > 3/2.
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Chapter 5

Lagrange Multiplier Formulation

5.1 Lagrange Multipliers for Two Overlapping
Subdomains

We will now consider the relation between the Lagrange multipliers AT and )\QH/ 2

and the fractional solutions """/ and @2 for two overlapping subdomains. From

the relations between these quantities given in chapter 2, we have the following,
)\711+1/2 _ Il(fl _ Blu}z+1/2) _ fl(fl _ BIRIU?-'_I/Q)
— [lfl _[lBIRI(Bl)—lfl —[lBIRI(Bl)_I(II)T)\g,
)\ngl — [2(f2 _ BQU’?H—I) — [2(f2 - BQR2un+l)2)

_ [2f2 . [232R2(32)71f2 . TQBZRZ(BZ)*I(IQ)T)\?H/Z,

where
Rlz(ﬂ 0), R2:(0 12).

Eliminating the superscripts of the fractional steps, this can be written as the

following system,

\new Hl 0 _Al )\old
(X;zew>:<H2>+(_A2 0 )(Aéld>’ (5-1)
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where
Hl — [lfl _[lBIRI(Bl)flfl, H2 :IZfZ_IZB2R2(B2)71f2
A' = I'B'R'(B)) '(I)", A*=I’B’R*By) '(I,)".
The convergence of (5.1) depends on the spectral radius of the following matrix,

A= ( _(1)\2 _6\1 ) : (5.2)

Let A be an eigenvalue and ¢ = (¢, ¢»)” the eigenvector corresponding to A,

0 —Al ¢1 ¢1
=A . 5.3
(e o) (%) (% o9
We have the following relations,
AN gy = Ny, MA@y = N6,

We know the following results from [20]:
1. The spectra o(A'A?) and o(A%A') coincide except for a possible zero eigen-

value:
a(ATA?)\{0} = o(A*AT)\{0}.

2. The spectrum o(J) satisfies the following,

o(A) = £1/o(ATA?) U £/ (A2AL).

3. The following identity holds for the spectral radii,

o(A) = /o(A1A2) = \/o(A2AY),
Therefore, we need estimates of the eigenvalues of A'A%2. We will prove that
At =A% (5.4)
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on a unit square with uniform mesh size and we will obtain,
o(A) = yJo((A1)?) = o(A"). (5.5)
5.2 Proof that A' = A?

To begin the proof, we need to develop algebraic expressions for A' and A2. We

first study the structure of these operators.

5.2.1 Matrices for two overlapping subdomains

In this section, we will consider the structure of A' and A%2. We assume that @, the
interior parameter, equals o, the original parameter. Because of the relation A' =
I'B'RY(B,)~"(I,)" and A?> = I’B?R*(B,)~"(I,)", we first check the structure of
(B1)™', (By)~!, B!, and B? . Since we consider the two overlapping subdomain
case on the unit square, we have the following original matrices B; and By which

have the two important properties of being block diagonal and positive definite,

M K 0 0
K L K 0 o 0
0 K L K 0 e 0
Blngz : ) (56)
0 0 K L K 0
0 0 K L K
0 0 K M
where
12 _1411
11+a13flh 22+1oé%h 1 Ollh 0 8
~2 T a6 Ta3h T3t
M = :
0 0 —s+23h 2+12n 14 12h
0 0 R R )
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-1 4 -1 0 0
0 -1 4 -1 0 0
L= :
0 0 -1 4 -1
0 0 -1 2+12p
and L1
0 ~1 0
0 ~1 0
0 —1+1ln

The block matrices B, and B; have the following form,

cC G D HT
Bl:(GT D>7 BQZ(H O >7 (57)
where
M K 0 0
K L K 0 0 0 0
0 K L K 0 0 0 0
0 0 K L K 0 0O --- 0
0 0 K L K K --- 0
0 0 K L
0 --- K L K 0 0
0 --- 0 K L K 0 0
0 --- 0 o --- 0 K L K
0 --- 0 0 --- 0 K M
M K 0 .-+ 0 m K 0 0
K L K 0 - 0 K L K 0 0
Bl = : . : B2 = : :
0 0 K L K 0 0 K L K
0 0 K m 0 0 K M



where

m=1L— M, (5.8)
and
Loopedn o 0
A 0
m = .
0 S L e L
0 0 —%—ééh 1

Since the matrix B; is positive definite, it is invertible and C' and D are also

invertible being principal minors of B;. From the following matrix relation,

<—C’IlGT ?)(c?T g)(é _CIIG>:<§ (D—GOTClG)>’

we know that the matrix D — GTC~'G is positive definite and invertible. The
matrix C' — GD™'GT is also positive definite and invertible by a similar argument.

We now have the following expression for (B;)~! the inverse of the block matrix

=G 8) = (& ) (5.9)

Bla

where

' = (C-GD'GH =0+ (C'G)D'(GTC™),
D = (D-G'Cc'G)'=D"'+(D'GHC'(GD™),

G = —(C'G)D, (G =-D(G"C).
Now we can directly compute the matrix A' from the previous formulas,
AY = I'B'RYBy) Y1)
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— (o0 0 1)|C-
( 7) 0 --- 0
0 --- M
0
I 00 | 0 0
v 00 | e el
: 0| - _
0 00 |0 0 @ | D 0
0 01, | 0 :
0
]’Y
0
0 0 0
— (0 0 )|c— e c | o )| ©
( 7) 0 --- 0 ( | ) 0
0 --- M :
0
I’Y
0 0 0
= (o 0 L)|c- : e
( 7) 0 0 0
0 M I,

= K@ + mGE,m.

[—1,m

The same idea can be applied to B? and we have the following relation,

(-D[—1H ?)(Z Ig>((€ _D_IIHT>:<€ (C—H(;)—lHT))

The inverse of the block matrix By can be expressed as,
a D HT -1 DII Hl T
(32)1:(H o > :(H, (0,2 ) (5.10)
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where
D" = (D—H'C'H)'=D"'+ (D 'H")C"(HD™),
C" = (C—HD'H") ' =C'+(C'H)D"(H"C™),

H = _C//(D—IH), (H/)T — _(HTDfl)O//.
We also find, from a similar computation,
A’ = IPB’R*(B,) '(I,)" = KHj, + mH] ,.

In the following sections, we will study the subblock matrices G}, ,,, G}, Hj,

and H{ | and show that we obtain A' = A2,

5.2.2 The inverse of symmetric block tridiagonal matrices

To analyze the structure of A! and A%, we need to know explicit formulas for the
inverses of By and By. Since the matrix b(B) = By = B, is symmetric and block
tridiagonal, we need a formula for symmetric block tridiagonal matrices.

We assume that block matrix b(A) has the following structure,

D, —AY 0 e 0
—Ay, D, —AT 0 o 0
0 —A; D3 AT 0 - 0
b(A) = : : . (5.11)
0 _ 0 —-A, 2 D,o —-AT' 0
0 T 0 _An—l Dn—l —AZ
0 = 0 —A, D,

We define the following,

Ai = -Dl - Ai(Ai—l)_l(Ai)T ’ Ez = -Dl - (Ai—l—l)T(Eifl)_lAi—l—l ‘ .



The block matrix b(A) is said to be proper if the matrices A; are nonsingular; in
our case the matrix b(B) satisfies this condition except when é = 7.

We have the following theorem if b(A) is proper,

Theorem 5.1 Ifb(A) is proper, there ezist two (nonunique) sequences of matrices

of {U;}, {Vi} such that for j <

(b(A) )iy = GV, (5.13)

J

with U; = A;TAi,l .- -AQ_TAI and V;-T = Efl Ag---AjT Zj’l. In other words,

b(A)~L can be written as,

O/ TARNN 97 U /AR VPR PR 7
VLUT UV UV - UV

p(A) L= | VUL WUy UsVED e UGBV (5.14)
VUl V,UT Vur o UV

Proof See [31].
Therefore, we know that the submatrices of b(A)~! are represented as a finite

products of persymmetric and symmetric submatrices.

5.2.3 Symmetry, persymmetry, and centrosymmetry

In this section, we review the property of each subblock and the whole matrices.
We recall that the matrix b(B) and its submatrix b(B);; are symmetric and per-
symmetric. The matrix K is said to be persymmetric if it is symmetric about the

anti-diagonal, i.e. k;; = ky_j11,—i41 for all ¢ and j; see [19]. This is equivalent to
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requiring that K = EKTFE where

0 00 1
0 -~ 010

E=|0 100, (5.15)
1L -~ 000

Since b(B) is both symmetric and persymmetric, it also satisfies another prop-
erty; we call it centrosymmetry. The matrix K is said to be centrosymmetric if it
is symmetric about its center point, i.e., k;; = kp_j11n—iy1 for all 2 and j. This
is equivalent to requiring that K = EKFE. We can prove the following properties
easily.

1) If K is symmetric, so is K 1.

2) If K is persymmetric, so is K.

3) If K is centrosymmetric, so is K.

5) Even if K and P are both persymmetric, K P may not be persymmetric.

)
)
)
4) Even if K and P are both symmetric, K P may not be symmetric.
)
6) If K and P are both centrosymmetric, so is K P.

-1

From these properties, we know that b(B)~" is symmetric, persymmetric, and

centrosymmetric but b(B); ].1 might be neither symmetric nor persymmetric. How-

ever it is centrosymmetric. The Figure 5.1 shows an example. Combining the

-1

symmetry and persymmetry of b(B)~' and the centrosymmetry of each subblock

matrix b(B)i_jl, we have the following block centrosymmetry of the subblock matrix

b(B),;'

ij

b(B)il = b(B);ii—l—ln—j—i—l' (5-16)

ij
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Figure 5.1: An example of the matrices b(B) and b(B)™"

Theorem 5.2 The matriz b(B) '

Proof We want to prove that each entry of the two matrices are the same. Let

c(k,1)i; be the ij entry of b(B)

C(l, k)j,i of b(B)l_,li

c(l, k), of b(B)f,,c1 isequal toc(n —k+1,n—1+4+1),_i41 41 of b(B),* bl 141
Finally, we apply the centrosymmetry of b(B);", t1n_141 and we have equality

between ¢(n—k+1, n—I+1)n_it1n—j1 and c(n—k+1,n—I41);; of b(B), 111 0_iss-

are block centrosymmetric.

withn =5

. Since b(B) ! is symmetric, c(k,[);; is equal

Now, we exploit the persymmetry of 5(B)~! and find that

Therefore we have equality between ¢(l, k);; of b(B), } and ¢(n—k+1,n—

of b(B)n k+1,n—I+1-

From this property, we have equality of A and A%. As the subblock matrices,

I—1m and Hy, are block symmetric about a center block, so are Gj,,, and Hj

[—1m
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Since we have the relations A' = KG} |, +mG),, and A*> = KHy | + mHj ,, we

have the relation A! = A2.

5.3 Spectral radius of FF' = A

We now assume that the vector z is the eigenvector of A! with eigenvalue A. The
absolute value of A gives us the required information about the convergence of the
system (5.1). The difference between the matrices B' and C' is zero except for
the block submatrix m = L — M. Since M is a principal submatix of a positive
definite matrix By, it is positive definite and it can be represented by a Cholesky

decomposition,

M =1". (5.17)

To analyze the absolute value of eigenvalue |A|, we will use the Woodbury formula

given in [19],
5.3.1 The Woodbury formula

If A= B+ UVT, with U and V are n x p matrices, we have,

AT'=B""'-B'U(L, +V"BT'U)"'VTB™" with I, : p X p identity matrix.
(5.18)

Given the relation between B! and C, we have the following relation,
1 T 7\
C=B"+LL" where L=(0 --- 0 (") (5.19)
So we have,
C—l — (Bl)—l - (Bl)—lL([p 4 LT(BI)—IL)—ILT(BI)—I
— (Bl)—l - (Bl)—lL([p 4 lell)_lLT(Bl)_l,
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with m’ = S~1(m) where S(m) is the Schur complement in B! corresponding to
eliminating all diagonal block except m.

From this result, we have the following expression for A,

AY = I'B'RYBy) Y1)

0 -+ 0 0
_ 0 --- 0 I C — P G’ :
( 7) 0O --- 0 0
0 -+ M I,
0
_ (0 .0 [7)31 (C'G)(GTC'G — D)! 0
I’Y
_ (O o 0 [7)Bl((Bl)—l_(Bl)_lL(Ip+le'l)_1LT(B1)_1)
0
a@cia-nt|
I’Y
= (0 - 0 L) (I~ LI, +"m')) 'L (B") )
0 --- 0
0 0 X
(G"C™'G - D)!
0
0 --- 0 I
K -.- 0 !
0
= (0 -+ 0 L) - L+ 'L (BY) ) o
I’Y
0
K([fy o --- ())(GchlG—D)il :
I’Y

= (I, — (I, + "m')"""m") K (GTC™'G — D)7}
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(0, - () K (GTCTG - D)y
= (- (M) + L) )E(GTCG - D!
(A" (A+E)yY)Y=(A+E)'EA™!
= ((Mm)™" +1,)" (Mm)")K(G'C™'G = D);,
= (I, + Mm)"'K(G"C™'G - D)7,
where s is the number of row block matrices of (GTC~'G — D)~

We define the spectral norm || - ||2 as the matrix norm corresponding to the

Euclidean vector norm and which has the following properties; see [21],

LAl = \/Q(AHA) = \/Q(AAH) for all square matrices

2.||Alla = o(A) for all normal matrices.

We know the following relation between the spectral radius and the matrix norm

of any matrix A,

o(A) < ||A]]. (5.20)
Therefore,
o(AY) < [l[(AY|
= ||, + Mm)"' K(G"C™'G — D)y,
= ||(I, + M) ||[IKN|(GTCT'G = D)y |
= (B,
with
Fi=(,+Mm)™", F=K F=(G"'C"'G-D). (5.21)
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5.3.2 Eigenvalues and L? norm of F} = ((I, + Mm/)™1)

5.3.2.1 Eigenvalues of (Mm')~"

In this section, we consider two special cases.
Case 1: B! positive definite

If we assume that B! is positive definite, then m' and the other diagonal blocks
of the inverse of B! are positive definite. From the definition of m', m' = S~!(m),

and we have,

M—(m)'=M-Sm)=M-m+KLK
= M—(L-M)+KL'K=2M - L+KLK
12 11
U IV :
a3’ a3’ a3
= : : + KL'K >0,
0 N Ll

with L/ = S7!(L) where S(L) is the Schur complement of the positive definite
upper left block in B! as in (5.9). Since the first matrix is diagonally dominant,
it is positive definite and since the second matrix is similar to a subblock of the
inverse of a positive definite matrix, it is positive definite. From Theorem 1.8, we
know that all eigenvalues of (Mm')~! = S(m)M ! are less than 1.

We now need to consider the term L’ in the next computation. The positive
definiteness of the matrix B! is important for that of L'. Even though L is positive
definite, it does not give the positive definiteness of L'. Also, the positive definite-
ness of m’ is decided by that of the whole matrix B! which depends on having a
sufficiently small éh. Even if m is positive definite, it is possible that m’ is not.

Case2: L >KI'K
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With this condition, we have

M+(m)?t = M+Sm)=M+m—-KLK=M+(L-M)-KLK

= L-KL'K=S(L)>0.

From Theorem 1.9, we know that all eigenvalues of (Mm')~! = S(m)M ! are

greater than —1. From the result above we know that all eigenvalues of (Mm/)~" =

S(m)M~! are located in (—1,1).

5.3.2.2 Eigenvalues of (I, + Mm')™"

In this section, we consider a special case. Here o(A) is the set of eigenvalues
of the square matrix A.
Case 1 : B! positive definite

If we assume positive definiteness of B!, we can apply Theorem 1.6 and we
have o((Mm')~1) C (0,1).

Then, we have the following,

1. all eigenvalues of Mm' are in (1, 00).

2. all eigenvalues of I, + Mm' are (2, 00).

3. all eigenvalues of (I, + Mm/)~" are (0,1/2).

So we have o(I, + Mm')"* < 1/2. Even though M and m’ are symmetric
positive definite matrices, the matrix Mm' might not be symmetric. Therefore
we cannot prove a norm bound directly. However, since M is a positive definite

matrix, we have the following similarity,

Mm' =U'm'll . (5.22)
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Table 5.1: Condition number of [.

| n=5 | n=10 | =15 | n=20 [ n=25 |

Th=10""]1.9662 | 1.9838 | 1.9923 [ 1.9957 | 1.9972
L' =10"711.9653 | 1.9829 | 1.9914 | 1.9948 | 1.9963
Lh=10"211.9561 | 1.9741 | 1.9826 | 1.9859 | 1.9874
L' =10""]1.8720 | 1.8931 | 1.9012 | 1.9043 | 1.9057
Lp=1 [1.43331.4559 | 1.4604 | 1.4620 | 1.4626
L =10" | 1.2854 [ 1.3082 | 1.3131 | 1.3150 | 1.3159
L7 =10° [1.5438 | 1.6278 | 1.6483 | 1.6562 | 1.6600
Lh=10° [1.5849 | 1.6803 | 1.7036 | 1.7126 | 1.7169
Lh=10" [1.5893 | 1.6859 | 1.7095 | 1.7186 | 1.7230

Therefore, we have the following,

Finally we have,

L+ Mm' =I(I, +I'm'l)l .

(L, + Mm/) ' = I1(L, + I'm'l) 11t

Since the eigenvalues of two similar

symmetric, we have,

102, + M)~ ]2

Now we want to know the condition number of [ and a precise estimate of

o((I, + Mm')~). Table 5.1 is a table of the condition number of [ which shows

= (L, + ') )
p

matrices are the same and (I, + I'm'l) ' is

< RN + D ]2

= |llllzo(L, + I'm D =HI7 ]2

= ltll20((Zy + Mm")=H)[|I7]]2

= cond(l)o((I, + Mm')™").
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Table 5.2: Table for ||F||s.

n =31 | 1R | 1Rl | 1F5]2 | 1TFl2 |
a =100, ovlp =27 | 0.4759 | 1.000 | 796.2 | 0.0171
a =100, ovlp =15 | 0.4891 | 1.000 | 892.4 | 0.1627
@ =100, ovlp—=3 | 0.4890 | 1.000 | 1014 | 0.7116
a =10, ovlp =27 0.4758 | 1.000 | 74.99 | 0.0151
a =10, ovlp =15 0.4889 | 1.000 | &7.72 | 0.1505
a=10, ovlp=3 0.4888 | 1.000 | 104.4 | 0.6674
a=1,ovlp =27 0.4743 | 1.000 | 4.779 | 0.0046
a=1,o0vlp=15 0.4872 | 1.000 | 7.739 | 0.0761
a=1,o0vlp=3 0.4871 | 1.000 | 12.75 | 0.3873
a=0.1,o0vlp=27 |0.4605 | 1.000 | 0.1445 | 0.0088
a=0.1, ovlp=15 0.4723 | 1.000 | 0.6038 | 0.1117
a=0.1,o0vlp=3 0.4724 | 1.000 | 1.942 | 0.4112
a=0.01, ovlp=27]1.4350 | 1.000 | 0.0076 | 0.0110
a=0.01,ovlp=15]2.7126 | 1.000 | 0.0573 | 0.1553
a=0.01,ovilp=3 2.8609 | 1.000 | 0.2326 | 0.6652

that it is less than 2. Since o((I, + Mm')~!) is strictly less than 1/2, this shows

that [|F1|| = |[(I, + Mm')7 Y|, < 1.

5.3.2.3 Conclusions and numerical results for the general case

We can conclude that the first factor Fj is composed of a product of a positive
definite matrix and a symmetric matrix and therefore, it is similar to a symmetric
matrix. Under the condition of positive definiteness of B!, ||F}|| is less than 1.
From Table 5.2, we can see the 2-norm of F} is not so big in numerical results for

the general case.

99



5.3.3 L?norm of F, = K

Consider a positive definite matrix P = —K. If éh < 6, then I — P > 0. So we
have the following,

K2 = (1Pl < [H]] = 1. (5.25)

The 2-norm of K can be greater than 1 under the condition éh < 6 which means

a very small a.

5.3.4 Eigenvalues and L? norm of F3 = (GTC~'G — D).

5.3.4.1 Eigenvalues of (G"C~'G — D),
We know that (GTC~'G — D)~! is a partitioned block of Bi" = b(B)~!. The
subblock matrix (GTC~'G — D)} is an off-diagonal and boundary block matrix.

Table 5.2 shows an example of the 2-norm of the boundary subblock matrices

b(B)(_nl,i) of b(B) ! with n = 30. The size of the block matrix (GTC'G — D)™ !
depends on the overlap of the two subdomains. A larger overlap means that the
number s is bigger. The block (GTC~'G — D)7, is the block submatrix b(B); ), .1
of b(B)™'. Therefore, a larger overlap makes ||(GTC™'G — D) ||> smaller.

Table 5.2 and other numerical results show that [[(GTC™'G — D) ||z is less
than 1 for small a. Since the matrix b(B) is a M-matrix, its inverse b(B)™! is a
positive definite matrix. With a small é, the diagonal entries of the matrix b(B)
dominate the off-diagonal entries. For a large a, ||F3]|2 is relatively large. Also it
is generally not symmetric.

Remark In Chapter 8 of [2], there is a formula for the decay of block subma-

trices of inverses of block tridiagonal positive definite square matrices. Theorem

8.33 in [2] shows that an upper bound of the norm of an off-diagonal subblock
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n=31 o 1=300 n=31 o 1=30

0.2 1
0.8
0.15
£ g06
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0.2
0 0
0 10 20 30 40 0 10 20 30 40
(n,i)—block (n,i)—block
n=31a =15 n=31oa"'=3
2 7
6
1.5 5
£ Ea
2 1 2
& &3
05 2
1
0 0
0 10 20 30 40 0 10 20 30 40
(n,i)-block (n,i)-block

Figure 5.2: An example of || ||> of boundary sub block matrices b(B), ; of b(B)™*
with 7 = 1/30

matrix which is product of two corresponding diagonal sub block and the C.B.S.

(Cachy-Schwarz-Bunyakowski) constant (see [2] section 9.1).

5.3.4.2 L? norm of (GTC'G — D)1,

The effect of F5 looks disastrous for large a. Figure 5.3 shows an example of
logio(o(F3)) with a = 10%,4 = —2,-,2 and n = 31. In this figure, the eigenvalues
which have magnitude larger than 1 are isolated from other eigenvalues which have

absolute values less than 1.
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Figure 5.3: An example of the spectrum of logo(c(F3)) with o = 10%,i = —2,-++,2
and n = 31.

5.3.5 L2 norm of FF=A

Table 5.2 shows the 2-norm of F" and its three factors. The table show that even if
one of three is greater than 1, the estimate of the 2-norm of F' is still less than 1.
With a small o, the 2-norm of Fj has a good effect and from Table 5.2, the product
of the 2-norms of the three factor is less than 1. With a large «, the 2-norm of
F3 is disastrously big but we know from Figure 5.3 that it comes from isolated

eigenvalues and that most other eigenvalues are less than 1.
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Chapter 6

Analysis based on Lagrange
Multipliers

6.1 Basic Concepts and Notations

6.1.1 Splitting of the Error Vector

We define a positive atomic subdomain as an atomic subdomain participating in
all fractional steps and whose corresponding local matrix is positive definite. In the
two overlapping subdomain case, we have one positive atomic subdomain which is
the filled-in region of Figure 6.1.

From the following formula (2.39) for the positive atomic subregion,
Bu' = f12 4+ (I]2)" A\ + (1,*)" Ay, (6.1)

we obtain the following formula for the error vector in the overlapping atomic

subregion,

B2 = (I M\ + (1,%)" Ay, (6.2)
Since B'? is invertible, we can decompose e!'? as,
el? = 6%2 + 6%2,
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with

B¢y = (I)*)" Xy B2ei? = (1) Ay (6.3)
We define a matrix m’' as
m/ _ 1212 (B12)71(1212)T.
Since m/ is positive definite, being a principal submatrix of (B'?)~!, we have,

el = ()7 B} = () (112
= (A)'L*(B”) (L) A
= (A m'Ae = [l
and
ler*[15e = (e2)" B ey* = (M) m/ Ay = [| Al [y (6.4)
Therefore, a comparison between ||A;||m,7 = 1,2 is reduced to that between

l|eX?|| gz, i =1, 2.

6.1.2 A Relation between the Split Error Vectors

ol QR 0?2

Figure 6.1: The positive atomic subregion of two overlapping subdomains

104



Let u and v be elements of the appropriate space V! of P! finite element

functions. We then have the following identity from the functionals in (2.31),

1 1 1
utBuU:/ Vu-Vv+ — uv+ — uv+ — uv.
Q12 o Jorz a Jry @ Jr,

From the relation (6.3), e}? is the solution with nonzero Robin boundary data
on I'y and zero Robin boundary data on I'; and ©'2 and e}? is the solution with
nonzero Robin boundary data on I'; and zero Robin boundary data on 'y and ©'2.

Therefore, we have the following,

1 1
I2\T p12 12 12 w12, * 122 , 1212
(e1”) B7e;” = /le Ve - Ve + a/elz ler”]” + d/rlurz G

1 12 / 12 66%2 1 12 /.12 |, = 86%2
= — e ey +a— —i-t/ e (e +«
a/@12 e (e an) & Jryor, (e1 anpl)
1 12,12 , ~ 86%2
= = e;” (e” +« .
& Jr, 1 ( 1 anrl)

We also have,

In addition,

1 Oe'?
I2\T p12 12 12,12 , ~
e B*“e” = 7/ e+ .
() & Jrur, ( 6np1)
Therefore,
1 Oel?
I2\T 12 .12 12,12 , ~9€
e B ey = T/ e €5 + y
@B = < [ et el vag)
and
1 Oel?
I2\T 12 .12 12,12 , ~9€¢
e B*e* = 7/ e’ (e;” + & .
@Bl = 2 [ el (ef? +ag)

Since the following identity
12\T 212,12 12\T 1212
(e1°)" Bey” = (&5°)" B 7e
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holds, we have,

1 del 1 del?
Ll e eal®) 2 e a2
2

« 3np2 aJr onr,

From Green’s identity and the relation between the Robin boundary conditions

12 12
€1 €9

)

and e}?,i = 1,2, the identity above can be established directly by noticing that
1 12 (12 36 1 12 (12 86
- e (& + - — € € +
aJr, t (c2 anFZ) & Jror, (€2 anFZ)
= Vel?-Vey® + —
QL2 « JO12yur;urs
1 Oel?
= — —|— O{
I‘1UI‘2 ( 6np2)
_ / 86}2 )
N 8np1 ’
Also we have the following,
1 12 .12 dey” 1 / 12 .12 dey”
= e (e +a + = ey (e +a
alJry ! (e1 anpl) aJr, 2 (e1 anpl)
1 12 12y /12 86 1 12,12 | = 86%2
= = e +e + « == e +a—
G e el rag by =< [ el ag
1 12,12 | = de'?
= = e (e”"+a—),
(6] 1IN ( an]"l )

and

1 2 12, - 0ey 1/ 12 /12 dey’
— e e +a—)+ < e, (e + &
1 (2 anr2) & Jr, 2 (2 anFQ)
Oel? 1
12 12y (.12 , ~ Y€ 1
= = e;”te e ta——)=—
/Fz(l 2 ) (€ 8nr2) 5
3612
12, ~
+a—).
3np2)

2(l 16

. 612(6
« JTy

The two quantities are then reduced to,

1 Oel?
— el? (612 + —

)T812612
(6 Ty anl"z

) = llex’ |52 + (er
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and

1

Hel?
— el? (612 + —

1212 12\T 12 12
== 12 B . .
=/ o) = el + (1) B2} (6.6)

Therefore, a comparison between the two integrals above gives us a way of com-

paring ||ed?|| 12 and ||ef?||pre.

6.2 Convergence Theory for the Rectangular Two
Subdomain Case

In this section, we will study the convergence for two overlapping rectangular
subdomains of a unit square (= ). We will study the convergence of the first

fractional step with
and we have the same result for the second fractional step.

6.2.1 Basic Properties and Notations for the Boundary
Segments

Without loss of generality, we assume that the Robin boundary condition vanishes

on the following set,
O1={(z,9)|(z,0)U(z,1)U(0,9),0 <2 <1,0<y < L}.

This means that the following conditions hold on the three different boundary
segments,
¢°(x) =u—au, =0 on O ={(x,y)|(r,0),0 <z <1}, (6.7)
$P(y) =u+au, =0 on OF ={(z,y)|(1,y),0 <y < L},
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oV (y) =u—ouy, =0 on O ={(z,1)](0,y),0 <y <L}

Therefore we have the following equation for any solution u which has sufficient

regularity,
°(2)p = Uy — Ay = 0, ¢ (¥)2p = Upy — QUyez =0 on OF,  (6.8)
¢E(y)y = Uy + QUgzy = 0, ¢E(x)yy = Uyy + AUy, = 0 on @f,
¢W(y)y = Uy — QUgy = 0, (Z)W(x)yy = Uyy — QUgyy = 0 on @}’V.

We define the nonoverlapped atomic subdomain Q' in the first fractional step by

Q' ={(z,y)0 <z <1,0<y <1},

We also introduce notations for the two artificial boundaries and the other three

boundary segments for 0!,

o= {9, L),0 <w <1}
1}
1}
I}
l

Iy = {(zyl(z,0),0< =
95 = {(z.9)(x,0),0
O = {(z,9)(0,),0

Op = {(z,9)|(1,y),0<y

IN

IN

T

IN

IN
IN

Y

—

IN

6.2.2 A Basic Tool for the Computation

Let H(y) be the solution of the following ordinary differential equation with a

given differentiable function G(y),
H"=0 H(0)=G(0) H(L)=G(L).
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We then have,

1 G(L)
H(y) = 1—= —
() =GO)A - zy) +—F
If we have the following inequality,
G" >0, (6.9)

then,

(H// N G//) e <0.

From this equation, we can conclude that G(y) < H(y) and that we have the

following inequality,

Gy < Hy) = GO)(1 - 79) +G(D) 2. (6.10)
6.2.3 Basic Computation for o > 0
We now define the function Gy (y) as,
G () :/01 o dz. (6.11)

The function G;(y) has the first and second derivatives
1 1
Gi(y) = 2/0 uuydr and GY(y) = 2/0 (1 gy + ul) da.
Therefore, by integration by parts and using the relation in (6.7),

1 1 1
Gi(y) = 2/ uuyy+u2dx:—2/ uumd:v—i-Q/ ug d
0 0 0

1 1
= —2uug(l) +2uu,(0) + 2/ u? dr + 2/ u dx
0 0

92 1 1
(@>0): = —(u2(1)+u2(0))+2/ uidx+2/ uZdz >0,
(6% 0 0
or
1 1
(=0): = 2(/ ui,dx—i-/ ug dz) > 0.
0 0
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We then define H; as,

1 . Gi(L)

Hi(y) = G1(0)(1 - zy) +t—7

Y.

From the relation in (6.9) and (6.10), we have,

Gily) < Hi(y) = G1(0)(1 ~ 79) + Ga(L)

=

We now define another function Gy(y) as,
1
Gy(y) = / wuy, do.
0
The function Go(y) has the first and second derivatives
1 1
Gy(y) = /0 u da +/0 U Uy d,

and
., 1 1
Gy(y) =3 /0 Uy Uy, dT + /0 U Uy, A2
To check (6.9), we need to consider the following two terms separately,

1

1
Kl(y):/o Uy Uyy dr,  K(y) :/0 U Uy A2

For the first term,

1 1 1 1
Ki(y) = /0 uzydx+ o uyuyyydm:/o Uzydf’f—/o Uy Uggy AT

0
1
(a>0): = /uzydxwL/O uZ, dr 4+ —(u? (1) +u;(0)) > 0,
or
2 2
(a=0): = /uyydx+/ Uy, dr > 0

(6.12)

(6.13)

(6.14)

(6.15)



from the properties in (6.8).

For the second term,

Kj(y) = /01 Uy Uyyy A + /01 U Uyyyy dT > — /01 U Uggyy dx (by (6.15))
= /01 Ug Ugyy AT — U Ugyy (1) + U Ugyy (0)
= /01 Uy 0 — U gy (1) 4 1 gy (0) 4 g 1ty (1) — 15 1 (0)
(@>0): > l(U Uyy(1) + wtyy(0)) + tig tyy (1) — tig 1y, (0)

= o) (1) + (G ) 1y (0) =0,

Q

Q

or

—

2
> /0 uyydeO.

from the properties in (6.7) and (6.8).

Let L(y) be given by

L(y) = G3(y) = K(y) + B(y).
From the results above, we have

L'(y) >0,

and

L) = 3/01uyuyy(0) d:v—i—/oluuyyy(O) da
(a>0): = —2 /Oluum(O) dx — /Oluuym(()) dx
g/oluum(O) drx = é(/1 u? dr — uug(1) + uug(0))

a o Jo

4

= —(/ u?dz + au(1) + au(0)) >0,
aJo

or
1 1
(@a=0): = —3/0 uyum(())dx—l—/o Wity (0) dz = 0,
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from the properties in (6.7) and (6.8).

From the computational result above, we have
Gy(y) = L(y) = 0.

Then, define H, as,

1 . Gi(L)

H,(y) = G1(0)(1 — Zy) +—7

Y.
From the relation in (6.9) and (6.10), we have,

Goly) < Haly) = Ga(0)(1 = 79) + Go(1)

=

Let G3 be given by,
1
Gs(y) = 5G1(y) + Ga(y).

From the previous result, we have,
G > 0.
Then define Hj as,

Gs(L)
L

Hy(y) = Ga(0)(1 — ) +

From the relation in (6.9) and (6.10), we have,

Y.

Gily) < Hyly) = Gs(0)(1 ~ 1) + Go(L)

=

As a last part of this section, we have the following inequality
1
Ga(y) = / wuy, dr > 0,
0
with G, (y) > 0 from the previous results and,
1 1 /1
(a>0): Gy(0) :/ wu, de = &/ ug dz > 0,
0 0
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or
a=0 G5(0) = ' de =0
( ) 2() /Ouuya: ,

from the properties in (6.7).

6.2.4 Analysis for the case of a > 0

The result in this section is important for the analysis of the general Robin bound-
ary condition with two overlapping subdomains as well as for a general number of
subdomains with general Robin boundary conditions on the original boundaries
and the artificial interfaces.

We begin this section with the following basic property of harmonic functions,

Oe
2 270 _
//Qew+eyd§2 = meands. (6.22)

From the relation (6.22), we have the following equation with zero Robin boundary
conditions on O, O}, and O} with a > 0,

Oe Oe Oe
2 200 = —dS = — —
//Qew+eyd meanalS eranda:—l— Gleandx

= ee dx—/ ee dx—/ eeyd +/ eepd
/Fz Y oL 7 ol Y oL, Y

S

1 1 1
= /eeydx——/ ede——/ eQdy——/ e dy.
Iy a Jel a Jel a Jel

S w E
Since the H'!— semi-norm is nonnegative, we have the following inequality,
1 2 1 2 1 2 1 2
/eeydxz—/ edx—i——/ edy+—/ edy>—/ e’ du. (6.23)
Ty a Joy a Jey, a Jel, a Joy
We have the following with the general Robin boundary condition with the

notation above,

8612

3np2

1
/F 2 (ef2 4 20y = _/F ey = [ |e22de,  (6.24)
2 2

Q JT'y

Qi =

113



and

1 De!?
— | e (e?+a

a Jr, onr,

From the result of (6.19) and (6.7), we have,

1
) = / e?eldr+— [ e dz. (6.25)
Iy & Jry
1
/ e?eldr+— | |e”dx
1)

& Jr,
1 1
< G (/ e'?el? dx+7/ e'?|? dx) + O, (/ e?el?dr+— | |e'?]*da)
ol v a ol I, Y a

s I
1 1 1
— C’U(——irf)/ le'?)? dz + C, (/ e?eldr+— [ e dx)
« o’ Jek ry @ JT
with
[ [
C():(l—z), Clzz, Co+Ci=1, 0<Cy<l1l, 0<(Ci<l.

We have the following inequality using (6.23)

1
- / e?eldr+— | |e”dx (6.26)
1)

Q JTy

1
= / e?eldr+— [ e dx—?/ e e’ dr
T, & Jr, T,

1 1 1
< G (/F 612€§2d93+5/r |€12l2dx)+00(a+5)/®1 |e”|2dgc—2/F e? 12 iy
1 1

S 2
12 12 1 122 : L1 2
< Cl(/e e, dr+ — [ [e*]"dr) with Co(=+ <)< —.
' Q JTy o o Q
For a = 0, we have the following results,
1 del? 1
— | (e +a ¢ )=— [ Ve'-Ve'+ f/ le'?|?, (6.27)
a Jry onr, ol Ty
and
1 De'? 1
— | e (e?+a ¢ )= Ve Ve + 7/ e!?)2. (6.28)
aJry onr, o) aJry

From the result above and (6.20), we have the following results with & > Oz(%),
1

Oel? 1 Oel?
- 12 12 ~ - 12 12 ~
“ [ e2e2raly < cl(~/rle (e +O‘anpl))

a Jr, onr, a
9el2

1 12 /12
< (d/rle (e +Ozanrl)),
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with C) = % < 1 which is the ratio between the original length and the overlapped

length which has a smaller value with more overlap. From (6.5), we have,
llex?[1Br < [ler® |-

Finally we have,

Al < 1122l (6.29)

Therefore the norm of the Lagrange multipliers decreases strictly in Algorithm 3

(OSM-D).
6.2.5 Geometric Convergence of the Lagrange Multipliers

The main results of the inequalities (6.29) is that there exist a uniform factor
which is strictly less than 1 and is independent of the error vector. To prove
the convergence of Algorithm 3 (OSM-D), we need to compare the two quantities
||€3?|| %12, and ||e1?[|%:2. In the subsection 6.2.4, we have studied the relation of two
other quantities ||e}?||%:2 + (€1%)" B'?e3? and ||e1?||%:2 + (e1%)" B'?e3?. Therefore,

we can simplify the problem as the follows, If we know that
A+C<p(B+C) with p<1, (6.30)
then is it possible to find a uniform factor ; < 1 such that
A<uB 7

This statement is generally not true.
However, we can prove this in our case from the strengthened C.B.S. inequality
in 1.5. Let V(I'y) be the vector space with an element e; € V(I';) which corre-

sponds to the Lagrange multiplier A\; on the discontinuous artificial interface I'y
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such that,

BYe; = (I)'\, Ve, € V().
We also define V(I'y) as
B'ey = (I})T )y Ve, € V(Iy).

We then have,
V(Ty) NV (Ty) = {0}.

Therefore, the following strengthened C.B.S.-inequality holds:

|(e1,e2) 12| < Bller]|prz||e2||prz, Ve € V(I'y), Vea € V(I'y) [ <1. (6.31)
We can identify each term in (6.30) as,

A=y, B=llePllhn, € =(@)'B % p=0Ci=7<L.
From (6.31), we have,
IC| < BVAB, with (< 1. (6.32)
The inequality (6.30) can be rewritten as,
A+ (1—-p)C < pB.

If C'> 0, then we have A < pB.
If C' < 0, we have the following from (6.32),

0<—-C < pBVAB.

We also have,

A+ (p=1(=C) < pB,
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which implies

A A
§+(P—1)5\/§<P-
A
0<‘/§<b’

Finally, we have

with

(L= p)B+/B2(1— p)2 +4p

b= <1
2
Therefore, we have
A< VB.

Finally we have the main inequality,

llex*|[ B < ller®(|Be <1, (6.33)

where p is independent of the error vectors.

6.2.6 Geometric Convergence of Algorithm 3 (OSM-D) on
Two Overlapping Subdomains

We have studied the behavior of the error vectors with the general Robin boundary
condition on two overlapping subdomains in subsection 6.2.5. From the inequality
(6.33), the Lagrange multiplier converges to zero. The meaning of the Lagrange
multiplier on I'y is the nonzero Robin boundary condition on the discontinuous arti-
ficial interface. Since the other boundary segments have zero Robin conditions, the
error vector on the subdomain depends only on the Lagrange multiplier. We have
compared two Lagrange multipliers, the Lagrange multipliers on the discontinuous
artificial interface and that on the continuous artificial interface. The Lagrange

multipliers on the continuous artificial interface will be the Lagrange multipliers
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on the discontinuous artificial interface for next step. Therefore, we have actually
compared two boundary conditions on the new and old problems and a certain
quantity of the new boundary condition is strictly less than that of the old bound-
ary condition. Since the sequence of the quantities of the boundary condition
converges to zero. We obtain a zero Robin boundary condition on all boundary
segments in the limit. Therefore the error vector converges to zero. Since, in
this case, we have a uniform convergence factor, we have geometric convergence of

Algorithm 3 (OSM-D) on two overlapping subdomains

6.3 Convergence Theory for the General Two
Subdomain Case

The main issue for this case is to find an inequality similar to (6.29) in the general

two subdomain case. Since we have following two equalities,

1 Oe!? 1 1
S e2e?ral =2 |612|2+/ Ve'? . ve'? + —/ e, (6.34)
a Jr, onr, a Jr, o a Je,

and
1 Oel? 1 1
S ey =2 [ |22 - (/ Ve'?. Ve'? + —/ %), (6.35)
a Jr, onr, a Jr, Q! o Jot

we want find a uniform factor p(Q, Q") < 1 such that

Oe'?

aTLFl

i 12 (612—1—&8612) < p(Qle)(i/ 2 (2 + a
o JTy GnFZ a JTy

). (6.36)

From Friedrichs’ Inequality, we have

1
12 12 122 122 1212
[ Ve ve +E/@% €27 > (Cp + 1) F(a) (1 + €21 2).
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with

1

Fle) = max (1, )

From the trace theorem, we have the following sequence of inequalities,

1951

a Jel

1
Vel Vel — [ e2e2 > (Cpt1) F() (|6 + €2,

> (Cr+1) F(a) (|612|%Il(§21) + ||612||%2(Ql))

> (Cr+1) Fla) Cr [le”|[L201)

> (Cp+1) F / 22,

The two constants C'r and C7 depend on the geometry of the subdomain and the

atomic subdomain. With a sufficiently large a, we have,

Finally we have the following results for a sufficiently large o,

1
0.0 = 1.
P, 27) Cr+1) Fla) Or &

1 de'? de'?
Q. O _/ 12,12 | ~ _/ 12
p( b ) & T c (e + aanpl ) s ¢ anfz
1 12 1
p(, QY = / e'? (e +&a€ )+ [ Ve'?.Ve? + -
a Jry onr, ol
1 de'?
Q. O _/ 12 /.12 | ~

1
P(Ql,Ql) ( V€12 V612+ 612 612)

(21,01 (C’p +1) / |612 .

1
T/ o2 12
a Jr,

Therefore, (6.36) holds.
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Chapter 7

Numerical Results

7.1 Two-level Algorithms

The convergence rate of one-level classical Schwarz algorithms deteriorates rapidly
with the number of subdomains. This is due to the fact that in the one-level clas-
sical algorithms, information is passed only between neighboring subdomains. To
overcome this weakness of the algorithms, we can introduce a coarse space which
has a small number of degrees of freedom in each subdomain. The coarse global
problem set over the coarse space provides the mechanism for global communica-
tion of information between all subdomains in each iteration.

In this section, we will compare three two-level Overlapping Schwarz Algo-

rithms. We will use the notations and definitions of Chapter 2.

7.1.1 Two-level Classical Algorithm

The fractional step of the classical overlapping Schwarz algorithm can be written
as,

Untj/p) = Unt(-1)/p) T AT (b= AUgni-1)p))- (7.1)
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To facilitate global communication between distant subregions, we can include a
coarse grid correction in the classical overlapping Schwarz algorithm. Let A° be
a coarse grid discretization of the form a(-,-) in (2.4). Let R® be a change of
basis map from the coarse grid basis to the fine grid base. Then the coarse grid

correction in the fractional step is given by ¢, which satisfies
¢ = RY(A) YR (b — Auy,). (7.2)

From the above equation, a complete listing of the classical overlapping Schwarz

algorithm is

r, = b— Au, (7.3)
Cf;, — Rc(Ac)fl(Rc)trn
Up = U, +C,
Unyisp = Uy + AT (0 — Auy,)
Unpt = Ungp-1)/p) T Ay (0= AUgpp-1)/p))-

7.1.2 Two-level Algorithm 2 (OSM-C)

The two-level cycle of Algorithm 2 (OSM-C) has the same form as the classical
overlapping Schwarz algorithm. In the j-th fractional step of Algorithm 2 (OSM-
C), all nodal values in the closure of €, are changed but all other nodal values
are left unchanged. Using the projection P;, we modify the listing of the classical

overlapping Schwarz algorithm and obtain

r, = b— Au,
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¢ = RY(A) (R,

Up = Up+C
Ugirsp) = Plup, + PLAT (b — Afuy,) (7.4)
Unit = Py + BpAy (b= Aurp-1/m)-

7.1.3 Two-level Algorithm 3 (OSM-D)

The two-level cycle of Algorithm 3 (OSM-D) will be derived from (7.4). In the
previous algorithm, we constructed the coarse grid correction from the residual. To
define the coarse grid correction in Algorithm 3 (OSM-D), we need to consider the
special aspects of the residual in Algorithm 3 (OSM-D). Since Algorithm 3 (OSM-
D) allows multiple values on the artificial interfaces, the residuals of the fractional
steps are acquired through their contributions from the atomic subregions and
according to (2.17), the residual can also be computed from the jump directly.
Using partitioned matrices A and A, we have the listing of two-level Algorithm 3

(OSM-D) given by

rn = b—R'Ad, (7.5)
¢ = RY(AY) Y (R)'r,
iy = fn+ R
i1y = Pli, + PRAf(b— R'PfAi,)
Upy1 = Ppcﬂ(n+(p_1)/p) + PpRA;_(b - Rtppc[\ﬂ(n+(p_1)/p)).
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n=100, nc=10, W(:,1) alpha=10, ovlp=1, W(;,2)
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Figure 7.1: An example of the four approximate eigenvectors corresponding to
negative real eigenvalues of two level Algorithm 2 (OSM-C) with GMRES on nine
overlapping domain with n = 100, nc = 10, and ovlp =1

7.1.4 Algorithm 2 (OSM-C) and Algorithm 3 (OSM-D)
with GMRES

As we can see from the listings, Algorithm 2 (OSM-C) and Algorithm 3 (OSM-D)

do not use the conventional residuals in the fractional steps. To apply GMRES

to the two algorithms for solving Az = b, we need to change to another related

problem. Algorithm 2 (OSM-C) and Algorithm 3 (OSM-D) can be thought of in
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Figure 7.2: An example of error vectors on the artificial interfaces and the atomic
subdomains on two overlapping subdomains; e®*'/2 and €® of Q' on I'y (solid line),
of Q12 on 'y (dotted line), of Q2 on I'; (dash-dotted line), of Q2 on I'; (dashed
line) in 6-th step with n = 37, 0vlp = 3, = 0.1.

terms of affine linear maps,
Tpy1 = F(z,) with F(z) = Mz + F(0). (7.6)
If the problem has a solution, it is the fixed point of
(I —M)x=C with C = F(0). (7.7)

We can apply GMRES to equation (7.7).
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1 iter 1 step 1 iter 2 step 2 iter 1 step x 102%ter 2 step

7 0.7 0.05 8
6 0.6 7
0.04
5 0.5 6
4 0.4 0.03 5
3 0.3 0.02 4
2 0.2 3
0.01
1 0.1 — 2
0 0 0 1
0 2 4 0 2 4 0 2 4 0 2 4
gl g2 g3 g4 gl g2 g3 g4 gl g2 g3 g4 gl g2 g3 g4
x 107 x 10 x 10" x10°
1.8 6 2 8
1.6
5
1.4 6
15
1.2 4
1 3
4
0.8 1
2
0.6
0.4 1 2
0 2 4 0 2 4 0 2 4 0 2 4
3iter 1 step 3 iter 2 step 4 iter 1 step 4 iter 2 step

Figure 7.3: An example of [? norm of error vectors on the artificial interfaces on two
overlapping subdomains of Algorithm 3 (OSM-D); €’ of Q! on T, (1), of Q2 on Ty
(2),0f Q2 on Ty (3), of Q* on Ty (4) in 1 - 4 iteration with n = 37, ovlp = 3, = 0.1.
(Here g1 and ¢2 are two artificial interfaces (inside and outside interfaces) for the
[y and ¢3 and g4 for T';.)

7.2 Approximate Eigenvalues and Divergence of
Algorithm 2 (OSM-C)

We have implemented several cases of Algorithm 2 (OSM-C) with nine overlapping
subdomains. For fixed n = 100, we used a = a = 0.01,0.1, 1, and 10 for one-level
method with GMRES and two level method with a nc = 10 coarse grid and

GMRES to check the dominating eigenvalues and eigenvectors of the iteration
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Figure 7.4: An example of error vectors on four overlapping subdomains with
n =37, a=0.1, ovlp = 3.

operator. To compare the numerical and exact solutions, we used two different
exact solutions with @ = & = 0.01, 1, and 10. From the computational results, we

find.

o If we apply one-level method with GMRES, Algorithm 2 converges for a =
0.01 and diverge for the other values of a. A larger o makes divergence faster.
In the cases of @« = 0.1, 1 and 10 we have four eigenvalues which have negative

real part. Their eigenvectors have four spikes at the four cross points. The

126



lstepn=43ovp=3 2stepn=43ovip=3
-4 . .

o
SR
SR

“‘\:\‘ """o’l

R "4
| — 0‘ ““““‘:\‘:"' o
T
”m'” ,“\\\?‘Q\}}s\‘\%“. ‘. “.,, Ol,u,l:‘
7
0.5 oo i .““\\\\\\‘“ ' “"’0" I%’II/Z’H

-U. mw \ \
Sy W \\\\
‘ X “ \\\\“

‘ .\‘0,‘ .0.0“ ‘
XX\
QUK N i il

R \
RS

AR

RS it
R R ‘v 0' il
-1 \ NS

SR R \ il

‘.o’o’g,' W \R\!‘ \‘:‘o ‘:" ,";‘,, ‘\ i

LW \' ':,n Vi 7

WY - - G\

60 60

20

3stepalp=0.1tol = 1e-06 4 stepalp=0.1tol = 1e-06
-4 . .

x10°

&
Zc
\\‘ Xz
W y \
‘\\\‘ “n’.‘.'l :,":,,,,, WY \\

T
e RN \\\\\\‘ “
\\ LK B R ‘ lu g
“\\\’ o‘“.‘.‘».::z?a,;,;5::7"?5"’2:' “:““3“333“8{{\“‘0:‘0’0 Z’/ 3{"13"11
.' ‘l‘:’l;"lz;l:"l; ,;:,5::,,“‘ \r \\\ W N \““‘...“ 1,,,,1/,,,//,,/,,[/;,,
R o\ gl
WEE AN Vi il “
'Os‘.“"""'fzz:: i W it
_O 5 5%

lm Il Ill ’Il
L ’
S "t‘o' (0

lll
5 ""’5’ ,fl
"’% "t,;;: 1,,,”
5 ‘\ /41’9
Gl

-1
50
60

Figure 7.5: An example of error vectors on nine overlapping subdomains of Algo-
rithm 3 (OSM-D) with n = 43, a = 0.1, ovlp = 3.

associated eigenvalues do not change with different exact solutions.

o If we apply two level methods with GMRES, the results are similar to those
of one-level with GMRES. The coarse grid correction does not affect the four

eigenvalues which have negative real part and their eigenvectors very much.

An example of the four approximate eigenvectors corresponding to the eigenvalues

with negative real part of two level Algorithm 2 (OSM-C) with GMRES is given
in Figure 7.1.
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Figure 7.6: A comparison between residual and error vector of Algorithm 3 (OSM-
D) of 4-th iteration (on four coloring) in 11-th step with n=43, ovlp=2, & = 100
and & = 0.01 for a = 0.01.

7.3 Numerical results for Algorithm 3 (OSM-D)
7.3.1 Numerical examples

In this subsection, we will illustrate the behavior of the fractional error vectors on
two, four, nine and a general number of subdomains.
Two overlapping subdomains

In a unit rectangular domain, we compare each error vector on the artificial in-
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terfaces. There are two artificial interfaces in this case. On each interface, we
need both old and new values. Figure 7.2 shows that the numerical error on each
artificial boundary decreases to zero. Another illustration, in Figure 7.3, shows
the behavior of the /2 norm for four parts of two artificial interfaces, g1 and g2 for

I's and ¢3 and ¢4 for T'y.

Four and Nine overlapping subdomains
We have a similar behavior of the error vector for four and nine overlapping sub-
domains. Figure 7.4 is for four overlapping subdomains and Figure 7.5 for nine

overlapping subdomains.

7.3.2 Discontinuity and &

From the numerical results, we see that the error and residual vectors depend on
the values of &. As we can see in Figure 7.6, a larger & makes the jumps of the

error vectors larger across the artificial interfaces.

7.3.3 Numerical results of one-level Algorithm 3 (OSM-D)

Table 7.1 is a table of the number of iterations for a residual reduction of 1076.
We used the 501 as a maximum number of iterations. The value (x*) means that
the residuals are still decreasing but has not reached a reduction of 107%. For a
fixed «, the numerical results deteriorate with significantly smaller &. We note
that a given «, the condition in (6.26) in the two overlapping case might not hold
for significantly smaller a. It seems that we have a similar condition for the more
general case. We have tested with overlap ovip = 1 and ovlp = 2 and the cases of

overlap ovlp = 2 gives better results than with overlap ovlp = 1 in most cases.
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7.4 Numerical results for Two-level Algorithm 3
(OSM-D)

Figure 7.7 and 7.8 are results for two different sizes of the coarse grid correction.
To check the effect of the coarse grid correction, we vary O, the relaxation factor,
from 0 to 1. We have used © = 0,0.25,0.5,0.75, 1. The results change continuously
with the value of ©. The case of small & improve much with even the smallest re-
laxation factor © = 0.25. This means that if we use the Robin boundary condition
which is close to the Dirichlet condition (& — 0), then the results with the coarse
grid corrections behave as in the classical theory of overlapping Schwarz methods.
However, with a larger value of &, the numerical results are different. It seems
that a coarse grid correction does not improve the convergence in such cases.
We also have numerical results with Nc¢ = 0,4,6, 11, 16, different sizes of the
coarse grid correction. Table 7.2 shows some of them. The results show that with
small a, the best results appear with Nc¢ = 16 but with larger a, the results can
be different. From our experiments, we find that two-level Algorithm 3 (OSM-D)

does not always converge with a large a.

7.5 Numerical results for One-level Algorithm 3
(OSM-D) with GMRES

Table 7.3 is a table of the number of iterations with GMRES with restart after every
30 iterations for a residual reduction of 107%. We used the 150 as the maximum
number of iterations. The value (x%) means that the residual is still decreasing but

has not reached a reduction of 107,
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Table 7.1: Number of iterations of Algorithm 3 (OSM-D) for a residual reduc-
tion of 107% versus «a, &, number of grid points (N), number of subdomains, and
overlapping size(ovlp).

N (51)2 (101)2 (101)2 (201)2

# of subdomains 100 100 400 100

a, @ \ ovlp 1 | 2 1 | 2 1 | 2 1 | 2

a=0.01, @=100 | 65 | 48 | 104 | 61 | 166 | 135 | 215 | 111
a=0.01, @=10 53 | 41 | 84 | 51 | 152 | 113 | 143 | 87
a=0.01, a=1 28 | 23 | 40 | 28 | 72 | 52 | 53 | 40
a=0.01,a=0.1 | 14 | 12 | 18 | 15 | 24 | 20 | 20 | 18
a=0.01, @=0.01 | 58 | 31 | 91 | 57 | 150 | 90 | 126 | 91
a=0.1, =100 86 | 62 | 148 | 85 | 237 | 174 | 295 | 156
a=0.1, a=10 67 | 53 | 109 | 66 | 204 | 147 | 174 | 113
a=0.1, a=1 29 | 25 | 40 | 30 | 73 | 60 | 53 | 41
a=0.1, @=0.1 33 | 24 | 41 | 34 | 66 | 52 | 46 | 41
a=0.1, @=0.01 | 141 | 75 | 229 | 143 | 399 | 234 | 321 | 232
a=1, =100 116 | 74 | 238 | 139 | 462 | 290 | 363 | 253
a=1, =10 59 | 60 | 87 | 67 | 169 | 145 | 106 | 90
a=1, a=1 22 | 17 | 28 [ 22 | 52 | 39 | 34 | 29
a=1, a=0.1 126 | 91 | 157 | 130 | 273 | 215 | 179 | 161
a=1, a=0.01 (**) 203 (**) (**) (**) (**) (**) (**)
a=10, @=100 80 | 81 | 125 | 95 | 244 | 206 | 150 | 131
a=10, a=10 35 | 20 | 61 | 37 [ 114 | 75 | 95 | 63
a=10, a=1 91 | 97 | 85 | 88 | 174 | 185 | 116 | 97
a=10, @=0.1 (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<)
a=10, @=0.01 (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<)
a=100, =100 | 25 | 20 | 47 | 27 | 89 | 45 | 82 | 50
a=100, a=10 106 | 106 | 113 | 106 | 229 | 220 | 144 | 116
a=100, a=1 464 | (%) | 405 | 446 | (%F) | (F%) | (%) | (%)
a=100, @=0.1 (**) (**) (**) (**) (**) (**) (**) (**)
a=100, @=0.01 (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<) (>|<>|<)
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Figure 7.7: Number of iterations of two-level Algorithm 3 with N = (101)%, N¢ = 4
and 100 subdomains with relaxation factor ©=0, 0.25, 0.5, 0.75, 1; solid line :
a = 0.01, dotted line : & = 0.1, dash-dot line : & = 1, dashed line : & = 10, plus :
a = 100.
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Figure 7.8: Number of iterations of two-level Algorithm 3 with N = (101)?, N¢ =
16 and 100 subdomains with relaxation factor ©=0, 0.25, 0.5, 0.75, 1; solid line :
a = 0.01, dotted line : & = 0.1, dash-dot line : & = 1, dashed line : & = 10, plus :
a = 100.
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Table 7.2: Number of iterations of Two-level Algorithm 3 (OSM-D) for a residual
reduction of 107% with N = (101)? and 100 overlapping subdomains versus «, a,
the size of coarse grid correction N¢, and overlapping size(ovlp).

Nc¢ 0 4 6 11 16
a, & \ ovlp 1 | 2 1] 2 1] 2 1] 2 1 2

a=0.01, @=100 | 104 | 61 | 69 | 36 | 68 | 34 | 69 | 34 | 69 | 34
a=0.01, @=10 8 | 51 | 79| 46 | 78 | 46 | 78 | 45 | 80 | 46
a=0.01, a=1 40 | 28 [ 34 | 25 | 28 | 24 |30 | 23| 32| 24
a=001,4=0.1 | 18 | 15 [ 10 | 9 [ 10 | 9 | 16 | 10 | 17 | 11
a=0.01,4=0.01 | 91 | 57 | 39 |24 |23 | 15| 7 | 7 | 7 | 6

a=0.1, @=100 | 148 | 85 |122] 60 | 141 | 93 | 143 | 92 | 140 | 89
a=0.1, a=10 109 | 66 | 106 ] 64 | 108 | 82 [ 107 | 74 | 110 | 79
a=0.1, a=1 40 | 30 | 37 [ 28 [ 30|27 [ 35| 26| 36 | 28
a=0.1, @=0.1 41 [ 34 |12 ] 10|11 |10 ] 18 [ 11 | 19 | 12
a=0.1,a=0.01 [ 229|143 |43 [ 27| 26| 17| 8 | 8 | 8 | 7

a=1, @=100 238 | 139 | 280 | 174 | 285 | 193 | 300 | 201 | 301 | 197
a=1, =10 87 | 67 | 99 | 74 | 90 | 74 | 95 | 78 | 99 | 76
a=1, a=1 28 | 22 [ 29 [ 24 [ 29 [ 23 [ 36 | 23 | 35 | 24
a=1, a=0.1 157 [ 130 | 14 [ 11 [ 13 |11 |19 | 12| 20 | 13
a=1, @=0.01 1422726 |17 8 | 8 | 8 | 7

a=10, @=100 125 | 95 | 149 | 114 | 140 | 120 | 154 | 129 | 154 | 124
a=10, a=10 61 | 37 | 87 [ 64 | 75| 53 | 80 | 38 | 91 | 60
a=10, a=1 8 | 88 | 33 [ 24 [ 30| 24|39 | 24| 40 | 25
a=10, @=0.1 T 15 12131120 14]22] 14
a=10, @=0.01 | (™) | (™) |42 |27 26 | 17| 8 | 8 | 8 | 7

a=100, =100 | 47 | 27 | 70 | 58 | 56 | 51 | 60 | 41 | 72 | 54
a=100, a=10 113|106 | 89 | 67 | 78 | 61 | 86 | 54 | 94 | 67
a=100, a=1 405 | 446 | 36 | 25 | 31 | 24 | 44 | 24 | 51 | 26
a=100,a=0.1 | [ ()| 15[ 12 [ 13 ] 11 |21 | 14 ] 22 | 14
=100, a=0.01 | (**) [ (**)| 42 | 27 [ 26 | 17| 8 | 8 | 8 | 7
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Table 7.3: Number of iterations of Algorithm 3 (OSM-D) with GMRES (30) for
a residual reduction of 107% versus «, &, number of grid points (N), number of
subdomains, and overlapping size(ovlp).

N (51)% | (101)* | (101)* | (201)* | (201)
£ of subdomains 100 100 400 100 400
a, a \ ovlp 12121 ]2 ]1][2]1]2

a=0.01, =100 |24 {1930 |24 | 50 | 38 |46 | 30| 58 | 49
a=0.01, =10 26 1223626 55 | 43 [ 4736 | 80 | 55

a=0.01, a=1 2211912622 43 | 36 |29|26| 49 | 43
a=0.01,=0.1 |11 | 9 |12 11| 20 | 19 |13 |12 | 23 | 20
a=0.01, =0.01 | 17 | 12 | 21 [ 17| 29 | 22 | 25|21 | 49 | 29
a=0.1, a=100 25120140 25| 56 | 42 |51 |40 | 60 | 54
a=0.1, a=10 27124 140 | 27| 39 | 47 |51 |40 | 88 | 60
a=0.1, a=1 2111912521 | 43 | 38 | 27|25 | 50 | 43
a=0.1, a=0.1 12711 (14 12| 21 | 19 |[15|14| 24 | 21

= a=0.01 |19 14|23 |19| 35 | 25 |28 |23 | 47 | 34

0 2012615228189 | 60 |81 |53] 139 | 90

20127140 129 | 77 | 55 | 49|40 | 108 | 78
18116 |21 (18| 36 | 27 |24 |21 | 43 | 36

I
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o)
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a=1, a=0.1 17117119 (17| 32 | 30 | 20|19 | 40 | 32
a=1, a=0.01 23 |17 (28 |23 47 | 32 | 39|28 | 58 | 46
a=10, a=100 36 (295339 |140 | 85 | 77|53 | (**) | 141
a=10, a=10 2111812621 | 43 | 36 | 28|25 | 56 | 43
a=10, a=1 35|28 42|35 | 71 | 71 |52 |41 56 | 71
a=10, a=0.1 22120 124 122 | 54 | 52 | 23|24 55 | 54
a=10, a=0.01 20121132126 59 | 54 | 55| 32| 81 | 60
a=100, =100 |18 | 17|21 |18 | 52 | 30 | 23|21 | 39 | 33

)

a=100, a=10 42130 | 55 | 42 | 107 | 113 | 51 | 55 | 128 | 108
a=100, a=1 54 134150 | 53 | 141 | 129 | 53 | 51 | 101 | 98
a=100, a=0.1 2512227 25] 50 | 50 | 28|27 | 55 | 50
a=100, @=0.01 | 29|23 |51 29| 62 | 49 | 50|51 | 150 | 63
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