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Abstract

In this paperwe introduceimproved rulesfor Catmull-Clarkand
Loop subdvision thatovercomeseveral problemswith the original
schemegqlack of smoothnessat extraordinaryboundaryvertices,
foldsnearconcae corners).In addition,ourapproacho rule modi-
ficationallows generatiorof surfaceswith prescribechormals both
on the boundaryandin the interior, which considerablyimproves
controlof theshapeof surfaces.

1 Intr oduction

Subdvision surfaceshave rapidly gainedpopularity in computer
graphics.Oneof the mainadvantage®of subdvision algorithmsis

thatthey arecapableof efficiently generatingmoothsurfacesrom

anarbitraryinitial mesh.Subdvision algorithmsarealsoattractive

becausehey areconceptuallysimpleandcanbeeasilymodifiedto

createsurfacefeatureswithout makingmajor changego the algo-

rithm.

A generakurfacerepresentatioshouldbehae in a predictable
way for arbitraryinitial data.For example,the propertiesof spline
surfacesare well understoodor arbitraryregular grids of control
points. The variety of datathat can sene asthe input for most
commonsubdvision algorithmsis considerablylarger: an arbi-
trary polygonalor triangularmeshwith a boundary possiblywith
marked edgesandvertices. While the generalstructureof the al-
gorithmdoesnot dependnuchon theinitial data,therulesshould
accounffor thedifferentlocal meshconfigurations.

Subdvision rulesfor theinterior partof a controlmesharewell
understoodwhile the boundaryruleshave recevedrelatively little
attention. Boundaryrulesare quite importantfor a variety of rea-
sons.Theboundaryof the surface togethemith the contourlines,
forms the visual outline. While the interior of the surface often
hasto be definedonly approximatelythe boundaryconditionsmay
be significantlymorerestrictive; for example,it is oftennecessary
to join several surfacesalongtheir boundaries Boundarysubdvi-
sion rulesimmediatelyleadto the rulesfor sharpcreases.Using
thetechniqueslescribedn [3], onecanalsogeneratesoft creases
usingessentiallythe samerules.

In additionto specifyingtheboundaryor creaseurwes,it is often
desirableto specifythe tangentplaneson the boundary Existing
subdvision schemeslo not allow oneto controlthe tangentplane
behaior.

Thegoalof this paperis to presentwo completesetsof subdvi-
sionrulesfor enerating)iecervise-smoothcl-continuousalmost
everywhereC< subdvision surfaces,with tangentplane control.
Ourrulesextendthewell-known subdvision Catmull-Clark[2]and
Loop [8] subdiision schemesA completeCl-continuity analysis
of our schemeswill be presenteclsavhere[17]. Our rulesallow
modelingsurfaceswith piecavise-smoottboundariegnddifferent
typesof cornerverticesandprescribechormalson ontheboundary
or theinterior. At the sametime, only minimal changesareintro-
ducedto thebasicCatmull-ClarkandLoop algorithms(with crease
modificationsof [7] and[3]).

We use a uniform approachto derive the desiredsubdvision
rules,which canbe appliedto ary stationarysubdvision scheme.
In this paper we focuson the Loop and Catmull-Clarksubdvision
schemessschemes$aving thegreatespracticalimportance.
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2 PreviousWork

A numberof subdvision scheme$ave beenproposedver years
since Catmull and Clark introducedsubdvision surfacesin 1978
([2]). We referthereaderto a moredetailedsuney of subdvision
in [1].

Theoreticalanalysisof subdvision ruleswasperformedin [13,
12,6, 14, 16]. Most theoreticalwork hasfocusedon subdvision
of closedsurfaces;almostall theoreticalanalysisrelieson the ro-
tationalsymmetryof the subdvision rulesandappliesonly to the
interior rules. A noteableexceptionis thework of Schweitzef14]
andtherecentwork of Levin.

Subdvision rules for Doo-Sabindual subdvision surfacesfor
theboundarywerediscussedby Doo [4] andNasri[9, 10], but only
partialtheoreticahnalysiswasperformed.

Ourwork builds onthework of Hoppeetal. [7] andpartially on
theideasof Nasri[11].

To the bestof our knowledge,the subdvision rulesproposedn
work [7] arethe only onesthat resultin provably C1-continuous
surfaces(the analysiscanbe foundin Schweitze{14]). However,
theserulessufer from two problems:

—theshapeof theboundaryof thegeneratedurfacedependsn
the controlpointsin theinterior;

—only onerulefor cornerds defined whichworkswell for con-
vex cornersbut doesnot work well for concae corners(seeSec-
tion 4).

StandardCatmull-Clark rules, when appliedto the boundary
suffer from the sameproblems.

Recentlya generalizatiorof Catmull-ClarkandDoo-Sabirsub-
division rulesthat containsNURBS as a subsetwas proposecby
Sederbay etal. [15]. While including NURBS patchesasa spe-
cial caseis importantfor applicationsthat requireuseof existing
NURBS models,it comesat a price: the compleity of the algo-
rithms is increasedand the behaior of the surface nearthe ex-
traordinarypoints becomedifficult to analyzeand predict. The
smoothcreaseeffects that are obtainedby manipulatingNURBS
weightsfor subdvision surfacescanbe achiezed withoutintroduc-
ing nonuniformknot spacingusingan eleganttechniqueproposed
by DeRoseetal. [3].

3 Piecewise-smootisurfacesand subdivision

Piecewisesmooth surfaces. In orderto derive subdvision rules
we needto describemore preciselythe type of the surfacesthat
we wish to model. We have chosena classof piecavise smooth
surfaces This is the classof surfacesthatincludes,for example,
quadrilaterafree-formpatchesandothercommonmodelingprim-
itives. At the sametime, we have excludedfrom consideratiorsur
faceswith varioustypesof singularities.

Herewe give aninformal descriptionof piecavise-smoothsur
faces;more mathematicatletailscanbe foundin [17]. To define
this class,we start with smoothsurfacesthat have a piecavise-
smoothboundary For simplicity, assumehat our surfacesdo not
have self-intersections Recallthat for closedC!-continuoussur
faceM in R® eachpoint hasa neighborhoodhat canbe smoothly
deformednto anopenplanardisk D.

A surfacewith a smoothboundaryis definedin a similar way,
but the neighborhoodsf pointson the boundarycanbe smoothly
deformedinto a half-disk H, with closedboundary To definea
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Figurel: Thechartsfor asurfacewith piecavise smoothboundary

surfacewith piecevise smoothboundarieswe introducetwo addi-
tional typesof local charts:concae andcorvex cornercharts, Qs
andQ, (Figure1). Thus,aCl-continuoussurfacewith piecavise
smoothboundarylocally looks like one of the domainsD, H, Q1
andQs.

Piecavise-smoothsurfacesare the surfacesthat can be con-
structedout of surfaceswith piecavise smoothboundariegoined
together

If the resulting surfaceis not C1-continuousat the common
boundaryof two pieces,this commonboundaryis a crease. We
allow two adjacentsmoothsegmentsof a boundaryto be joined,
producinga creaseendingin a dart (cf. [7]). For dartverticesan
additionalchartQy is required;the surfaceneara dartcanbe de-
formedinto this chartsmoothlyeverywhereexceptatanopenedge
startingat the centerof the disk.

An importantobseration for constructingsubdvision rulesfor
theboundanyis thatthelasttwo cornertypesarenotequialent,that
is, thereis no smoothnondgenerate mapfrom Q; to Qs. It follows
from the theory of subdvision [18], that a single subdvision rule
cannotproducebothtypesof corners.In generalarny completeset
of subdvisionrulesshouldcontainseparateulesfor all charttypes.
Most, if notall, knovn schemesnisssomeof thenecessaryules.

4  Problemswith standard rules

In this sectionwe demonstrat¢he problemsthatoccurwhensome
commonrulesareused;it turnsout thatnot all piecavise-smooth
surfacescanbeadequatelyepresented.

Concave corners. Supposeave wish our surfaceto have concae
cornerat a vertex of the boundary;this often happensvhenone
would like to male asurfacewith ahole. In thiscaseijt is naturalto
arrangethe control pointsinto a concae configurationandexpect
the generatedurfaceto approximatehis configuration.However,
if the simplesttype of cornerrulesis used,suchasthe rulesde-
scribedin [7], it turnsoutthattheserulescangeneratenly corvex
cornerslf theinitial meshhasa concae corner therulesforcethe
surfaceto approachthe cornerfrom the outer corvex, side. The
surfacedevelopsafold (Figure2).

Boundary rules. It wasobseredby Hoppeetal.[7] thatthesur
faceis notsmoothat the extraordinaryverticesif thestandardules
areused.They proposea simplesolutionto this problem— a modi-
ficationof the coeficientsusedto computetheboundarycurve. An
undesirableonsequencef thisfactis thattheboundarycurveis no
longerindependentrom theinterior of the surface. After the mod-
ification, theboundarycurve dependon the numberof theinterior
verticesadjacento eachboundaryvertex. If two separateneshes
have identicalboundariesa gapbetweerthe meshesanappeams
aresultof subdvision (Figure10a).

If theoriginalrulesareretainedthesurfacedoesnothave awell-
definedtangeniplaneatthe point. Thisbecomesapparentvhenthe
boundaryat a point is twistedasshavn in Figure 10h However,
evenif thesmoothrulesof [7] areused thetwist persistsalthough
in thelimit the surfaceis formally smooth.Thereasorfor this can
be understoodhy examiningthe eigenstructuref the subdvision
matrix:

4.1 Subdivision matrix

Ourmethodfor constructingsubdvision rulesis basecn manipu-
lating the eigenstructuref the subdivisiormatrix; thisideacanbe
tracedbackto [5]. Consideravertex v of degreek, andlet p bethe
vectorof controlpointsin a neighborhooaf thevertex (Figure4).
Recallthatthe subdvision matrix Sis the matrix of subdvision
coeficientsrelatingthevectorof controlpointsp’ to the vectorof
control points p)** on a similar neighborhoodn the next subdi-
vision level. Supposehe size of the matrix is N. Propertiesof
subdvision are closelyrelatedto the structureof the matrix. This
is easyto seeif we decomposéhe vectorof control points p with
respecto theeigenbasigx™}, m=0..N — 1, of S, if oneexists:

p=ag +axt+a®+... (4.1)

Notethatthecoeficientsa in thisdecompositiorare3dvectors,
becauseis avectorof 3dcontrolpoints.Weassumehattheeigen-
vectorsx! arearrangedn the orderof nonincreasingeigevalues,
andthefirst eigewvaluelg is 1, which is requiredfor cornvergence
of subdvision. Subdviding the surfacel timesmeanghatthesub-
divisionmatrix is appliedto p | times:

S p=Ayap® +Ajapxd + Abap + - - (4.2)

If we furtherassumehatA; = A, = A andA > |Ag|, it canbeim-
mediatelyseenfrom this formulathatthe vectorof control points
p' in the neighborhoodf the vertex v can be approximatecby
agX® + N (agx! + ap). If a1 x & is not zero, all the control points

piJ arecloseto theplanepassinghroughag andspannedy vectors
a; anday. As| — o« thepositionsof all pointscorvergeto ag. This
meansthat to computethe limit positionfor a vertex, we simply
needto computeay andto computethetangentvectorswe needto
computen; anday. Thiscanbeachieredusingtheleft eigevectors
of S i.e. vectorsl', satisfying(l',x') = Land(l',x!) = 0if i # j.

Fromequation 4.2 we canseethatthetangentplaneof the sur
facecan be influencedby changingeigevectorsxt, x2 or 11, 12,
eigemvalueA, or alteringa; anday in someotherway.

5 Constructing subdivision rules

Bothfor obtainingtherulesfor cornersandmodificationof normals
we chooseaway in which we would lik e to modify the coeficients
a; anday.

Smoothboundary points. If we usestandard_oop subdvision
rulesnearthe boundary the resultingsurfaceis not tangentplane
continuous. The reasonfor this is that the tangentvector of the
boundarycurne correspondso the eigervalue 1/2 of the subdvi-

sion matrix which is not subdominant. To male the surfaceC*-

continuouswe canmodify the eigervaluesin suchaway that1/2
becomessubdominant.This canbe achieved by scalingall coef-
ficientsa; correspondingo eigevaluesdifferentfrom 1, 1/2 and
thefirst subdominanvalueby a suficiently smallfactor Thereare
mary waysto accomplishthis; we choosea way thatleadsto the
simplestsubdvisionrules.

Corners. For both concae andconvex cornersthe tangentvec-
torsto the boundarycurves meetingat the cornerdo not coincide.
If thesurfaceis smooth this meanghatthetangenplaneto thesur

faceis completelydefinedby the boundarycurves. Therefore the
eigevaluescorrespondingo thetwo tangentvectorsof thebound-
ary have to be subdominantlf we usestandardulesfor endpoint-
interpolatingspline on the boundary we just have to ensurethat
1/2 is the subdominankigetvalue, becauseboth both eigervec-
torsdefiningrulesfor computingthetangent®ntheboundaryhave
eigevaluel/2.
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Figure2: Upperrow: behaior of a subdvision surfacewhenrulesof [7] areappliedneara cornerof the controlmesh.As the cornerof the
controlmeshis moved, the surfacedevelopsa fold. Lower row: our concae cornerrulesrulesappliedto the samemeshhave the inverse
behaior; whenthe corneris corvex, asmallfold develops(notvisible in the picture),andthe meshhasthe mostnaturalconfigurationfor a

concae corner

Normal modification. If anormaln is prescribedatavertex (in-
ternalor crease)we needo modify a; anday in suchawaythatthe
crossproducta; x ay pointsalongthenormal. Thiscanbeachiered
if we replaces; i = 1,2 with & — n(a;,n), eliminatingthe compo-
nentsof the tangentvectorsalongthe normal. Using the factthat
a = (l;, p), we canseethatthis modificationcanbe regardedasa

specialtype of subdiision rules.?

6 Subdivision rules

In this sectionwe describethe subdvision rulesthat we have de-
rivedfollowing the ideasof the previous section.More detailscan
befoundin [17].

6.1 Taggedmeshes

We useatagged meshto defineour rules. Therearethreetypesof
tags,oneassociateavith edgesanotherwith verticesandthe last
with edge-ertex pairs.

e edee tagsindicatethatthe subdvision surfaceshouldhave a
creaseaatthis edge,wetagall theboundaryedgesascreases.

e vertex tags label verticesas smoothcrease/boundargr cor
ner

e edge-vert tags givesthe type of the corner(convex or con-
cave) thesurfaceshouldhave asit approachethevertex from
the direction of the edge; edge-ertex tagscan be assigned
only to edgeswithout edgetags.

The edge-ertex tagsareusedonly for edgesthathave a single
endpointon a crease If we considera vertex with atleastonead-
jacenttaggededge all incidentedgesanbe separateéhto sectors.
Theedge-ertex tagsin eachsector(Figure5) areidentical.

Note the differencebetweenour systemof taggingandthe one
presentedh [7]: becausave have differentcornertypesit is neces-
saryto tagedge-ertex pairs,ratherthanmeshverticesthemseles.

1Therulesderived from theseconditionsareno longerappliedto each
coordinateof the control points separatelyrather the whole 3d vectoris
required. The coeficients of subdvision in this caseare matricesrather
thanscalars

For triangularmeshegqLoop subdvision) we definetwo types
of rules: edge rules that are appliedto computepositionsof new
controlpointsaddedat eachsubdvision step,andvertex rulesthat
areappliedto computecontrolpointsfor verticesalreadypresentn
themesh.Therearethreevertex rules:interior smooth creaseand
corner;therearefive edgerules: smooth,creasecreaseneighbor
convex cornerneighborandconcae cornemeighbor Thelastfour
typesapplyto verticesthatareinsertednext to a creasevertex, but
arenot creaseverticesthemseles(Figure6).

For quadrilaterameshegCatmull-Clarksubdvision)in addition
to theedgeandvertex ruleswe needto useonemorerule to insert
controlpointsinto faces.

For anarbitrarypolygonalmesh,we assumehateitherfacetri-
angulationor standardCatmull-Clarkrulesareusedto convertit to
a triangularor a quadrilaterameshrespectiely. This solutionis
notentirelysatisactory Furtherinvestigationis requiredto choose
thebesttop-level rules.

Choosingsubdivision rules. To computefacepointson quadri-
lateral mesheswe always usethe standardCatmull-Clarkrules.
Theprocedurdor choosingheedgeandvertex subdvisionrulesis
identicalfor bothschemes.

To determinethe vertex rule it is sufficient to look at the vertex
tag. If thevertex istaggedasboundaryor creasethestandardpline
rule is applied;if it is taggedasa cornervertex, thenwe usethe
interpolatingrule: thecontrolpointonsubdvisionlevel j coincides
with thecontrolpointon subdvision level j — 1.

To determinethe edgerule for a newly insertedvertex, we need
to examinethe edgeon which it wasinserted. For a creasesdge,
we alwaysusethe creasesubdvision rule. Otherwise we needto
know thetagsof the surroundingvertices.

Letv; andv, betheendpointof theedgee.

o If noedge-ertex tagsarepresentandbothverticesareinte-
rior, we usethe smoothedgerule.

o |f notagsarepresentandoneof theverticesvy, v, is abound-
ary vertex, we usethe creaseneighborule.

o [f asinglevertex hasavertex-edgetag,we usecornvex or con-
cave cornerneighborrule, dependingnthetag.



Figure3: A surfacewith atwist (in thelower left partof theimage)

Figure4: Similarneighborhoodsf avertex of degreek ondifferent
subdvision levels. The subdvision matrix S relatesthe vector of

control points p! = [pé, p(j),... pli] to the vectorof control points
onlevel j+1 pit+i,

concave @

concave | concave

Figureb: Edge-ertex tags.If severaltaggededgesneetatavertex,
all non-creasedgesin eachsectorbetweentaggededgesreceve
eitherconvex or concae tag. Notethatthetagdoesnotnecessarily
correspondo the convexity or concaity of the configurationof
vertices.Concae tagson sectorof sizel arenotallowed.

crease neighbors
crease

Figure6: We call verticesinsertedon the edgeswith a singleend-
point on the creasecreaseneighbos. If the endpointis a corner
vertex, correspondingneighborsarecalledconvex or concae cor-
nerneighborsdependingnthetypeof thesectorin whichthey are
located.

e |f bothverticeshave tags,or areon the boundarywe usethe
averageof therulesdeterminedor eachvertex.

Now we describevertex andedgerules. In the definition of the
creaseneighboredgeruleswe usethe creasedegree of the vertex
whichwe defineasthe numberof trianglesin thesectorthatwe are
considering.

6.2 Vertexrules

As we have mentionedabore, therearethreevertex rules:interior,
creasendcorner Theinteriorrulesfor bothschemesoincidewith
the standardCatmull-Clarkand Loop rulesrespectiely Figure7.
For both Loop andCatmull-Clarkschemesve usethe standardtu-
bic B-splinesubdvision rulesascreaseules(Figure9).

Interior smoothrule is also appliedto the dart vertices. Thus,
only smoothdartsareallowed.

6.3 EdgeRules

Thecreaseulesarethe standardcubic B-splinesubdvision rules.

Loop smooth interior

Catmull-Clark smooth interior

Figure7: Smoothinteriorvertex rulesfor thetriangularandquadri-
lateral schemestheseare the standardLoop and Catmull-Clark
subdvision rules. For the Loop scheme 3 canbe chosento be
3/8k, wherek is thedegree for k > 3. For k= 3,  canbetakento

be 3/16. For the Catmull-Clarkschemep = 3, andy(8) = .
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Figure 8: Edgerulesfor the triangularand quadrilateralschemes
(before flathessand normal modification); smoothrules are the
standardLoop and Catmull-Clark subdvision rules. Rules for
creaseand cornerneighborsusedifferenty dependingon the rule

type.
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Figure9: Subdvision rulesfor smoothcreaseverticesfor bothtri-
angularand quadrilateralschemes. Theserules always coincide
with the cubic B-spline subdvision. Cornerverticesare interpo-
lated.

We choosecreaseneighbor concae cornerneighborand con-
vex cornerneighborrulesin a uniform way. While the rulescan
be appliedin a single step,it is corvenientto separatéheminto
two parts:initial calculationusingthe Loop or Catmull-Clarksten-
cil, andsubsequenmodificationto ensureC!-continuityor improve
corvergenceto thetangenplane.

The stencilthat we useon the first stepis almostidentical to
the standardrules; the only differenceis a nev parametery(6)
(Figure8). For the Loop schemey(6) = 1/2— 1/4cosB; For the
Catmull-Clarkschemeywe usey = 3/8— 1/4cosb. For a vertex of
creasedegreek, we have choserthe following valuesof 6, which
resultin the best-shapetimit configurationf control points(see
[17] for details):

e 0= a/kfor corvex cornerswherea is theanglebetweerthe
creaseedgegmeetingatthecorner

e 0= T1/k = 6 for smoothcreaserertices.
e 0= (1—a)/k for concae cornervertices.
As the secondstep,we modify the positionsof control points

usingthe following generalrule parameterizedby a parameters,
(theflatnesparamete}:

k
_ _ "
pltt =1—9) (P 45T (19 +1ExE+1253) phy
( )neN < )old n;o m m m
(Loop)

( '+1) ( '+1) K 0py0 | 11pyl | 12py2y i+l
p! =(1-s)(p +5'Y (IFPX 4+ 15Px + 15Px%) pm
new old ngo m m m

k=1 _
+sy (1990 4 1301 11 202) gl (Catmull-Clark)
=0

(6.1)

wherel911, 12, X0, x!, x2 are the eigevectorsgiven in Ap-
pendix A. As a result of this modification, all eigevalues of

the subdvision matrix are scaledby the factor 1 — s, exclud-
ing In the extreme case,whens = 1, the control points are im-
mediatelyprojectedto the tangentplane. The flatnessparame-
ter can be usedeither as a modelingparameteror chosento be
1-1/4(y+1/4cos28) for both schemeshis valueis optimalin
a sensehatthe resultingschemehasboundedcunaturevariation;
for largervaluesof sthe cunatureis unboundedfor smallervalues
itisO.

For corvex and smoothboundaryrules, the value of s canbe
arbitrarybetweerD and1. To ensureC! continuitya constrainhas
to beimposedonthe parametes:

Creaseand corvex corner neighbor rules. If we uses=10
for the smoothcreasevertices,which resultsin the simplestsub-
division rules (the modificationstepis absent) thenformally C1-
continuoussurfacesare visually indistinguishablefrom non-C2-
continuouspbtainedby applyingstandard_oop or Catmull-Clark
edgerules. This was previously obseredin [3]. The absenceof
tangentplanecontinuity canonly be seenfor mesheswith a twist
on the boundary(Figure 3), and mary subdvision stepsare re-
quired beforethe differencebetweenthe non-smoothand smooth
rulesbecomespparentHowever, in applicationsn which numer
ical, ratherthanjust visual, continuity of the normalis desired,it
is still preferableto usethe smoothrules, even with s= 0. For
example,we have obsered thatin contourline calculationsbet-
ter resultsare achieved if the smoothrulesareused. Finally, if a
smoothertransitionis desiredat the twist points, parametes can
be usedto increasehe speedat which the surfacecorvergesto the
tangenfplane.

Concave corner neighbor rules. Recallthattheserulesareap-
pliedto insertcontrolpointson nontaggeedgesadjacento acon-
cave cornervertex. Thisis the only casewhenusingnon-zeros is
requiredfor obtainingC1-continuoussurfacestheconditiononsis
(1—5s)(2+cosBy —cosB) < 2.

6.4 Normal control

As it wasexplainedin section5, the subdvision rulescanbe ad-
justedto producesurfaceswith prescribechormals.Supposever
tex v of degreek (or creasedayreek, if it is a creasevertex) hasa
prescribechormal. The subdvision rulesproducingthe desiredef-
fectcanbebestdefinedn two stepsjn away similarto therulesfor
creaseneighborvertices. For aninterior vertex v, the only control
pointswhosepositionsneedto be modified arethe control points
pi’, i =0,...k— 1, immediatelyadjacento v. The modificationis
performedusingthefollowing rules:

) . k .
pl+t =(p*)  —sn § (19 +1ExE+12:3) (pi )
( ) new ( )old HZO m m m
(Loop)

K
, . i+1
(le) new (le)oId_mngo((lr%pXO-F|r%pX1+|r2an2)pgn+ ,n)

k-1 .
+n'y (19950 + 129t +129%2) (gt n)  (Catmull-Clark)
m=0

(6.2)

This modificationis similarto the modificationsdescribedn the
previous section. The parametes determineow fastthe normal
corvergesto the prescribedimit position. If s= 1, afteronestep
of subdiision the normalcomputecusingstandarctoeficients!l,
12, coincideswith the prescribediormal.



Onecanobsere thatthe modificationmovesthe pointstowards
a planeperpendiculato the normal. Our analysisshaws that the
limit positionfor the vertex v remainsunchangedif no normalis
prescribedor adjacenvertices.If thenormalsaremodifiedonthe
boundarythe boundarycunesremainB-splines but with different
controlpoints.

If the normalsareprescribedor two endpointof anedgee, on
thefirst subdvision stepwe take the averageof the two modifica-
tions for edgevertex insertedon e. On subsequenstepsno two
verticeswith prescribedhormalsshareanedge.

7 Results

A complex cornervertex with two differenttypesof cornersmeet-
ing is shawn in Figure12a.Figure12bshavs a planewith aninte-
rior andboundarynormalsmodified. The resultsof prescribinghe
normalson the boundaryof a surfaceareshavn in Figure13 and
Figurel4for theLoop andCatmull-Clarksurfaces.

8 Conclusionand Future Work

We have presented simple modificationof the two mostpopular
subdvision schemeghat improves the behaior of the generated
surfaceson theboundaryandcreasesndprovidesadditionalcon-
trols for surfacemodeling.

While the classof surfacesthat wasconsideredn the paperis
quite generaland sufiicient for most purposeswe have excluded
mary typesof surfacesingularitiesvhich might be usefulfor mod-
eling purposes.It would be usefulto explore which singularities
areusefulfor modelingpurposeandconstructsubdvision rulesto
createsuchsingularities.
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A Coefficientsfor left and right subdominant
eigervectors

Herewellist thecoeficientsrequiredto computetherulesdescribed
in the paper Recallthatthe subscriptc denoteghe centeralvertex
of aring of vertices,and p; arethe controlpointsin thatring.

For both schemesand all rulesthe right eigevector x! hasall
entriesequalto 1.

Loop scheme.

e Interiorvertex of degreek. In all cases = 0..k— 1:

0_ 1 o_ (8/3B
CT 11 (8k/3B " 1+(8k/3)B

xt=xt=I1t=12=0

Xt = cos2ify, X = sin2i6y

It= écosZiek,liz = ésinZin

e Smoothcreasevertex of creasadegreek. In this andthe next
casecase variesfrom 0 to k.

19=2/3,19=12=1/6,1°=0,fori=1...k—1



Figure10: Behavior of subdvision rulesnearextraordinarypointson the boundary a-h Applicationof therulesof [7] createsa gapin the
mesh.With ourrulesno gapis createdc. Detail of themesh:bothrulesof [7] andunmodifiedrulesresultin atwist in thesurface.

Figurell: Thisfigureshavstheresultof applyingourrulesto agenerat@concae corner Resultdor severalvaluesof theflathesparameter
areshavn. Thefirstimagecorrespondso s= 0. i.e. to aschemelmostidenticalto [7].

Figure12: a: An interior cornervertex with two corvex cornersanda concae cornermeeting.b: modificationof normalsto a planeatan
interioranda boundarypoint.



Figure13: Modificationof normalsfor theLoop schemetheoriginalmeshis anicosahedronLeft: all normalspointingup. Middle: Normals
horizontal.Bottom: all normalspointingdown.

Figure14: Modificationof normalsfor the Catmull-Clarkschemeleft: all normalspointingup. Middle: no normalmodification.Right: all
normalshorizontal.



Fork=1,
2 12
1_¢ 12 2 _ _
X _[35 313]1 X [1701 1]
1 1 1 1
1_= _12 2_1Z0_Z=
I _[2’ 1a2}7 I [2707 2]a

otherwised =xZ=11=0,

X = cosify, x? = sinify

t=1/21t=-1/2, I1=0

12 = = sini@y
, where
(1+ cosby) _%-a
2 3(3 — Jcosy)  cod
2712
_ sinBy
" 1—coshy

- cosk—zZ SinBy
3~ Cosl — cosBy

{ = arccogcosBy — 1)

e Corvex/concae cornervertex of creasalegreek andwith rule
parameteB # 6y:

19=1,19=0,k=0...k

1 sini® 5 sin(k—i)6
sinke”™ = “sinke
1l=—1 1l=0i=1..k-1

=0...k

S
Il

24N
Il

o

2
Il

AN R
I
([N

2=-1 12=0,i=1...k—1

Catmull-Clark scheme
e Interiorvertex of degreek. i variesfromOtok — 1.
o= K o4 jo_ 1
€7 k+5 P k(k+5)" 97 k(k+5)
=R =1l =12=0
Xp; = COS2i6), X5; = Sin2ify

1 . .
Xgi = a7 (008200 +cos2(i +1)8)

XGi = Sin2iBy 4)\71_1 (cos2i0y +cos2(i + 1)8y)

whereA = 5/16+ 1/16c0s26y + cosBy+/2(9+ c0s26y).

e Smoothcreasevertex of creasalegreek; in this andthe next
case| variesfrom 0O to k for edgecomponents%j andfrom

0to k— 1 for facecomponents.
If k> 1,

X =0, Xb=siniB, xg;=-Sinify+sin(i+ 1)
,if k=1x!=[1/18-1/9,-1/9,-5/18.
Fork> 1,
I3 =1} = —R(142cos8y) 11 =4R(—1+cosBy)

1 Asini6
PI™ (34 cosBy )k

1 _ Sini6g+sin(i+ 1)6

I3 =
fi (34 cosBy )k
_ cosB+1
whereR = sinek(3+kcosek)k
Fork=1,11=[6,—3,—3,0]
Ifk>1,

X6 =0, X5 =cosif, Xg;=COS6+cogi+1)6

,if k=1x1=[0,—-1/2,1/2,0].

1£=0,150="1/2,15, = —1/2
fork=1,12=1[0,—1,1,0]

e Cornvex/concae cornervertex of creasalegreek andwith rule
parameteB # 6y

Left eigevectorsarethesameasfor Loop, with zeroesvery-
whereexceptlc, lg andly. Theright eigervectorsare

1_2_ 1 Sini6 ;  (4A-1)sinke

(4\ — 1) sinkd
(sin(k—i)0+sin(k—i—1)0)

Xpi = sin(k—1i)6sink®, xg; =



