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ABSTRACT

It is generallyassumedhat hashingis essentiato many algorithmsrelatedto efficient
compilation;e.g.,symboltableformationandmaintenancegrammammanipulation pasic
block optimization,and global optimization. This paperquestionghis assumptionand
initiatesdevelopmenbf an efficientalternativecompilermethodologywithout hashingor
sorting. Underlying this methodologyare several generic algorithmic tools, among
which specialimportances givento Multiset Discrimination, which partitionsa multiset
into blocks of duplicateelements.We show how multisetdiscrimination,togetherwith

othertools, canbe tailoredto rid compilationof hashingwithout lossin asymptoticper-
formance Becausef the simplicity of thesetools,our resultsmay be of practicalaswell

as theoreticalinterest. The various applicationspresentecculminatewith a new algo-
rithm to solveiteratedstrengthreductionfolded with uselessodeeliminationthatrunsin

worst caseasymptotictime and auxiliary space®(|L |+|L* |), where [L | and |L* |

representhe lengthsof the initial and optimized programsrespectively. The previous
best solution due to Cocke and KennedytakesQ(|L |3|L* |) hashoperationsin the
worstcase.

Categoriesand SubjectDescriptors: D3.4 [ProgrammingLanguages]Processors- Compilers, Optimiza-
tion, Parsing, Preprocessors; E.1 [Data Structures} graphs, lists, trees; F2.2[Analysis of Algorithmsand
ProblemComplexity]: NonnumericalAlgorithmsandProblems- Sorting and searching

GeneralTerms: Algorithms,LanguagesTheory

Additional Key Words and Phrases:hashing multisetdiscrimination,symboltables,left factoring, value
numbersacyclic coarsespartition, sequenceongruencereductionin strength

1. Introduction.

An importantpracticalandtheoreticalquestionin ComputerScienceis whethertherearealgorithms
whoseworst caseperformancecan matchthe expectedperformanceof solutionsthat utilize hashing. In

the contextof this broaderquestion,we initiate an investigationof efficient compilationwithout hashing
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and,consequentlyraisesomedoubtsaboutthe prevailingview thathashing(e.g.,universalhashing[6])is
essentiato the variousaspectf compilationfrom symboltable managemeni?] to reductionin strength

by hashedemporarieg7].

Aho, Sethi,andUliman [2] presenbnly two datastructuredor storingsymboltables- alinearlinked
list with linear searchtime and a hashtable. They also proposethesetwo datastructuresfor methodsto
turn anexpressiorireeinto a dagandthe moregenerabasicblock optimizationof valuenumberingHash-
ing is involved in preprocessingor global optimizationsto perform constantpropagation[26], global
redundantodeelimination[4], andcodemotion[9]. The bestmethodsof strengthreduction[3, 7] rely on

hashedemporariego obtainpracticalimplementations.

Thereareseverakeasonsvhy hashings usedin theseapplications.HashinghasO(1) expectedime
performanceandlinearauxiliary space. The methodof UniversalHashing,dueto CarterandWegman6],
is especiallydesirable,sincethe expectedO(1) time is independentf the input distribution. Universal
hashingis well suitedto applicationssuchas compilation,wherethe hashtablesdo not persistbeyonda
single compilationrun. In the applicationsmentionedabove hashingleadsto simple on-line algorithms
supportingimmediatestorage/access.Consequentlyyarious phasesof compilation can be carried out

incrementallywith few passesndwith goodspaceutilization.

However, liberal use of hashingincurs certaincosts. Even discountingthe costsof collisions and
rehashingthe calculationof a singlehashoperationsay((ax + b) mod N) mod m for input x andconstants
a, b belongingto {0, ..., N}, is muchgreaterthatthe costof an array or pointeraccess. Mairsonproved
that for any 'minimal’ classof universalhashfunctionsthereexistsa badinput seton which everyhash
functionwill not performmuchbetterthanbinary search[15]. The slow speedof SETL, observedn the
SETL implementedADA-ED compiler,hasbeenattributedto an overuseof hashing23]. And a hashtable
implementationinvolving an array twice the size of the datasetis anothercost. Arrays lack the benefits
offeredby linked lists - namely,easydynamicallocation,dynamicmaintenanceandeasyintegrationwith
otherdatastructures.Finally, althoughon-line algorithmsare vital to incrementalcompilation,batchpro-

cessingmnay otherwisesuffice.



In this paperwe showthatall of the hashedmplementation®f applicationanentionedabovecanbe

replacedby algorithmswith matchingor superiorworst caseperformance. This is achievedby using

severalsimplealgorithmictools (that excludesorting),the mostimportantof which is multisetdiscrimina-

tion; i.e., finding all duplicatevaluesin a multiset. Multiset discriminationis discussedor varioustypesof

elementdncluding pointers,strings,numericconstantssubtreesand dags. In this paperit is adaptedo

solvethefollowing problems.

(i)

(ii)

(i)

(iv)

(v)

(Vi)

Array or list-basedllllll tablescan be formed during lexical scanningwith unit-time curseror

pointerstorage/access.

Many grammartransformationgan be implementecdefficiently usingmultisetstring discrimination.
In this paperwe exhibit a new linear time left factoring transformation. Simpler forms of this
'heuristic’ transformatiorwerepreviouslystudiedby Stearng22] andothers(seealso[2, 14]) to turn

non-LL contextfreegrammarsgnto LL grammars.

An expressiontree-to-dagtransformationis implementedwithout hashingin a simpler way than
beforeandin lineartime andspace. The numerousapplicationancludeonein which any linear pat-
tern matchingalgorithm (e.g.,[11]) can be turnedinto an efficient nonlinearmatchingalgorithm,

whereeachequalitychecktakesunit-time.

A new hash-freebasicblock optimizationby valuenumbering[2, 8] is given,which leadsto a faster
solution to the program equivalenceproblem usedin integrationby Yang, Horwitz, and Reps

[27,28].

Although the main partsof algorithmsfor global constantpropagationf26], global commonsubex-
pressiordetection4], andcodemotion[9] do notusehashingthe preprocessingortionsfor eachof
thesealgorithmsdo. Suchhashingcan be eliminatedwithout penaltyby efficient constructionand

maintenancef thesymboltable.

We regardthe strengthreductiontransformatiorpresentedy CockeandKennedy[7] to bethe most
practicalreductionin strengthalgorithmpublishedn theliterature. Althoughthetransformatiordue
to Allen, Cocke,and Kennedy][3] is more powerful (sinceit canreducemultivariate products)and

analyzescontrol flow more deeply, this algorithm can degradeperformanceby introducingfar too



many sumsin order to remove nestsof products(as was shownin [16]). Although Knoop and

Steffen’sapproacH13] is moregeneraljt is alsomoreexpensivao implement.

We solve three progressivelymore complex versionsof the Cocke and Kennedy transformation
without hashingandwith superiorworstcasetime andspacethanthe expectederformancen previ-

oushash-basedolutions[7]. In particular,analgorithmis presentedo solveiteratedstrengthreduc-
tion folded with uselessodeeliminationin worst caseasymptotictime andauxiliary spacdinearin

themaximumtextlengthof theinitial andoptimizedprograms.

2. Partial Tool Kit for Algorithm DesignWithout Hashing

There are many simple combinatorialproblemsfor which hashingseemdlike the natural,perhaps

only, way to obtainanefficientsolution. Theseincludesuchbasiccomputationss:

(i)  setunion,difference,andintersection;

(i)  multisetstringdiscrimination;i.e., finding all duplicatesn a multisetof strings;

(i) computing{[j,c]: [i,c]OSjOT}

Althoughhashingmay seemlike a panaceait doesincur costs,andwe shouldnot overlookthe manycon-
textsin which the precedingcomputationganbe solvedby an efficienthash-freeapproach.

In [17] a different more generaldiscussiorof principlesunderlyinghash-freealgorithmsfor simple
setoperationds presented.Below we discussa few sharpertechniqueswith a focuson multisetdiscrimi-
nation. Unlessotherwisestated throughoutthis paperwe will assumethat setsand multisetsare imple-

mentedaslinked lists.

2.1. Multiset Discrimination of Pointers

We usethefollowing notationfor pointermanipulation. If variablex containsa pointerto variabley,

expressiorderef (x) retrievesthevaluestoredin y, andref (x) is a pointerto thevaluestoredin x.

Considera multisetM of pointersto elementdn asetS For eachelement(i.e., symbolicaddressk
in M, we wantto computethe setf (deref (x)) of pointersto all elementsn M with the samevalueasx.

(Note herethatderef (x) is the valueof the elementin Sthatx pointsto.) Assumethat f (deref (x)) is ini-



tially empty. MultisetM canbe partitionedinto blocksof duplicateausingthefollowing simpleprocedure

F={ -- F will bethe setunderlyingM
(for xO M) -- linearsearchthroughM
if f (deref (x)) =nil then
F=FO{x}
endif
f (deref (x)) :=f (deref (x)) O {ref (x)} --ref (x) is apointerto elementx containedn M
end

2.2. Multiset Discrimination of Strings

Solving multiset discriminationof stringsis slightly more complicated. Let M be a multisetof n
variable-lengthstringsover a k-symbolalphabetz = {1, ..., k}. Assumefor conveniencehateachstring

endswith a sentinelsymbolO.

Startingwith aninitial partition P containingonly oneblock M, we cansolvethis problemby repeat-
edly splitting blocksof P until all the duplicatesn M arefound. For eachstrings we implementa current
position wherethe current symbol for sis stored.Initially the currentsymbolfor eachstringis the symbol
in its first position. A block is a setof pointersto stringsin M. Oncewe know that a block containsall
duplicatestringswe saythat the block is finished; otherwise,we say the block is unfinished. Partition P
containstwo parts- a setof unfinishedblocksinitially containingthe singleblock M, anda setof finished
blocksinitially empty.

A partition refinementof P can be implementedusing a primitive operationsplit(B) that replaces
block B by new blocks, eachcontainingpointersto stringsof B with the samecurrentsymbol. The tech-
nigueimplementsa variantof multisetdiscriminationof pointersthatmakesuseof anarrayof k + 1 buck-
ets, wherethe i-th bucketcontainsthe new block with currentsymboli. Any new block foundin the 0
bucketor containingonly one pointerto a string s finished;otherwiseit is unfinished. During execution
of split(B), the currentpositionis incrementedn eachstring belongingto a new unfinishedblock. It is
easyto implementsplit(B) in time O (|B |) andspaceO (|B | + k).

We canalsoimplementsplit (B) exclusivelywith lists andlist processing.For eachsymboli =0, 1,
..., k form a speciallist calledthe i-list with no elements. Stringsare representedslists of pointersto i-

lists. Bucketscanthenbe formedusingthesei-lists insteadof arrays,and multisetdiscriminationcan be



solvedfor pointersasin the precedingsubsection.
Thefollowing algorithmmakesuseof split (B) to solvemultisetdiscriminationof strings:

1.  Formtheinitial partitionP = {M}.

2.  RepeatStep3 until all of theblocksin P arefinished.

3.  Scanthesetof unfinishedblocks,andreplaceeachsuchblock B in P by split (B).

Thealgorithmrunsin O (m') time andO (n+k) spacewherem’ is thetotal lengthof the prefixesneededo
distinguishthe stringsin M. Both the theoreticaltime boundsand the simplicity of the implementation

makeit superiorto lexicographicsortingfor solvingmultisetdiscrimination.

Previously,the lexicographicsortingalgorithmfound in Aho, Hopcroft,andUllman’s book [1] was
usedto solve congruenceclosure[10] andalsotreeisomorphism1]. Both theseproblemscanbe solved
moresimply by our solutionsto multisetdiscriminationof strings. Their sortingalgorithmhasthetheoreti-
cal disadvantagef an ©(m+k) complexityin time and auxiliary spacewherem is the total length of all

stringsin M. Theiralgorithmalsohasthe practicaldisadvantagef a complexmulti-passmplementation.

Thearray-basedersionof multisetdiscriminationof stringswasusedearlierby PaigeandTarjanto
obtainimprovedsolutionsto lexicographicsorting[18] and DFA minimizationfor one symbolalphabets
[19]. Theimplementatiorthatusespurelist processingvithout arrayshasthe advantagesf easiermemory
managementBoth implementationsare simple,and involve one passthroughthe prefixesof the strings.

Consequentlypur proposedapplicationamay be practical.

2.3. Multiset Discrimination of Numeric Constants

Multiset discriminationof numericconstant€anbe solvedby treatingtheseconstantasstringsover
a k-bit alphabetfor arbitrary k. By treatingcharacterstringsas bit strings,we canalsovary k to obtain

space/timdradeoffsin solvingstringdiscrimination(see[18]).

3. Applications



3.1. mmmboTables

Multiset discriminationof stringscanbe useddirectly to implementa two-pasdexical scanner.First
the string is scannedo producetokensandinitial pointersto symboltable entries.The symboltableis a
multisetof lexemes(implementedasa doublylinked list). An additionalpassis neededo removeredun-
dantentries,andredirectpointers(the lexical values)to distinctentriesin the modifiedtable. The perfor-
manceis linear time and spacein the length of the input string. Consequentlyparsingand semantic
analysiscan proceedwithout hashing,sincetheseprocessesan storeand accesshe symboltable using
pointers. This approachsupportsthe scoperule of block-structuredanguagesonvenientlyif we imple-

menteachsymboltableentryasa stackof pointersto records.

A symboltableis alsousedin macroexpansion.For example the hygienic macroexpansioralgo-
rithm reportedin [CR90] frequentlyperformsthe the following operations(1) replaceall occurrencesf a
boundvariablein its binding scopeby a freshidentifier; (2) paint an expansionj.e., replaceeachnewly
introducedidentifierd in anexpansiorby a freshidentifier sharingthe samesymboltableentry with d; (3)
storea macrodefinition togetherwith the defining environmentinto the symboltable (so that reference
transparencganbe achievedj.e., whena macrois expandedidentifiersarereferencedvith respecto the
defining environmentinsteadof the using environment.) Although [CR90] assumeg) (1) time on each
environmentoperation, straightforwardimplementationbasedon their definition would require linear
searchof lists thatcanbe aslong asthe input text. We suggesthe following more efficientimplementa-

tion.

Let table(x) representhe symboltableentryfor identifierx. Recallthatx is representedby a pointer
to table(x), which is implementedasa stackof pointersto records. In our approachstring substitutionis
very simple:to replacex by X' in its binding scope,we just pusha pointerto a new recordrepresenting’
into table(x), and pop it from table(x) when exiting from the binding scope. The costis O(1) time
independenbf the numberof occurrence®f x to be replaced. To paint an expansionwe replaceeach
newly introducedidentifierd by a pointerd’ to a freshsymboltableentry,andpushthetop of table(d) into
table(d’). Finally, to achievereferencdaransparencywe simply painteachmacrodefinitionbeforestoring

it in thesymboltable.



3.2. FastLeft Factoring

Left factoring is a contextfree grammartransformationinvestigatedby Stearns[22] and others
[2,14] asatool for turning non-LL grammarsnto LL grammars.They did not describeoptimal forms of
factoring or algorithmic details. We definea new classof factorable grammarsthat can be turnedinto
equivalentLL(1) grammarsdy applyingan ‘optimal’ sequencef left factoringtransformations.We show
how to find andapply this optimal sequencéo obtainan LL(1) grammarin lineartime with respecto the
numberof symboloccurrencedn the input grammar. The solutiondependsn multisetstring discrimina-

tion.

Before presentinghe factoringalgorithm, it is usefulto presentsometerminologyand notationfor
strings. The emptystringis denotedby A. If sis astring,thens; denoteghei-th symbolof s; theterms
is usedto denotethe substringof s from thei-th to the j-th symbol;s  is anabbreviatiorfor s _|s|. If i>],
thens ; equalsthe emptystring. Recallfrom previousdiscussiorthatif W is a setof stringsoveralphabet

>, thenfor currentsymbolin thefirst position,split(W) = {{ xOW |x,=a}: a0 | ((XOW |x,=a)}.

Definition: The longestcommonprefix of a nonemptysetof stringsW, denotedicp(W), is definedrecur-

sively accordingto thefollowing rule:

lcp(W) = if |W|= 1then (letW={x})
X
elseif|split(W)| > 1 then
A
else (sisthefirst symbolof everystringin W)
slep({ Xz, :xOW)
endif

We alsoneedterminologyandnotationfor contextfree grammars.Let G be a contextfree grammar

in which everynonterminakanderivea nonemptysentence.

Definition (see[2]): Two productionsA - a | B belongingto G form an LL(1) conflict iff oneof the fol-

lowing conditionsholds
(1) thereexistsaterminalsymbolt suchthata O * txandB O * ty;
(2) aoO*AandBO*A;

(3) a O* A, andthereexistsaterminalsymbolt suchthatp 00 * t x andstartsymbolSTO * wA ty.



Gissaidto beLL(1) if it hasnoLL(1) conflicts. We divide LL(1) conflictsinto two kinds:

(1) A factorable LL(1) conflict is a pair of productionsn — o 3 | a T suchthatlcp ({a,at})=a andn -

B|tisnotanLL(1) conflict.
(2) A nonfactorable LL(1) conflictisanLL(1) conflictthatis notfactorable.
G is saidto be a factorable grammaiif all of its conflictsarefactorable.

Definition (Left Factoring Transformation): Let ROG be a setof productionsA - a (3, i=l.nwithn>1
anda # A. If Cisanewnonterminainotin G, thenLF(G,R, a,C) is the setof productionghatresultsfrom

replacingR within G by theproductionsA — o CandC - 3, i=1,..n.

LEMMA 1. Grammar LF(G,R, 1,C) is equivalent to grammar G.

Proof Left factoringpreserveshe setof sentencesderivablefrom eachnonterminal.m

LEMMA 2. Nonfactorable conflicts cannot be eliminated by Left Factoring.

Proof Letn - a |p beanonfactorableonflictin grammarG, andconsiderG’' = LF(G,R, 1,C). If
R doesnot containeithern - a orn - 3, thenby Lemmal the nonfactorableconflictremainsin G'. If R
containshoth of theseproductionsthena =t a4, B =1 31, andG’ mustcontainthe nonfactorableconflict

C - Ay | B;. Finally,if n - a belongsto Rbutn - [ doesn’tthenG’ containsthe nonfactorableconflict

n-t1C|B =

A left factoringtransformatiorLF(G, R, 1,C) is safe if for eachproductionn - a in R, productionn

- B in G mustalsobelongto R whenevelicp ({a,B}) is nota prefix of T.

LEmmA 3. If Gisfactorable, then LF(G,R,a,C) isfactorable iff LF(G,R, a,C) is safe.

Proof Supposes’ = LF(G,R, 1,C) is not safe. Thenthereis a productionn - y a in R anda pro-
ductionn - y B notin Rin whichthelcp (ya,yB)=y is nota prefix of T. Hence,t mustbea properprefix of

y;i.e,y=1p. InthiscaseG containsnonfactorableonflictn . Tt C| 1 p .

Next, supposahatG’ = LF(G,R, 1,C) is safe. We showthatanyLL(1) conflictin G mustbe factor-

able. Any LL(1) conflictin G’ mustbe oneof thefollowing threekinds.

(1) (n - o|B, with nooccurrenceof C) This s factorable,sinceit mustbe a factorableLL(1) conflict
in G.

(2) (C - a|p) Theremustbea correspondindactorableLL(1) conflictn - t a | T B of G containedn

R. Hence,C - a |BisafactorableLL(1) conflictof G

-9-



(3) (n - 1 C|p B, with only oneoccurrenceof C) G mustcontainanLL(1) conflict formedfrom pro-

ductionn - p a, which belongsto R, andproductionn - p 3, which doesnot, with p=Icp (pa,pp).

SinceLF(G,R, 1,C) is safe,thenp mustbea prefixof 1. Hencen - 1 C|p Bisfactorable.m

THEOREM 1. If G isfactorable, then a finite number of successive applications of safe Left factoring
transformationswill yield an LL(1) grammar.

Proof Let the weight of G, denotedby w(G), be the sumof the lengthsof the longestcommon
prefixesof the right-hand-sidesof eachLL(1) conflict. Supposenonterminaln is the left-hand-sideof
everyproductionin R. Sincethe numberof LL(1) conflictswithin Ris |R |(|R |-1)/2, thenthe weight of

G = LF(G,R 1,C) equalsw(G)—(|T| |IR|(|R|-1)/2+(|R|-1) X [lcp(t,y)|). Since weight is
n - yOG-R

monotonicallydecreasingvith respecto safeleft factoring,a finite numberof applicationsof safeleft fac-

toring will yield anequivalent_L(1) grammar(with weight0) by Lemma3. m

Theoreml give rise to a variety of strategiedor turning factorablegrammarsnto LL(1) grammars.

We say that a strategyis optimal if it appliesthe smallestnumberof left factoring transformations.An
optimal strategywill introducethe smallestnumberof new nonterminalsymbols. As we shall see,it will

alsoproducea grammamwhoseproductionscontainthe fewestoccurrencesf grammarsymbols.

In orderto investigateoptimal strategiesve needto introducesomeadditionalterminologyandnota-
tion. A pair[a,y isagap for nonterminah if S={n - x 0G| a is aprefixof x}, Icp({x: n- x OF}) =aq,
and|§ > 1. A gap transformation is a left factoringtransformationLF(G,R, a,C) in which [a,R] is a gap

for G.
Thefollowing obviouspropertiesof gapsandgaptransformationsrestatedwithout proof.

LEMMA 4. A gap transformation is safe. If [a,A] and [(3,B] are two gaps for nonterminal n, then a

isa prefix of B iff BOA. Neither a nor (3 isa prefix of the other iff B and A are digoint.

THEOREM 2. If G is factorable, then the minimal number of applications of safe left factoring to

obtain an LL(1) grammar equals the total number of gapsin G.

Proof LetG =LF(G,R, 1,C) be a safeleft factoring transformatiorfor nonterminaln. We show

thatthe numberof gapsin G’ is eitherthe sameasG or onelessthanG.

(1) If SOGn G, then[B,9 isagapin G’ iff it isagapin G. In thiscaseSandR aredisjoint.

-10-



(2) If B£A, then[B, {C - Baj, i=1,..K}] isagapof G' iff [T, {n - 1B aj,i=1,..K}] isagapof G.
In thiscase{n - 1B q;, i=1,...k} isasubsebf R. Whenp=A, thengap[t 3, {n - 1B q;,i=1,...K}]

of G doesnotcorrespondo anygapin G'.

(3) Finally,[B,(S-R) O {n - a C}] isagapof G iff [B,9 isagapof G, S- R# {}, andSandR are

notdisjoint. In this case R mustbea strict subsebf Sor elseleft factoringis notsafe.

G’ hasonefewergapthanG iff [1,R] is agapfor G. Theresultfollows. m

By Theorem2, an optimal left factoring strategymustiterategaptransformationss := LF(G,R, 1,C)

until grammarG is free of gaps.

THEOREM 3. The number of grammar symbols occurring in the grammar produced by an optimal

left factoring strategy is the same independent of the order in which gap transformations are chosen.

Proof Let[a4,R4] and[a;05,R,] betwo gapsin grammarG. GrammarG, = LF(G,R;,04,C)
replacesall productionsn - a4[31,...,n - 0,P in Ry by productionsn - al1C and C - 34,...,C - B¢. The
productionsof grammarG, have |a4 |(|R1|-1)-1 fewer occurrence®f grammarsymbolsthanthe pro-
ductinosof grammarG. Gap[a,a,,R5] in G is transformednto gap[a,,R3] appearingn grammarG,
where R3;={C - [(3;:i=1,...k|a,isa prefix of 3;}. Next, we see that the productions of grammar
G,=LF (G4,R3,0,,D) haveprecisely |a, |(|Rz|-1)-1 fewer occurrence®f grammarsymbolsthan the
productionsin grammarG;. Since |R;|=|R5]|, thenthe total reductionin grammarsymbolsresulting

from transformingG into G, is |aq |(|R1|-1)+ |05 |(|R2|-1)-2. Thereadercanverify thatfactoringG

with respecto the alternativeorderof gaptransformationyields the samereductionin grammarsymbols.

By Lemma4, gapscanbe partially ordered. We will computethesegapsandapply gaptransforma-
tions efficiently by alwayschoosinginnermostgaps;i.e., gaps[t,g suchthatno othergap[,T] hasSOT.

We assumehatgapsfor productionswith differentleft-hand-sidenonterminalsareincomparable.

SupposahatgrammarG is factorable. For eachnonterminaln in G, factor the setW of productions

with left-hand-siden accordingto the following abstraciprocedure.
1. If W =1, thenit containsno gapssothatW s alreadyfactored.
2. Otherwise]et R bethesetof right-hand-sidesf productiondn W, andlet C = Icp(R).

3. If C#A, then[C,R] isagap. If mis anewnonterminalsymbolnotin G, performthe gaptransforma-

-11-



tion G := LF (G,W,C,m), andrecursivelyfactorthe setof productionsof G with left-hand-sidem.

4.  Otherwise for eachblock bOsplit (R), recursivelyfactor the setof productionsof G with left-hand-

siden andright-hand-side b.

An efficient implementationproceedsby repeatedlypartitioning the set of grammarproductions
startingwith aninitial partition P in which everysetof productionswith the sameleft-hand-sidenontermi-
nal formsablock. The datastructurefor P makesuseof a setM of pointersto all the right-hand-side®f
productionsin the grammar. This setcanbe obtainedby multisetdiscriminationof all the right-hand-side
strings. Eachblock s representethy a subseB [0 M, a nonterminalsymbolA, andanintervalli, j], where
the substringfrom thei-th to j-th symbolof everystringin B mustbe the same. Initially, for eachnonter-
minal A, P hasa block containingthe setof pointersto all right-hand-sideshs suchthatA - rhsis a pro-
duction. A is the grammarsymbolfor this block, and [1,0] is the interval, which representghe empty

stringA.
After initialization the algorithmcomputeshe newgrammarG asdescribecbelow:

G:={
(while P £ {})
removeblock[B, [i,]], A] from P
(casel: B containsonly onestringx)
G:=GU{A - X |x-1}
endcase

-- find aleft factorfor stringsin block B startingfrom theith position
j=j+1
(case2: split(B) containsonly oneblock)

-- partof anonemptyleft factoris foundfor stringsin B

-- rhs ; is partof theleft factoryetto be found

add[B, [i,j], A]to P
endif
end case2
(case3: split (B) containamorethanl block)

-- completéleft factoris foundfor stringsin B

if i =jthen

-12-



-- left factoris the emptystring,andB mustbe aninitial block

C:=A -- CrepresentsionterminalA
else

-- nonemptyleft factoris rhs; j_;

createnewnonterminalC
G:=GO{A - rhs ;. C}
endif
(for eachnewblock D thatresultsfrom split (B))

-- D containgustasinglestring,whichis thetrivial factorrhs;

if ID|=1thenG:=GO{C - rhs; }

-- try to find theleft factorfor stringsin D

elseif |D | > 1,thenadd[D,[j,j],C] to P
endif
endfor
end case3
endwhile

The precedingdiscussioreadsto the following theorem.
THEOREM 4. The preceding algorithmis correct and runs in linear time in the number of the gram-

mar symbol occurrences in the productions of the input grammar.

3.3. Multiset Discrimination of Treesand Applications

Supposeve havea forestof syntaxtreesproducedy syntacticanalysis. Supposelsothatthe nodes
of the syntaxtree containpointersto symboltable entriesfor function symbols,constantsandvariables.
Therearevariousapplicationsin which we wantto find duplicatesubtrees. Multiset subtreediscrimina-
tion canbe solvedin a newway without hashingby combiningmultisetstring discriminationwith multiset

pointerdiscrimination.

Let T be aforestof n nodes We identify eachsubtreerootedin nodej by a string of length1 + the
numberof children of j andwith symbolsrangingover the alphabet{1, ..., n}. First we solve multiset

pointer discriminationon the symbol table pointersin all the nodesof T. Next, we assignsuccessive
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integerscalledlocal numbersstartingwith 1 to thedistinctpointersof T. Thelocal numberateachnodej

will betheinitial symbolof the stringthatidentifiesj.

To obtainthe remainingsymbolsof the subtreeidentifier, we exploit the idea that subtreesat dif-
ferent heightsmustbe distinct. This allows us to solve multisetsubtreediscriminationseparatelyfor all

nodesof the sameheightbottom-upstartingfrom theleavesto thetreeheightd. Thatis,

(1) Solvemultisetstring discriminationfor the leaves,andidentify eachdistinctlocal numberwith new

numbersgcalledvalue numbers, with successivealuesstartingwith 1.
(2) Forheighti =2,3,...,d, repeatsteps3 and4:

(3) Identify eachnodej at heighti with a stringformedfrom thelocal numberof | followed by thevalue

numbersof thechildrenof j.

(4) Solvemultisetstring discriminationon the stringsdescribedn step3. This solvesthe multisetsub-
treediscriminationproblemat heighti. Thenidentify eachdistinctsubtreeat heighti with new suc-

cessivevaluenumbersstartingfrom thelastvaluenumberassignedo a subtreeat heighti-1.

The precedingalgorithmrequiresO(n) time and spaceandis a greatdeal simplerthanthe previous
bestalgorithm basedon lexicographicsorting. It canbe usedto obtain new hash-freesolutionsto many
applicationsincluding tree-to-dagcompressionturning an arbitrary linear tree patternmatchingalgorithm
[11] into a nonlinearmatchingalgorithm[21], decidingstructuralequivalenceof type denotationg2], and

preprocessingnputin the form requiredby WegmanandPaterson’sinificationalgorithm[20].

3.4. Multiset Dag Discrimination and Acyclic CoarsestPartitioning

The solutionto multisettree discriminationextendswithout modificationto solve multisetdiscrimi-
nation for dagswith m edgesand n nodesin time O(m) and spaceO (n). Recall that this spacebound
improvesthe O (m) spaceboundthat could be obtainedto solve this problemusing Aho, Hopcroft, and
Ullman’s lexicographicsorting algorithm[1]. We show how multisetdag discriminationcan be usedto

obtainanimprovedsolutionto acyclicinstance®f the many-functioncoarsespartition problem.

The many-functioncoarsestpartition problem, used by Hopcroft to model the problem of DFA

minimization[12], hasapplicationsn programoptimizationandprogramintegration.lt canbe formulated
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asfollows. Givena directedmulti-graph(V, E4, ..., E,) (whereV is the setof vertices,andE,, ..., E, are
setsof edges)andaninitial partitionP ={V4, ..., Vs} of V, find a coarsestefinement’ of P suchthatfor
eachblock C in P' andeachi =1, ..., k, thereexistsa block Cy in P' suchthattheimagesetE,[C] O C,,
whereE[C] ={y: [ y]OE andxOC}. Herewe assumehatfor eachi = 1, ..., k, the outdegreeof each

vertexv O Vin (V, ) is atmost1.

An algorithmwasgivenin[12] that solvesthis problemin time ©(k |V |log|V |) andspace©(k |V|)
in the worst case,which is true evenwhenthe graph(V, E; O ... O E,) is acyclic. However,whenthe
graph(V, E; O ... 0 E) is acyclic, we cansolvethe problemin time andspaceO (k |V |) usinga solution

to multisetdiscriminationfor dags.

THEOREM 5. If (V, E; O ... O Ey) is acyclic, then the many function coarsest partition problem is
solved by Hopcroft's algorithm in time ©(k |V |log|V |) and space ©(k |V |) in the worst case, and by

multiset dag discrimination in time O(k |V |) and space O(|V]).

3.5. The SequenceCongruenceProblem

The sequenceongruenceroblem([27,28] arisesin the contextof programintegration.lt askshow
to partition programcomponentsnto classesvhosemembershave equivalentexecutionbehaviors.The
algorithmpresentedn [27,28] solvesthis problemin two phasesthe programcomponentsre first parti-
tioned with respectto the flow dependencegraph, and then refined with respectto the control graph.

Hopcroft's coarsesfpartition algorithmis usedin both phasesgiving the O (m;logm; + m,logm,) time

complexity,wherem; andm, arethe sizesof the flow dependencgraphand control graphrespectively.

Sincetheir control graphis essentiallyacyclic, the linear time multisetdag discriminationmethodcan be

usedfor the secondgphaseo improvetheir time boundto O (m4logm; + m,).

3.6. BasicBlock Analysis by Value Numbering

Value numberingis a standardprogramanalysistechniqueof determiningequalitiesof the values
computedby instructionswithin basicblocks[2,8]. Although the techniqueis mostly implementedwith

hashingmultisetdiscriminationcanbe usedto obtaina moreefficientimplementation.
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Considera basicblock B consistingof a sequencef assignmenstatements,, ..., S, eachof the
form Ihs := rhs, wherelhs is a variable,rhs is eithera constanta variable,or an expressiorof the form
op(Xy, ---, %) in which op is somet-nary operatorandxy, ..., X canbe constantr variables. Assumethat
B is lexically scannedand that variablesand constantsare representedy pointersto a symboltable as
describedpreviously. We wantto assignaninteger(i.e. a valuenumber) to eachlhs andrhs sothatif two
occurrencesf expressionfiavethe samevaluenumber thenthey havethe samerun-timevalue.We com-

putevaluenumberdn threestepsasfollows:

1. Constructaninitial dagrepresentatiold = (V, E4, ..., Exmax) Of B with vertexsetV andedgesets
E1, ..., Ermax, Wheretmax is the maximumarity of the operatorsappearingn the instructionsin B. The
leavesof D representshe constantandinitial valuesof variables,andinternalnodesrepresenthe values
computedby right-hand-sideexpressions.If v is an internal node representinghe value of right hand
expressiorop(X4, ..., %) andif v4, ..., v; areverticesin D representinghe valuesof X, ..., X, usedin op(x1,

... %), thenE; containgtheedge[v, vi] fori =1, ...,t.

We constructD by scanningthe statementsn B in orderfrom s, to s.. During the scan,the vertex
node(x) in D, representindhe currentvalue of variableor constantx, is accessedhrougha pointerstored

in the symboltableentryfor x.

Let z := rhs be the statemenbeing scanned.For eachargumentx in rhs suchthat node(x) is not
defined,we assigna new nodeto node (x) labeledby a pointerto the symboltable entry for x. Thencon-
siderthefollowing cases.If rhsis avariableor a constanty, we simply setnode(z) = node(y). Otherwise
rhsis of theform op(x, ..., %;). If X4, ..., % areall constantsthenwe enterthe computedvaluec = op(x;,
..., X;) into the symboltable, createa new nodev labeledwith a pointerto ¢, andsetnode(z) = v. Other-

wise, createa newvertexv labeledop, setnode (z) = v, andaddthe edge]v, node(x)] to E; fori =1, ...,t.

2. Step1 may createduplicateentriesin the symboltablefor the newly computedconstantsThere-
fore we compresghe symboltable by performingmultisetdiscriminationon all the constantentries,and

thenadjustthe pointersto theseentriesaccordingly.

3. To recognizecommonsubexpressionsye dagify D usingthe methoddescribedn the previous

sectionswhich gives avaluenumberto eachnodein D.
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4. Reductionin Strength

The final threeexamplesusethe precedingtechniquego obtainnew solutionsto strengthreduction
with worst case performanceasymptoticallybetter than the expectedperformanceof the previousbest
algorithms.Ironically, the efficiency obtainedseemsto stemfrom using batchtechniquesto implement

strengthreductionwhich itself usesncrementatechniquedo improveprogramperformance.

4.1. Basic Strength Reduction

First we considera new hash-freealgorithmthat implementsCockeand Kennedy’sstrengthreduc-
tion transformation7]. The algorithmrunsin worst casetime/spacdinearin the lengthof the final pro-
gramtext, which, aswe will show,canbe asmuchastwo ordersof magnitudebetterthantheir hash-based

algorithm. Like their algorithmwe arecarefulnotto computethe potentiallycostly dataflow relation.

CockeandKennedy'stransformatioris concernedwith replacinghiddencostsof linear polynomials
involved in the array accesformula usedin programminglanguagedike Fortranor Algol. As wassug-
gestedby Allen, Cocke, and Kennedy[3], the earlier transformation[7] can be improved by sharper
analysisof control flow and taking safety of code motion into account. However, suchimprovementis

orthogonato the solutionpresentedhere.

The strengthreductiontransformationof [7] may be definedas follows. Let L be a strongly con-
nectedregion of code. We assumethat this code consistsof assignments$o simple variablesof the form
z:=op(x,y) or z:=op (x) andconditionalbrancheswith booleanvaluedvariablesaspredicates.We assume
implicit assignmento certain designatednput variables,and implicit output variablesthat are printed
whenevetthey areassigneda newvalue. All concernfor control flow is simplified by taking a mostcon-
servativepositionthat L forms a clique; i.e., that everytwo statement$n L canbe executedone after the

other.

If cis eitheraregionconstantvariableof L or a constantandif i is a variablethatis definedin L,
thenproductixc is reducible if all definitionsto i occurringin L areamongthe following forms:i :=j, i :=
-yi=jrkiii=g-kii=-j+k ori:=-j-k wherein eachsuchform jxc andkxc mustalsobereducible.

For eachreducibleproducti xc occurringin L, strengthreductiontransformd_ asfollows:

-17 -



(i)

(ii)

(i)

(iv)

Replaceeachoccurrenceof i xc in L by a new variablet;; uniquely associatedvith text expression
i XC.

If variablei is live onentryto L, thenintroduceassignment,. :=ixc in auniqueentryblock (a detail

we addto their transformatiorfor correctness)which mustbe enteredbeforeenteringL.

Within L andjust prior to eachdefinitionto i of theformseitheri := + j ori :=+ j £ k, insertthecode
tc ;=% jxcort := % jxc + kxc respectively.

If anyof the productsintroducedn step(iii) hasbeenpreviouslyeliminatedby eithercodemotionor
strengthreduction,replaceit by its associatedemporaryvariable. Removeall otherproductsintro-

ducedin step(ii)) by eithercodemotionor recursiveapplicationof strengthreductionasappropriate.

Like CockeandKennedywe assumehatstrengthreductionis performedafterredundantodeelimi-

nation,constanfpropagationandcodemotion. Givena stronglyconnectedgrogramregionL asinput, our

solutionshareghefirst four stepsof the CockeandKennedyalgorithm;i.e.,

(i)

(ii)

(iii)

(iv)

Computethe setRC of regionconstantvariablesof L anda setDefs(v) of all definitionsin L to each

variablev definedin L.

Computethe setlV of induction variables; thatis, the setof all variablesx with definitionsoccurring
in L suchthatany productxxc would bereducible. This procedurevasalsodescribedy Cockeand

SchwartZ8].

Find the setCands of all reducibleproductsxxc actually appearingn L, andthe associategplaces

wheretheyoccur.

For eachinductionvariablex, computethe setAfct (x) = {x} O {y: y is a variableor constanion the

right-hand-sideof anyassignmento x in L}.

The precedingstepscan be performedin worst casetime and spacelinear in the programtext. If

Afct is regardedas a binary relation and Afct* representsts transitive closure,then the following fact

immediatelyfollows from CockeandKennedy’spaper.

LEMMA 5. The set of all expressions removed from L by strength reduction is defined by Rm = {jxc:

ixc [0 Cands, j O Afct* (i)}.
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Calculationof Rm is central to the implementationof strengthreduction,and it is importantto

observethreesourcef redundancyn computingthis setnaively.

(i)  whenixc andjxc belongto Cands andAfct* (i) n Afct* (j) is nonempty;
(i)  whenixc, andjxc, belongto Cands, c, O Afct* (j), andc, O Afct* (i);
(i)  whentwo differentproductsof constantevaluateto the sameconstant

Becausenly thefirst sourceof redundancycanleadto an asymptoticblowupin time andspacewe avoid
it duringthe calculationof Rm. Becausehe othertwo sourceof redundancynly contributeconstanfac-
torsin complexity,we avoidthemduringa postpas&leanup. Our approactcombinesmultisetdiscrimina-

tion with datastructuringtechniques.

It is atthis point thatour solutiondiffers from CockeandKennedy.Theygo on to computethe tran-
sitive closure Afct* in time ©(n3+m) using, say, Warshall's algorithm[25] (seealso[1]), wheren is the
numberof variablesandconstantsontainedn Afct, andm is the numberof assignmentto inductionvari-
ables. They alsousea greedystrategycommittedto hashingeachproductremovedby strengthreduction.
In contrastwe computethe strongcomponentecompositiorof Afct inverse(i.e., we considerdecomposi-
tion of a graphwith directededgei - j iff i 0 Afct(j) ) in ©(m) time andspaceusing Tarjan’salgorithm
[24]. The dagstructureScd of this decompositioris usedto efficiently computeRm in time O(final text

length). Thealgorithmrestson the following obviousfact:

LEMMA 6. Let Cs= {c: ixc O Cands}. For each c [0 Cslet Cmps(c) be the set of strong components
containing some variable i for which ixc [0 Cands. If ¢ is any region constant variable or constant, then
the set of all expressions jxc removed by strength reduction is defined by Rm(c) = {jxc: j belongsto a

component of Scd fromwhich thereisa path in Scd to any component of Cmps(c)}.
Theremainingstepsof thealgorithmaregivenjustbelow:

(v) Computethe setCs usingmultisetpointerdiscrimination. At the sametime, for eachconstantc O
Cs, form a setof pointersto strongcomponent<Cmps(c) asdescribedn Lemma6, and mark vari-

ablesv within thesecomponentsuchthatvxc belongsto Cands.

(vi) Initialize an empty multisetMrc of subtreesand an empty multiset Mc of numeric constants.For
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(vii)

(viii)

(ix)

eachconstant [0 Cs repeatsteps(vii) and(viii)

Computethe set Scd; = {v:vxcORm(c)} usinga depth-first-searchhroughdag Scd in the reverse
direction of its edgesand startingfrom componentselongingto Cmps(c). Observethat for each
strongcomponenbf Scd, if it hasno edgeseadingin, thenits entriesare constantsor regioncon-
stantvariables; otherwise,its entriesare inductionvariables. Link eachinductionvariablev1Scd,

to anewsymboltableentry containinguniqueidentifiert,., andinsertassignment,. := vxc on entry
to L if vis live on entry to L. If v is marked,indicating that vxc [0 Cands, then replaceeach
occurrencef vxc in L by a pointerto the symboltableentryfor t,.. Link eachregionconstantvari-

ablevScd, to anewentryin Mrc containingsubtreevxc. For eachconstant'0cd,,, if cis aregion
constantvariable,thenlink c' to a new entryin Mrc containingsubtreecxc'; otherwise link c' to a

newentryin Mc containingthe computedvalueof cxc' .

For eachinductionvariablev in Scd, andeachassignmento v in Defs(v), introduceupdatecodeto
t,c accordingto the definition of the strengthreductiontransformatiordescribeckarlier.Replacepro-
ductsthatareintroducedwithin this updatecodeby referencego the symboltable,Mrc, or Mc asis

indicatedby thelinks in Scd,.

Use multiset subtreediscriminationand constantdiscriminationto find duplicateregion constant
expressionsindconstantsn Mrc andMc, andaugmenthe symboltablewith newvariablesfor each
distinctitem in Mrc and Mc. At the sametime readjustpointersinside L to the symboltable,and

insertanassignment, ¢, := C1xc, onentryto L for eachproductc;xc,; 0 Mrc.

THEOREM 6. The preceding algorithm s correct and has worst case time and space O(length of the

final program text).

4.2. Strength ReductionWith Cleanup

Cocke and Kennedynotedthat after strengthreductionis applied, it is necessaryto apply global

cleanuptransformationsuchasuselessodeelimination(i.e., eliminationof statementsot contributingto

the output) and variable subsumptior{i.e., eliminating uselesopy operations).In this sectionwe show

how to fold uselessodeeliminationtogethemwith strengthreduction. Our hash-freesolutionrunsin worst
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casetime andspacdinearin the sumof thelengthsof theinitial andfinal programtexts.

As before we assumethat L is a strongly connectedregion of code,and Defs(v) is a set of all
definitionsin L to eachvariablev definedin L. Insteadof computingCands directly, we computethe set
Prods of all productsappearingn L andthe placeswherethey occur. Also, the setlV of inductionvari-

ablesis notcomputedexplicitly, butis detectedmplicitly in a simplerway.

By a spoiler we meananyvariablev for which Defs(v) containsa definitionnotamongsthe formsv
‘=% jorv:=z%j+*k Wecomputethe setJoilers of all suchvariables. Finally, we generalizerelation
Afct sothat Afct (x) is definedfor eachvariablex (and not just inductionvariables)thatis assignedvithin
L. Let Afcti denoteAfct inverse. As before,we computethe strongcomponentdecompositiordag Scd of

Afcti.

Recallthatthosesinglenodecomponent®f Scd with no edgedeadingin containonly constantsand
regionconstantvariables. Also, any productxxcProds is reducible(i.e., belongsto Cands) iff thereis no
pathin Scd from a spoilerto x. If we markall strongcomponentsontainingspoilers,and mark all other

componentseachabldrom thesemarkedcomponentsthenthe unmarkedportion of Scd correspondgre-

cisely to the datastructureat the heartof the strengthreductionalgorithmin the precedingsubsection.

Recallthat the inductionvariablesare all thosevariablescontainedin unmarkedstrongcomponentsvith

edgedeadingin.

Consequentlywe canproceedo solvestrengthreductionstartingwith step(v) of the previousalgo-
rithm. We now havean alternativelinear time strengthreductionalgorithm, wherethe first four stepsof
CockeandKennedy’ssolutionaresimplified. This newalgorithmcanalsobe extendedo supportefficient

analysisfor uselessode.

Considerhow the new strongcomponentag Scd,., 0f the programloop L after strengthreduction

differs from theinitial dagScdyg.

LEMMA 7.

i. The subdag of Scd induced by unmarked strong components and the subdag of Scd induced by

marked strong components are both invariant with respect to strength reduction.
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ii. The only new components in Scd,.e, are ones containing only new temporaries; the only edges

incident to these components are between them and from them to marked components.

iii. Edges only go from unmarked to marked components, and these can only be deleted by strength

reduction.
Proof StrengthReductionaltersloopL in thefollowing ways:

[ Assignmentsareintroducedwithin L to modify compiler-generatetemporaries,.. Theright-hand-
sideof anysuchassignmenmustcontainonly compiler-generatettmporaries.Hence theseassign-
ments cannot create new edgesfrom Scd,y to any strong componentsin Scd,, containing

compiler-generatedariables.

ii An assignmeng:=xxc appearingn L canbereplacedby assignmeng:=t,.. In this caseyvariablez
must be a spoiler that belongsto a marked componentScd,[0Scd, g, and X must appearin an
unmarkedcomponentScd, [1Scd, 4. Moreover, there must be an edgefrom Scd, to Scd,. After
replacementtherewould be an edgefrom the strongcomponenin Scd,, containingt,. to Scd,. If

the edgecountbetweenScd, and Scd, afterreplacemenbecomesero,indicatingno assignmentin

L from aright-hand-sidesariablein Scd, to avariablein Scd,, thenthis edgeis deletedn Scd,,. ®

Let inputs be the setof input variables,outputs be the setof outputvariables,andcontrols be the set
of predicatevariablesof control statementsWe will assumehatthesevariablesareall useful, andthatthe
strongcomponent®f Scd containingthem, which we call the critical setcrit, are alsouseful. The useful

componentincludecrit andall strongcomponent®f Scd thatcanreachthe componentsn crit.

If we assumehatall statementén L areinitially useful,thenafter strengthreductionis appliedto L
once,only inductionvariables regionconstantsandconstantcanbecomeuselessTemporariegenerated
by strengthreductionmustall be useful. Consequentlypnly the replacemenbdf productsby temporaries

cancreateuseleszode. And all statementshatundergosuch replacementvill be usefulin theend.

Hence,we canmodify steps(vii)-(ix) of the algorithmin the previoussubsectiono facilitate useless
code elimination as follows. In step (vii), for eachassignmentz:=vxc replacedby assignmentz:=t,,
decrementhe edgecountfrom Scd, to Scd,. If the edgecountreachesero, then deletethe edgefrom
Scd, to Scd,. This is implementedusing a pointerlinking a recordfor assignmeng:=vxc into the adja-

cencylist for Scd. Also, addedgesfrom t,; to z in Afcti. In step(viii) introducea new edgein Afcti for
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eachassignmento a temporaryintroduced. In step(ix) multisetdiscriminationwill determinethe new
verticescorrespondindo newtemporariesn Afcti. Add afinal step(x) in which the usefulcomponent®f

Scd arecomputed.Within L all assignmentto variablesnotin usefulcomponentganberemoved.

By the precedingdiscussiorwe have

THEOREM 7. The preceding algorithm s correct and has worst case time and space O(length of the

initial plusfinal program text).

4.3. Iterated Strength Reduction

CockeandKennedynotedthat after strengthreductionis applied,the new compilergeneratedsari-
ablest,. and othervariablescan becomenew induction variables,and new productsdefinedin termsof
thesevariablescanbe removedby further applicationsof strengthreduction[7]. In this sectionwe show
how iteratedstrengthreductionfolded with uselesodeeliminationcanbe solvedin worst casetime and

spacdinearin the maximumlengthof theinitial andfinal programtexts.

Note, first of all, that iteratedstrengthreductionterminates becausesachiteration exceptthe last
must eliminate at leastone productin the original strongly connectedegionL. In orderto achievethe
promisedinear time complexity,we mustbe carefulto generateonly temporarieghatarenot useless.Let
L* bethefinal coderesultingfrom the iteratedstrengthreduction. Let Cands* be the setof productsin L
reducedby the iteratedstrengthreduction.Following Cocke and Schwartz[8], we say that a temporary
L is available in programregionL* if, wheneveiit is referencedluring executionof L*, it storesthe
valueof vxcyx...xc;. In this case we saythatthestringc;...c; is atail of v. The setof tails of a variable
or constant is denotedby tails(v). By default,t, =v. Thus,A O tails(v) iff vis notuselessn L*, whereA
denotesthe empty string. The main task of the algorithmis to determinetails(v) for eachvariableand
constantv appearingn L. It is thenstraightforwardo introducetemporaryvariablesandgeneratehe code

to keepthemavailable.

Firstconsiderthe preprocessingiVe labelthe edgesn Afcti asfollows. Foreachinstructionv =+ j,
v:=%jxkandv:=x k= j, weaddA tolabels(j,v). Foreachinstructionv:=jxc, wherec O RC, we addc

to labels(j,v). For eachinstructionv := ...j... not mentionedabove,we mark v asa spoiler andaddA to
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labels(j,v). We further extendthe definition of labelsto edgesin Scd. For eachedge[C4, C,] in Scd, we
defineLabels(C4, C,) ={c: cOlabels(x, y),x O C4,yOCs}

We saythata componentC [ Scd is clean if noneof its elementsarespoilersandfor all edgeqx, V]
in C, labels(x, y) ={A}. We saythatC isreducibleif all its ancestorén Scd areclean. It is notdifficult to
seethata variablev occurringin L becomesaninductivevariablein someroundof CockeandKennedy's
algorithmiff v belongsto a reduciblecomponent. Thereforeif v belongsto a non-reduciblecomponent,
thennoneof theproductsvxx in L arereducible. Sincewe assumehatall variablesoccurringin L areuse-

ful initially, thenthevariablesbelongingto non-reduciblecomponentsemainusefulin L*.

It is straightforwardto computereduciblecomponentsn a singletopologicalsearchthroughScd in
the directionof its edgesfor eachcomponenC, if it is cleanandif its predecessorareall reducible then
it is reducible;otherwiseit is notreducible. It follows that,

LEMMA 8.

i. The set Cands* consists of all those products vxc occurring in L such that ¢ 0 RC and v belongsto
a reducible component.

ii. If [v, X] isan edgein Afcti, A O labels(v,x), and A O tails(x), then A O tails(v).

iii. If [v, X] is an edge in Afcti, ¢ O labels(v,x), p O tails(x), and v belongs to a reducible com-
ponent, then the string cp [ tails(v).

iv. If v belongs to a non-reducible component, then tails(v) = {A}.

Let C beacomponentn Scd, x, y O C. If Cis reducible thentails(x) = tails(y) by Lemmas.iii. If
C is not reducible,thentails(x) = tails(y) = {A} by Lemmas.iv. In either case,we define Tails(C) =

tails(x). Thus,insteadof computingthe tails of variables,we cancomputethe tails of the componentsn

Scd.
Onesimpleway of computingTailsis asfollows:
for Cin Scd in topologicalorderin the oppositedirectionof its edges
if Cis notreduciblethen
Tails(C) :={A};
1 else Tails(C):= O { xs x0OLabels(C,C;),sOTails(C)};
CiOsucc (C)

if C containsoutputvariablesthen
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Tails(C) := Tails(C) O {A};
endif;
endif;
endfor;

wheresucc (G;) is the setof successorsf C; in Scd. Althoughmultisetstring discriminationcould be used
in computingthe unionin line 1, the Q(|s|) worst casecostcontributedby eachstring s in Tails(C) is too
slow. More efficientis to modify the precedingalgorithmto generateall tails of a given length before
applyingmultisetdiscrimination. Initially, Tails(C) is emptyfor all component< [0 Scd. In round i =0,
1, ..., k, we computethetails of lengthi for eachcomponentC, assuminghatno newtails aregeneratedn
roundk+1. Wheni = 0, useful programvariablesare detected.After eachroundi =1, ..., k we assigna
unique identifier for eachdistinct tail of lengthi. Thus, in roundi+1, each newly generatedstring
C1C,...Cj+1 Canberepresentetby a pair[c,,n4], wheren, is the namefor c,...c;;;. Consequentlyin order
to determinedistinct tails generatedn eachith round,wherei > 1, multisetstring discriminationis only

neededor stringsof length2. Following aretheimplementatiordetails.

Letpred; ={ [C4, C,]: [C,, C41] O Scd | C, isreducible and A O Labels(C,,C4)}, andlet pred, =
{[C1, Cy): [Cy, C4] O Scd | Cy, isreducible and Labels(C,,C) contains some label ¢ # A}. We will use
pred, to generatdails of lengthi from tails of lengthi — 1, andusepred; to propagateails betweencom-
ponents.Let Tails(C,i) bethe setof tails of C of lengthi, andHeads (i) bethesetof componentsuchthat

Tails(C,i) is notempty.Initially, we setHeads(0) ={}. Thenfori =0, ... k, we computetails of lengthi:

(1) generatdailsof lengthi;
propagatdails of lengthi usingScd;

Tails of lengthO aregeneratecccordingto Lemmas8.iv:

(2) for CinSd
if Cis notreducibleor C containsanyoutputvariablethen
Tails(C,0) :={A};
Heads(0) with:= C;
endif;
endfor;

Tails of length1, ..., k aregeneratedccordingto Lemmaas.iii:
(3) for CqinHeads(i-1)

for Cin pred,(C,)
Tails(C,i) :={};
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Heads(i) with:=C;
endfor;
endfor;
for C, in Heads(i —1)
for Cin pred,(C)

2 Tails(C,i) :=Tails(C,i) O { cs: c O Labels(C,C,) —{A}, sO Tails(C4,i-1) };
endfor;
endfor;
performamultisetdiscriminationon  []  Tails(C,i);
COHeads(i)

Fori=0,1, ...,k tails of lengthi arepropagatedn Scd accordingto Lemmas.ii:

(4) Heads(i):={C 0O Sd| Cisreachabldrom thecomponentsn Heads (i) throughedgesn pred,};
for C, in Heads(i) in topologicalorderw.r.t. pred, in thedirectionof its edges
performamultisetdiscriminationon Tails(C,i);
for Cin pred,(C,)
3 Tails(C,i) :=Tails(C,i) O Tails(Cy,i);
endfor;
endfor;

The aboverepresentatiomwf stringscanalsobe usedto initialize temporaries.If s=c;...¢ is atail
generatedn roundk for somek>1, andif n, is the nameof c,...c,, thenwe uset, to storethe value of
C1X...X¢, andinsertan assignmentg:=c, xt,, at the endof the initialization block. Onceall the tails are

initialized, we insertanassignment,s:= vxtg attheendof theinitialization block for eachtemporaryt,s.

The restof the algorithmincludes:replacingproductsin Cands* by temporariesjnsertingcodeto
keeptemporariesavailable andeliminatingdeadcode.Thefirst two tasksarestraightforward andthe third

onecanbedoneeasilywith the help of the Tails sets.

To seethe complexity of our algorithm,we notethatfor eachtail cs everaddedto Tails(C,i) atline
2 in code(3), thereexistsat leastoneinstructionv := jxcin L suchthatv 0 C; andj O C. Thus,adistinct
instructionshouldbe insertedto keepthe temporaryt,, available.Similarly, for eachtail p # A everadded
to Tails(C,i) atline 3 in code(4), thereexistsaninstructionv := £x or v := xty in L with respecto which
we needto insertan instructionto keepthe temporaryt,, available. Thereforethe accumulatedcost of

code(1) is boundedrom aboveby the sizeof the outputcode. Consequentlywe have,

THEOREM 8. The iterated strength reduction problem with useless code elimination can be solved in

time and auxiliary space linear in the maximum length of the initial and final program texts.
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Our algorithmis theoreticallysuperiorto aniteratedform of CockeandKennedy’salgorithm. Let L;
be the programtext beforethe ith iterationof Cockeand Kennedy’salgorithm.Evenif we performdead
code elimination after eachiteration, the size of L; could still be aslarge as Q(|L | |L* |), since some
insertedcodemay becomedeadafter Q(|L |) iterations. Becauseof Lemma?7, eachinductivevariableor
regionconstantin L; canbein the setAfct* (x) for at most |L | inductivevariablesx. Thusthetransitive
closureAfct* can be computedin O(|L | |L;|) = ©(|L |?|L* |) time if we usehashingfor setelement
addition. Thereforeiterating Cockeand Kennedy’salgorithmcantake ©(|L |3 |L* |) hashoperationsin
theworstcase. A closerlook attheir algorithmrevealsthat Afct* (x) needonly be computedor thosevari-
ablesx suchthatxxc is a candidateproductin L; for somec. Evenwith this optimization,iteratedstrength

reductionwith CockeandKennedy’salgorithmtakes®(|L | |L* |) hashoperationsn theworstcase.

4.4. Extensions

Two possibleapproacheshat exploit commutativeand associativdaws of productsmay reducethe
numberof strings, and thereforetemporariesgeneratedn the precedingstrengthreductionalgorithms.
Oneapproachis to usea weak form of the Paige/Tarjariexicographicsorting algorithm[18]to generate
stringsof constantsn somearbitrarily chosenorder. Anothermore effective, but lessefficient, approach,
would beto actuallycomputethe productof constantsdentifying eachtemporary,andto usemultisetcon-

stantdiscrimination.

We are currently investigatingtheseideasas well as extensionghat implement a more powerful
transformationintegratingstrengthreductionof sums,products,quotients,exponentiationsand multivari-
ateexpressions. Suchextensiongvould allow differentkinds of spoilersfor differentargumentf candi-

dateexpressions Developmentf simplerhash-basedlgorithmsis anothempromisingdirection.

5. Conclusion

We havesuggestedhash-freemethodsfor solving variousaspectf optimizing compilation. These
methodshavebeenbasedin large part on efficient algorithmsfor solving multisetdiscriminationfor dif-
ferentdatatypes.Multiset discriminationof orderedflow graphs,unorderedreesanddags,andunordered

graphswith respecto given depth-first-searckpanningreesare straightforward. An empiricalinvestiga-
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tion comparingour hash-freealternativeswith their conventionalhash-basedcounterpartswould be

worthwhile futurework.
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