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ABSTRACT

It is generallyassumedthat hashingis essentialto many algorithmsrelatedto efficient
compilation;e.g.,symboltableformationandmaintenance,grammarmanipulation,basic
block optimization,andglobal optimization. This paperquestionsthis assumption,and
initiatesdevelopmentof anefficientalternativecompilermethodologywithouthashingor
sorting. Underlying this methodologyare several generic algorithmic tools, among
which specialimportanceis given to Multiset Discrimination, which partitionsa multiset
into blocksof duplicateelements.We showhow multisetdiscrimination,togetherwith
othertools,canbe tailoredto rid compilationof hashingwithout lossin asymptoticper-
formance.Becauseof thesimplicity of thesetools,our resultsmaybeof practicalaswell
as theoreticalinterest. The variousapplicationspresentedculminatewith a new algo-
rithm to solveiteratedstrengthreductionfoldedwith uselesscodeeliminationthatrunsin
worst caseasymptotictime and auxiliary spaceΘ( |L |+ |L* | ), where |L | and |L* |
representthe lengthsof the initial and optimizedprogramsrespectively. The previous
best solution due to Cocke and Kennedy takesΩ( |L |3 |L* | ) hashoperationsin the
worstcase.

CategoriesandSubjectDescriptors:D3.4 [ProgrammingLanguages]:Processors-- Compilers, Optimiza-
tion, Parsing, Preprocessors; E.1 [DataStructures]- graphs, lists, trees; F2.2[Analysisof Algorithmsand
ProblemComplexity]:NonnumericalAlgorithmsandProblems-- Sorting and searching

GeneralTerms: Algorithms,Languages,Theory

Additional Key WordsandPhrases:hashing,multisetdiscrimination,symbol tables,left factoring,value
numbers,acycliccoarsestpartition,sequencecongruence,reductionin strength

1. Introduction.

An importantpracticalandtheoreticalquestionin ComputerScienceis whethertherearealgorithms

whoseworst caseperformancecan matchthe expectedperformanceof solutionsthat utilize hashing. In

the contextof this broaderquestion,we initiate an investigationof efficient compilationwithout hashing
�����������������������������������
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and,consequently,raisesomedoubtsabouttheprevailingview thathashing(e.g.,universalhashing[6])is

essentialto the variousaspectsof compilationfrom symboltablemanagement[2] to reductionin strength

by hashedtemporaries[7].

Aho, Sethi,andUllman [2] presentonly two datastructuresfor storingsymboltables- a linearlinked

list with linear searchtime anda hashtable. They alsoproposethesetwo datastructuresfor methodsto

turn anexpressiontreeinto a dagandthemoregeneralbasicblock optimizationof valuenumbering.Hash-

ing is involved in preprocessingfor global optimizationsto perform constantpropagation[26], global

redundantcodeelimination[4], andcodemotion[9]. Thebestmethodsof strengthreduction[3,7] rely on

hashedtemporariesto obtainpracticalimplementations.

Thereareseveralreasonswhy hashingis usedin theseapplications.HashinghasO(1) expectedtime

performanceandlinearauxiliary space.Themethodof UniversalHashing,dueto CarterandWegman[6],

is especiallydesirable,sincethe expectedO(1) time is independentof the input distribution. Universal

hashingis well suitedto applicationssuchascompilation,wherethe hashtablesdo not persistbeyonda

single compilationrun. In the applicationsmentionedabovehashingleadsto simple on-line algorithms

supportingimmediatestorage/access.Consequently,various phasesof compilation can be carried out

incrementallywith few passesandwith goodspaceutilization.

However,liberal useof hashingincurs certaincosts. Even discountingthe costsof collisions and

rehashing,thecalculationof a singlehashoperation,say((ax + b) mod N) mod m for input x andconstants

a, b belongingto {0, ..., N}, is muchgreaterthat the costof an arrayor pointeraccess. Mairsonproved

that for any ’minimal’ classof universalhashfunctionsthereexistsa bad input seton which everyhash

function will not performmuchbetterthanbinary search[15]. The slow speedof SETL, observedin the

SETL implementedADA-ED compiler,hasbeenattributedto anoveruseof hashing[23]. And a hashtable

implementationinvolving an array twice the sizeof the dataset is anothercost. Arrays lack the benefits

offeredby linked lists - namely,easydynamicallocation,dynamicmaintenance,andeasyintegrationwith

otherdatastructures.Finally, althoughon-linealgorithmsarevital to incrementalcompilation,batchpro-

cessingmayotherwisesuffice.
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In this paperwe showthatall of thehashedimplementationsof applicationsmentionedabovecanbe

replacedby algorithmswith matchingor superiorworst caseperformance.This is achievedby using

severalsimplealgorithmictools(thatexcludesorting),themostimportantof which is multisetdiscrimina-

tion; i.e., finding all duplicatevaluesin a multiset. Multiset discriminationis discussedfor varioustypesof

elementsincluding pointers,strings,numericconstants,subtrees,anddags. In this paperit is adaptedto

solvethefollowing problems.

(i) Array or list-basedllllll tablescan be formed during lexical scanningwith unit-time curseror

pointerstorage/access.

(ii) Many grammartransformationscanbe implementedefficiently usingmultisetstring discrimination.

In this paper we exhibit a new linear time left factoring transformation. Simpler forms of this

’heuristic’ transformationwerepreviouslystudiedby Stearns[22] andothers(seealso[2,14]) to turn

non-LL contextfreegrammarsinto LL grammars.

(iii) An expressiontree-to-dagtransformationis implementedwithout hashingin a simpler way than

beforeandin linear time andspace.Thenumerousapplicationsincludeonein which anylinearpat-

tern matchingalgorithm (e.g., [11]) can be turned into an efficient nonlinearmatchingalgorithm,

whereeachequalitychecktakesunit-time.

(iv) A newhash-freebasicblock optimizationby valuenumbering[2,8] is given,which leadsto a faster

solution to the program equivalenceproblem used in integration by Yang, Horwitz, and Reps

[27,28].

(v) Although the main partsof algorithmsfor global constantpropagation[26], global commonsubex-

pressiondetection[4], andcodemotion[9] donotusehashing,thepreprocessingportionsfor eachof

thesealgorithmsdo. Suchhashingcanbe eliminatedwithout penaltyby efficient constructionand

maintenanceof thesymboltable.

(vi) We regardthestrengthreductiontransformationpresentedby CockeandKennedy[7] to bethemost

practicalreductionin strengthalgorithmpublishedin theliterature. Althoughthetransformationdue

to Allen, Cocke,andKennedy[3] is morepowerful (sinceit canreducemultivariateproducts)and

analyzescontrol flow more deeply,this algorithmcandegradeperformanceby introducingfar too
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many sumsin order to removenestsof products(as was shown in [16]). Although Knoop and

Steffen’sapproach[13] is moregeneral,it is alsomoreexpensiveto implement.

We solve three progressivelymore complex versionsof the Cocke and Kennedy transformation

without hashingandwith superiorworstcasetimeandspacethantheexpectedperformancein previ-

oushash-basedsolutions[7]. In particular,analgorithmis presentedto solveiteratedstrengthreduc-

tion foldedwith uselesscodeeliminationin worstcaseasymptotictime andauxiliary spacelinear in

themaximumtext lengthof theinitial andoptimizedprograms.

2. Partial Tool Kit for Algorithm DesignWithout Hashing

Thereare many simple combinatorialproblemsfor which hashingseemslike the natural,perhaps

only, way to obtainanefficientsolution. Theseincludesuchbasiccomputationsas:

(i) setunion,difference,andintersection;

(ii) multisetstringdiscrimination;i.e.,findingall duplicatesin a multisetof strings;

(iii) computing{[ j,c]: [i,c] ∈ S, j ∈ Ti }

Althoughhashingmayseemlike a panacea,it doesincur costs,andwe shouldnot overlookthemanycon-

textsin which theprecedingcomputationscanbesolvedby anefficienthash-freeapproach.

In [17] a different moregeneraldiscussionof principlesunderlyinghash-freealgorithmsfor simple

setoperationsis presented.Below we discussa few sharpertechniqueswith a focuson multisetdiscrimi-

nation.Unlessotherwisestated,throughoutthis paperwe will assumethat setsand multisetsare imple-

mentedaslinked lists.

2.1. Multiset Discrimination of Pointers

We usethefollowing notationfor pointermanipulation.If variablex containsa pointerto variabley,

expressionderef (x) retrievesthevaluestoredin y, andref (x) is a pointerto thevaluestoredin x.

Considera multisetM of pointersto elementsin a setS. For eachelement(i.e., symbolicaddress)x

in M, we want to computethe set f (deref (x)) of pointersto all elementsin M with the samevalueasx.

(Noteherethatderef (x) is thevalueof theelementin S thatx pointsto.) Assumethat f (deref (x)) is ini-
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tially empty. MultisetM canbepartitionedinto blocksof duplicatesusingthefollowing simpleprocedure

F := {} -- F will bethesetunderlyingM

(for x ∈ M) -- linearsearchthroughM

if f (deref (x)) = nil then
F := F ∪ { x}

end if
f (deref (x)) := f (deref (x)) ∪ { ref (x)} --ref (x) is a pointerto elementx containedin M

end

2.2. Multiset Discrimination of Strings

Solving multiset discriminationof stringsis slightly more complicated. Let M be a multiset of n

variable-lengthstringsover a k-symbolalphabetΣ = {1, ..., k}. Assumefor conveniencethat eachstring

endswith a sentinelsymbol0.

Startingwith aninitial partitionP containingonly oneblock M, we cansolvethis problemby repeat-

edly splitting blocksof P until all theduplicatesin M arefound. For eachstrings we implementa current

position wherethecurrent symbol for s is stored.Initially thecurrentsymbolfor eachstring is thesymbol

in its first position. A block is a setof pointersto stringsin M. Oncewe know that a block containsall

duplicatestringswe saythat the block is finished; otherwise,we say the block is unfinished. PartitionP

containstwo parts- a setof unfinishedblocksinitially containingthesingleblock M, anda setof finished

blocksinitially empty.

A partition refinementof P can be implementedusing a primitive operationsplit(B) that replaces

block B by new blocks,eachcontainingpointersto stringsof B with the samecurrentsymbol. The tech-

niqueimplementsa variantof multisetdiscriminationof pointersthatmakesuseof anarrayof k + 1 buck-

ets,wherethe i-th bucketcontainsthe new block with currentsymbol i. Any new block found in the 0

bucketor containingonly onepointerto a string is finished;otherwiseit is unfinished. During execution

of split (B), the currentposition is incrementedin eachstring belongingto a new unfinishedblock. It is

easyto implementsplit (B) in time O ( |B | ) andspaceO ( |B | + k).

We canalsoimplementsplit (B) exclusivelywith lists andlist processing.For eachsymboli = 0, 1,

..., k form a speciallist calledthe i-list with no elements. Stringsarerepresentedaslists of pointersto i-

lists. Bucketscanthenbe formedusingthesei-lists insteadof arrays,andmultisetdiscriminationcanbe
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solvedfor pointersasin theprecedingsubsection.

Thefollowing algorithmmakesuseof split (B) to solvemultisetdiscriminationof strings:

1. Formtheinitial partitionP = { M}.

2. RepeatStep3 until all of theblocksin P arefinished.

3. Scanthesetof unfinishedblocks,andreplaceeachsuchblock B in P by split (B).

Thealgorithmrunsin O (m′) time andO (n +k) space,wherem′ is thetotal lengthof theprefixesneededto

distinguishthe stringsin M. Both the theoreticaltime boundsand the simplicity of the implementation

makeit superiorto lexicographicsortingfor solvingmultisetdiscrimination.

Previously,the lexicographicsortingalgorithmfound in Aho, Hopcroft,andUllman’s book [1] was

usedto solvecongruenceclosure[10] andalsotree isomorphism[1]. Both theseproblemscanbe solved

moresimply by our solutionsto multisetdiscriminationof strings. Their sortingalgorithmhasthetheoreti-

cal disadvantageof an Θ(m +k) complexity in time andauxiliary space,wherem is the total lengthof all

stringsin M. Their algorithmalsohasthepracticaldisadvantageof a complexmulti-passimplementation.

Thearray-basedversionof multisetdiscriminationof stringswasusedearlierby PaigeandTarjanto

obtain improvedsolutionsto lexicographicsorting[18] andDFA minimizationfor onesymbolalphabets

[19]. Theimplementationthatusespurelist processingwithout arrayshastheadvantageof easiermemory

management.Both implementationsaresimple,and involve onepassthroughthe prefixesof the strings.

Consequently,our proposedapplicationsmaybepractical.

2.3. Multiset Discrimination of Numeric Constants

Multisetdiscriminationof numericconstantscanbesolvedby treatingtheseconstantsasstringsover

a k-bit alphabetfor arbitrary k. By treatingcharacterstringsas bit strings,we can alsovary k to obtain

space/timetradeoffsin solvingstringdiscrimination(see[18]).

3. Applications
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3.1. mmmbolTables

Multiset discriminationof stringscanbeuseddirectly to implementa two-passlexical scanner.First

the string is scannedto producetokensand initial pointersto symbol tableentries.The symboltable is a

multisetof lexemes(implementedasa doubly linked list). An additionalpassis neededto removeredun-

dantentries,andredirectpointers(the lexical values)to distinctentriesin themodifiedtable. The perfor-

manceis linear time and spacein the length of the input string. Consequently,parsingand semantic

analysiscan proceedwithout hashing,sincetheseprocessescanstoreandaccessthe symbol tableusing

pointers. This approachsupportsthe scoperule of block-structuredlanguagesconvenientlyif we imple-

menteachsymboltableentryasa stackof pointersto records.

A symboltableis alsousedin macroexpansion.For example,the hygienicmacroexpansionalgo-

rithm reportedin [CR90] frequentlyperformsthethefollowing operations:(1) replaceall occurrencesof a

boundvariablein its binding scopeby a fresh identifier; (2) paint an expansion,i.e., replaceeachnewly

introducedidentifierd in anexpansionby a freshidentifiersharingthesamesymboltableentrywith d; (3)

storea macrodefinition togetherwith the definingenvironmentinto the symbol table (so that reference

transparencycanbeachieved,i.e.,whena macrois expanded,identifiersarereferencedwith respectto the

defining environmentinsteadof the using environment.) Although [CR90] assumesO (1) time on each

environmentoperation,straightforwardimplementationbasedon their definition would require linear

searchof lists that canbe aslong asthe input text. We suggestthe following moreefficient implementa-

tion.

Let table (x) representthesymboltableentryfor identifierx. Recallthatx is representedby a pointer

to table (x), which is implementedasa stackof pointersto records. In our approach,stringsubstitutionis

very simple:to replacex by x′ in its bindingscope,we just pusha pointerto a new recordrepresentingx′

into table (x), and pop it from table (x) when exiting from the binding scope. The cost is O(1) time

independentof the numberof occurrencesof x to be replaced. To paint an expansion,we replaceeach

newly introducedidentifierd by a pointerd′ to a freshsymboltableentry,andpushthetop of table (d) into

table (d′). Finally, to achievereferencetransparency,we simply painteachmacrodefinitionbeforestoring

it in thesymboltable.
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3.2. Fast Left Factoring

Left factoring is a context free grammartransformationinvestigatedby Stearns[22] and others

[2,14] asa tool for turningnon-LL grammarsinto LL grammars.They did not describeoptimal formsof

factoring or algorithmic details. We definea new classof factorable grammarsthat can be turned into

equivalentLL(1) grammarsby applyingan ‘optimal’ sequenceof left factoringtransformations.We show

how to find andapply this optimalsequenceto obtainanLL(1) grammarin linear time with respectto the

numberof symboloccurrencesin the input grammar. The solutiondependson multisetstringdiscrimina-

tion.

Beforepresentingthe factoringalgorithm,it is useful to presentsometerminologyandnotationfor

strings. Theemptystringis denotedby λ. If s is a string,thensi denotesthe i-th symbolof s; thetermsi..j

is usedto denotethesubstringof s from the i-th to the j-th symbol;si.. is anabbreviationfor si.. |s | . If i>j,

thensi..j equalstheemptystring. Recallfrom previousdiscussionthat if W is a setof stringsoveralphabet

Σ, thenfor currentsymbolin thefirst position,split(W) = {{ x∈W |x 1=a}: a∈Σ | (∃x∈W |x 1=a)}.

Definition: The longestcommonprefix of a nonemptysetof stringsW, denotedlcp(W), is definedrecur-

sivelyaccordingto thefollowing rule:

lcp(W) = if |W|= 1 then (let W = { x})
x

elseif |split(W)| > 1 then
λ

else (s is thefirst symbolof everystringin W)
s lcp({ x 2..:x∈W})

end if

We alsoneedterminologyandnotationfor contextfreegrammars.Let G bea contextfreegrammar

in which everynonterminalcanderivea nonemptysentence.

Definition (see[2]): Two productionsA → α | β belongingto G form an LL(1) conflict iff oneof the fol-

lowing conditionsholds

(1) thereexistsa terminalsymbolt suchthatα ⇒* t x andβ ⇒* t y;

(2) α ⇒* λ andβ ⇒* λ;

(3) α ⇒* λ, andthereexistsa terminalsymbolt suchthatβ ⇒* t x andstartsymbolS ⇒* w A t y.
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G is saidto beLL(1) if it hasnoLL(1) conflicts. We divideLL(1) conflictsinto two kinds:

(1) A factorable LL(1) conflict is a pair of productionsn → α β | α τ suchthat lcp ({αβ,ατ})=α andn →

β | τ is notanLL(1) conflict.

(2) A nonfactorable LL(1) conflict is anLL(1) conflict thatis not factorable.

G is saidto bea factorable grammarif all of its conflictsarefactorable.

Definition (Left Factoring Transformation): Let R⊆G bea setof productionsA → α βi, i=1..n with n > 1

andα ≠ λ. If C is a newnonterminalnot in G, thenLF(G,R, α,C) is thesetof productionsthatresultsfrom

replacingR within G by theproductionsA → α C andC → βi, i=1,..,n.

LEMMA 1. Grammar LF(G,R, τ,C) is equivalent to grammar G.

Proof Left factoringpreservesthesetof sentencesderivablefrom eachnonterminal. �

LEMMA 2. Nonfactorable conflicts cannot be eliminated by Left Factoring.

Proof Let n → α | β bea nonfactorableconflict in grammarG, andconsiderG’ = LF(G,R, τ,C). If

R doesnot containeithern → α or n → β, thenby Lemma1 thenonfactorableconflict remainsin G’. If R

containsbothof theseproductions,thenα = τ α1, β = τ β1, andG’ mustcontainthenonfactorableconflict

C → α1 | β1. Finally, if n → α belongsto R but n → β doesn’t,thenG’ containsthenonfactorableconflict

n → τ C | β. �

A left factoringtransformationLF(G,R, τ,C) is safe if for eachproductionn → α in R, productionn

→ β in G mustalsobelongto R wheneverlcp ({α,β}) is nota prefix of τ.

LEMMA 3. If G is factorable, then LF(G,R,α,C) is factorable iff LF(G,R, α,C) is safe.

Proof SupposeG’ = LF(G,R, τ,C) is not safe. Thenthereis a productionn → γ α in R anda pro-

ductionn → γ β not in R in which the lcp (γα,γβ)=γ is nota prefix of τ. Hence,τ mustbea properprefix of

γ; i.e, γ = τ ρ. In thiscase,G’ containsnonfactorableconflict n → τ C | τ ρ β.

Next, supposethatG’ = LF(G,R, τ,C) is safe. We showthatanyLL(1) conflict in G’ mustbefactor-

able. Any LL(1) conflict in G’ mustbeoneof thefollowing threekinds.

(1) (n → α | β, with no occurrenceof C) This is factorable,sinceit mustbea factorableLL(1) conflict

in G.

(2) (C → α | β) Theremustbea correspondingfactorableLL(1) conflict n → τ α | τ β of G containedin

R. Hence,C → α | β is a factorableLL(1) conflict of G’.
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(3) (n → τ C | ρ β, with only oneoccurrenceof C) G mustcontainan LL(1) conflict formedfrom pro-

ductionn → ρ α, which belongsto R, andproductionn → ρ β, which doesnot,with ρ=lcp (ρα,ρβ).

SinceLF(G,R, τ,C) is safe,thenρ mustbea prefix of τ. Hence,n → τ C | ρ β is factorable. �

THEOREM 1. If G is factorable, then a finite number of successive applications of safe Left factoring

transformations will yield an LL(1) grammar.

Proof Let the weight of G, denotedby w (G), be the sumof the lengthsof the longestcommon

prefixesof the right-hand-sidesof eachLL(1) conflict. Supposenonterminaln is the left-hand-sideof

everyproductionin R. Sincethenumberof LL(1) conflictswithin R is |R | ( |R |−1)/2, thentheweightof

G’ = LF(G,R, τ,C) equals w (G)−( |τ | |R | ( |R |−1)/2 + ( |R |−1)
n →γ∈G−R

Σ | lcp (τ,γ) | ). Since weight is

monotonicallydecreasingwith respectto safeleft factoring,a finite numberof applicationsof safeleft fac-

toringwill yield anequivalentLL(1) grammar(with weight0) by Lemma3. �

Theorem1 give rise to a variety of strategiesfor turning factorablegrammarsinto LL(1) grammars.

We say that a strategyis optimal if it appliesthe smallestnumberof left factoring transformations.An

optimal strategywill introducethe smallestnumberof new nonterminalsymbols. As we shall see,it will

alsoproducea grammarwhoseproductionscontainthefewestoccurrencesof grammarsymbols.

In orderto investigateoptimalstrategieswe needto introducesomeadditionalterminologyandnota-

tion. A pair [α,S] is a gap for nonterminaln if S = {n → x ∈G | α is a prefix of x}, lcp({x: n→ x ∈S}) = α,

and|S| > 1. A gap transformation is a left factoringtransformationLF(G,R, α,C) in which [α,R] is a gap

for G.

Thefollowing obviouspropertiesof gapsandgaptransformationsarestatedwithoutproof.

LEMMA 4. A gap transformation is safe. If [α,A] and [β,B] are two gaps for nonterminal n, then α

is a prefix of β iff B⊆A. Neither α nor β is a prefix of the other iff B and A are disjoint.

THEOREM 2. If G is factorable, then the minimal number of applications of safe left factoring to

obtain an LL(1) grammar equals the total number of gaps in G.

Proof Let G’ = LF(G,R, τ,C) be a safeleft factoringtransformationfor nonterminaln. We show

thatthenumberof gapsin G’ is eitherthesameasG or onelessthanG.

(1) If S⊆G∩ G’, then[β,S] is a gapin G’ iff it is a gapin G. In thiscaseS andR aredisjoint.
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(2) If β ≠ λ, then[β, {C → β αi, i=1,..,k}] is a gapof G’ iff [τ β, {n → τ β αi, i=1,...,k}] is a gapof G.

In this case{n → τ β αi, i=1,...,k} is a subsetof R. Whenβ=λ, thengap[τ β, {n → τ β αi, i=1,...,k}]

of G doesnotcorrespondto anygapin G’.

(3) Finally, [β, (S - R) ∪ {n → α C}] is a gapof G’ iff [β,S] is a gapof G, S - R ≠ {}, andS andR are

notdisjoint. In thiscase,R mustbea strict subsetof S or elseleft factoringis notsafe.

G’ hasonefewergapthanG iff [τ,R] is a gapfor G. Theresultfollows. �

By Theorem2, anoptimal left factoringstrategymustiterategaptransformationsG := LF(G,R, τ,C)

until grammarG is freeof gaps.

THEOREM 3. The number of grammar symbols occurring in the grammar produced by an optimal

left factoring strategy is the same independent of the order in which gap transformations are chosen.

Proof Let [α1,R 1] and [α1α2,R 2] be two gapsin grammarG. GrammarG 1 = LF(G,R 1,α1,C)

replacesall productionsn→α1β1,...,n→α2βk in R 1 by productionsn→α1C and C→β1,...,C→βk. The

productionsof grammarG 1 have |α1 | ( |R 1 |−1)−1 fewer occurrencesof grammarsymbolsthanthe pro-

ductinosof grammarG. Gap[α1α2,R 2] in G is transformedinto gap[α2,R 3] appearingin grammarG 1,

where R 3={C→βi:i =1,..,k |α2 is a prefix of βi}. Next, we see that the productions of grammar

G 2=LF (G 1,R 3,α2,D) haveprecisely |α2 | ( |R 3 |−1)−1 fewer occurrencesof grammarsymbolsthan the

productionsin grammarG 1. Since |R 3 |= |R 2 | , then the total reductionin grammarsymbolsresulting

from transformingG into G 2 is |α1 | ( |R 1 |−1)+ |α2 | ( |R 2 |−1)−2. The readercanverify that factoringG

with respectto thealternativeorderof gaptransformationsyields thesamereductionin grammarsymbols.

�

By Lemma4, gapscanbepartially ordered.We will computethesegapsandapplygaptransforma-

tionsefficiently by alwayschoosinginnermostgaps;i.e., gaps[τ,S] suchthatno othergap[β,T] hasS⊆T.

We assumethatgapsfor productionswith different left-hand-sidenonterminalsareincomparable.

SupposethatgrammarG is factorable. For eachnonterminaln in G, factor thesetW of productions

with left-hand-siden accordingto thefollowing abstractprocedure.

1. If |W| = 1, thenit containsnogaps,sothatW is alreadyfactored.

2. Otherwise,let R bethesetof right-hand-sidesof productionsin W, andlet C = lcp(R).

3. If C≠λ, then[C,R] is a gap. If m is a newnonterminalsymbolnot in G, performthegaptransforma-
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tion G := LF (G,W,C,m), andrecursivelyfactorthesetof productionsof G with left-hand-sidem.

4. Otherwise,for eachblock b∈split (R), recursivelyfactor the setof productionsof G with left-hand-

siden andright-hand-sidesin b.

An efficient implementationproceedsby repeatedlypartitioning the set of grammarproductions

startingwith aninitial partitionP in which everysetof productionswith thesameleft-hand-sidenontermi-

nal formsa block. The datastructurefor P makesuseof a setM of pointersto all the right-hand-sidesof

productionsin thegrammar. This setcanbeobtainedby multisetdiscriminationof all theright-hand-side

strings. Eachblock is representedby a subsetB ⊆ M, a nonterminalsymbolA, andaninterval [i, j], where

thesubstringfrom the i-th to j-th symbolof everystringin B mustbethesame. Initially, for eachnonter-

minal A, P hasa block containingthesetof pointersto all right-hand-sidesrhs suchthatA → rhs is a pro-

duction. A is the grammarsymbol for this block, and [1,0] is the interval, which representsthe empty

stringλ.

After initialization thealgorithmcomputesthenewgrammarG asdescribedbelow:

G := {}

( while P ≠ {})

removeblock [B, [i, j], A] from P

(case1: B containsonly onestringx)

G := G ∪ { A → xi.. |x |−1}

endcase
--

-- find a left factorfor stringsin block B startingfrom the ith position

--

j := j +1

(case2: split(B) containsonly oneblock)

--

-- partof a nonemptyleft factor is foundfor stringsin B

--

-- rhsi..j is partof theleft factoryet to befound

--

add[B, [i, j], A] to P

end if
endcase2
(case3: split (B) containsmorethan1 block)

--

-- completeleft factor is foundfor stringsin B

--

if i = j then
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--

-- left factor is theemptystring,andB mustbeaninitial block

--

C := A -- C representsnonterminalA

else
--

-- nonemptyleft factor is rhsi..j −1

--

createnewnonterminalC

G := G ∪ { A → rhsi..j −1 C}

end if
(for eachnewblock D thatresultsfrom split (B))

--

-- D containsjusta singlestring,which is thetrivial factorrhsj..

--

if |D | = 1 then G := G ∪ {C → rhsj...}

--

-- try to find theleft factorfor stringsin D

--

elseif |D | > 1, then add[D,[ j, j],C] to P

end if
end for
endcase3

endwhile

Theprecedingdiscussionleadsto thefollowing theorem.

THEOREM 4. The preceding algorithm is correct and runs in linear time in the number of the gram-

mar symbol occurrences in the productions of the input grammar.

3.3. Multiset Discrimination of Treesand Applications

Supposewe havea forestof syntaxtreesproducedby syntacticanalysis.Supposealsothatthenodes

of the syntaxtree containpointersto symbol tableentriesfor function symbols,constants,andvariables.

Therearevariousapplicationsin which we want to find duplicatesubtrees. Multiset subtreediscrimina-

tion canbesolvedin a newway without hashingby combiningmultisetstringdiscriminationwith multiset

pointerdiscrimination.

Let T bea forestof n nodes.We identify eachsubtreerootedin node j by a stringof length1 + the

numberof children of j and with symbolsrangingover the alphabet{1, ..., n}. First we solve multiset

pointer discriminationon the symbol table pointers in all the nodesof T. Next, we assignsuccessive
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integers,calledlocal numbers,startingwith 1 to thedistinctpointersof T. Thelocal numberat eachnodej

will betheinitial symbolof thestringthatidentifiesj.

To obtain the remainingsymbolsof the subtreeidentifier, we exploit the idea that subtreesat dif-

ferent heightsmustbe distinct. This allows us to solvemultisetsubtreediscriminationseparatelyfor all

nodesof thesameheightbottom-upstartingfrom theleavesto thetreeheightd. Thatis,

(1) Solvemultisetstringdiscriminationfor the leaves,andidentify eachdistinct local numberwith new

numbers,calledvalue numbers, with successivevaluesstartingwith 1.

(2) Forheighti = 2, 3, ..., d, repeatsteps3 and4:

(3) Identify eachnodej at heighti with a stringformedfrom thelocal numberof j followed by thevalue

numbersof thechildrenof j.

(4) Solvemultisetstringdiscriminationon thestringsdescribedin step3. This solvesthe multisetsub-

treediscriminationproblemat heighti. Thenidentify eachdistinctsubtreeat heighti with newsuc-

cessivevaluenumbers,startingfrom thelastvaluenumberassignedto a subtreeat heighti-1.

The precedingalgorithmrequiresO(n) time andspaceandis a greatdealsimpler thanthe previous

bestalgorithm basedon lexicographicsorting. It can be usedto obtainnew hash-freesolutionsto many

applicationsincluding tree-to-dagcompression,turninganarbitrary linear treepatternmatchingalgorithm

[11] into a nonlinearmatchingalgorithm[21], decidingstructuralequivalenceof typedenotations[2], and

preprocessinginput in theform requiredby WegmanandPaterson’sunificationalgorithm[20].

3.4. Multiset Dag Discrimination and Acyclic CoarsestPartitioning

The solutionto multisettreediscriminationextendswithout modificationto solvemultisetdiscrimi-

nation for dagswith m edgesand n nodesin time O (m) and spaceO (n). Recall that this spacebound

improvesthe O (m) spaceboundthat could be obtainedto solve this problemusing Aho, Hopcroft, and

Ullman’s lexicographicsortingalgorithm [1]. We show how multisetdag discriminationcanbe usedto

obtainanimprovedsolutionto acyclic instancesof themany-functioncoarsestpartitionproblem.

The many-functioncoarsestpartition problem, usedby Hopcroft to model the problem of DFA

minimization[12], hasapplicationsin programoptimizationandprogramintegration.It canbe formulated
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asfollows. Givena directedmulti-graph(V, E 1, ..., Ek) (whereV is thesetof vertices,andE 1, ..., Ek are

setsof edges),andaninitial partitionP = { V 1, ..., Vs} of V, find a coarsestrefinementP′ of P suchthat for

eachblock C in P′ andeachi = 1, ..., k, thereexistsa block C0 in P′ suchthat the imagesetEi[C ] ⊆ C0,

whereEi[C ] = { y : [x, y ]∈Ei andx∈C}. Herewe assumethat for eachi = 1, ..., k, theoutdegreeof each

vertexv ∈ V in (V, Ei) is at most1.

An algorithmwasgiven in[12] thatsolvesthis problemin time Θ(k |V | log|V | ) andspaceΘ(k |V|)

in the worst case,which is true evenwhen the graph(V, E 1 ∪ ... ∪ Ek) is acyclic. However,when the

graph(V, E 1 ∪ ... ∪ Ek) is acyclic,we cansolvetheproblemin time andspaceO (k |V | ) usinga solution

to multisetdiscriminationfor dags.

THEOREM 5. If (V, E 1 ∪ ... ∪ Ek) is acyclic, then the many function coarsest partition problem is

solved by Hopcroft’s algorithm in time Θ(k |V | log|V | ) and space Θ(k |V | ) in the worst case, and by

multiset dag discrimination in time O(k |V | ) and space O(|V|).

3.5. The SequenceCongruenceProblem

The sequencecongruenceproblem[27,28] arisesin thecontextof programintegration.It askshow

to partition programcomponentsinto classeswhosemembershaveequivalentexecutionbehaviors.The

algorithmpresentedin [27,28] solvesthis problemin two phases:the programcomponentsarefirst parti-

tioned with respectto the flow dependencegraph, and then refined with respectto the control graph.

Hopcroft’s coarsestpartition algorithm is usedin both phases,giving the O (m 1logm 1 + m 2logm 2) time

complexity,wherem 1 andm 2 arethe sizesof the flow dependencegraphandcontrol graphrespectively.

Sincetheir control graphis essentiallyacyclic, the linear time multisetdagdiscriminationmethodcanbe

usedfor thesecondphaseto improvetheir timeboundto O (m 1logm 1 + m 2).

3.6. BasicBlock Analysisby Value Numbering

Value numberingis a standardprogramanalysistechniqueof determiningequalitiesof the values

computedby instructionswithin basicblocks [2,8]. Although the techniqueis mostly implementedwith

hashing,multisetdiscriminationcanbeusedto obtaina moreefficientimplementation.
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Considera basicblock B consistingof a sequenceof assignmentstatementss1, ..., sk, eachof the

form lhs := rhs, where lhs is a variable,rhs is eithera constant,a variable,or an expressionof the form

op(x 1, ..., xt) in which op is somet-naryoperator,andx 1, ..., xt canbeconstantsor variables.Assumethat

B is lexically scanned,and that variablesand constantsare representedby pointersto a symbol table as

describedpreviously. We wantto assignaninteger(i.e. a valuenumber) to eachlhs andrhs sothat if two

occurrencesof expressionshavethesamevaluenumber,thentheyhavethesamerun-timevalue.We com-

putevaluenumbersin threestepsasfollows:

1. Constructan initial dagrepresentationD = (V, E 1, ..., Etmax) of B with vertexsetV andedgesets

E 1, ..., Etmax, where tmax is the maximumarity of the operatorsappearingin the instructionsin B. The

leavesof D representstheconstantsandinitial valuesof variables,andinternalnodesrepresentthevalues

computedby right-hand-sideexpressions.If v is an internal node representingthe value of right hand

expressionop(x 1, ..., xt) andif v 1, ..., vt areverticesin D representingthevaluesof x 1, ..., xk usedin op(x 1,

..., xt), thenEi containstheedge[v, vi] for i = 1, ..., t.

We constructD by scanningthe statementsin B in order from s1 to sk. During the scan,the vertex

node (x) in D, representingthecurrentvalueof variableor constantx, is accessedthrougha pointerstored

in thesymboltableentryfor x.

Let z := rhs be the statementbeingscanned.For eachargumentx in rhs suchthat node (x) is not

defined,we assigna new nodeto node (x) labeledby a pointerto the symboltableentry for x. Thencon-

siderthefollowing cases.If rhs is a variableor a constanty, we simply setnode (z) = node (y). Otherwise

rhs is of the form op(x 1, ..., xt). If x 1, ..., xt areall constants,thenwe enterthecomputedvaluec = op(x 1,

..., xt) into the symboltable,createa new nodev labeledwith a pointer to c, andsetnode (z) = v. Other-

wise,createa newvertexv labeledop, setnode (z) = v, andaddtheedge[v, node (xi)] to Ei for i = 1, ..., t.

2. Step1 maycreateduplicateentriesin thesymboltablefor thenewly computedconstants.There-

fore we compressthe symbol tableby performingmultisetdiscriminationon all the constantentries,and

thenadjustthepointersto theseentriesaccordingly.

3. To recognizecommonsubexpressions,we dagify D using the methoddescribedin the previous

sections,which gives a valuenumberto eachnodein D.
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4. Reduction in Strength

The final threeexamplesusethe precedingtechniquesto obtainnew solutionsto strengthreduction

with worst caseperformanceasymptoticallybetter than the expectedperformanceof the previousbest

algorithms.Ironically, the efficiency obtainedseemsto stemfrom using batch techniquesto implement

strengthreduction,which itself usesincrementaltechniquesto improveprogramperformance.

4.1. BasicStrength Reduction

First we considera new hash-freealgorithmthat implementsCockeandKennedy’sstrengthreduc-

tion transformation[7]. The algorithmrunsin worst casetime/spacelinear in the lengthof the final pro-

gramtext,which,aswe will show,canbeasmuchastwo ordersof magnitudebetterthantheir hash-based

algorithm. Like their algorithmwe arecarefulnot to computethepotentiallycostlydataflow relation.

CockeandKennedy’stransformationis concernedwith replacinghiddencostsof linearpolynomials

involved in the arrayaccessformula usedin programminglanguageslike Fortranor Algol. As wassug-

gestedby Allen, Cocke, and Kennedy [3], the earlier transformation[7] can be improved by sharper

analysisof control flow and taking safetyof codemotion into account. However,suchimprovementis

orthogonalto thesolutionpresentedhere.

The strengthreductiontransformationof [7] may be definedas follows. Let L be a strongly con-

nectedregionof code. We assumethat this codeconsistsof assignmentsto simplevariablesof the form

z:=op (x,y) or z:=op (x) andconditionalbrancheswith booleanvaluedvariablesaspredicates.We assume

implicit assignmentto certain designatedinput variables,and implicit output variablesthat are printed

whenevertheyareassigneda new value. All concernfor control flow is simplifiedby taking a mostcon-

servativepositionthat L forms a clique; i.e., that every two statementsin L canbe executedoneafter the

other.

If c is eithera regionconstantvariableof L or a constant,andif i is a variablethat is definedin L,

thenproducti×c is reducible if all definitionsto i occurringin L areamongthefollowing forms: i := j, i :=

-j, i := j + k, i := j - k, i := -j + k, or i := -j - k, wherein eachsuchform j×c andk×c mustalsobereducible.

Foreachreducibleproducti×c occurringin L, strengthreductiontransformsL asfollows:
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(i) Replaceeachoccurrenceof i×c in L by a new variabletic uniquelyassociatedwith text expression

i×c.

(ii) If variablei is live onentryto L, thenintroduceassignmenttic := i×c in a uniqueentryblock (a detail

we addto their transformationfor correctness),which mustbeenteredbeforeenteringL.

(iii) Within L andjustprior to eachdefinitionto i of theformseitheri := ± j or i := ± j ± k, insertthecode

tic := ± j×c or tic := ± j×c ± k×c respectively.

(iv) If anyof theproductsintroducedin step(iii) hasbeenpreviouslyeliminatedby eithercodemotionor

strengthreduction,replaceit by its associatedtemporaryvariable. Removeall otherproductsintro-

ducedin step(iii) by eithercodemotionor recursiveapplicationof strengthreductionasappropriate.

Like CockeandKennedywe assumethatstrengthreductionis performedafter redundantcodeelimi-

nation,constantpropagation,andcodemotion. Givena stronglyconnectedprogramregionL asinput,our

solutionsharesthefirst four stepsof theCockeandKennedyalgorithm;i.e.,

(i) ComputethesetRC of regionconstantvariablesof L anda setDefs (v) of all definitionsin L to each

variablev definedin L.

(ii) ComputethesetIV of induction variables; that is, thesetof all variablesx with definitionsoccurring

in L suchthatanyproductx×c would bereducible. This procedurewasalsodescribedby Cockeand

Schwartz[8].

(iii) Find the setCands of all reducibleproductsx×c actuallyappearingin L, andthe associatedplaces

wheretheyoccur.

(iv) For eachinductionvariablex, computethesetAfct (x) = { x} ∪ { y: y is a variableor constanton the

right-hand-sideof anyassignmentto x in L}.

The precedingstepscanbe performedin worst casetime and spacelinear in the programtext. If

Afct is regardedas a binary relation and Afct* representsits transitiveclosure,then the following fact

immediatelyfollows from CockeandKennedy’spaper.

LEMMA 5. The set of all expressions removed from L by strength reduction is defined by Rm = {j×c:

i×c ∈ Cands, j ∈ Afct* (i)}.
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Calculationof Rm is central to the implementationof strengthreduction,and it is important to

observethreesourcesof redundancyin computingthissetnaively.

(i) wheni×c and j×c belongto Cands andAfct* (i) ∩ Afct* (j) is nonempty;

(ii) wheni×c 1 and j×c 2 belongto Cands, c 1 ∈ Afct* (j), andc 2 ∈ Afct* (i);

(iii) whentwo differentproductsof constantsevaluateto thesameconstant

Becauseonly thefirst sourceof redundancycanleadto anasymptoticblowup in time andspace,we avoid

it duringthecalculationof Rm. Becausetheothertwo sourcesof redundancyonly contributeconstantfac-

torsin complexity,we avoidthemduringa postpasscleanup. Our approachcombinesmultisetdiscrimina-

tion with datastructuringtechniques.

It is at this point thatour solutiondiffers from CockeandKennedy.Theygo on to computethe tran-

sitive closureAfct* in time Θ(n 3+m) using, say, Warshall’salgorithm[25] (seealso[1]), wheren is the

numberof variablesandconstantscontainedin Afct, andm is thenumberof assignmentsto inductionvari-

ables. They alsousea greedystrategycommittedto hashingeachproductremovedby strengthreduction.

In contrast,we computethestrongcomponentdecompositionof Afct inverse(i.e., we considerdecomposi-

tion of a graphwith directededgei → j iff i ∈ Afct (j) ) in Θ(m) time andspaceusingTarjan’salgorithm

[24]. The dagstructureScd of this decompositionis usedto efficiently computeRm in time O(final text

length). Thealgorithmrestson thefollowing obviousfact:

LEMMA 6. Let Cs = {c: i×c ∈ Cands}. For each c ∈ Cs let Cmps (c) be the set of strong components

containing some variable i for which i×c ∈ Cands. If c is any region constant variable or constant, then

the set of all expressions j×c removed by strength reduction is defined by Rm (c) = {j×c: j belongs to a

component of Scd from which there is a path in Scd to any component of Cmps (c)}.

Theremainingstepsof thealgorithmaregivenjustbelow:

(v) Computethe setCs usingmultisetpointerdiscrimination. At the sametime, for eachconstantc ∈

Cs, form a setof pointersto strongcomponentsCmps (c) asdescribedin Lemma6, andmark vari-

ablesv within thesecomponentssuchthatv×c belongsto Cands.

(vi) Initialize an empty multisetMrc of subtreesand an empty multiset Mc of numericconstants.For
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eachconstantc ∈ Cs repeatsteps(vii) and(viii)

(vii) Computethe setScdc = { v :v×c∈Rm (c)} usinga depth-first-searchthroughdagScd in the reverse

direction of its edgesand startingfrom componentsbelongingto Cmps (c). Observethat for each

strongcomponentof Scd, if it hasno edgesleadingin, then its entriesareconstantsor regioncon-

stantvariables; otherwise,its entriesare inductionvariables. Link eachinductionvariablev∈Scdc

to a newsymboltableentrycontaininguniqueidentifier tvc, andinsertassignmenttvc := v×c on entry

to L if v is live on entry to L. If v is marked, indicating that v×c ∈ Cands, then replaceeach

occurrenceof v×c in L by a pointerto thesymboltableentry for tvc. Link eachregionconstantvari-

ablev∈Scdc to a newentry in Mrc containingsubtreev×c. Foreachconstantc′∈Scdc, if c is a region

constantvariable,thenlink c′ to a new entry in Mrc containingsubtreec×c′; otherwise,link c′ to a

newentryin Mc containingthecomputedvalueof c×c′ .

(viii) For eachinductionvariablev in Scdc andeachassignmentto v in Defs (v), introduceupdatecodeto

tvc accordingto thedefinitionof thestrengthreductiontransformationdescribedearlier.Replacepro-

ductsthatareintroducedwithin this updatecodeby referencesto thesymboltable,Mrc, or Mc asis

indicatedby thelinks in Scdc.

(ix) Use multiset subtreediscriminationand constantdiscriminationto find duplicateregion constant

expressionsandconstantsin Mrc andMc, andaugmentthesymboltablewith newvariablesfor each

distinct item in Mrc andMc. At the sametime readjustpointersinsideL to the symbol table,and

insertanassignmenttc 1c 2
:= c 1×c 2 onentryto L for eachproductc 1×c 1 ∈ Mrc.

THEOREM 6. The preceding algorithm is correct and has worst case time and space O(length of the

final program text).

4.2. Strength ReductionWith Cleanup

Cockeand Kennedynoted that after strengthreductionis applied, it is necessaryto apply global

cleanuptransformationssuchasuselesscodeelimination(i.e.,eliminationof statementsnot contributingto

the output)andvariablesubsumption(i.e., eliminatinguselesscopy operations).In this sectionwe show

how to fold uselesscodeeliminationtogetherwith strengthreduction. Our hash-freesolutionrunsin worst
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casetimeandspacelinearin thesumof thelengthsof theinitial andfinal programtexts.

As before we assumethat L is a strongly connectedregion of code,and Defs (v) is a set of all

definitionsin L to eachvariablev definedin L. Insteadof computingCands directly, we computethe set

Prods of all productsappearingin L andthe placeswherethey occur.Also, the set IV of inductionvari-

ablesis notcomputedexplicitly, but is detectedimplicitly in a simplerway.

By a spoiler we meananyvariablev for which Defs (v) containsa definitionnot amongsttheformsv

:= ± j or v := ± j ± k. We computethe setSpoilers of all suchvariables. Finally, we generalizerelation

Afct so that Afct (x) is definedfor eachvariablex (andnot just inductionvariables)that is assignedwithin

L. Let Afcti denoteAfct inverse. As before,we computethestrongcomponentdecompositiondagScd of

Afcti.

Recallthatthosesinglenodecomponentsof Scd with no edgesleadingin containonly constantsand

regionconstantvariables.Also, anyproductx×c∈Prods is reducible(i.e.,belongsto Cands) iff thereis no

pathin Scd from a spoilerto x. If we mark all strongcomponentscontainingspoilers,andmark all other

componentsreachablefrom thesemarkedcomponents,thentheunmarkedportionof Scd correspondspre-

cisely to the datastructureat the heartof the strengthreductionalgorithm in the precedingsubsection.

Recall that the inductionvariablesareall thosevariablescontainedin unmarkedstrongcomponentswith

edgesleadingin.

Consequently,we canproceedto solvestrengthreductionstartingwith step(v) of thepreviousalgo-

rithm. We now havean alternativelinear time strengthreductionalgorithm,wherethe first four stepsof

CockeandKennedy’ssolutionaresimplified. This newalgorithmcanalsobeextendedto supportefficient

analysisfor uselesscode.

Considerhow the new strongcomponentdagScdnew of the programloop L after strengthreduction

differs from theinitial dagScdold.

LEMMA 7.

i. The subdag of Scd induced by unmarked strong components and the subdag of Scd induced by

marked strong components are both invariant with respect to strength reduction.
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ii. The only new components in Scdnew are ones containing only new temporaries; the only edges

incident to these components are between them and from them to marked components.

iii. Edges only go from unmarked to marked components, and these can only be deleted by strength

reduction.

Proof StrengthReductionaltersloop L in thefollowing ways:

i Assignmentsareintroducedwithin L to modify compiler-generatedtemporariestxc. Theright-hand-

sideof anysuchassignmentmustcontainonly compiler-generatedtemporaries.Hence,theseassign-

ments cannot create new edges from Scdold to any strong componentsin Scdnew containing

compiler-generatedvariables.

ii An assignmentz:=x×c appearingin L canbe replacedby assignmentz:=txc. In this case,variablez

must be a spoiler that belongsto a marked componentScdz∈Scdold, and x must appearin an

unmarkedcomponentScdx∈Scdold. Moreover, there must be an edge from Scdx to Scdz. After

replacement,therewould beanedgefrom thestrongcomponentin Scdnew containingtxc to Scdz. If

theedgecountbetweenScdx andScdz after replacementbecomeszero,indicatingno assignmentsin

L from a right-hand-sidevariablein Scdx to a variablein Scdz, thenthisedgeis deletedin Scdnew. �

Let inputs bethesetof input variables,outputs be thesetof outputvariables,andcontrols be theset

of predicatevariablesof controlstatements.We will assumethatthesevariablesareall useful, andthatthe

strongcomponentsof Scd containingthem,which we call the critical setcrit, arealsouseful.The useful

componentsincludecrit andall strongcomponentsof Scd thatcanreachthecomponentsin crit.

If we assumethatall statementsin L areinitially useful,thenafter strengthreductionis appliedto L

once,only inductionvariables,regionconstants,andconstantscanbecomeuseless.Temporariesgenerated

by strengthreductionmustall be useful. Consequently,only the replacementof productsby temporaries

cancreateuselesscode. And all statementsthatundergosuch replacementwill beusefulin theend.

Hence,we canmodify steps(vii)-(ix) of thealgorithmin theprevioussubsectionto facilitateuseless

code elimination as follows. In step (vii), for eachassignmentz:=v×c replacedby assignmentz:=tvc,

decrementthe edgecount from Scdv to Scdz. If the edgecount reacheszero, then deletethe edgefrom

Scdv to Scdz. This is implementedusinga pointer linking a recordfor assignmentz:=v×c into the adja-

cencylist for Scd. Also, addedgesfrom tvc to z in Afcti. In step(viii) introducea new edgein Afcti for
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eachassignmentto a temporaryintroduced. In step(ix) multiset discriminationwill determinethe new

verticescorrespondingto newtemporariesin Afcti. Add a final step(x) in which theusefulcomponentsof

Scd arecomputed.Within L all assignmentsto variablesnot in usefulcomponentscanberemoved.

By theprecedingdiscussionwe have

THEOREM 7. The preceding algorithm is correct and has worst case time and space O(length of the

initial plus final program text).

4.3. Iterated Strength Reduction

CockeandKennedynotedthat after strengthreductionis applied,the new compilergeneratedvari-

ablestvc and other variablescan becomenew inductionvariables,and new productsdefinedin termsof

thesevariablescanbe removedby further applicationsof strengthreduction[7]. In this sectionwe show

how iteratedstrengthreductionfolded with uselesscodeeliminationcanbesolvedin worst casetime and

spacelinearin themaximumlengthof theinitial andfinal programtexts.

Note, first of all, that iteratedstrengthreductionterminates,becauseeachiteration exceptthe last

musteliminateat leastone productin the original stronglyconnectedregion L. In order to achievethe

promisedlinear time complexity,we mustbecarefulto generateonly temporariesthatarenot useless.Let

L* be the final coderesultingfrom the iteratedstrengthreduction. Let Cands* be thesetof productsin L

reducedby the iteratedstrengthreduction.Following Cockeand Schwartz[8], we say that a temporary

tvc 1...c j
is available in programregionL* if, wheneverit is referencedduringexecutionof L*, it storesthe

valueof v×c 1×...×cj. In this case,we saythat thestringc 1...cj is a tail of v. The setof tails of a variable

or constantv is denotedby tails (v). By default,tv = v. Thus,λ ∈ tails (v) iff v is notuselessin L*, whereλ

denotesthe empty string. The main task of the algorithm is to determinetails (v) for eachvariableand

constantv appearingin L. It is thenstraightforwardto introducetemporaryvariablesandgeneratethecode

to keepthemavailable.

First considerthepreprocessing.We labeltheedgesin Afcti asfollows. For eachinstructionv := ± j,

v := ± j ± k andv := ± k ± j, we addλ to labels (j,v). For eachinstructionv:=j×c, wherec ∈ RC, we addc

to labels (j,v). For eachinstructionv := ...j... not mentionedabove,we mark v asa spoiler andaddλ to

- 23 -



-- --

labels (j,v). We further extendthedefinitionof labelsto edgesin Scd. For eachedge[C1, C2] in Scd, we

defineLabels (C1, C2) = { c: c ∈ labels (x, y), x ∈ C1, y ∈ C2}.

We saythata componentC ∈ Scd is clean if noneof its elementsarespoilersandfor all edges[x, y]

in C, labels (x, y) = { λ}. We saythatC is reducible if all its ancestorsin Scd areclean. It is notdifficult to

seethata variablev occurringin L becomesan inductivevariablein someroundof CockeandKennedy’s

algorithmiff v belongsto a reduciblecomponent.Thereforeif v belongsto a non-reduciblecomponent,

thennoneof theproductsv×x in L arereducible. Sincewe assumethatall variablesoccurringin L areuse-

ful initially, thenthevariablesbelongingto non-reduciblecomponentsremainusefulin L*.

It is straightforwardto computereduciblecomponentsin a singletopologicalsearchthroughScd in

thedirectionof its edges:for eachcomponentC, if it is cleanandif its predecessorsareall reducible,then

it is reducible;otherwiseit is not reducible. It follows that,

LEMMA 8.

i. The set Cands* consists of all those products v×c occurring in L such that c ∈ RC and v belongs to

a reducible component.

ii. If [v, x] is an edge in Afcti, λ ∈ labels (v,x), and λ ∈ tails (x), then λ ∈ tails (v).

iii. If [v, x] is an edge in Afcti, c ∈ labels (v,x), p ∈ tails (x), and v belongs to a reducible com-

ponent, then the string cp ∈ tails (v).

iv. If v belongs to a non-reducible component, then tails (v) = {λ}.

Let C bea componentin Scd, x, y ∈ C. If C is reducible,thentails (x) = tails (y) by Lemma8.iii. If

C is not reducible,then tails (x) = tails (y) = { λ} by Lemma8.iv. In either case,we defineTails (C) =

tails (x). Thus,insteadof computingthe tails of variables,we cancomputethe tails of the componentsin

Scd.

Onesimpleway of computingTails is asfollows:

for C in Scd in topologicalorderin theoppositedirectionof its edges

if C is not reduciblethen
Tails (C) := { λ};

1 else Tails (C) :=
Ci∈succ (C)

∪ { xs: x ∈ Labels (C,Ci), s ∈ Tails (Ci) };

if C containsoutputvariablesthen
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Tails (C) := Tails (C) ∪ { λ};

end if ;
end if ;

end for ;

wheresucc (Ci) is thesetof successorsof Ci in Scd. Althoughmultisetstringdiscriminationcouldbeused

in computingthe union in line 1, the Ω(|s|) worst casecostcontributedby eachstring s in Tails (C) is too

slow. More efficient is to modify the precedingalgorithm to generateall tails of a given length before

applyingmultisetdiscrimination. Initially, Tails (C) is emptyfor all componentsC ∈ Scd. In round i = 0,

1, ..., k, we computethetails of lengthi for eachcomponentC, assumingthatno newtails aregeneratedin

roundk +1. When i = 0, usefulprogramvariablesaredetected.After eachround i = 1, ..., k we assigna

unique identifier for each distinct tail of length i. Thus, in round i +1, each newly generatedstring

c 1c 2...ci +1 canberepresentedby a pair [c 1,n 1], wheren 1 is thenamefor c 2...ci +1. Consequently,in order

to determinedistinct tails generatedin eachith round,where i > 1, multisetstring discriminationis only

neededfor stringsof length2. Followingaretheimplementationdetails.

Let pred 1 = { [C1, C2]: [C2, C1] ∈ Scd | C2 is reducible and λ ∈ Labels (C2,C1)}, andlet pred 2 =

{ [C1, C2]: [C2, C1] ∈ Scd | C2 is reducible and Labels (C2,C1) contains some label c ≠ λ}. We will use

pred 2 to generatetails of lengthi from tails of lengthi − 1, andusepred 1 to propagatetails betweencom-

ponents.Let Tails (C,i) bethesetof tails of C of lengthi, andHeads (i) bethesetof componentssuchthat

Tails (C,i) is notempty.Initially, we setHeads (0) = {}. Thenfor i = 0, ... k, we computetailsof lengthi:

(1) generatetailsof lengthi;

propagatetailsof lengthi usingScd 1;

Tailsof length0 aregeneratedaccordingto Lemma8.iv:

(2) for C in Scd

if C is not reducibleor C containsanyoutputvariablethen
Tails (C,0) := { λ};

Heads (0) with := C;

end if ;
end for ;

Tailsof length1, ..., k aregeneratedaccordingto Lemma8.iii:

(3) for C1 in Heads (i −1)

for C in pred 2(C1)

Tails (C,i) := {};
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Heads (i) with := C;

end for ;

end for ;

for C1 in Heads (i −1)

for C in pred 2(C)

2 Tails (C,i) := Tails (C,i) ∪ { cs: c ∈ Labels (C,C1) − { λ}, s ∈ Tails (C1,i −1) };

end for ;

end for ;

performa multisetdiscriminationon
C ∈Heads (i)

∪ Tails (C,i);

For i = 0, 1, ..., k, tailsof lengthi arepropagatedin Scd accordingto Lemma8.ii:

(4) Heads (i) := { C ∈ Scd | C is reachablefrom thecomponentsin Heads (i) throughedgesin pred 1};

for C1 in Heads (i) in topologicalorderw.r.t. pred 1 in thedirectionof its edges

performa multisetdiscriminationon Tails (C1,i);

for C in pred 1(C1)

3 Tails (C,i) := Tails (C,i) ∪ Tails (C1,i);

end for ;

end for ;

The aboverepresentationof stringscanalsobe usedto initialize temporaries.If s = c 1...ck is a tail

generatedin roundk for somek >1, and if n 1 is the nameof c 2...ck, thenwe usets to storethe valueof

c 1×...×ck, and insertan assignmentts:=c 1×tn 1
at the endof the initialization block. Onceall the tails are

initialized,we insertanassignmenttvs:= v×ts at theendof theinitializationblock for eachtemporarytvs.

The restof the algorithmincludes:replacingproductsin Cands* by temporaries,insertingcodeto

keeptemporariesavailable,andeliminatingdeadcode.Thefirst two tasksarestraightforward,andthethird

onecanbedoneeasilywith thehelpof theTails sets.

To seethecomplexityof our algorithm,we notethat for eachtail cs everaddedto Tails (C,i) at line

2 in code(3), thereexistsat leastoneinstructionv := j×c in L suchthatv ∈ C1 and j ∈ C. Thus,a distinct

instructionshouldbe insertedto keepthe temporarytvp available.Similarly, for eachtail p ≠ λ everadded

to Tails (C,i) at line 3 in code(4), thereexistsaninstructionv := ±x or v := ±x±y in L with respectto which

we needto insert an instructionto keepthe temporarytvp available. Thereforethe accumulatedcost of

code(1) is boundedfrom aboveby thesizeof theoutputcode. Consequently,we have,

THEOREM 8. The iterated strength reduction problem with useless code elimination can be solved in

time and auxiliary space linear in the maximum length of the initial and final program texts.
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Our algorithmis theoreticallysuperiorto aniteratedform of CockeandKennedy’salgorithm. Let Li

be the programtext beforethe ith iterationof CockeandKennedy’salgorithm.Evenif we performdead

codeelimination after eachiteration, the size of Li could still be as large as Ω( |L | |L* | ), sincesome

insertedcodemaybecomedeadafter Ω( |L | ) iterations. Becauseof Lemma7, eachinductivevariableor

regionconstantin Li canbe in the setAfct* (x) for at most |L | inductivevariablesx. Thusthe transitive

closureAfct* can be computedin Θ( |L | |Li | ) = Θ( |L |2 |L* | ) time if we usehashingfor set element

addition. ThereforeiteratingCockeandKennedy’salgorithmcan take Θ( |L |3 |L* | ) hashoperationsin

theworstcase.A closerlook at their algorithmrevealsthatAfct* (x) needonly becomputedfor thosevari-

ablesx suchthatx×c is a candidateproductin Li for somec. Evenwith this optimization,iteratedstrength

reductionwith CockeandKennedy’salgorithmtakesΘ( |L | |L* | ) hashoperationsin theworstcase.

4.4. Extensions

Two possibleapproachesthatexploit commutativeandassociativelawsof productsmay reducethe

numberof strings,and thereforetemporaries,generatedin the precedingstrengthreductionalgorithms.

Oneapproachis to usea weak form of the Paige/Tarjanlexicographicsortingalgorithm[18] to generate

stringsof constantsin somearbitrarily chosenorder. Anothermoreeffective,but lessefficient,approach,

would beto actuallycomputetheproductof constantsidentifying eachtemporary,andto usemultisetcon-

stantdiscrimination.

We are currently investigatingtheseideasas well as extensionsthat implement a more powerful

transformationintegratingstrengthreductionof sums,products,quotients,exponentiations,andmultivari-

ateexpressions. Suchextensionswould allow differentkindsof spoilersfor differentargumentsof candi-

dateexpressions.Developmentof simplerhash-basedalgorithmsis anotherpromisingdirection.

5. Conclusion

We havesuggestedhash-freemethodsfor solvingvariousaspectsof optimizingcompilation. These

methodshavebeenbasedin largepart on efficient algorithmsfor solving multisetdiscriminationfor dif-

ferentdatatypes.Multiset discriminationof orderedflow graphs,unorderedtreesanddags,andunordered

graphswith respectto givendepth-first-searchspanningtreesarestraightforward.An empiricalinvestiga-
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tion comparing our hash-freealternativeswith their conventionalhash-basedcounterpartswould be

worthwhilefuturework.
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