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Abstract

We present a method to simultaneously learn a mixture of mappings and
large margin hyperplane classifier. This method learns useful mappings of
the training data to improve classification accuracy. We first present a sim-
ple iterative algorithm that finds a greedy local solution and then derive a
semidefinite relaxation to find an approximate global solution. This relax-
ation leads to the matrix mixture of mappings formulation which generalizes
both the mixture of mappings and the mixture of kernels framework. More
efficient algorithms based on the extragradient method are introduced to
work on larger problems and to extend the basic framework to a multitask
setting. We then apply our method to the novel task of learning mono-
tonic transformations which cannot be easily addressed in a kernel learning
framework. Experiments directly comparing kernel learning and mapping
learning demonstrate the usefulness of the technique.

1 Introduction

In the past decade, large margin classifiers based on the support vector machine (SVM)
formulation have been very successful in applied domains. A large part of their success can
be attributed to the application of nonlinear mappings to the training data either explicitly
or implicitly with kernels. Often, these preprocessings are applied in an ad hoc manner
guided by a combination of intuition and exhaustively searching over a set of commonly
used mappings and kernels.

More recently, a line of research has set out to learn these kernels or mappings directly
from data. In [4], optimization algorithms were proposed to find a mixture of base kernels
K(~x, ~x′) =

∑

i miKi(~x, ~x′). In this paper, rather than a learning a mixture of kernels, we
will investigate mixtures of mappings Φ(~x) =

∑

i miφi(~x) as depicted in figure 1. This
was originally proposed in [3] to learn monotonic transformations and expanded upon in
[2]. This leads to learned kernels of the form: K(~x, ~x′) =

∑

i,j mimjφi(~x)φj(~x
′). We also

explore a generalization, the matrix mixture of mappings: K(~x, ~x′) =
∑

i,j Mi,jφi(~x)φj(~x
′).

This subsumes the previous two settings where the mixture of kernels can be replicated with
a diagonal M and the mixture of mappings can be replicated with a rank one M .

2 Learning Mixtures of Mappings

The basic problem proposed in this paper is to learn both a maximum margin hyperplane
and an unknown mapping Φ(~x) simultaneously where Φ(~x) =

∑

i miφi(~x) is defined as a
mixture of base mappings φi(~x). This leads to the following SVM like optimization problem
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Figure 1: Two mappings φ1, φ2 and their mixture .5φ1 + .5φ2.

augmented with the task of learning Φ(~x):

min
~w,~ξ,b,~m

‖~w‖2

2
+ C

N
∑

i=1

ξi

subject to yi





〈

~w,

J
∑

j=1

mjφj(~xi)

〉

+ b



 ≥ 1 − ξi ∀i

ξi ≥ 0,mj ≥ 0,
∑

j

mj ≤ 1 ∀i, j

where ~ξ are the standard SVM slack variables, ~w and b are the maximum margin hyplerplane
for the training set that has been transformed via Φ(~x) with learned ~m, the vector of mixing
weights. The formulation is a nonconvex problem which can then be solved with a simple

greedy coordinate descent algorithm. The algorithm iteratively solves for ~w, b and ~ξ with ~Φ

fixed by using an SVM solver and then optimizes ~m and ~ξ with ~w and b fixed via a linear
program. This EM like algorithm efficiently finds a locally optimal solution in around ten
iterations.

3 Convex Relaxation

The previous algorithm often finds good solutions but sometimes gets trapped in local min-
ima. One method to overcome this issue is to relax the nonconvex terms transforming the
optimization into a semidefinite program (SDP) which can be solved for a global (approx-
imate) solution. In the dual formulation, the mixing weights are replaced with a rank one
positive semidefinite mixing matrix. The problem is relaxed by dropping the rank constraint
yielding the now convex SDP:

min
M,t,λ,~ν,~δ

t

subject to

(

Y
∑

i,j Mi,jφi(X)T φj(X)Y ~1 + ~ν − ~δ + λ~y

(~1 + ~ν − ~δ + λ~y)T t − 2C~δT~1

)

� 0

M � 0,

J
∑

j=1

Mj,j ≤ 1,M0,j ≥ 0,

J
∑

j=1

M0,j ≤ 1,M0,0 = 1, ~ν ≥ ~0, ~δ ≥ ~0
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j=1
mjφj(x)

Figure 2: Building blocks for piecewise linear functions.

where M is the relaxed mixing matrix and λ, ~ν, ~δ arise from the dual transformation. This
relaxation would be exact if M were rank one. For learning with large data sets, we use
the extragradient algorithm as an alternative to a general SDP solver because semidefinite
programs can be computationally expensive. The extragradient method solves a simpler
saddle point problem that is equivalent to the proposed SDP. This formulation also allows
us to efficiently extend the method to more complicated scenarios such as a multitask setting
where a single mixture mapping is learned over multiple related tasks.

4 Monotonic Transformations

One application of the mapping learning framework is to learn monotonic transformations.
In many domains, such as document classification, image histogram classification and gene
microarray experiments, fixed monotonic transformations can be useful as a preprocessing
step which can often substantially improve results. Our method can learn these monotonic
transformations automatically while training a large margin classifier without any prior do-
main knowledge. Truncated ramp functions, as in figure 2(a), can be used as base mappings
that are combined in a mixture to form piecewise linear monotonic functions as in figure
2(b).

5 Experiments

In these experiments we investigated the efficacy of the greedy mixture of mappings algo-
rithm (Greedy) and the convex matrix mixture of mappings algorithm (Convex). A synthetic
experiment was first investigated to demonstrate intuitively the application of the mixture
of mappings to the problem of learning monotonic transformations. The next experiment
involves classification of image histograms and demonstrates the usefulness of the learned
mappings in the single task setting and also the utility of estimating them jointly in a mul-
titask setting. More experiments, including document and gender image classification, can
be found in [2, 3].

In the first experiment, synthetic data was generated by sampling near a linear decision
boundary as in figure 3(a). It was then transformed with a monotonic transformation such
as the normalized logarithm in figure 3(b). To correctly classify this data with a linear hyper-
plane, the correct inverse monotonic transform must be learned by the proposed methods.
The recovered transformation is plotted in red in figure 3(c), the standard deviation over ten
repetitions in dashed red and the true target transformation is plotted in black. The pro-
posed methods are compared to linear SVM and a mixture of kernels based on the truncated
ramp functions in table 1. The linear SVM clearly suffers in this nonlinear setting. The two
mapping learning algorithms perform best because they are searching over the correct set
of functions which cannot be represented by the kernel learning algorithm.

The second experiment classified image histograms from the Corel dataset. Parameterized
monotonic transformations of the form xa were shown to substantially outperform commonly
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used kernels in [1]. Four classes of animals were chosen, and all six pairwise classification
tasks were solved. The proposed methods were compared to linear, RBF and polynomial
SVM as well as the xa transforms and the multiple kernel learning algorithm. The map-
ping learning algorithms again outperform the competition although the greedy algorithm
tied the kernel mixture most likely due to problems with local minima. The multitask
learning algorithms were also applied to this set of problems yielding improvements over
independently trained models. All results are reported in table 2.
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Figure 3: Synthetic data experiment.

Linear Exponential Square Root Total

Linear 0.05 3.25 5.55 2.95
Kernel Mixture 1.15 1.05 1.45 1.22
Greedy 0.55 0.45 0.55 0.52
Convex 0.20 0.35 0.50 0.35

Table 1: Percent testing error rates for the synthetic experiments.

1 vs 2 1 vs 3 1 vs 4 2 vs 3 2 vs 4 3 vs 4 Total

Linear 20.0 12.0 4.0 26.0 15.0 20.0 16.16
Poly 19.0 12.0 4.0 25.0 14.0 18.0 15.33
RBF 14.0 12.0 4.0 18.0 14.0 17.0 13.17
xa 6.0 1.0 5.0 3.0 6.0 10.0 5.17
Kernel Mixture 9.0 2.0 3.0 1.0 7.0 7.0 4.83
Greedy 7.0 2.0 4.0 2.0 9.0 5.0 4.83
Convex 5.0 2.0 1.0 2.0 4.0 2.0 2.67

Greedy Multitask 5.0 2.0 2.0 1.0 3.0 3.0 2.67
Convex Multitask 4.0 1.0 0.0 2.0 3.0 1.0 2.17

Table 2: Percent testing error rates on Corel dataset. Bold entries are the best results in
the single task setting.
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