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Abstract

By thinking of eachstatein a hiddenMarkov modelas correspondingo some
spatialregion of afictitious topolagy spaceit is possibleto naturallydefineneigh-
bouringstatesasthosewhich areconnectedn thatspace.The transitionmatrix

canthenbeconstrainedo allow transitionsonly betweemeighboursthis means
thatall valid statesequencesorrespondo connecteghathsin thetopologyspace.
I shav how suchconstainedHMMs canlearnto discover underlyingstructure
in complex sequencesf high dimensionaldata,andapply themto the problem
of recoreringmouthmavementsrom acousticsn continuousspeech.

1 Latent variable modelsfor structured sequencealata

Structuedtime-seriearegeneratedhy systemsvhoseunderlyingstatevariableschangen
acontinuousvay but whosestateto outputmappingsarehighly nonlinear mary to oneand
not smooth. Probabilisticunsupervisedearningfor suchsequencesequiresmodelswith
two essentiafeatures:latent(hidden)variablesandtopology in thosevariables. Hidden
Markov models(HMMSs) can be thoughtof asdynamicgeneralization®f discretestate
staticdatamodelssuchasGaussiamixtures,or asdiscretestateversionsof lineardynam-
ical systemgLDSs) (which arethemselesdynamicgeneralization®f continuouslatent
variablemodelssuchasfactoranalysis) While bothHMMs andLDSsprovide probabilistic
latentvariablemodelsfor time-seriesboth have importantlimitations. TraditionalHMMs
have avery powerful modelof therelationshipbetweertheunderlyingstateandtheassoci-
atedobsenationsbecauseachstatestoresa privatedistribution over the outputvariables.
Thismeanghatary changen thehiddenstatecancausearbitrarily complex changesn the
outputdistribution. However, it is extremelydifficult to capturereasonablelynamicson
thediscretdatentvariablebecausén principleary stateis reachabldérom any otherstateat
ary time stepandthe next statedepend®nly onthe currentstate.LDSs,ontheotherhand,
have an extremelyimpoverishedrepresentatiomf the outputsas a function of the latent
variablessincethis transformatioris restrictedto be globalandlinear. But it is somavhat
easierto capturestatedynamicssincethe stateis a multidimensionalectorof continuous
variableson which a matrix “flow” is acting; this enforcessomecontinuity of the latent
variablesacrosstime. Constained hiddenMarkov modelsaddresghe modelingof state
dynamicsby building sometopologyinto the hiddenstaterepresentation.The essential
ideais to constrainthe transitionparametersf a corventionalHMM sothatthe discrete-
valuedhiddenstateevolvesin astructuredvay.! In particulag below | considemparameter
restrictionswhich constrainthe stateto evolve as a discretizedversionof a continuous
multivariatevariable, i.e. so that it inscribesonly connectedcbathsin somespace. This
lendsa physicalinterpretatiorto the discretestatetrajectoriesn anHMM.

1A standardrick in traditional speechapplicationsof HMMs is to use“left-to-right” transition
matriceswhich area specialcaseof thetype of constraintsnvestigatedn this paper However, left-
to-right(Bakis)HMMs forcestatetrajectorieghatareinherentlyone-dimensionanduni-directional
whereaserel alsoconsidemigherdimensionatopologyandfree omni-directionalmotion.



2 An illustrati ve game

Considemplayingthefollowing game:divide a sheetof paperinto severalcontiguousnon-
overlappingregionswhich betweerthemcoverit entirely. In eachregioninscribeasymbol,
allowing symbolgto berepeatedn differentregions. Placeapencilonthesheeandmoveit
aroundreadingout(in order)thesymbolsin theregionsthroughwhichit passesAdd some
noiseto the obsenation processso that somefraction of the time incorrectsymbolsare
reportedn thelist insteadof the correctones.The gameis to reconstructhe configuration
of regionson the sheetfrom only suchan orderedlist(s) of noisy symbols.Of course the
absolutescale rotationandreflectionof the sheetcannever berecovered,but learningthe
essentiatopology maybe possible? Figurel illustratesthis setup.

1,11, 1, 11,...
24( 2,21, 2,...
18, 19, 10, 3,...
2(2, 16, 165
15, 15, 2, B,...

True Generative Map Iteration:030 logLikelihood:-1.9624

Figure 1: (left) True mapwhich generatesymbolsequenceby randommavementbetweencon-
necteccells. (centre) An examplenoisyoutputsequencevith noisysymbolscircled. (right) Learned
map after training on 3 sequence$with 15% noiseprobability) each200 symbolslong. Eachcell
actuallycontainsanentiredistribution over all obsered symbols thoughin this caseonly the upper
right cell hassignificantprobabilitymasson morethanonesymbol(seefigure 3 for displaydetails).

Without noiseor repeatedymbols the gameis easy(non-probabilistianethodscansolve
it) butin theirpresencd is not. Oneway of mitigatingthe noiseproblemis to do statistical
averaging. For example,one could attemptto usethe averageseparatiorin time of each
pair of symbolsto definea dissimilarity betweerthem. It thenwould be possibleto use
methoddik e multi-dimensionakcalingor a sortof Kohonenmappingthoughtime® to ex-

plicitly constructa configurationof pointsobeying thosedistancerelations.However, such
methodsstill cannotdealwith mary-to-onestateto outputmappingqrepeatedciumbersn

thesheethbecausdy their naturethey assigna uniquespatiallocationto eachsymbol.

Playing this gameis analogougo doing unsupervisedearningon structuredsequences.
(The gamecanalsobe playedwith continuousoutputs,althoughoften high-dimensional
datacanbe effectively clusteredarounda manageablaeumberof prototypesthusa vector
time-seriexcanbe convertedinto a sequencef symbols.)ConstraineddMMs incorporate
latentvariableswith topologyyet retainpowerful nonlinearoutputmappingsandcandeal
with the difficulties of noise and mary-to-one mappingsmentionedabove; so they can
“win” ourgame(seefigs. 1 & 3). Thekey insightis thatthe gamegeneratesequencesx-
actly accordingo ahiddenMarkov processvhosetransitionmatrix allows only transitions
betweemeighbouringcells andwhoseoutputdistributionshave mostof their probability
on asinglesymbolwith a smallamounton all othersymbolsto accountfor noise.

>The obsered symbolsequencenustbe “informative enough”to reveal the map structure(this
canbe quantifiedusingtheideaof persistentexcitationfrom controltheory).

3Consideranetwork of unitswhich competeto explaininput datapoints. Eachunit hasa position
in theoutputspaceaswell asapositionin alower dimensionatopologyspace Thewinning unit has
its positionin outputspaceupdatedowardsthe datapoint; but alsotherecent(in time) winnershave
their positionsin topologyspaceupdatedowardsthe topologyspacdocationof the currentwinner.
Sucharuleworkswell, andyieldstopologicalmapsin which nearbyunitscodefor datathattypically
occurclosetogetherin time. However it cannotlearnmary-to-onemapsin which morethanoneunit
atdifferenttopologylocationshave the same(or very similar) outputs.



3 Model definition: statetopologiesfrom cell packings

Defining a constrainedHMM involvesidentifying eachstateof the underlying (hidden)
Markov chainwith a spatialcell in a fictitious topolagy space This requiresselecting
a dimensionalityd for the topology spaceandchoosinga padcing (suchashexagonalor
cubic)whichfills the space.The numberof cellsin the packingis equalto the numberof
statesM in the original Markov model. Cells aretakento be all of equalsizeand(since
the scaleof thetopologyspaces completelyarbitrary)of unit volume. Thus,the packing
coversa volume M in topology spacewith a sidelength? of roughly ¢ = M'/4. The
dimensionalityandpackingtogetherdefinea vectorvaluedfunctionx(m), m = 1... M
which givesthe location of cell m in the packing. (For example,a cubic packingof d
dimensionabpacedefinesx(m-+1) tobe [m,m/¢,m/¢?,... ;m/¢?"1] mod £.) Statem
in the Markov modelis assignedo to cell m in the packing,thusgiving it alocationx(m)
in thetopologyspace Finally, we mustchoosea neighbourhoodule in thetopologyspace
which definesthe neighboursf cell m; for example,all “connected’cells, all faceneigh-
bours,or all thosewithin a certainradius. (For cubic packingsthereare 3?-1 connected
neighboursand2d faceneighboursn ad dimensionatopologyspace.)lTheneighbourhood
rule alsodefinesthe boundaryconditionsof the space- e.g.periodicboundaryconditions
would malke cellson oppositeextremefacesof the spaceneighboursvith eachothet

Thetransitionmatrix of theHMM is now preprogrammedo only allow transitiondetween
neighbours.All othertransitionprobabilitiesaresetto zero,makingthe transitionmatrix
very sparse. (I have setall permittedtransitionsto be equally likely.) Now, all valid
statesequence the underlyingMarkov modelrepresentconnected“city block”) paths
throughthetopolagy space Figure?2 illustratesthis for athree-dimensionahodel.

1 Figure 2: (left) Physicaldepiction of the
- topology spacefor a constrainedHMM with
J : \\ d=3 /=4 and M =64 shaving anexamplestate
trajectory (right) Correspondingransition

\‘h matrix structurefor the 64-stateHMM com-
putedusingface-centreatubic packing. The

641 64 gapsin theinnerbandsaredueto edgeeffects.

4 Stateinferenceand learning

The constrainedtHMM hasexactly the sameinferenceproceduressa regularHMM: the
forward-badkward algorithm for computingstateoccupationprobabilitiesand the Miterbi

decodeffor findingthesinglebeststatesequenceOncethesediscretestateinferencedave

beenperformed they canbe transformedusing the statepositionfunction x(m) to yield

probabilitydistributionsoverthetopologyspacein the caseof forward-backvard)or paths
throughthe topology space(in the caseof Viterbi decoding). This transformatiormakes
theoutputsof statedecodingsn constrainedHMMs comparabléo the outputsof inference
proceduregor continuousstatedynamicalsystemsuchasKalmansmoothing.

Thelearningprocedurdor constrainedHMMs is alsoalmostidenticalto thatfor HMMs.
In particular the EM algorithm (Baum-Welch) is usedto updatemodel parametersThe
crucialdifferencds thatthetransitionprobabilitieswhich areprecomputedby thetopology
andpackingare never updatedduring learning. In fact, this makeslearningmuch easier
in somecases.Not only do the transitionprobabilitiesnot have to be learned,but their
structureconstrainghehiddenstatesequencein suchaway asto make thelearningof the
outputparametersnuchmoreefficient whenthe underlyingdatareally doescomefrom a
spatially structuredgeneratre model. Figure 3 shavs an exampleof parametetearning
for the gamediscussedbove. Notice thatin this case gachpart of statespacehadonly a
singleoutput(exceptfor noise)sothefinal learnedoutputdistributionsbecameessentially
minimumentropy. But constrainedHMMs canin principlemodelstochastior multimodal
outputprocessesinceeachstatestoresan entireprivatedistribution over outputs.



Random initialization  logLikelihood:-3.2321 ation:005 logLikelihood:-2.4270 sration:010  logLikelihood:~2.1451 sration:025 logLikelihood:~1.9980

Figure 3: Snapshotsf modelparametersgluringconstraineddMM learningfor thegamedescribed
in section2. At everyiterationeachcellin themaphasacompletedistribution overall of theobsered

symbols. Only the top threesymbolsof eachcell’s histogramare shaw, with font sizeproportional

to the squae root of probability (to make ink roughly proportional).The mapwastrainedon 3 noisy

sequencesach200 symbolslong generatedrom the mapon the left of figure 1 using 15% noise
probability Thefinal mapafterconvergence(30 iterations)is shavn ontheright of figure 1.

5 Recovery of mouth movementsfrom speechaudio

| have appliedthe constrainedHMM approactdescribedabore to the problemof recover

ing mouthmovementsrom the acousticwaveformin humanspeech.Datacontainingsi-

multaneousudioandarticulatormovementinformationwasobtainedrom the University
of WisconsinX-ray microbeandatabas¢9]. Eightseparat@oints(four onthetongue one
oneachlip andtwo onthejaw) locatedin themidsaggitaplaneof the spealer'sheadwere
trackedwhile subjectgeadvariouswords,sentencegaragraphandlists of numbersThe
z andy coordinategto within about+1mm)of eachpointweresamplecat 146Hzby anX-

ray systemwhich locatedgold beadsattachedo thefeaturepointson themouth,producing
a 16-dimensionalectorevery 6.9ms. The audiowas sampledat 22kHz with roughly 14
bits of amplituderesolutionbut in the presencef machinenoise.

Thesedataarewell suitedto theconstraineddMM architectureThey comefrom asystem
whosestatevariablesare known, becauseof physicalconstraintsto move in connected
pathsin alow degree-of-freedonspace.In otherwordsthe (normally hidden)articulators
(movablestructuresof the mouth), whosepositionsrepresenthe underlyingstateof the
speectproductionsystentt move slowly andsmoothly The obseredspeechsignal—the
systems output—carbecharacterizethy asequencef short-timespectrafeaturevectors,
oftenknown asa spectogram In the experimentsreportedhere,| have characterizedhe
audiosignalusing12 line spectrafrequenciegLSFs)measuredvery 6.9ms(to coincide
with the articulatorysamplingrate) over a 25mswindow. TheseL SF vectorscharacter
ize only the spectal shapeof the speechwaveform over a shorttime but not its enegy.
Averageenegy (alsoover a 25mswindow every 6.9ms)wasmeasure@sa separatene
dimensionakignal. Unlike the movementsof the articulators the audiospectrum/engy
canexhibit quite abruptchangesindicatingthatthe mappingbetweenarticulatorpositions
and spectralshapeis not smooth. Furthermore the mappingis mary to one: different
articulatorconfigurationsanproducevery similar spectraseebelaw).

Theunsupervisedearningtask,then,is to explain the complicatedsequencesf obsened
spectralfeatures(LSFs)and enegiesasthe outputsof a systemwith a low-dimensional
statevectorthatchangeslowly andsmoothly In otherwords,canwe learntheparameters
of aconstrainedHMM suchthatconnectegathsthroughthetopologyspacestatespace)
generatahe acoustictraining datawith high likelihood? Oncethis unsupervisedearning
task hasbeenperformed,we can(as| shov below) relatethe learnedtrajectoriesin the
topologyspaceo thetrue (measuredarticulatormovements.

“4Articulator positionsdo not provide completestateinformation. For example, the excitation
signal(voicedor urvoiced)is not capturecby the beadlocations. They do, however, provide much
importantinformation;otherstateinformationis easilyaccessibl@lirectly from acoustics.

>Model structure{dimensionalityandnumberof states)s currentlysetusingcrossvalidation.



While mary modelsof the speechproductionprocesspredictthe mary-to-oneand non-
smoothpropertiesof the articulatoryto acousticmapping,it is usefulto confirm these
featuresby looking at real data. Figure 4 shavs the experimentallyobsened distribution
of articulatorconfigurationsusedto producesimilar sounds.It wascomputedasfollows.
All the acousticandarticulatorydatafor a singlespealer are collectedtogether Starting
with somesamplecalled the key sample | find the 1000 samples‘nearest’to this key
by two measuresarticulatorydistancedefinedusingthe Mahalanobisrorm betweertwo
position vectorsunderthe global covarianceof all positionsfor the appropriatespealer,
andspectralshapedistance againdefinedusingthe Mahalanobisnorm but now between
two line spectrafrequeny vectorsusingthe global LSF covarianceof the spealer’'s audio
data.ln otherwords,| find the 1000sampleghat“look mostlike” thekey samplen mouth
shapeandthat“soundmostlike” the key samplein spectralshape.l thenplot thetongue
beadpositionsof thekey sample(asathick cross),andthe 1000nearessamplesy mouth
shapgasathick ellipse)andspectrashapgasdots). Thepointsof primaryinterestarethe
dots;they shav the distribution of tonguepositionsusedto generatevery similar sounds.
(Thethick ellipsesareshovn only asacontrolto ensureghatmary nearbypointsto thekey
sampledo exist in the dataset.)Spreador multimodality in the dotsindicatesthat mary
differentarticulatoryconfigurationsareusedto generatehe samesound.
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Figure4: Inversemappingfrom acousticgo articulationis ill-posedin realspeectproductiondata.
Eachgroupof four articulatorspaceplots shavs the 1000 sampleswhich are “nearest’to one key
sample(thick cross).Thedotsarethe 1000nearessamplesisinganacousticmeasurédasedn line
spectralfrequencies.Spreador multimodality in the dotsindicatesthat mary differentarticulatory
configurationsare usedto generatesery similar sounds.Only the positionsof the four tonguebeads
have beenplotted. Two examplegwith differentkey samplesareshavn, onein theleft groupof four
panelsandanotherin the right group. Thethick ellipses(shavn asa control) arethe two-standard
deviation contourof the 1000nearessamplesusinganarticulatorypositiondistancemetric.

Why notdodirectsupervisedearningfrom short-timespectrafeatureJLSFs)to theartic-
ulatorpositions?Theill-posednatureof theinverseproblemasshowvn in figure4 makesthis
impossible.To illustratethis difficulty, | have attemptedo recoverthearticulatorpositions
from theacoustideaturevectorsusingKalmansmoothingonaLDS. In this case sincewe
have accesgo boththe hiddenstategarticulatorpositions)andthe systemoutputs(LSFs)
we can computethe optimal parameterf the modeldirectly. (In particulay the state
transitionmatrix is obtainedby regressiorfrom articulatorpositionsandvelocitiesattime
t onto positionsat time ¢ + 1; the output matrix by regressionfrom articulatorpositions
and velocitiesonto LSF vectors; and the noise covariancesfrom the residualsof these
regressions.Jigure5b shawvs theresultsof suchsmoothingtherecoveryis quite poor.

ConstrainedHMMs canbe appliedto this recovery problem,as previously reported[6].
(My earlierresultsuseda smallsubsebf the samedatabas¢éhatwasnotcontinuouspeech
anddid not provide the hardexperimentalerification(fig. 4) of themary-to-oneproblem.)



Figure 5: (A) Recweredarticulatormovementsusing stateinferenceon a constrainedHMM. A
four-dimensionaimodelwith 4096 stateswastrainedon data(all beads)rom a single spealer but
notincluding the testutteranceshavn. Dots shav the actualmeasuredrticulatormovementsfor a
singlebeadcoordinateversustime; the thin lines are estimatednovementsfrom the corresponding
acoustics(B) Unsuccessfutecovery of articulatormovementsusingKalmansmoothingon a global
LDS model. All the (spealker-dependentparametersf the underlyinglinear dynamicalsystemare
known; they have beensetto their optimal valuesusing the true movementinformation from the
training data. Furthermorefor this example,the testutteranceshavn wasincludedin the training
datausedto estimatemodelparameters(C) All 16 beadcoordinatesall vertical axesarethe same
scale.Beadnamesareshavn ontheleft. Horizontalmovementsareplottedin theleft-handcolumn
andvertical mavementsin theright-handcolumn. The separatiorbetweenthe two horizontallines
nearthe centreof theright panelindicatesthe machinemeasuremergrror.
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The basicideais to train (unsupervisedpn sequence®f acoustic-spectraieaturesand
thenmapthe topologyspacestatetrajectoriesonto the measuredrticulatorymovements.
Figure5 shovs movementrecovery usingstateinferencein afour-dimensionamodelwith
4096 states(d=4¢=8,M =4096)trainedon data(all beads)rom a single spealer. (Naive
unsupervisedearningrunsinto severelocal minimaproblems.To avoid these jn the sim-
ulationsshavn above, modelsweretrainedby slowly annealingwo learningparameter%
aterme® wasusedin placeof the zerosin the sparseransitionmatrix, andyf wasused
in placeof v, = p(my|observations) duringinferenceof stateoccupationprobabilities.
Inversetemperatures wasraisedfrom 0 to 1.) To infer a continuousstatetrajectoryfrom
anutterancefterlearning,| first do Viterbi decodingontheacousticto generat@adiscrete
statesequencen; andtheninterpolatesmoothlybetweerthepositionsx(m;) of eachstate.

6An easierway (which | have usedpreviously) to find good minimais to initialize the models
usingthe articulatorydatathemseles. This doesnot provide asimpressie “structurediscovery” as
annealingout still yieldsa systemcapableof invertingacousticsnto articulatorymaovementson pre-
viously unseertestdata.First,aconstrainedHMM is trainedon justthearticulatorymovementsthis
works easilybecaus®f the naturalgeometrig(physical)constraints Next, | take the distribution of
acousticfeaturegLSFs)over all times(in thetrainingdata)whenViterbi decodingplaceshe model
in a particularstateandusethoseL SF distributionsto initialize an equivalentacousticconstrained
HMM. This new modelis thenretraineduntil corvergenceusingBaum-Welch.



After unsupervisetkarning,asinglelinearfit is performedbetweerthesecontinuousstate
trajectoriesandactualarticulatormovementon the training data. (The modelcannotdis-
covertheunitssystenor axesusedto representhearticulatorydata.) To recoverarticulator
movementsrom a previously unseertestutterance] infer a continuousstatetrajectoryas
above andthenapplythe singlelinearmapping(learnedonly oncefrom thetrainingdata).

6 Conclusions,extensionsand other work

By enforcinga simple constrainton the transitionparametersf a standardHMM, a link
canbeforgedbetweerdiscretestatedynamicsandthe motion of a real-valuedstatevector
in a continuousspace. For complex time-serieggeneratedy systemswvhoseunderlying
latentvariablesdo in factchangeslowly andsmoothly suchconstraineddMMs provide a
powerful unsupervisedearningparadigm. They canmodelstateto outputmappingshat
are highly nonlinear mary to one and not smooth. Furthermorethey rely only on well
understoodearningandinferenceprocedureshatcomewith corvergenceguarantees.

Resulton syntheticandrealdatashav thatthesemodelscansuccessfullycapturethelow-
dimensionalstructurepresentin complex vectortime-series.In particular | have shovn
thata spealker dependentonstrainedtHMM canaccuratelyrecover articulatormovements
from continuousspeechto within the measuremenérror of the data. This acousticto
articulatoryinversionproblemhasa long history in speechprocessing(seee.g.[7] and
referencegherein). Many previous approachesave attemptedo exploit the smoothness
of articulatorymovementdor inversionor modeling:Hogdenet.al (e.g.[4]) providedearly
inspirationfor my ideas but donotaddresshemary-to-oneproblem;SimonBlackburn[1]
hasinvestigateda forward mappingfrom articulationto acousticsut doesnot explicitly
attemptinversion;early work at Waterloo[5] suggestedimilar constraintfor improving
speechrecognitionsystemsbut did look at real articulatory data, more recentwork at
Rutgerq?2] developedavery similar systermuchfurtherwith goodsuccessPerpiian(3],
considersarelatedproblemin sequencéearningusingEPGspeechdataasanexample.

While in thisnotel have describednly “dif fusion” typedynamicstransitionso all neigh-
boursareequallylikely) it is also possibleto considerdirectedflowswhich give certain
neighbourof astatelower (or zero)probability. Theleft-to-right HMMs mentionedearlier
arean exampleof this for one-dimensionaiopologies.For higherdimensionsflows can
bederivedfrom discretizatiorof matrix (linear)dynamicsor from otherphysical/structural
constraintslt is alsopossibleto have mary connectedocal flow regimes(eitherdiffusive
or directed)ratherthanoneglobalregimeasdiscussedbove; this givesriseto mixturesof
constrainedHMMs which have block-structuredratherthan bandedtransition matrices.
Smyth [8] has consideredsuch modelsin the caseof one-dimensionatopologiesand
directedflows; | have appliedtheseto learning charactersequencegrom English text.
Another application| have investigateds map learningfrom multiple sensorreadings.
An explorer (robot) navigatesin anunknowvn ervironmentandrecordsat eachtime mary
local measurementsuchas altitude, pressure temperaturehumidity, etc. We wish to
reconstructfrom only thesesequencesf readingsthe topographicmaps(in eachsensor
variable)of theareaaswell asthetrajectoryof theexplorer. A final applicationis tracking
(inferringmovementspf articulatedbodiesusingvideomeasurementsf featurepositions.
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