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Abstract
By thinking of eachstatein a hiddenMarkov modelascorrespondingto some
spatialregionof afictitious topologyspaceit is possibleto naturallydefineneigh-
bouringstatesasthosewhich areconnectedin thatspace.Thetransitionmatrix
canthenbeconstrainedto allow transitionsonly betweenneighbours;thismeans
thatall valid statesequencescorrespondto connectedpathsin thetopologyspace.
I show how suchconstrainedHMMs canlearnto discover underlyingstructure
in complex sequencesof high dimensionaldata,andapply themto theproblem
of recoveringmouthmovementsfrom acousticsin continuousspeech.

1 Latent variable modelsfor structured sequencedata
Structuredtime-seriesaregeneratedby systemswhoseunderlyingstatevariableschangein
acontinuouswaybut whosestateto outputmappingsarehighly nonlinear, many to oneand
not smooth.Probabilisticunsupervisedlearningfor suchsequencesrequiresmodelswith
two essentialfeatures:latent(hidden)variablesand topology in thosevariables.Hidden
Markov models(HMMs) canbe thoughtof asdynamicgeneralizationsof discretestate
staticdatamodelssuchasGaussianmixtures,or asdiscretestateversionsof lineardynam-
ical systems(LDSs) (which arethemselvesdynamicgeneralizationsof continuouslatent
variablemodelssuchasfactoranalysis).WhilebothHMMs andLDSsprovideprobabilistic
latentvariablemodelsfor time-series,bothhave importantlimitations. TraditionalHMMs
haveaverypowerful modelof therelationshipbetweentheunderlyingstateandtheassoci-
atedobservationsbecauseeachstatestoresa privatedistribution over theoutputvariables.
Thismeansthatany changein thehiddenstatecancausearbitrarilycomplex changesin the
outputdistribution. However, it is extremelydifficult to capturereasonabledynamicson
thediscretelatentvariablebecausein principleany stateis reachablefrom any otherstateat
any timestepandthenext statedependsonly onthecurrentstate.LDSs,ontheotherhand,
have an extremely impoverishedrepresentationof the outputsasa function of the latent
variablessincethis transformationis restrictedto beglobalandlinear. But it is somewhat
easierto capturestatedynamicssincethestateis a multidimensionalvectorof continuous
variableson which a matrix “flow” is acting; this enforcessomecontinuity of the latent
variablesacrosstime. ConstrainedhiddenMarkov modelsaddressthe modelingof state
dynamicsby building sometopology into the hiddenstaterepresentation.The essential
ideais to constrainthe transitionparametersof a conventionalHMM sothat thediscrete-
valuedhiddenstateevolvesin a structuredway.1 In particular, below I considerparameter
restrictionswhich constrainthe stateto evolve as a discretizedversionof a continuous
multivariatevariable, i.e. so that it inscribesonly connectedpathsin somespace. This
lendsa physicalinterpretationto thediscretestatetrajectoriesin anHMM.

1A standardtrick in traditionalspeechapplicationsof HMMs is to use“left-to-right” transition
matriceswhich area specialcaseof thetypeof constraintsinvestigatedin this paper. However, left-
to-right(Bakis)HMMs forcestatetrajectoriesthatareinherentlyone-dimensionalanduni-directional
whereashereI alsoconsiderhigherdimensionaltopologyandfreeomni-directionalmotion.



2 An illustrati vegame
Considerplayingthefollowing game:divideasheetof paperinto severalcontiguous,non-
overlappingregionswhichbetweenthemcoverit entirely. In eachregioninscribeasymbol,
allowingsymbolsto berepeatedin differentregions.Placeapencilonthesheetandmoveit
around,readingout(in order)thesymbolsin theregionsthroughwhichit passes.Addsome
noiseto the observation processso that somefraction of the time incorrectsymbolsare
reportedin thelist insteadof thecorrectones.Thegameis to reconstructtheconfiguration
of regionson thesheetfrom only suchanorderedlist(s) of noisysymbols.Of course,the
absolutescale,rotationandreflectionof thesheetcanneverberecovered,but learningthe
essentialtopologymaybepossible.2 Figure1 illustratesthis setup.
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Figure 1: (left) Truemapwhich generatessymbolsequencesby randommovementbetweencon-
nectedcells. (centre)An examplenoisyoutputsequencewith noisysymbolscircled.(right) Learned
mapafter training on 3 sequences(with 15% noiseprobability) each200 symbolslong. Eachcell
actuallycontainsanentiredistribution over all observedsymbols,thoughin this caseonly theupper
right cell hassignificantprobabilitymasson morethanonesymbol(seefigure3 for displaydetails).

Without noiseor repeatedsymbols,thegameis easy(non-probabilisticmethodscansolve
it) but in theirpresenceit is not. Onewayof mitigatingthenoiseproblemis to dostatistical
averaging.For example,onecould attemptto usethe averageseparationin time of each
pair of symbolsto definea dissimilarity betweenthem. It thenwould be possibleto use
methodslike multi-dimensionalscalingor a sortof Kohonenmappingthoughtime3 to ex-
plicitly constructaconfigurationof pointsobeying thosedistancerelations.However, such
methodsstill cannotdealwith many-to-onestateto outputmappings(repeatednumbersin
thesheet)becauseby theirnaturethey assigna uniquespatiallocationto eachsymbol.

Playing this gameis analogousto doing unsupervisedlearningon structuredsequences.
(The gamecanalsobe playedwith continuousoutputs,althoughoften high-dimensional
datacanbeeffectively clusteredarounda manageablenumberof prototypes;thusa vector
time-seriescanbeconvertedinto a sequenceof symbols.)ConstrainedHMMs incorporate
latentvariableswith topologyyet retainpowerful nonlinearoutputmappingsandcandeal
with the difficulties of noiseand many-to-onemappingsmentionedabove; so they can
“win” ourgame(seefigs.1 & 3). Thekey insightis thatthegamegeneratessequencesex-
actlyaccordingto ahiddenMarkov processwhosetransitionmatrixallowsonly transitions
betweenneighbouringcellsandwhoseoutputdistributionshave mostof their probability
on asinglesymbolwith a smallamounton all othersymbolsto accountfor noise.

2Theobservedsymbolsequencemustbe “informative enough”to reveal themapstructure(this
canbequantifiedusingtheideaof persistentexcitationfrom controltheory).

3Consideranetwork of unitswhichcompeteto explain inputdatapoints.Eachunit hasaposition
in theoutputspaceaswell asapositionin a lowerdimensionaltopologyspace.Thewinningunit has
its positionin outputspaceupdatedtowardsthedatapoint; but alsotherecent(in time)winnershave
their positionsin topologyspaceupdatedtowardsthetopologyspacelocationof thecurrentwinner.
Sucharuleworkswell, andyieldstopologicalmapsin whichnearbyunitscodefor datathattypically
occurclosetogetherin time. However it cannotlearnmany-to-onemapsin whichmorethanoneunit
at differenttopologylocationshave thesame(or verysimilar) outputs.



3 Model definition: statetopologiesfr om cell packings
Defining a constrainedHMM involvesidentifying eachstateof the underlying(hidden)
Markov chain with a spatialcell in a fictitious topology space. This requiresselecting
a dimensionality

�
for the topologyspaceandchoosinga packing (suchashexagonalor

cubic)which fills thespace.Thenumberof cells in thepackingis equalto thenumberof
states� in theoriginal Markov model. Cellsaretaken to be all of equalsizeand(since
thescaleof thetopologyspaceis completelyarbitrary)of unit volume.Thus,thepacking
coversa volume � in topologyspacewith a side length � of roughly ���	��

��� . The
dimensionalityandpackingtogetherdefinea vector-valuedfunction �����������������������
which gives the location of cell � in the packing. (For example,a cubic packingof

�
dimensionalspacedefines�����! "�#� to be $%�&�
��'(�)����'#��*#�������+�
��'(����,-
�.!/10324� .) State�
in theMarkov modelis assignedto to cell � in thepacking,thusgiving it a location ���5�6�
in thetopologyspace.Finally, wemustchooseaneighbourhoodrule in thetopologyspace
which definestheneighboursof cell � ; for example,all “connected”cells,all faceneigh-
bours,or all thosewithin a certainradius. (For cubic packings,thereare 7 � -1 connected
neighboursand 8 � faceneighboursin a

�
dimensionaltopologyspace.)Theneighbourhood

rule alsodefinestheboundaryconditionsof thespace– e.g.periodicboundaryconditions
wouldmakecellson oppositeextremefacesof thespaceneighbourswith eachother.

Thetransitionmatrixof theHMM is now preprogrammedto only allow transitionsbetween
neighbours.All othertransitionprobabilitiesaresetto zero,makingthetransitionmatrix
very sparse. (I have set all permittedtransitionsto be equally likely.) Now, all valid
statesequencesin theunderlyingMarkov modelrepresentconnected(“city block”) paths
throughthetopologyspace. Figure2 illustratesthis for a three-dimensionalmodel.
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Figure 2: (left) Physicaldepiction of the
topology spacefor a constrainedHMM with9
=3,: =4 and ; =64showing anexamplestate

trajectory. (right) Correspondingtransition
matrix structurefor the 64-stateHMM com-
putedusing face-centredcubic packing. The
gapsin theinnerbandsaredueto edgeeffects.

4 Stateinferenceand learning
TheconstrainedHMM hasexactly thesameinferenceproceduresasa regularHMM: the
forward-backward algorithm for computingstateoccupationprobabilitiesandthe Viterbi
decoderfor findingthesinglebeststatesequence.Oncethesediscretestateinferenceshave
beenperformed,they canbe transformedusingthe statepositionfunction ������� to yield
probabilitydistributionsoverthetopologyspace(in thecaseof forward-backward)or paths
throughthe topologyspace(in the caseof Viterbi decoding).This transformationmakes
theoutputsof statedecodingsin constrainedHMMs comparableto theoutputsof inference
proceduresfor continuousstatedynamicalsystemssuchasKalmansmoothing.

The learningprocedurefor constrainedHMMs is alsoalmostidenticalto that for HMMs.
In particular, the EM algorithm(Baum-Welch) is usedto updatemodelparameters.The
crucialdifferenceis thatthetransitionprobabilitieswhichareprecomputedby thetopology
andpackingarenever updatedduring learning. In fact, this makeslearningmucheasier
in somecases.Not only do the transitionprobabilitiesnot have to be learned,but their
structureconstrainsthehiddenstatesequencesin suchawayasto makethelearningof the
outputparametersmuchmoreefficient whentheunderlyingdatareally doescomefrom a
spatiallystructuredgenerative model. Figure3 shows an exampleof parameterlearning
for thegamediscussedabove. Notice that in this case,eachpartof statespacehadonly a
singleoutput(exceptfor noise)sothefinal learnedoutputdistributionsbecameessentially
minimumentropy. But constrainedHMMs canin principlemodelstochasticor multimodal
outputprocessessinceeachstatestoresanentireprivatedistributionoveroutputs.
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Figure3: Snapshotsof modelparametersduringconstrainedHMM learningfor thegamedescribed
in section2. At everyiterationeachcell in themaphasacompletedistributionoverall of theobserved
symbols.Only the top threesymbolsof eachcell’s histogramareshow, with font sizeproportional
to thesquare rootof probability (to make ink roughlyproportional).Themapwastrainedon3 noisy
sequenceseach200 symbolslong generatedfrom the mapon the left of figure 1 using15% noise
probability. Thefinal mapafterconvergence(30 iterations)is shown on theright of figure1.

5 Recovery of mouth movementsfr om speechaudio
I have appliedtheconstrainedHMM approachdescribedabove to theproblemof recover-
ing mouthmovementsfrom theacousticwaveform in humanspeech.Datacontainingsi-
multaneousaudioandarticulatormovementinformationwasobtainedfrom theUniversity
of WisconsinX-ray microbeamdatabase[9]. Eightseparatepoints(four onthetongue,one
oneachlip andtwo on thejaw) locatedin themidsaggitalplaneof thespeaker’sheadwere
trackedwhile subjectsreadvariouswords,sentences,paragraphsandlistsof numbers.The< and= coordinates(to within about> 1mm)of eachpointweresampledat146Hzby anX-
raysystemwhichlocatedgoldbeadsattachedto thefeaturepointsonthemouth,producing
a 16-dimensionalvectorevery 6.9ms. Theaudiowassampledat 22kHz with roughly 14
bits of amplituderesolutionbut in thepresenceof machinenoise.

Thesedataarewell suitedto theconstrainedHMM architecture.They comefrom asystem
whosestatevariablesareknown, becauseof physicalconstraints,to move in connected
pathsin a low degree-of-freedomspace.In otherwordsthe(normallyhidden)articulators
(movablestructuresof the mouth),whosepositionsrepresentthe underlyingstateof the
speechproductionsystem,4 move slowly andsmoothly. Theobservedspeechsignal—the
system’soutput—canbecharacterizedby asequenceof short-timespectralfeaturevectors,
oftenknown asa spectrogram. In theexperimentsreportedhere,I have characterizedthe
audiosignalusing12 line spectralfrequencies(LSFs)measuredevery 6.9ms(to coincide
with the articulatorysamplingrate)over a 25mswindow. TheseLSF vectorscharacter-
ize only the spectral shapeof the speechwaveform over a short time but not its energy.
Averageenergy (alsoover a 25mswindow every 6.9ms)wasmeasuredasa separateone
dimensionalsignal. Unlike the movementsof the articulators,the audiospectrum/energy
canexhibit quiteabruptchanges,indicatingthatthemappingbetweenarticulatorpositions
and spectralshapeis not smooth. Furthermore,the mappingis many to one: different
articulatorconfigurationscanproduceverysimilar spectra(seebelow).

Theunsupervisedlearningtask,then,is to explain thecomplicatedsequencesof observed
spectralfeatures(LSFs)andenergiesasthe outputsof a systemwith a low-dimensional
statevectorthatchangesslowly andsmoothly. In otherwords,canwelearntheparameters5

of a constrainedHMM suchthatconnectedpathsthroughthetopologyspace(statespace)
generatetheacoustictrainingdatawith high likelihood?Oncethis unsupervisedlearning
taskhasbeenperformed,we can(asI show below) relatethe learnedtrajectoriesin the
topologyspaceto thetrue(measured)articulatormovements.

4Articulator positionsdo not provide completestateinformation. For example,the excitation
signal(voicedor unvoiced)is not capturedby thebeadlocations.They do, however, provide much
importantinformation;otherstateinformationis easilyaccessibledirectly from acoustics.

5Model structure(dimensionalityandnumberof states)is currentlysetusingcrossvalidation.



While many modelsof the speechproductionprocesspredict the many-to-oneandnon-
smoothpropertiesof the articulatoryto acousticmapping,it is useful to confirm these
featuresby looking at real data. Figure4 shows theexperimentallyobserveddistribution
of articulatorconfigurationsusedto producesimilar sounds.It wascomputedasfollows.
All the acousticandarticulatorydatafor a singlespeaker arecollectedtogether. Starting
with somesamplecalled the key sample, I find the 1000 samples“nearest” to this key
by two measures:articulatorydistance,definedusingtheMahalanobisnormbetweentwo
positionvectorsunderthe global covarianceof all positionsfor the appropriatespeaker,
andspectralshapedistance,againdefinedusingthe Mahalanobisnorm but now between
two line spectralfrequency vectorsusingtheglobalLSF covarianceof thespeaker’saudio
data.In otherwords,I find the1000samplesthat“look mostlike” thekey samplein mouth
shapeandthat “soundmostlike” thekey samplein spectralshape.I thenplot thetongue
beadpositionsof thekey sample(asa thick cross),andthe1000nearestsamplesby mouth
shape(asathick ellipse)andspectralshape(asdots).Thepointsof primaryinterestarethe
dots;they show thedistribution of tonguepositionsusedto generatevery similar sounds.
(Thethick ellipsesareshown only asacontrolto ensurethatmany nearbypointsto thekey
sampledo exist in the dataset.)Spreador multimodality in the dots indicatesthat many
differentarticulatoryconfigurationsareusedto generatethesamesound.
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Figure4: Inversemappingfrom acousticsto articulationis ill-posedin realspeechproductiondata.
Eachgroupof four articulator-spaceplots shows the 1000sampleswhich are“nearest”to onekey
sample(thick cross).Thedotsarethe1000nearestsamplesusinganacousticmeasurebasedon line
spectralfrequencies.Spreador multimodality in the dotsindicatesthatmany differentarticulatory
configurationsareusedto generatevery similar sounds.Only thepositionsof thefour tonguebeads
havebeenplotted.Two examples(with differentkey samples)areshown, onein theleft groupof four
panelsandanotherin the right group. The thick ellipses(shown asa control) arethe two-standard
deviation contourof the1000nearestsamplesusinganarticulatorypositiondistancemetric.

Why notdodirectsupervisedlearningfrom short-timespectralfeatures(LSFs)to theartic-
ulatorpositions?Theill-posednatureof theinverseproblemasshown in figure4makesthis
impossible.To illustratethisdifficulty, I haveattemptedto recoverthearticulatorpositions
from theacousticfeaturevectorsusingKalmansmoothingonaLDS. In thiscase,sincewe
have accessto boththehiddenstates(articulatorpositions)andthesystemoutputs(LSFs)
we can computethe optimal parametersof the model directly. (In particular, the state
transitionmatrix is obtainedby regressionfrom articulatorpositionsandvelocitiesat time?

onto positionsat time
?  &� ; the outputmatrix by regressionfrom articulatorpositions

and velocitiesonto LSF vectors;and the noisecovariancesfrom the residualsof these
regressions.)Figure5b shows theresultsof suchsmoothing;therecovery is quitepoor.

ConstrainedHMMs canbe appliedto this recovery problem,aspreviously reported[6].
(My earlierresultsusedasmallsubsetof thesamedatabasethatwasnotcontinuousspeech
anddid notprovidethehardexperimentalverification(fig. 4) of themany-to-oneproblem.)



Figure 5: (A) Recoveredarticulatormovementsusingstateinferenceon a constrainedHMM. A
four-dimensionalmodelwith 4096stateswastrainedon data(all beads)from a singlespeaker but
not including the testutteranceshown. Dotsshow theactualmeasuredarticulatormovementsfor a
singlebeadcoordinateversustime; the thin linesareestimatedmovementsfrom thecorresponding
acoustics.(B) Unsuccessfulrecoveryof articulatormovementsusingKalmansmoothingona global
LDS model. All the(speaker-dependent)parametersof theunderlyinglineardynamicalsystemare
known; they have beenset to their optimal valuesusing the true movementinformation from the
training data. Furthermore,for this example,the testutteranceshown wasincludedin the training
datausedto estimatemodelparameters.(C) All 16 beadcoordinates;all verticalaxesarethesame
scale.Beadnamesareshown on theleft. Horizontalmovementsareplottedin theleft-handcolumn
andvertical movementsin the right-handcolumn. Theseparationbetweenthe two horizontallines
nearthecentreof theright panelindicatesthemachinemeasurementerror.
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Recovery of tongue tip vertical motion from acoustics
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The basicidea is to train (unsupervised)on sequencesof acoustic-spectralfeaturesand
thenmapthe topologyspacestatetrajectoriesontothemeasuredarticulatorymovements.
Figure5 showsmovementrecoveryusingstateinferencein afour-dimensionalmodelwith
4096states(

�
=4,� =8,� =4096)trainedon data(all beads)from a singlespeaker. (Naive

unsupervisedlearningrunsinto severelocal minimaproblems.To avoid these,in thesim-
ulationsshown above,modelsweretrainedby slowly annealingtwo learningparameters6:
a term @�A wasusedin placeof thezerosin thesparsetransitionmatrix, and B AC wasused
in placeof B C �EDF�5� CHG I)JHK(L�M#NPO ?RQ I#STK � during inferenceof stateoccupationprobabilities.
InversetemperatureU wasraisedfrom 0 to 1.) To infer a continuousstatetrajectoryfrom
anutteranceafterlearning,I first doViterbi decodingontheacousticsto generateadiscrete
statesequence� C andtheninterpolatesmoothlybetweenthepositions���5� C � of eachstate.

6An easierway (which I have usedpreviously) to find goodminima is to initialize the models
usingthearticulatorydatathemselves.This doesnot provide asimpressive “structurediscovery” as
annealingbut still yieldsa systemcapableof invertingacousticsinto articulatorymovementsonpre-
viouslyunseentestdata.First,aconstrainedHMM is trainedonjust thearticulatorymovements;this
workseasilybecauseof thenaturalgeometric(physical)constraints.Next, I take thedistribution of
acousticfeatures(LSFs)over all times(in thetrainingdata)whenViterbi decodingplacesthemodel
in a particularstateandusethoseLSF distributionsto initialize an equivalentacousticconstrained
HMM. This new modelis thenretraineduntil convergenceusingBaum-Welch.



After unsupervisedlearning,asinglelinearfit is performedbetweenthesecontinuousstate
trajectoriesandactualarticulatormovementson thetrainingdata.(Themodelcannotdis-
covertheunitssystemor axesusedto representthearticulatorydata.)To recoverarticulator
movementsfrom a previouslyunseentestutterance,I infer a continuousstatetrajectoryas
aboveandthenapplythesinglelinearmapping(learnedonly oncefrom thetrainingdata).

6 Conclusions,extensionsand other work
By enforcinga simpleconstrainton the transitionparametersof a standardHMM, a link
canbeforgedbetweendiscretestatedynamicsandthemotionof a real-valuedstatevector
in a continuousspace.For complex time-seriesgeneratedby systemswhoseunderlying
latentvariablesdo in factchangeslowly andsmoothly, suchconstrainedHMMs providea
powerful unsupervisedlearningparadigm.They canmodelstateto outputmappingsthat
arehighly nonlinear, many to oneandnot smooth. Furthermore,they rely only on well
understoodlearningandinferenceproceduresthatcomewith convergenceguarantees.

Resultsonsyntheticandrealdatashow thatthesemodelscansuccessfullycapturethelow-
dimensionalstructurepresentin complex vectortime-series.In particular, I have shown
thata speaker dependentconstrainedHMM canaccuratelyrecoverarticulatormovements
from continuousspeechto within the measurementerror of the data. This acousticto
articulatoryinversionproblemhasa long history in speechprocessing(seee.g.[7] and
referencestherein). Many previousapproacheshave attemptedto exploit the smoothness
of articulatorymovementsfor inversionor modeling:Hogdenet.al(e.g.[4]) providedearly
inspirationfor my ideas,but donotaddressthemany-to-oneproblem;SimonBlackburn[1]
hasinvestigateda forward mappingfrom articulationto acousticsbut doesnot explicitly
attemptinversion;earlywork at Waterloo[5] suggestedsimilar constraintsfor improving
speechrecognitionsystemsbut did look at real articulatorydata, more recentwork at
Rutgers[2] developedaverysimilarsystemmuchfurtherwith goodsuccess.Perpĩnán[3],
considersa relatedproblemin sequencelearningusingEPGspeechdataasanexample.

While in thisnoteI havedescribedonly “dif fusion” typedynamics(transitionsto all neigh-
boursareequally likely) it is alsopossibleto considerdirectedflowswhich give certain
neighboursof astatelower(or zero)probability. Theleft-to-rightHMMs mentionedearlier
arean exampleof this for one-dimensionaltopologies.For higherdimensions,flows can
bederivedfrom discretizationof matrix(linear)dynamicsor from otherphysical/structural
constraints.It is alsopossibleto have many connectedlocal flow regimes(eitherdiffusive
or directed)ratherthanoneglobalregimeasdiscussedabove; this givesriseto mixturesof
constrainedHMMs which have block-structuredratherthan bandedtransitionmatrices.
Smyth [8] has consideredsuch modelsin the caseof one-dimensionaltopologiesand
directedflows; I have appliedtheseto learningcharactersequencesfrom English text.
Another applicationI have investigatedis map learningfrom multiple sensorreadings.
An explorer (robot)navigatesin anunknown environmentandrecordsat eachtime many
local measurementssuchas altitude, pressure,temperature,humidity, etc. We wish to
reconstructfrom only thesesequencesof readingsthe topographicmaps(in eachsensor
variable)of theareaaswell asthetrajectoryof theexplorer. A final applicationis tracking
(inferringmovements)of articulatedbodiesusingvideomeasurementsof featurepositions.
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