Propositional Temporal Logics: Decidability and Completeness

ORNA LICHTENSTEIN, Department of Computer Science, Center for Technological Education Holon, 52 Golomb St., Holon, Israel. E-mail: orna l@barley.cteh.ac.il

AMIR PNUELI, Department of Applied Mathematics and Computer Science, The Weizmann Institute of Science, Rehovot, 76100 Israel. E-mail: amir@wisdom.weizmann.ac.il

Abstract

A sound and complete axiomatic system and a tableau-based decision procedure are presented for propositional temporal logic over linear and discrete time models. The axiomatic system and decision procedure are presented for the full logic, including the past operators, but contain a clear identification of the parts whose omission yields axiomatization and a decision procedure for the future fragment. The paper summarizes work of over 20 years and is intended to provide a definitive reference to the version of propositional temporal logic used for the specification and verification of reactive systems.

Keywords: completeness, decision procedure, deductive proof system, past operators, temporal logic.

1 Introduction

Much was written about the logic of time (especially about the future) by ancient writers such as Aristotle, by medieval ones such as William of Ockham or Peter Auriole, and by modern logicians, such as A.N. Prior ([31]).

One of the most important applications of temporal logic is its use for specification and verification of reactive systems (recently extended to deal also with timed and hybrid systems), which was first proposed in [27]. Similar suggestions were made about the same time by [15], but these developed a calculus of their own and did not explicitly refer to any of the known temporal logics.

Some of the earlier applications of temporal logic for the specification and verification of concurrent programs are reported in [27, 21, 9, 26, 13, 16, 17, 5], and many others. These articles use temporal logic for the specification of program properties, such as termination, correctness, safety, deadlock freedom, accessibility, responsiveness, and fair scheduling.

The literature contains many versions of temporal logic which differ from one another in several respects, including syntactic and semantic differences. Their structure may be either linear or branching. Their sizes may be finite, infinite at one or both directions. The granularity of the underlying time mode may be either discrete or dense, where the density might have the characteristics of the rational numbers, real numbers, etc. A more classical criterion distinguishes between propositional, firstorder, or higher-order logics.

55 L. J. of the IGPL, Vol. 8 No. 1, pp. 55–85 2000 © Oxford University Press

An important development in the theory of temporal logic was the introduction of the until and since operators into linear-time temporal logic by Kamp in [12], where the extended logic is shown to be more expressive than the logic with 0 and 1 alone, regardless of the density of the models. In his thesis, Kamp also proved the expressive completeness (relative to the first-order monadic theory of linear orders) of propositional linear temporal logic with both until and since operators.

The proposal in [27] was a little vague about the price temporal logic recommended for use. This oversight was corrected in [8], which focuses on a linear temporal logic over discrete time models with a first state but no last state (i.e., the models are infinite sequences of states), using the next-time and the (reflexive) until as the basic temporal operators. Applications and justifications of these choices were presented in [21], which extends the propositional logic of [8] into a first-order one. A sound and complete axiomatic system for the propositional logic was presented in [8], where the logic was shown to be decidable and expressively complete.

Two reasons are given in [8, 21] for the switch from a fully symmetric time models, infinite in both directions, such as the ones studied in [31, 12, 32, 3]), to models with a definite starting point, and the corresponding restriction to future temporal operators. The first is that of minimality by showing that the future fragment of the logic as is expressive as the full logic over models with a first state. The restriction to such models is justified by the intended application to the description of the computations of programs which all have an initial state.

Completeness of the axiomatic system was shown in [8] by resorting to filtration techniques, while decidability was claimed based on the reduction to the first-order theory of linear order. While these are theoretically valid arguments, they are computationally infeasible, in particular the reduction to the first-order language which is known to have a non-elementary complexity.

An improved joint approach to the establishment of both decidability and completeness of a proposed axiomatic system is based on the construction of a tableau for a temporal formula. The use of semantic tableaux in first-order logic as a basis for a semi-decision procedure and for proving completeness of the predicate calculus is discussed in [34]. Semantic tableaux for modal logics (of which temporal logic is a special case) are presented in [10]. Fischer and Ladner proposed in [7] a decision procedure for propositional dynamic logic (pdl), based on the observation that, if a pdl formula has a model, it has a model which can be presented as a structure containing worlds (corresponding to our atoms), in which each world is uniquely identified by the interpretation it assigns to a set of formulae that are defined as the closure of the original formula. Thus, they have coined the notion of “the Fischer-Ladner closure” of a given modal formula, and identified the existence of a tableau model, if the formula is satisfiable, but did not propose a systematic construction of the tableau.

Such a systematic construction was proposed by [30]. Also, [2] and [4] present a tableau-based decision algorithm for the branching-time logic ctl (called ub in [2]). It is straightforward to derive from a branching-time decision procedure an algorithm for checking satisfiability of linear-time formulae. Such an algorithm is presented in [29, 35, 25]. Extending the approach to a single algorithm which checks validity and constructs a proof (thus establishing completeness), in case the formula is valid, has been proposed in [29, 19].

A major reversal of our view about the essentiality of the past operators is pre-

1. INTRODUCTION 57

sented in [20], which reintroduced the past fragment for the sake of clear and uniform specifications and accordingly extended the proof system of [8] to a complete proof system for the logic that includes both future and past operators.

Several reasons were presented as motivation for this change of mind. The first observation is that many statements that arise naturally in specifications, are easier to express using the past operators. For example, the fact that every ψ is preceded by a φ is easily expressed by the past-augmented formula 0 (ψ −→ Q φ). In this formula, Q is the past version of the future 1 . See [14] for examples of such statements. Past operators were also used by [13] to specify a buffer.

Another strong evidence for the importance of the past operators is their natural use for compositional verification, as observed and substantiated in [1] and [28]. In addition, we show in [20] how the past operators help to clarify several issues. In particular, they lead to a natural definition of the basic notions of safety and progress properties. In fact, it is only with the help of the past operators that we can construct the hierarchy of temporal properties, corresponding to the first 2.5 levels in the Borel hierarchy, as reported in [24], and relate it to the similar hierarchy established in the study of ω-automata, such as the one studied in [11].

Once we consider a logic with past operators over linear models with a first state, there are two different ways of defining the notion of satisfiability of a formula φ by a model σ : s_0, s_1, . . . . The first interpretation is the floating interpretation by which σ |= φ if φ holds at every state of σ. The second is the anchored interpretation, by which σ |= φ if φ hold at the first state of σ. Our approach in [20] uses the floating interpretation, but it has been later found that, in order to properly define the temporal hierarchy and relate it to the corresponding hierarchy of ω-automata, the anchored interpretation is superior.

In this paper we present the culmination of all of these developments over the last 20 years, by presenting a propositional temporal logic with the full set of operators under the anchored interpretation, proposing an axiomatic system for this logic and establishing decidability of the logic and completeness of the axiomatic system by an improved tableau construction.

To satisfy all needs, we present the logic, the axiomatic system, and the main algorithms in a modular way. The presentation is done for the complete ptl, including the past operators. However, all clauses and paragraphs pertaining to the past are explicitly marked in the margins or by underlines, so that their removal yields a full and complete treatment of the future fragment of ptl.

Undoubtedly, this paper builds upon a long development of ideas and methods, but contains several meaningful improvements over all of its predecessors, many of which were never fully reported as a journal article. Following is a list of some of the unique contributions of this paper compared to previous works, such as [20]:

• This paper is based on the anchored interpretation of ptl-satisfaction, which was found to be more appropriate for specification and property classification.

• An improved axiomatic system with fewer past axioms.

• An improved tableau construction with less reliance on the next operator, and minimal reference to the past.

• A clean separation between the past and the future operators, so that the omission of all references to the past yields a full and complete treatment of the future fragment.

2 The Language ptl

We present here a Propositional Temporal Logic with future operators, and then we allow to include also operators referring to a bounded past. Propositional Temporal Logic (in short, ptl) consists of propositions p, q, . . . , representing abstractions of first order (state) formulae, the boolean connectives ¬ and ∨, the basic future temporal operators: 2 - Next, U - Until, and the basic past temporal operators: 2∼ - Weak Previous, S - Since.

2.1 Syntax and Semantics of ptl

Let P be a set of propositions.

Formulae of ptl are defined recursively as follows:

• The symbols true and false are formulae.

• Every proposition p ∈ P is a formula.

• If φ and ψ are formulae, then ¬φ, φ∨ψ, 2 φ, 2∼ φ, φ U ψ and φ S ψ are formulae.

When it is clear from the context, we call a ptl formula just a formula. A ptl formula that does not contain any temporal operator, i.e., an operator that belongs to the set {2 , 2∼ , U , S }, is called a state formula. Clearly, a state formula belongs to Propositional Logic (pl).

We add to the language ptl the connectives ∧, →, ↔, that can be defined in terms of the basic boolean operators ¬ and ∨.

The symbols ¬, ∨, ∧, → and ↔ are called the negation, disjunction, conjunction, implication and equivalence operators, respectively.

Additional future and past temporal operators are defined as follows:

• Previously: ´ φ = ¬ 2∼ ¬φ.

• Eventually: 1 φ = (true) U φ.

Once: Q φ = (true) S φ.

• Henceforth: 0 φ = ¬ 1 ¬φ.

So-far: ‘ φ = ¬ Q ¬φ.

• Waiting-for, Weak Until: φ W ψ = (0 φ) ∨ (φ U ψ).

Back-to, Weak Since: φ Bψ = (‘ φ) ∨ (φ S ψ).

Clearly, we prefer to omit parentheses from the formulae. In a formula with no parentheses, the order of operator precedence is given by the following table, where a higher precedence number represents a higher binding strength.

Precedence Operators 6 ¬, 2 , ´ , 2∼ 5 0 , 1 , 0 , Q , ‘ 4 U , W , S , B 3 ∧ 2 ∨ 1 →, ↔ For example, the formula 0 p → 2 ¬q U r should be interpreted as (0 p) → ((2 (¬q)) U r).

Definition 2.1 Let φ be a formula.

• The length of the formula φ, |φ|, is defined recursively as follows:

– If φ ∈ P ⋃ {true, false} then |φ| = 1. – If φ is the formula ¬ψ, 2 ψ , or 2∼ ψ then |φ| = 1+|ψ|. – If φ is the formula ψ_1 ∨ ψ_2, ψ_1Uψ_2 , or ψ_1 S ψ_2 then |φ| = |ψ_1|+1+|ψ_2|.

• The decomposition tree of the formula φ, T_φ, is a tree, whose nodes are labeled by formulae, as follows:

– The root of T_φ is labeled by φ.

– A node in T_φ that is labeled by true, false, or some proposition, is a leaf of T_φ. – A node in T_φ that is labeled by one of the formulae {¬ψ, 2 ψ, 2∼ ψ} has one child labeled by ψ.

– A node in T_φ that is labeled by one of the formulae {ψ_1 ∨ ψ_2, ψ_1Uψ_2, ψ_1 S ψ_2} has two labeled children, labeled by ψ_1, ψ_2, respectively.

Clearly, T_φ is unique.

• A subformula of φ is a formula that labels one of the node in T_φ.

Definition 2.2 Let S be a set of states, and I be an interpretation I : P → 2^S mapping each proposition p ∈ P to the set of states I(p) in which p is true.

• A computation, σ, is an infinite sequence of states σ : s_0, s_1, . . . , where s_i ∈ S.

• A model is a pair (σ, I), consisting of a computation σ, and an interpretation I.

We interpret ptl formulae over triples (σ, I, j), where (σ, I) is a model and j is some position within the computation σ. The satisfiability relation |= is defined recursively as follows:

Let (σ, I) be some given model, and let j be a position within σ. • (σ, I, j) |= true and (σ, I,j) |̸= false. • For a proposition p, (σ, I, j) |= p iff s_j ∈ I(p). • (σ, I, j) |= ¬φ iff (σ, I, j) |̸= φ. • (σ, I, j) |= φ ∨ ψ iff (σ, I, j) |= φ or (σ, I, j) |= ψ. • (σ, I, j) |= 2 φ iff (σ, I, j+1) |= φ.

• (σ, I, j) |= φ U ψ iff for some k, j ≤ k, (σ, I, k) |= ψ and for every i, j ≤ i < k, (σ, I, i) |= φ. • (σ, I, j) |= 2∼ φ iff j =0 or j >0 and (σ, I, j−1) |= φ. • (σ, I, j) |= φ S ψ iff for some k, 0 ≤ k ≤ j, (σ, I, k) |= ψ and for every i, k < i ≤ j. (σ, I, i) |= φ Remark 2.3 Note that (σ, I, j) |= ´ φ iff j >0 and (σ, I, j−1) |= φ. Definition 2.4 Let φ, ψ be some formulae.

• Let (σ, I) be some model. We say that the model (σ, I) satifies the formula φ, or the formula φ is satisfied in the model (σ, I) if (σ, I, 0) |= φ.

• The formula φ is satisfiable if there exists a model satisfying it. • The formula φ is valid if it is satisfied in all models.

Remark 2.5 Note that the formula 0 φ states the invariance of the formula φ from the present point of some computation satisfying it.

Let us define the operator entailment, =≻, as follows: (φ =≻ψ) = 0 (φ −→ ψ). Clearly, φ entails ψ over a computation if φ implies ψ at all positions. The operator strong equivalence, ⇐⇒, is defined as follows: (φ ⇐⇒ ψ) = 0 (φ ←→ ψ). φ is strongly equivalent to ψ over a computation if φ is equivalent to ψ at all positions. Remark 2.6 Note that the ”strong” temporal operators entail the ”weak” temporal operators, i.e., the following entailments are valid: • ´ φ =≻ 2∼ φ. • φ U ψ =≻φ W ψ. • φ S ψ =≻φ Bψ. 2.2 Examples

Following are some examples of ptl formulae and their intuitive interpretations. The interpretation characterizes the computations such that the considered formula holds at some point (position) within the computation. • It is easy to see that 1 (φ ∧ ψ) → (1 φ ∧ 1 ψ) is satisfied in every position, while the inverse implication (1 φ ∧ 1 ψ) → 1 (φ ∧ ψ) is not necessarily satisfied at every point.

• The formula φ → 1 ψ expresses an eventuality property, namely, it guarantees that if φ is presently true, then ψ will eventually become true.

• The formula φ =≻ 1 ψ expresses a repeated eventuality property (also called response property), which guarantees that any φ is eventually followed by a ψ.

• The formula φ =≻ 0 ψ states that if φ ever becomes true, then ψ will be true at that instant and ever after.

• The formula 1 (φ ∧ 2 ¬φ) states that there will be a future instant such that φ is true at that instance and false at the next.

• 1 0 φ states that at some future instant φ will become permanently true. • 0 1 φ states that every future instant is followed by or coincides with a later one in which φ is true. This implies that φ holds at infinitely many positions.

• The formula 0 1 φ → 0 1 ψ, expresses the property ensuring that if there are infinitely many positions satisfying φ, then there are infinitely many positions satisfying ψ. This formula can be used to represent a situation of response to persistence, in which the response ψ is guaranteed only if the request φ is repeated sufficiently many times (infinitely many in the limit).

Precedence properties can be described by formulae like:

• ¬φ W ψ says that if φ ever happens, its first occurrence is preceded by (or coincides with) ψ.

• φ =≻¬ψ W χ expresses a continuous precedence property, ensuring that from any occurrence of φ, the first following occurrence of ψ (if any) must be preceded by an occurrence of of χ.

The following formulae present typical applications of the past operators.

• The formula φ =≻ Q ψ describes the fact that every φ is preceded by a ψ. • The formula 2∼ false characterizes the first position in a computation. It is a valid formula, since it states that all computations have a starting point.

2.3 Anchored vs. Floating Versions of ptl

As seen above, we define a formula to be valid if it holds at the first position of all models. A somewhat different approach has been taken in [23, 18], where a formula is defined to be valid if it holds at all positions of all models. Similarly, a formula is considered to be satisfiable if it holds in some position of some computation. Our view assigns special significance to the initial state. We refer to our version of the logic as the anchored version of ptl. In comparison, we may refer to the approach, that treats all states in the computation uniformly, as the floating version of ptl.

There is a straightforward translation between the two versions that can be described as follows:

Let φ be a ptl formula.

• φ is valid in the anchored version of ptl if and only if 2∼ false → φ is valid in the floating version of ptl.

• φ is valid in the floating version of ptl if and only if 0 φ is valid in the anchored version of ptl.

3 A Decision Procedure for Validity

In this section an exponential time decision procedure for validity is presented. We show a tableau algorithm for the validity problem for ptl. We take the negation of the considered formula and check it for satisfiability, using a semantic tableaux.

The semantic tableaux for pl formulae are very simple: we decompose the considered formula to its subformulae according to the different possibilities that come from disjunctions (see for example, [34]). This decomposition is progressing in a tree-like tableaux, where each branch is terminated either by a leaf that contains some subformula and its negation, which means that this branch does not present a model, or by a leaf that contains a set of non-contradictory propositions or negations of propositions, that represent some model.

The situation in ptl is a little bit more complicated because , in theory, we have to analyze every formula in an infinite sequence of states according to its occurrence in some position, and its influence on the suffix that begins at that position. Indeed, every temporal formula can be decomposed to one formula that can be analyzed in the current state and to a second formula that is ”pushed” to the next state or to the previous state. For example, the formula φ U ψ is analyzed as follows: There is one possibility that ψ holds now, and the other possibility is that φ holds now, and φ U ψ holds in the next state. This observation suggests that we have to construct some mechanism to control the repeated appearances of the formulae, trying to identify periodic situations in finite time.

3.1 Closure and Atoms

Let φ be the ptl formula whose satisfiability we want to check. In checking satisfiability of φ, we always assume that the set of propositions P includes all the propositions appearing in φ.

Definition 3.1 The closure of φ, CL(φ), is the set of all subformulae of φ and their negations. We identify ¬¬ψ with ψ and ¬true with false.

Lemma 3.2 For every ptl formula φ, CL(φ) ≤ 2 · |φ|.

Proof. We prove the lemma by induction on the structure of φ.

• If φ is a proposition p or its negation, |CL(φ)| = |{p, ¬p}| = 2 ≤ 2 · |p|. • If φ is the formula ¬ψ, CL(φ) = CL(¬ψ) = CL(ψ).

By the induction hypothesis we obtain that |CL(φ)| ≤ 2 · |ψ|^| φ_{|=1+|}ψ_| ≤ 2 · |φ|. • If φ is the formula ψ_1 ∨ ψ_2,

CL(φ) = CL(ψ_1 ∨ ψ_2) = {ψ_1 ∨ ψ_2, ¬(ψ_1 ∨ ψ_2)} ⋃ CL(ψ_1) ⋃ CL(ψ_2).

By the induction hypothesis we obtain that

|CL(φ)| ≤ 2 + 2 · |ψ_1| + 2 · |ψ_2|^| φ_{|=1+|}ψ_{1 |+|}ψ_{2|} = 2 · |φ|. • If φ is the formula 2 ψ, CL(φ) = CL(2 ψ) = {2 ψ, ¬ 2 ψ} ⋃ CL(ψ).

By the induction hypothesis, we obtain that |CL(φ)| ≤ 2 + 2 · |ψ|^| φ_{|=1+|}ψ_| = 2 · |φ|. • If φ is the formula 2∼ ψ, the details of the proof are similar to those of 2 ψ.

• If φ is the formula ψ_1 U ψ_2,

CL(φ) = CL(ψ_1 U ψ_2) = { ψ_1 U ψ_2, ¬(ψ_1 U ψ_2) } ⋃ CL(ψ_1) ⋃ CL(ψ_2).

By the induction hypothesis we obtain that

|CL(φ)| ≤ 2 + 2 · |ψ_1| + 2 · |ψ_2|^| φ_{|=1+|}ψ_{1 |+|}ψ_{2|} = 2 · |φ|. • If φ is the formula ψ_1 S ψ_2, the details of the proof are similar to those of ψ_1 U ψ_2.

Definition 3.3 An Atom A is a subset of CL(φ) such that

• For every ψ ∈ CL(φ), ψ ∈ A iff ¬ψ ∉ A. • For every ψ_1 ∨ ψ_2 ∈ CL(φ),

ψ_1 ∨ ψ_2 ∈ A iff ψ_1 ∈ A or ψ_2 ∈ A. • For every ψ_1 U ψ_2 ∈ CL(φ),

If ψ_1 U ψ_2 ∈ A then ψ_1 ∈ A or ψ_2 ∈ A. If ψ_2 ∈ A then ψ_1 U ψ_2 ∈ A.

• For every ψ_1 S ψ_2 ∈ CL(φ),

If ψ_1 S ψ_2 ∈ A then ψ_1 ∈ A or ψ_2 ∈ A. If ψ_2 ∈ A then ψ_1 S ψ_2 ∈ A.

Note that intuitively, an atom is a consistent subset of CL(φ). We denote the set of all atoms by A_φ. Clearly, |A_φ| ≤ 2^{2·|φ|}.

Definition 3.4 An atom A is initial if:

1. A does not contain any formula of the form ´ φ. 2. For every ψ_1 S ψ_2 ∈ CL(φ), if ψ_1 S ψ_2 ∈ A then ψ_2 ∈ A.

We denote the set of all initial atoms that contain the formula ψ by Initψ.

3.2 Tableau Construction

Definition 3.5 A structure for the formula φ is a graph ⟨A_φ, R_φ⟩ whose nodes are all the atoms and whose edges are defined by the relation R_φ:

(A, B) ∈ R_φ ⇐⇒

For every 2 ψ ∈ CL(φ), 2 ψ ∈ A iff ψ ∈ B. For every 2∼ ψ ∈ CL(φ), ψ ∈ A iff 2∼ ψ ∈ B. For every ψ_1 U ψ_2 ∈ CL(φ), if ψ_1 U ψ_2, ¬ψ_2 ∈ A then ψ_1 U ψ_2 ∈ B. if ψ_1 U ψ_2 ∈ B, ψ_1 ∈ A then ψ_1 U ψ_2 ∈ A. For every ψ_1 S ψ_2 ∈ CL(φ), if ψ_1 S ψ_2, ¬ψ_2 ∈ B then ψ_1 S ψ_2 ∈ A. if ψ_1 S ψ_2 ∈ A, ψ_1 ∈ B then ψ_1 S ψ_2 ∈ B.

Let A, B ∈ A_φ. If (A, B) ∈ R_φ then we say that the atom B is a successor of the atom A. If there is a finite path from the atom A to the atom B, including a path of length 0, i.e., A=B, we say that B is a descendant of A.

The following two lemmas describe interesting properties concerning the propagation of formulae between an atom and its descendants.

Lemma 3.6 Let A and B be atoms such that B is a successor of A. Let 2 ψ and ´ ψ^′ be formulae in CL(φ). 1. ¬ 2 ψ ∈ A iff ¬ψ ∈ B. 2. ψ^′ ∈ A iff ´ ψ^′ ∈ B. 3. ¬ψ^′ ∈ A iff ¬ ´ ψ^′ ∈ B.

Proof. 1. Assume ¬ 2 ψ ∈ A. From the definition of an atom we know that either ψ ∈ B or ¬ψ ∈ B. If ψ ∈ B, then by the fact that 2 ψ ∈ CL(φ) and the definition of R_φ, we obtain that 2 ψ must belong to A, a fact that together with our assumption contradicts the definition of an atom.

Assume ¬ψ ∈ B. From the atom definition we know that 2 ψ ∈ A or ¬ 2 ψ ∈ A. If 2 ψ ∈ A, then by the definition of R_φ, we obtain that ψ ∈ B, a fact that together with our assumption contradicts the atom definition.

2. Since ´ ψ^′ ∈ CL(φ), we know by the definition of ´ that ¬ 2∼ ¬ψ^′, 2∼ ¬ψ^′, ¬ψ^′, ψ^′ ∈ CL(φ). Assume ψ^′ ∈ A. From the definition of an atom we know that either 2∼ ¬ψ^′ ∈ B or ¬ 2∼ ¬ψ^′ ∈ B, i.e., ´ ψ^′ ∈ B. If 2∼ ¬ψ^′ ∈ B, then by the definition of R_φ, we obtain that ¬ψ^′ must belong to A, a fact that together with our assumption contradicts the definition of an atom.

Assume ´ ψ^′ ∈ B, i.e., ¬ 2∼ ¬ψ^′ ∈ B. From the atom definition we know that ψ^′ ∈ A or ¬ψ^′ ∈ A. If ¬ψ^′ ∈ A, then by the definition of R_φ, we obtain that 2∼ ¬ψ^′ ∈ B, a fact that together with our assumption contradicts the atom definition.

3. The proof that ¬ψ^′ ∈ A iff ¬ ´ ψ^′ ∈ B consists on the fact proven in 2. The proof is similar to the proof of 1.

Lemma 3.7 Let A_0, A_1, . . . , A_n, n ≥ 0, be a finite path of atoms in ⟨A_φ, R_φ⟩ (i.e., A_n is a descendant of A_0).

• If ψ_1 U ψ_2 ∈ A_0 and for every atom A_i, 0≤i≤n−1, ¬ψ_2 ∈ A_i, then 1. For every i, 0≤i≤n, ψ_1 U ψ_2 ∈ A_i. 2. For every i, 0≤i≤n−1, ψ_1 ∈ A_i.

• If ψ_1 S ψ_2 ∈ A_n and for every atom A_i, 1≤i≤n, ¬ψ_2 ∈ A_i, then 1. For every i, 0≤i≤n, ψ_1 S ψ_2 ∈ A_i. 2. For every i, 1≤i≤n, ψ_1 ∈ A_i.

Proof. The lemma can be proved by induction on n. The proof follows directly from the definitions of atoms and the relation R_φ connecting them.

Given a set of atoms C ⊆ A_φ, the subgraph of ⟨A_φ, R_φ⟩ specified by C is the graph consisting of the nodes C and all the R_φ edges that connect them.

Definition 3.8

• A pre-model is an infinite path of atoms in the structure ⟨A_φ, R_φ⟩ , π = A_0, A_1, . . . , such that A_0 is initial.

• Let π be a pre-model. We define by F in(π) the subgraph of ⟨A_φ, R_φ⟩ specified by all the atoms that appear infinitely many times in π.

• A pre-model for φ, π = A_0, A_1, . . . , is a pre-model where A_0 ∈ Init_φ.

The procedure for checking satisfiability of a formula φ attempts to find a model for φ in the structure ⟨A_φ, R_φ⟩. Clearly, the candidates to be models in the structure for φ are the pre-models for φ.

For an arbitrary model, (σ, I), we denote by π_{(σ,I)} the pre-model given by A_0, A_1, . . . where A_i = { ψ ∈ CL(φ) | (σ, I, i) |= ψ } , 0 ≤ i. It is easy to check that each A_i is an atom and that π_{(σ,I)} is indeed a pre-model.

On the other hand, the atoms in a pre-model can be viewed as states by taking the natural interpretation I_φ, which for each p ∈ P is defined as I_φ(p) = {A_i | p ∈ A_i}. Thus, any pre-model π corresponds to a model (π, I_φ).

Clearly, If (σ, I) is a model for φ, then π_{(σ,I)} is a pre-model for φ. However, it is not generally true that if π is a pre-model for φ, then (π, I_φ) is a model for φ. We may say that a pre-model for φ is almost a model for φ, except for the until formulae that do not necessarily get their right semantics.

3.3 Fulfilling Paths and Satisfiability

Definition 3.9 A pre-model, π = A_0, A_1, . . . , is a fulfilling path if for every i, 0≤i, and every ψ_1 U ψ_2 ∈ A_i, there exists some j ≥i such that ψ_2 ∈ A_j . A fulfilling path for φ is a fulfilling path which is also a pre-model for φ.

The symmetric requirement for the behavior of the operator S (since) is always ensured in a pre-model, as is established by the following lemma.

Lemma 3.10 Let π = A_0, A_1, . . . be a pre-model. Then, for every i, 0≤i, and every ψ_1 S ψ_2 ∈ A_i, there exists some j, 0≤j ≤i, such that ψ_2 ∈ A_j .

Proof. Suppose the lemma is not true, i.e., there exist some i, 0≤i and some formula ψ_1 S ψ_2 such that ψ_1 S ψ_2 ∈ A_i, and for every j, 0 ≤ j ≤ i, ψ_2 ∉ A_j and therefore ¬ψ_2 ∈ A_j ; particularly, ¬ψ_2 ∈ A_0. From lemma 3.7 we obtain that ψ_1 S ψ_2 ∈ A_0. Hence, we have that ψ_1 S ψ_2, ¬ψ_2 ∈ A_0 which contradicts the fact that in a fulfilling path A_0 is initial.

Theorem 3.11 Let φ be a ptl formula. φ is satisfiable if and only if there exists a fulfilling path for φ in ⟨A_φ, R_φ⟩.

Proof. If φ is satisfiable and (σ, I) is a model for φ, then it is easy to check that the pre-model π_{(σ,I)}, is a fulfilling path for φ.

Assume π = A_0, A_1 . . . is a fulfilling path for φ. We claim that (π, I_φ) is a model for φ. Claim: For every ψ ∈ CL(φ), and every j, 0≤j, ψ ∈ A_j if and only if (π, I_φ, j) |= ψ. We prove this claim by induction on the structure of the formula ψ.

• ψ is the proposition p:

(π, I_φ, j) |= p^{semantics def.} ⇐⇒ A_j ∈ I_φ(p)^{Iφdef.}⇐⇒ p ∈ A_j . • ψ is the formula ¬χ: ψ ∈ A_j ⇐⇒ ¬χ ∈ A_j^{atom def.}⇐⇒ χ ∉ A_j^{ind. hyp.}⇐⇒ (π, I_φ, j) |̸= χ ⇐⇒ (π, I_φ, j) |= ¬χ ⇐⇒ (π, I_φ, j) |= ψ.

• ψ is the formula χ_1 ∨ χ_2:

ψ ∈ A_j ⇐⇒ χ_1∨χ_2 ∈ A_j^{atom def.}⇐⇒ χ_1 or χ_2 ∈ A_j^{ind. hyp.}⇐⇒ (π, I_φ, j) |= χ_1 or (π, I_φ, j) |= χ_2 ⇐⇒ (π, I_φ, j) |= ψ. • ψ is the formula 2 χ: ψ ∈ A_j ⇐⇒ 2 χ ∈ A_j^{Rφ def.}⇐⇒ χ ∈ A_{j+1}^{ind. hyp.}⇐⇒ (π, I_φ, j +1) |= χ ⇐⇒ (π, I_φ, j) |= 2 χ ⇐⇒ (π, I_φ, j) |= ψ. • ψ is the formula 2∼ χ: ψ ∈ A_j ⇐⇒ 2∼ χ ∈ A_j^{Rφ def.}⇐⇒ j = 0 or χ ∈ A_{j−1}^{ind. hyp.}⇐⇒ j = 0 or (π, I_φ, j −1) |= χ ⇐⇒ (π, I_φ, j) |= 2∼ χ ⇐⇒ (π, I_φ, j) |= ψ. • ψ is the formula χ_1 U χ_2:

From the fact that π is a fulfilling path and from lemma 3.7, we obtain that there exists some k ≥ j such that for every i, j ≤ i < k, χ_1 U χ_2, χ_1, ¬χ_2 ∈ A_i and χ_1 U χ_2, χ_2 ∈ A_k.

For every i, j ≤ i < k, χ_1, ¬χ_2 ∈ A_i and χ_2 ∈ A_k^{ind. hyp.}⇐⇒ For every i, j ≤ i < k, (π, I_φ, i) |= χ_1 and (π, I_φ, k) |= χ_2^{semantics def.}⇐⇒ (π, I_φ, j) |= χ_1 U χ_2 ⇐⇒ (π, I_φ, j) |= ψ. • ψ is the formula χ_1 S χ_2:

From the fact that π is a fulfilling path and lemma 3.10 we obtain that there exists some k ≤ j such that for every i, k < i ≤ j, χ_1 S χ_2, χ_1 , ¬χ_2 ∈ A_i and χ_1 S χ_2 , χ_2 ∈ A_k.

For every i, k < i ≤ j, χ_1, ¬χ_2 ∈ A_i and χ_2 ∈ A_k^{ind. hyp.}⇐⇒ For every i, k < i ≤ j, (π, I_φ, i) |= χ_1 and (π, I_φ, k) |= χ_2^{semantics def.}⇐⇒ (π, I_φ, j) |= χ_1 S χ_2 ⇐⇒ (π, I_φ, j) |= ψ. Since π is a fulfilling path for φ, φ ∈ A_0. From the claim we obtain that (π, I_φ, 0) |= φ, which means that (π, I_φ) is a model for φ.

From the last theorem we conclude that it is sufficient to look for a fulfilling path for φ in ⟨A_φ, R_φ⟩ in order to determine the satisfiability of φ.

Let C ⊆ ⟨A_φ, R_φ⟩ be a subgraph. C is a strongly connected subgraph if for any two different nodes, A, B ∈ C, A ≠ B, there exists a path in C leading from A to B.

It is not difficult to see that for every pre-model π, the subgraph F in(π) is strongly connected.

We show that instead of searching fulfilling paths, which can be infinite objects, it is sufficient to investigate the strongly connected subgraphs (scs’s, for short) of ⟨A_φ, R_φ⟩ and the finite paths leading to them. Actually, we examine only the maximal scs’s (mscs’s, for short), i.e., strongly connected subgraphs that are not properly contained in a larger scs.

Definition 3.12 Let C be an scs in ⟨A_φ, R_φ⟩. C is self fulfilling if for every formula ψ_1 U ψ_2 ∈ A ∈ C, there exists an atom B ∈ C such that ψ_2 ∈ B.

The following lemma claims that being self fulfilling is a monotone property, i.e.,

Lemma 3.13 Let C and C^′ be scs’s such that C ⊆ C^′. If C is self fulfilling then so is C^′.

Proof. It is sufficient to consider the case C ⊂ C^′, in which |C^′|>1. Assume ψ_1 U ψ_2 ∈ A ∈ C^′. Since C^′ is an scs, there is a descendent of A, B, in C (possibly B = A). By lemma 3.7 and the definition of R_φ, we know that either ψ_2 ∈ C where C is an atom belonging to the path from A to B, or ψ_1 U ψ_2 ∈ B. In the latter case, since C is self fulfilling, there exists some atom D ∈ C such that ψ_2 ∈ D. In any case, we are assured of an atom E ∈ C^′ such that ψ_2 ∈ E (E being C or D).

We observe that a fulfilling path for φ must start at an initial atom and eventually remain contained in a self fulfilling scs. Our search for a fulfilling path proceeds by successively removing from ⟨A_φ, R_φ⟩ atoms that cannot participate in a fulfilling path. Fortunately, we do not have to examine every atom separately, but may remove a complete mscs, called useless, at a time.

Definition 3.14 Let C be an mscs in ⟨A_φ, R_φ⟩. C is useless if it falls into one of the following categories:

1. C is not reachable from an atom belonging to Init_φ. 2. C has no outgoing R_φ edges and is not self fulfilling.

3.4 Satisfiability Checking

Perform the following procedure: ⟨A_0, R_0⟩ := ⟨A_φ, R_φ⟩ i := 0 while ⟨A_i, R_i⟩ is not empty and contains some useless mscs do

let C be a useless mscs in ⟨A_i, R_i⟩ i := i + 1 let⟨A_i, R_i⟩ be a new structure where A_i = A_{i−1} −C R_i = R_{i−1} ∩ (A_i × A_i) if the final structure is not empty then

report success else report failure

The final structure obtained by this removal process is called the tableau for φ and is denoted by ⟨ A^∗_φ, R^∗_φ ⟩ . The verification of the algorithm is based on the following property:

Lemma 3.15 π is a fulfilling path in ⟨A_i, R_i⟩ if and only if it is a fulfilling path in ⟨A_{i+1}, R_{i+1}⟩. Proof. This property is justified by the following observations:

1. As we mentioned before, a fulfilling path for φ must start at an initial atom and eventually remain contained in a self fulfilling scs.

2. The property of being self fulfilling is monotone, see lemma 3.13. 3. By removing a useless mscs from ⟨A_i, R_i⟩ we cannot damage any fulfilling path.

Theorem 3.16 The formula φ is satisfiable if and only if the algorithm above reports success.

Proof. φ is satisfiable^{Thm. 3.11}⇐⇒ there exists a fulfilling path for φ in ⟨A_0, R_0⟩^{Lem. 3.15}⇐⇒ there exists a fulfilling path for φ in ⟨ A^∗_φ, R^∗_φ ⟩_{Def. of fulfilling path and mscs} ⇐⇒ ⟨ A^∗_φ, R^∗_φ ⟩ contains a finite path π = A_0, . . . , A_k where A_0 ∈ Init_φ and the atom A_k is contained in a self fulfilling mscs^{absence of useless mscs′ s} ⇐⇒ ⟨ A^∗_φ, R^∗_φ ⟩ is not empty ⇐⇒ the algorithm succeeds.

Complexity of the Algorithm The following points lead to an overall time bound of 2^{O(|φ|)}. • As we already observed |A_φ| ≤ 2^{2·|φ|}; Hence, |⟨A_φ, R_φ⟩| ≤ 2^{c|φ|}.

• The decomposition of ⟨A_φ, R_φ⟩ into mscs’s, can be done within time bound of O(|⟨A_φ, R_φ⟩|) (see [6]).

• All the checkings, required by the algorithm, can be done in time linear in |A_φ|·|φ|.

The following fact is proved in [33].

Theorem 3.17 The satisfiability problem for ptl is PSPACE-complete.

3.5 Discussion

A version of ptl which does not assume that the past is bounded is also possible. The approach we have taken here can be easily extended to cover this version. We have to consider sequences that may be infinite at both directions (i.e., indexed by positive and negative integers). In the decision procedure we have to define a criterion of self fulfillment of parentless mscs’s that requires the presence of the formula ψ in the component for each formula φ S ψ that appears in the component.

4 Completeness of a Deductive Proof System for ptl

We present here a complete deductive system for proving the validity of ptl formulae.

The presented formal proof for completeness uses standard method for showing the completeness of a deductive system: If φ is a valid ptl formula, then to show that ⊢ φ, we investigate the process of checking satisfiability of the formula ¬φ, over its semantic tableaux.

4.1 A Deductive Proof System for ptl

We propose the following deductive system for establishing the validity of ptl formulae.

The Future Axiom Schemes

Following are eight scheme axioms dealing with the future operators. F0. ⊢ 0 φ → φ F1. ⊢ 2 ¬φ ⇐⇒ ¬ 2 φ F2. ⊢ 2 (φ → ψ) =≻(2 φ → 2 ψ) F3. ⊢ 0 (φ → ψ) =≻(0 φ → 0 ψ) F4. ⊢ 0 φ → 0 2 φ F5. ⊢ (φ =≻ 2 φ) → (φ =≻ 0 φ) F6. ⊢ φ U ψ ⇐⇒ ψ ∨ (φ ∧ 2 (φ U ψ)) F7. ⊢ φ U ψ =≻ 1 ψ Note that –

• Axiom F0 states that if φ holds at all positions of a model, then in particular it holds at the first position.

• Axiom F1 states that the next operator, 2 , is self-dual.

• Axiom F2 states that if in the next instant φ implies ψ then if in the next instant φ holds then so does ψ.

• Axiom F3 is the analogue of F2 for the 0 operator.

• Axiom F4 states that if φ is true at all future instants it must be true at every next instant.

• Axiom F5 is a ”computational induction” axiom; it states that if a property is inherited over one step transition, it is invariant over any suffix sequence whose first state satifies φ.

• Axiom F6 characterizes the until operator by distributing its effect into what is implied for the present and what is implied for the next instant.

• Axiom F7 states that φ U ψ implies that ψ will eventually happen.

The Past Axiom Schemes

Following are five scheme axioms dealing with the past operators. Four of them are symmetric to four future axioms. P1. ⊢ ´ φ =≻ 2∼ φ P2. ⊢ 2∼ (φ → ψ) =≻(2∼ φ → 2∼ ψ) P3. ⊢ 0 φ → 0 2∼ φ P4. ⊢ φ S ψ ⇐⇒ ψ ∨ (φ ∧ ´ (φ S ψ)) P5. ⊢ 2∼ false Note that

• Axiom P1 establishes the connection between the weak-previous operator and the previous operator. It defines 2∼ as the weaker version of ´ .

• The axioms P2, P3, P4 have similar descriptions to the axioms F2, F4,F6. • Axiom P5 does not resemble a corresponding future axiom. It states that the first position of every sequence satisfies 2∼ false.

• It is not necessary to require φ S ψ =≻ Q ψ which is the past counterpart of F7, as an axiom, since we show later that it is a theorem of the deductive system.

The axioms we have considered so far consist of either future formulae or their past counterparts, which retain in some cases the operator 0 . Following is one scheme axiom that mix future with past.

The Mixed Axiom Scheme M8. ⊢ φ =≻ 2 ´ φ Note that the axiom M8 states that if φ holds at a position j, then going forwards one step to position j + 1 and then backwards one step, ends up in a position (obviously j again) that also satisfies φ.

Inference Rules

ins instantiation

If φ is a substitution instance of a propositional tautology then ⊢ 0 φ. mp modus ponens ⊢ φ → ψ, ⊢ φ ⊢ ψ Note that in ins we also include temporal instances of tautologies; we may substitute an arbitrary ptl formula for a proposition letter in obtaining an instance.

Theorem 4.1 The system is sound for ptl; i.e., for every ptl formula, if ⊢ φ then φ is valid.

Proof. The result follows immediately from the definition of the semantics and checking that every axiom and every inference rule preserves validity.

We present in the next subsection some theorems and derived rules of the system.

4.2 Theorems and Rules of The Deductive System

We present here some theorems and derived rules of the system. We chose to present only the theorems and rules that are needed in the rest of the paper. The reader interested in other theorems or rules can find a comprehensive list of theorems and derived rules together with proofs in [22] for the floating version of ptl, and in [23] for the anchored version of ptl.

We present here only the list of the theorems and the rules. Their detailed proofs appear in the appendix.

Rule par (particularization) 0 φ ⊢ φ

Rule e-mp (entailment modus ponens) (φ_1 ∧ . . . ∧ φ_n) =≻ψ, 0 φ_1, . . . , 0 φ_n ⊢ 0 ψ Rule e-trns (entailment transitivity) φ =≻ψ, ψ =≻χ ⊢ φ =≻χ Rule R1 0 φ ⊢ ψ =≻φ Rule R2 φ =≻ψ ⊢ ¬ψ =≻¬φ Rule R3 φ ⇐⇒ ψ ⊢ φ =≻ψ, ψ =≻φ Rule R4 φ =≻χ, ψ =≻χ ⊢ φ ∨ ψ =≻χ Rule R5 φ =≻ψ, φ =≻χ ⊢ φ =≻ψ ∧ χ Rule R6 φ =≻ψ, ψ =≻φ ⊢ φ ⇐⇒ ψ Rule R7 φ =≻(ψ → χ) ⊢ φ ∧ ψ =≻χ Rule ci (computational induction) φ =≻ 2 φ ⊢ φ =≻ 0 φ Rule 2∼ g (2∼ generalization) 0 φ ⊢ 0 2∼ φ Rule 2 g (2 generalization) 0 φ ⊢ 0 2 φ Rule 2∼ m (2∼ is monotonic) φ =≻ψ ⊢ 2∼ φ =≻ 2∼ ψ Theorem T1 ´ φ ⇐⇒ ¬ 2∼ ¬φ Rule 2 m (2 is monotonic) φ =≻ψ ⊢ 2 φ =≻ 2 ψ Theorem T2 ´ φ =≻¬ 2∼ false Theorem T3 2 (φ ∧ ψ) ⇐⇒ (2 φ ∧ 2 ψ) Theorem T4 0 φ =≻ 2 0 φ Rule 0 g (0 generalization) 0 φ ⊢ 0 0 φ Rule 0 M (0 is monotonic) φ =≻ψ ⊢ 0 φ =≻ 0 ψ Theorem T5 (0 φ ∨ 0 ψ) =≻ 0 (φ ∨ ψ) Theorem T6 0 (φ ∧ ψ) ⇐⇒ (0 φ ∧ 0 ψ)

4.3 Completeness Proof

We will show that the presented deductive system consisting of axioms F0-F7, P1, P2, P3, P4, P5, M8 and the inference rules ins and mp is complete. We use here a standard proof of completeness to the presented deductive system: Let φ be some valid ptl formula. To show that ⊢ φ, we investigate the process of checking satisfiability of the formula ¬φ, over its semantic tableaux. We try to prove in the deductive system, for every atom A declared as useless by the algorithm, ⊢ ¬φ −→ 0 ¬ ^A, where ^A is the conjunction of all the formulae contained in A.

Theorem 4.2 The system is complete for ptl; i.e., for every ptl formula, if φ is valid then ⊢ φ.

Proof. Suppose the formula φ is valid. Then ¬φ is not satisfiable. Let us assume that we apply the satisfiabilty checking procedure, described in section 3 to ¬φ. In the application we construct a sequence of graphs ⟨A_{¬φ}, R_{¬φ}⟩ = ⟨A_0, R_0⟩ , . . . , ⟨A_i, R_i⟩ , . . . , ⟨A_n, R_n⟩ = ⟨ A^∗_{¬φ}, R^∗_{¬φ} ⟩ which eventually converges to an empty structure.

For an atom A we denote ^A = ⋀ ψ∈A ψ. The following list of claims establishes that φ is provable in our system. Claim 4.3 ⊢ ⋁ A∈A_0 ^A

Proof. A straightforward result from Propositional Logic; Recall that A_0 are all the atoms.

Claim 4.4 Let A be some atom. If A is not initial then ⊢ ^A =≻¬ 2∼ false. Proof. Recall that if A is not initial then 1. It contains some formula of the form ´ ψ, or 2. It contains some formula ψ S χ such that χ ∉ A. Since A is an atom, ¬χ ∈ A.

By Propositional Logic and ins we can prove that ⊢ ^A =≻¬χ, and by P4 we can prove that ^A =≻ ´ (ψ S χ).

In both cases the claim follows from T2. Claim 4.5 ⊢ ⋁ A∈A_0, A is initial ^A.

Proof. From Claim 4.3, Claim 4.4, par and P5.

Claim 4.6 For every ψ ∈ CL(φ), ⊢ ψ ↔ ⋁ A∈A_0 ⋂_{Initψ} ^A

Proof. From Claim 4.3, Claim 4.5 and the fact that for every atom A, ¬ψ ∈ A if and only if ψ ∉ A.

Claim 4.7 Let A be some atom. ⊢ ^A =≻ 2 ( ⋁ B∈A_0 ^B).

Proof. Let us denote the formula ⋁ B∈A_0 ^B by α. 1. α Propositional Tautology (Claim 4.3) 2. 0 α ins Claim 4.3 3. 0 2 α 2 g 1 4. ^A =≻ 2 α R1 3 5. ^A =≻ 2 ( ⋁ B∈A_0 ^B) 3 Claim 4.8 Let A, B be some atoms such that (A, B) ∉ R_0. ⊢ ^A =≻ 2 ¬ ^B. Proof. Consider the different reasons for (A, B) ∉ R_0.

Case 1: There is a formula 2 ψ ∈ CL(φ) such that 2 ψ ∈ Aa and ψ ∉ B, i.e., ¬ψ ∈ B. Proof: see appendix B.

Case 2: There is a formula 2 ψ ∈ CL(φ) such that 2 ψ ∉ A, i.e., ¬ 2 ψ ∈ A and ψ ∈ B. Proof: see appendix B.

Case 3: There is a formula 2∼ ψ ∈ CL(φ) such that ψ ∈ A and 2∼ ψ ∉ B, i.e., ¬ 2∼ ψ ∈ B. Proof: see appendix B.

Case 4: There is a formula 2∼ ψ ∈ CL(φ) such that ψ ∉ A, i.e., ¬ψ ∈ A and 2∼ ψ ∈ B. Proof: see appendix B.

Case 5: There is a formula ψ_1 U ψ_2 ∈ CL(φ) such that ψ_1 U ψ_2, ¬ψ_2 ∈ A and ψ_1 U ψ_2 ∉ B, i.e., ¬(ψ_1 U ψ_2) ∈ B. Proof: see appendix B.

Case 6: There is a formula ψ_1 U ψ_2 ∈ CL(φ) such that ψ_1 U ψ_2 ∈ B, ψ_1 ∈ A and ψ_1 U ψ_2 ∉ A, i.e., ¬(ψ_1 U ψ_2) ∈ A. Proof: From F6 it can be proven that

⊢ ¬(ψ_1 U ψ_2) =≻(¬ψ_1 ∨ ¬ 2 (ψ_1 U ψ_2)).

Since we can prove that ⊢ ^A =≻ψ_1, we can also prove that ⊢ ^A =≻¬ 2 (ψ_1 U ψ_2) which implies by F1 that ⊢ ^A =≻ 2 ¬ ^B. Case 7: There is a formula ψ_1 S ψ_2 ∈ CL(φ) such that ψ_1 S ψ_2, ¬ψ_2 ∈ B and ψ_1 S ψ_2 ∉ A, i.e., ¬(ψ_1 S ψ_2) ∈ A.

Proof: From the fact that ¬(ψ_1 S ψ_2) ∈ A and axiom M8, we can prove ⊢ ^A =≻ 2 ´ ¬(ψ_1 S ψ_2), and from 2∼ m, T1 and 2 m, we can be proven that ⊢ ^A =≻ 2 ¬ 2∼ (ψ_1 S ψ_2).

By the fact that ψ_1 S ψ_2, ¬ψ_2 ∈ B and P4, we can prove that ⊢ ^B =≻ ´ (ψ_1 S ψ_2), and by P1 ⊢ ^B =≻ 2∼ (ψ_1 S ψ_2) or ⊢ ¬ 2∼ (ψ_1 S ψ_2) =≻¬ ^B. Now, it is easy to derive by 2 m that ⊢ ^A =≻ 2 ¬ ^B. Case 8: There is a formula ψ_1 S ψ_2 ∈ CL(φ) such that ψ_1 S ψ_2 ∈ A, ψ_1 ∈ B and ψ_1 S ψ_2 ∉ B, i.e., ¬(ψ_1 S ψ_2) ∈ B.

Proof: From the fact that ψ_1 S ψ_2 ∈ A and axiom M8, we can prove ⊢ ^A =≻ 2 ´ (ψ_1 S ψ_2).

From P4 and the fact that ψ_1, ¬(ψ_1 S ψ_2) ∈ B, we can prove that ⊢ ^B =≻¬ ´ (ψ_1 S ψ_2) or ⊢ ´ (ψ_1 S ψ_2) =≻¬ ^B, and by 2 m we can prove that ⊢ ^A =≻ 2 ¬ ^B.

Claim 4.9 Let A be some atom. ⊢ ^A =≻ 2 ( ⋁ B∈A_0 and (A,B)∈R_0 ^B).

Proof. From Claim 4.7, Claim 4.8 by R5, e-trns and T3.

Remark 4.10 Note that in the case that the atom A has not any successor then ⊢ ^A =≻ 2 false. Intuitively, this means that A cannot appear in a fulfilling path. Let us denote by R^∗_i the reflexive transitive closure of R_i, 1≤i≤n.

Claim 4.11 Let A be some atom. ⊢ ^A =≻ 0 ( ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B).

Proof. Let us denote by α the formula ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B.

Let B be some atom such that (A, B) ∈ R^∗_0. Clearly, if C is an atom such that (B, C) ∈ R_0 then (A, C) ∈ R^∗_0; hence, it can be proven that ⊢ ⋁ C∈A_0 and (B,C)∈R_0 ^C =≻α. 1. ⋁ C∈A_0 and (B,C)∈R_0 ^C =≻α given 2. 2 ( ⋁ C∈A_0 and (B,C)∈R_0 ^C) =≻ 2 α 2 m 1 3. ^B =≻ 2 ( ⋁ C∈A_0 and (B,C)∈R_0 ^C) Claim 4.9 4. ^B =≻ 2 α e-trns 3, 2 5. ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B =≻ 2 α R4 4 6. α =≻ 2 α 5 7. α =≻ 0 α ci 6 8. ^A → α R_0 is reflexive 9. ^A =≻α ins 8 10. ^A =≻ 0 α e-trns 8, 7 11. ^A =≻ 0 ( ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B) 10 Remark 4.12 Note that in the case that the atom A has no descendants then ⊢ ^A =≻ 0 false. Intuitively, this means that A cannot appear in a fulfilling path. Claim 4.13 ⊢ ¬φ −→ 0 ( ⋁ A ∈ A_0 and A is reachable from some atom in Init_{¬φ} ^A).

Proof. 1. ¬φ → ⋁ A∈A_0 ⋂_{Init¬φ} ^A from Claim 4.6

For every A ∈ A_0 ⋂ Init_{¬φ}, 2. ^A =≻ 0 ( ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B) Claim 4.11 3. ^A → 0 ( ⋁ B∈A_0 and (A,B)∈R^∗_0 ^B) par 2 4. ¬φ → ⋁ A∈A_0 ⋂_{Init¬φ} 0 (⋁_{B∈A0 and (A,B)∈R∗0} ^B) from 1, 3 5. ⋁ A∈A_0 ⋂_{Init¬φ} 0 (⋁_{B∈A0 and (A,B)∈R∗0} ^B) → 0 ( ⋁ A∈A_0 and A is reachable f rom some atom in Init_{¬φ} ^A) From T5 6. ¬φ −→ 0 ( ⋁ A∈A_0 and A is reachable f rom some atom in Init_{¬φ} ^A) from 4, 5 We now wish to generalize claim 4.11 and claim 4.13 to R_i, 1 ≤ i ≤ n. We will prove by induction on i, 0≤i≤n the following five claims:

Claim 4.14 For every atom A ∉ A_i, ⊢ ¬φ −→ 0 ¬ ^A. Claim 4.14 says that a removed atom can be proven to be contradictory in a computation beginning with a state satisfying ¬φ.

Claim 4.15 Let A be some atom in A_i.

⊢ ¬φ −→ ^A =≻ 2 ( ⋁ B∈A_i and (A,B)∈R_i ^B) .

Claim 4.16 Let A be some atom in A_i.

⊢ ¬φ −→ ^A =≻ 0 ( ⋁ B∈A_i and (A,B)∈R^∗_i ^B) .

Claim 4.17 ⊢ ¬φ ↔ ⋁ A∈A_i ⋂_{Init¬φ} ^A.

Claim 4.18 ⊢ ¬φ −→ 0 ( ⋁ A ∈ A_i and A is reachable from some atom in Init_{¬φ} ^A).

For i = 0 claim 4.14 is vacuously true; claims 11, 12 can be proven from claims 7, 8, respectively by 0 g, by R1 and par; claim 4.17 is claim 4.4 and claim 4.18 is claim 4.13.

Consider the passage from i to i+1. It is effected by removing a strongly connected component C from ⟨A_i, R_i⟩. Consider the two different reasons for C being declared useless in ⟨A_i, R_i⟩:

1. C is not reachable from an atom belonging to Init_{¬φ}.

Let A be some atom in C.

• Since C is not reachable from an atom belonging to Init_{¬φ}, A itself is not reachable from an atom belonging to Init_{¬φ}. Hence, it can be proven by Propositional Logic that ⊢ ⋁ B ∈ A_i and B is reachable from some atom in Init_{¬φ} ^B −→ ¬ ^A.

• Let us denote the formula ⋁ B ∈ A_i and B is reachable from some atom in Init_{¬φ} ^B

by α.

1. α −→ ¬ ^A Propositional Tautology 2. 0 (α −→ ¬ ^A) ins 1 3. 0 (α −→ ¬ ^A) =≻(0 α −→ 0 ¬ ^A) F3 4. 0 (α −→ ¬ ^A) −→ (0 α −→ 0 ¬ ^A) par 3 5. 0 α −→ 0 ¬ ^A mp 4, 2 6. ¬φ −→ 0 α Claim 4.18 (ind. hyp.) 7. ¬φ −→ 0 ¬ ^A from 6,5 2. C has no outgoing edges and is not self fulfilling.

Let A be some atom in C.

• In this case we know that there is a formula ψ_1 U ψ_2 ∈ CL(φ) such that every atom B in C contains ψ_1 U ψ_2 and ¬ψ_2, hence we can prove that ⊢ ^A → ψ_1 U ψ_2 and ⊢ ^B → ¬ψ_2. By ins we have ⊢ ^A =≻ψ_1 U ψ_2 and ⊢ ^B =≻¬ψ_2. • Since C has no outgoing edges, any atom B such that (A, B) ∈ R^∗_i is necessarily contained in C. It follows that we can prove by claim 4.16 that ⊢ ¬φ −→ ( ^A =≻(ψ_1 U ψ_2 ∧ 0 ¬ψ_2 ) ).

• From the last theorem and F7, which is

⊢ ψ_1 U ψ_2 =≻ 1 ψ_2

we can prove that ⊢ ¬φ −→ ( ^A =≻false ) which implies ⊢ ¬φ −→ 0 (¬ ^A). This establishes that claim 4.14 holds also for A_{i+1}.

Proof of claim 4.15 for R_{i+1}: Consider an atom A ∈ A_{i+1}. 1. ¬φ −→ ( ^A =≻ 2 (⋁_{B∈Ai and (A,B)∈Ri} ^B) ) claim 4.15 for R_i (ind. hyp.)

For every atom B such that (A, B) ∈ R_i − R_{i+1}, 2. ¬φ −→ 0 ( ^A −→ 2 (⋁_{B∈Ai and (A,B)∈Ri} ^B) ) Definition of =≻

3. ¬φ −→ 0 ¬ ^B claim 4.14 for R_{i+1} (ind. hyp.) 4. ¬φ −→ 0 2 ¬ ^B from 3 by F4 5. ¬φ −→ ⋀ B∈A_i and (A,B)∈R_i−R_{i+1} 0 2 ¬ ^B from 4 6. ¬φ −→ 0 ( ⋀ B∈A_i and (A,B)∈R_i−R_{i+1} 2 ¬ ^B) from 5 by T6 7. ¬φ −→ 0 2 ( ⋀ B∈A_i and (A,B)∈R_i−R_{i+1} ¬ ^B) from 6 by T3 8. ¬φ −→ 0 ( ^A −→ ( 2 ( ⋁ B∈A_i and (A,B)∈R_i ^B) ∧ 2 ( ⋀ B∈A_i and (A,B)∈R_i−R_{i+1} ¬ ^B) )) from 2, 7 by T6 9. ¬φ −→ 0 ( ^A −→ 2 (⋁_{B∈Ai and (A,B)∈Ri+1} ^B) ) from 8 by T3 10. ¬φ −→ 0 ( ^A =≻ 2 (⋁_{B∈Ai and (A,B)∈Ri+1} ^B) ) Definition of =≻

This establishes claim 4.15 for R_{i+1}. Repeating the proof of claim 4.11, but using R^∗_{i+1} instead of R^∗_0, we can derive claim 4.16 from claim 4.15. Claim 4.17 is a straightforward propositional logic result of claim 4.17 for i (the induction hypothesis) and claim 4.14. Claim 4.18 can be proven from claims 12 and 13 by F0 and T5.

We show now that φ is provable by the proof system. Since ¬φ is unsatisfiable, we know that ⟨A_n, R_n⟩ = ⟨ A^∗_{¬φ}, R^∗_{¬φ} ⟩ is empty. Consequently, by claim 4.17 for A_n we have ⊢ ¬φ ←→ false which leads to ⊢ ¬¬φ and to ⊢ φ. References

[1] H. Barringer and R. Kuiper. A temporal logic specification method supporting hierarchical development. In NSF/SERC Seminar on Concuuency, CMU, 1984.

4. COMPLETENESS OF A DEDUCTIVE PROOF SYSTEM FOR PTL 79

[2] M. Ben-Ari, Z. Manna, and A. Pnueli. The temporal logic of branching time. Acta Informatica, 20:207–226, 1983.

[3] J.P. Burgess. Basic tens logic. In D. Gabbay and F. Guenthner, editors, Handbook of Philosophical Logic, volume II, pages 89–133. D. Reidel Publishers, 1984.

[4] E.M. Clarke and E.A. Emerson. Design and synthesis of synchronization skeletons using branching time temporal logic. In Proc. IBM Workshop on Logics of Programs, volume 131 of Lect. Notes in Comp. Sci., pages 52–71. Springer-Verlag, 1981.

[5] E.A. Emerson and E.M. Clarke. Using branching time temporal logic to synthesize synchronization skeletons. Sci. Comp. Prog., 2:241–266, 1982.

[6] S. Even. Graph Algorithms. Computer Science Press, 1979.

[7] M.J. Fischer and R.E. Ladner. Propositional dynamic logic of regular programs. J. Comp. Sys.

Sci., 18:194–211, 1979.

[8] D. Gabbay, A. Pnueli, S. Shelah, and J. Stavi. On the temporal analysis of fairness. In Proc.

7th ACM Symp. Princ. of Prog. Lang., pages 163–173, 1980.

[9] B.T. Hailpern and S.S. Owicki. Modular verification of computer communication protocols.

IEEE Trans. on Commun., COM-31(1):56–68, 1983.

[10] G.E. Hughes and M.J. Cresswell. An Introduction to Modal Logic. Methuen, New York, 1968. [11] M. Kaminski. A classification of ω-regular languages. Theor. Comp. Sci., 36:217–229, 1985. [12] J.A.W. Kamp. Tense Logic and the Theory of Order. PhD thesis, UCLA, 1968. [13] R. Koymans and W.-P. de Roever. Examples of a real-time temporal logic specifications. In B.D. Denvir, W.T. Harwood, M.I. Jackson, and M.J. Wray, editors, The Analysis of Concurrent Systems, volume 207 of Lect. Notes in Comp. Sci., pages 231–252. Springer-Verlag, 1985.

[14] R. Koymans, J. Vytopyl, and W.-P. de Roever. Real-time programming and asynchronous message passing. In Proc. 2nd ACM Symp. Princ. of Dist. Comp., pages 187–197, 1983.

[15] F. Kröger. Lar: A logic of algorithmic reasoning. Acta Informatica, 8:243–246, 1977. [16] L. Lamport. Specifying concurrent program modules. ACM Trans. Prog. Lang. Sys., 5:190–222, 1983.

[17] L. Lamport. What good is temporal logic. In R.E.A. Mason, editor, Proc. IFIP 9th World Congress, pages 657–668. North-Holland, 1983.

[18] O. Lichtenstein. Decidability, Completeness, and Extensions of Linear Time Temporal Logic.

PhD thesis, Weizmann Institute of Science, 1991.

[19] O. Lichtenstein and A. Pnueli. Checking that finite state concurrent programs satisfy their linear specification. In Proc. 12th ACM Symp. Princ. of Prog. Lang., pages 97–107, 1985.

[20] O. Lichtenstein, A. Pnueli, and L. Zuck. The glory of the past. In Proc. Conf. Logics of Programs, volume 193 of Lect. Notes in Comp. Sci., pages 196–218. Springer-Verlag, 1985.

[21] Z. Manna and A. Pnueli. Verification of concurrent programs: The temporal framework. In R.S.

Boyer and J.S. Moore, editors, The Correctness Problem in Computer Science, pages 215–273. Academic Press, London, 1981.

[22] Z. Manna and A. Pnueli. Verification of concurrent programs: A temporal proof system. In J.W. de Bakker and J. Van Leeuwen, editors, Foundations of Computer Science IV, Distributed Systems: Part 2, pages 163–255. Mathematical Centre Tracts 159, Center for Mathematics and Computer Science (CWI), Amsterdam, 1983.

[23] Z. Manna and A. Pnueli. The anchored version of the temporal framework. In J.W. de Bakker, W.-P. de Roever, and G. Rozenberg, editors, Linear Time, Branching Time and Partial Order in Logics and Models for Concurrency, volume 354 of Lect. Notes in Comp. Sci., pages 201–284. Springer-Verlag, 1989.

[24] Z. Manna and A. Pnueli. A hierarchy of temporal properties. In Proc. 9th ACM Symp. Princ.

of Dist. Comp., pages 377–408, 1990.

[25] Z. Manna and P. Wolper. Synthesis of communicating processes from temporal logic specifications. ACM Trans. Prog. Lang. Sys., 6:68–93, 1984.

[26] S. Owicki and L. Lamport. Proving liveness properties of concurrent programs. ACM Trans.

Prog. Lang. Sys., 4:455–495, 1982.

[27] A. Pnueli. The temporal logic of programs. In Proc. 18th IEEE Symp. Found. of Comp. Sci., pages 46–57, 1977.

80 Propositional Temporal Logics: Decidability and Completeness

[28] A. Pnueli. In transition from global to modular temporal reasoning about programs. In K.R.

Apt, editor, Logics and Models of Concurrent Systems, sub-series F: Computer and System Science, pages 123–144. Springer-Verlag, 1985.

[29] A. Pnueli and R. Sherman. Semantic tableau for temporal logic. Technical Report CS81 - 21, The Weizmann Institute, 1981.

[30] V.R. Pratt. A near-optimal method for reasoning about action. J. Comp. Sys. Sci., 20(2):231– 254, 1980.

[31] A. Prior. Time and Modality. Oxford University Press, 1957. [32] N. Rescher and A. Urquhart. Temporal Logic. Springer Verlag, 1971.

[33] A.P. Sistla and E.M. Clarke. The complexity of propositional linear temporal logic. J. ACM, 32:733–749, 1985.

[34] R.M. Smullyan. First Order Logic. Springer Verlag, Berlin, 1968. [35] P. Wolper. Temporal logic can be more expressive. Inf. and Cont., 56:72–99, 1983.

A Proofs of Theorems and Rules of The Deductive System

We present here the detailed proofs of the theorems and derived rules that appeared in subsection 4.2. Rule par (particularization) 0 φ ⊢ φ

Proof. 1. 0 φ → φ F0

2. 0^φ Premise

3. φ mp 1, 2

Rule e-mp (entailment modus ponens) (φ_1 ∧ . . . ∧ φ_n) =≻ψ, 0 φ_1, . . . , 0 φ_n ⊢ 0 ψ Proof. We prove the rule for n = 1.

1. 0 (^φ →^ψ) =≻(0^φ → 0^ψ) F3 2. 0 (0 (^φ →^ψ) → (0^φ → 0^ψ)) Definition of =≻ 3. 0 (^φ →^ψ) → (0^φ → 0^ψ) par 2

4. φ =≻ψ Premise

5. 0 (^φ →^ψ) Definition of =≻ 6. 0^φ → 0^ψ mp 3, 5 7. 0^φ Premise 8. 0^ψ mp 6, 7

Rule e-trns (entailment transitivity) φ =≻ψ, ψ =≻χ ⊢ φ =≻χ

Proof. 1. φ =≻ψ Premise

2. 0 (^φ →^ψ) Definition of =≻

3. ψ =≻χ Premise

4. 0 (^ψ → χ) Definition of =≻

5. (φ → ψ) ∧ (ψ → χ) → (φ → χ) Propositional Tautology 6. (φ → ψ) ∧ (ψ → χ) =≻(φ → χ) ins 5 7. 0 (^φ → χ) e-mp 6, 2, 4

8. φ =≻χ Definition of =≻

Rule R1 0 φ ⊢ ψ =≻φ

Proof. 1. φ → (ψ → φ) Propositional Tautology

2. φ =≻(ψ → φ) ins 1

3. 0^φ Premise 4. 0 (^ψ →^φ) e-mp 2, 3

5. ψ =≻φ Definition of =≻

A. PROOFS OF THEOREMS AND RULES OF THE DEDUCTIVE SYSTEM 81

The following rules R2, R3, R4, R5, R6 and R7 have proofs similar to the proof of rule R1 (i.e., proposition al tautology, ins and then e-mp). Rule R2 φ =≻ψ ⊢ ¬ψ =≻¬φ Rule R3 φ ⇐⇒ ψ ⊢ φ =≻ψ, ψ =≻φ Rule R4 φ =≻χ, ψ =≻χ ⊢ φ ∨ ψ =≻χ Rule R5 φ =≻ψ, φ =≻χ ⊢ φ =≻ψ ∧ χ Rule R6 φ =≻ψ, ψ =≻φ ⊢ φ ⇐⇒ ψ Rule R7 φ =≻(ψ → χ) ⊢ φ ∧ ψ =≻χ Rule ci (computational induction) φ =≻ 2 φ ⊢ φ =≻ 0 φ

Proof. 1. φ =≻ 2 φ Premise

2. (φ =≻ 2 φ) → (φ =≻ 0 φ) F5 3. φ =≻ 0 φ mp 2, 1

Rule 2∼ g (2∼ generalization) 0 φ ⊢ 0 2∼ φ

Proof. 1. 0 φ → 0 2∼ φ P3

2. 0^φ Premise 3. 0 2∼^φ mp 1, 2

Rule 2 g (2 generalization) 0 φ ⊢ 0 2 φ

Proof. 1. 0 φ → 0 2 φ F4

2. 0^φ Premise 3. 0 2^φ mp 1, 2

Rule 2∼ m (2∼ is monotonic) φ =≻ψ ⊢ 2∼ φ =≻ 2∼ ψ

Proof. 1. φ =≻ψ Premise

2. 0 (^φ →^ψ) Definition of =≻ 3. 0 2∼ (^φ →^ψ) 2∼ g 2 4. 2∼ (^φ →^ψ) =≻(2∼^φ → 2∼^ψ) P2 5. 0 (2∼^φ → 2∼^ψ) e-mp 4, 3 6. 2∼^φ =≻ 2∼^ψ Definition of =≻

Theorem T1 ´ φ ⇐⇒ ¬ 2∼ ¬φ

Proof. Definition of ´ .

Rule 2 m (2 is monotonic) φ =≻ψ ⊢ 2 φ =≻ 2 ψ

Proof. 1. φ =≻ψ Premise

2. 0 (^φ →^ψ) Definition of =≻ 3. 0 2 (^φ →^ψ) 2 g 2 4. 2 (^φ →^ψ) =≻(2^φ → 2^ψ) F2 5. 0 (2^φ → 2^ψ) e-mp 4, 3 6. 2^φ =≻ 2^ψ Definition of =≻ Theorem T2 ´ φ =≻¬ 2∼ false Proof. 1. false =≻¬φ ins 2. 2∼ false =≻ 2∼ ¬^φ 2∼ m 1 3. ¬ 2∼ ¬φ =≻¬ 2∼ false R2 2 4. ´^φ ⇐⇒ ¬ 2∼ ¬^φ T1 5. ´^φ =≻¬ 2∼ ¬^φ R3 4 6. ´^φ =≻¬ 2∼ false e-trns 5, 3

82 Propositional Temporal Logics: Decidability and Completeness

Theorem T3 2 (φ ∧ ψ) ⇐⇒ (2 φ ∧ 2 ψ)

Proof. 1. φ → (ψ → φ ∧ ψ)) Propositional Tautology 2. φ =≻(ψ → φ ∧ ψ)) ins 1

3. 2^φ =≻ 2 (^ψ →^φ ∧^ψ) 2 m 2 4. 2 (^ψ →^φ ∧^ψ) =≻(2^ψ → 2 (^φ ∧^ψ)) F2 5. 2^φ =≻(2^ψ → 2 (^φ ∧^ψ)) e-trns 3, 4

6. (2 φ ∧ 2 ψ) =≻ 2 (φ ∧ ψ) R7 5

7. φ ∧ ψ → φ Propositional Tautology 8. φ ∧ ψ =≻φ ins 7 9. 2 (^φ ∧^ψ) =≻ 2^φ 2 m 8

10. φ ∧ ψ → ψ Propositional Tautology 11. φ ∧ ψ =≻ψ ins 10

12. 2 (^φ ∧^ψ) =≻ 2^ψ 2 m 11 13. 2 (^φ ∧^ψ) =≻(2^φ ∧ 2^ψ) R5 9,12

14. 2 (^φ ∧^ψ) ⇐⇒ (2^φ ∧ 2^ψ) R6 6, 13

Theorem T4 0 φ =≻ 2 0 φ

Proof. The proof is derived directly from the definition of 0 φ as ¬ 1 ¬φ, which is defined as ¬(true U ¬φ). 1. true U ¬φ ⇐⇒ ¬φ ∨ (true ∧ 2 (true U ¬φ)) F6 2. ¬(true U ¬φ) =≻φ ∧ ¬ 2 (true U ¬φ)) from F6 3. ¬(true U ¬φ) =≻¬ 2 (true U ¬φ)) from 2 4. ¬ 2 (true U ¬φ) =≻ 2 ¬(true U ¬φ) from F1 5. ¬(true U ¬φ) =≻ 2 ¬(true U ¬φ) e-trns 3, 4 6. 0^φ =≻ 2 0^φ Definition of 0

Rule 0 g (0 generalization) 0 φ ⊢ 0 0 φ

Proof. 1. (0 φ =≻ 2 0 φ) → (0 φ =≻ 0 0 φ) F5

2. 0^φ =≻ 2 0^φ T4 3. 0^φ =≻ 0 0^φ mp 1,2 4. 0^φ −→ 0 0^φ par 3 5. 0^φ Premise 6. 0 0^φ mp 4,5

Rule 0 M (0 is monotonic) φ =≻ψ ⊢ 0 φ =≻ 0 ψ

Proof. 1. 0 (φ → ψ) =≻(0 φ → 0 ψ) F3

2. φ =≻ψ Premise

3. 0 (^φ →^ψ) Definition of =≻ 4. 0 0 (^φ →^ψ) 0 g 3 5. 0 (0^φ → 0^ψ) e-mp 1, 4 6. 0^φ =≻ 0^ψ Definition of =≻

Theorem T5 (0 φ ∨ 0 ψ) =≻ 0 (φ ∨ ψ)

B. PROOF OF CLAIM 4.8 83

Proof. 1. φ → φ ∨ ψ Propositional Tautology 2. φ =≻φ ∨ ψ ins 1 3. 0^φ =≻ 0 (^φ ∨^ψ) 0 m 2

4. ψ → φ ∨ ψ Propositional Tautology 5. φ =≻φ ∨ ψ ins 4 6. 0^ψ =≻ 0 (^φ ∨^ψ) 0 m 3

7. (0 φ ∨ 0 ψ) =≻ 0 (φ ∨ ψ) R4 3, 6

Theorem T6 0 (φ ∧ ψ) ⇐⇒ (0 φ ∧ 0 ψ)

Proof. 1. φ → (ψ → φ ∧ ψ)) Propositional Tautology 2. φ =≻(ψ → φ ∧ ψ)) ins 1

3. 0^φ =≻ 0 (^ψ →^φ ∧^ψ) 0 m 2 4. 0 (^ψ →^φ ∧^ψ) =≻(0^ψ → 0 (^φ ∧^ψ)) F3 5. 0^φ =≻(0^ψ → 0 (^φ ∧^ψ)) e-trns 3, 4

6. (0 φ ∧ 0 ψ) =≻ 0 (φ ∧ ψ) R7 5

7. φ ∧ ψ → φ Propositional Tautology 8. φ ∧ ψ =≻φ ins 7 9. 0 (^φ ∧^ψ) =≻ 0^φ 0 m 8

10. φ ∧ ψ → ψ Propositional Tautology 11. φ ∧ ψ =≻ψ ins 10

12. 0 (^φ ∧^ψ) =≻ 0^ψ 0 m 11 13. 0 (^φ ∧^ψ) =≻(0^φ ∧ 0^ψ) R5 9,12

14. 0 (^φ ∧^ψ) ⇐⇒ (0^φ ∧ 0^ψ) R6 6, 13

B Proof of Claim 4.8

We present here the missing proofs of some cases appearing in claim 4.8 from subsection 4.3.

Claim B.1 Let A, B be some atoms such that (A, B) ∉ R_0.

⊢ ^_{A =≻} 2_¬ ^_{B.}

Proof. Consider the different reasons for (A, B) ∉ R_0.

Case 1: There is a formula 2 ψ ∈ CL(φ) such that 2 ψ ∈ A and ψ ∉ B, i.e., ¬ψ ∈ B.

Proof. 1. ^A =≻ 2 ψ ins given

2. ψ =≻¬¬ψ from pl and ins

3. 2^ψ =≻ 2 ¬¬^ψ 2 m 2 4. ^_{A =≻} 2_{¬¬}ψ_{e-trns 1, 3} 5. ^_{B =≻¬}ψ_{ins given} 6. ¬¬ψ =≻¬ ^B R2 5 7. 2 ¬¬^ψ =≻ 2 ¬ ^B 2 m 6 8. ^_{A =≻} 2_¬ ^_{B e-trns 4, 7}

Case 2: There is a formula 2 ψ ∈ CL(φ) such that 2 ψ ∉ A, i.e., ¬ 2 ψ ∈ A and ψ ∈ B.

Proof. 1. ^A =≻¬ 2 ψ ins given

2. 2 ¬^ψ ⇐⇒ ¬ 2^ψ F1

3. ¬ 2 ψ =≻ 2 ¬ψ R3 2

4. ^_{A =≻} 2_¬ψ_{e-trns 1, 3} 5. ^_{B =≻}ψ_{ins given} 6. ¬ψ =≻¬ ^B R2 5 7. 2 ¬^ψ =≻ 2 ¬ ^B 2 m 6 8. ^_{A =≻} 2_¬ ^_{B e-trns 4, 7}

Case 3: There is a formula 2∼ ψ ∈ CL(φ) such that ψ ∈ A and 2∼ ψ ∉ B, i.e., ¬ 2∼ ψ ∈ B.

Proof. 1. ^A =≻ψ ins given 2. ψ =≻ 2 ´ ψ M8

3. ^_{A =≻} 2 ´ ψ_{e-trns 1, 2} 4. ´^ψ =≻ 2∼^ψ P1 5. 2 ´^ψ =≻ 2 2∼^ψ 2 m 4 6. ^_{A =≻} 2 2∼ ψ_{e-trns 3, 5}

7. ^_{B =≻¬} 2∼ ψ_{ins given} 8. ¬¬ 2∼ ψ =≻¬ ^B R2 7 9. 2∼^ψ =≻¬¬ 2∼^ψ from pl and ins 10. 2∼^ψ =≻¬ ^B e-trns 9, 8 11. 2 2∼^ψ =≻ 2 ¬ ^B 2 m 10 12. ^_{A =≻} 2_¬ ^_{B e-trns 6, 11}

Case 4: There is a formula 2∼ ψ ∈ CL(φ) such that ψ ∉ A, i.e., ¬ψ ∈ A and 2∼ ψ ∈ B.

Proof. 1. ^A =≻¬ψ ins given 2. ¬ψ =≻ 2 ´ ¬ψ M8 3. ^_{A =≻} 2 ´_¬ψ_{e-trns 1, 2} 4. ´ ¬^ψ ⇐⇒ ¬ 2∼ ¬¬^ψ T1 5. ´ ¬^ψ =≻¬ 2∼ ¬¬^ψ R3 4 6. 2 ´ ¬^ψ =≻ 2 ¬ 2∼ ¬¬^ψ 2 m 5 7. ^_{A =≻} 2_¬ 2∼_{¬¬}ψ_{e-trns 3, 6}

8. ^_{B =≻} 2∼ ψ_{ins given} 9. ¬ 2∼ ψ =≻¬ ^B R2 8 10. 2 ¬ 2∼^ψ =≻ 2 ¬ ^B 2 m 9

11. ψ =≻¬¬ψ from pl and ins

12. 2∼^ψ =≻ 2∼ ¬¬^ψ 2∼ m 11 13. ¬ 2∼ ¬¬ψ =≻¬ 2∼ ψ R2 12 14. 2 ¬ 2∼ ¬¬^ψ =≻ 2 ¬ 2∼^ψ 2 m 13

15. ^_{A =≻} 2_¬ 2∼ ψ_{e-trns 7, 14} 16. ^_{A =≻} 2_¬ ^_{B e-trns 15, 10}

Case 5: There is a formula ψ_1 U ψ_2 ∈ CL(φ) such that ψ_1 U ψ_2, ¬ψ_2 ∈ A and ψ_1 U ψ_2 ∉ B, i.e., ¬(ψ_1 U ψ_2) ∈ B.

B. PROOF OF CLAIM 4.8 85

Proof. 1. ⊢ ^A =≻(ψ_1 U ψ_2 ∧ ¬ψ_2) ins given 2. ⊢ ψ_1 U ψ_2 ⇐⇒ ψ_2 ∨ (ψ_1 ∧ 2 (ψ_1 U ψ_2)) F6 3. ⊢ ^A =≻ 2 (ψ_1 U ψ_2) from 1, 2

4. ⊢ ^B =≻¬(ψ_1 U ψ_2) ins given 5. ⊢ ¬¬(ψ_1 U ψ_2) =≻¬ ^B R2 4 6. ⊢ ψ_1 U ψ_2 =≻¬¬(ψ_1 U ψ_2) from pl and ins 7. ⊢ ψ_1 U ψ_2 =≻¬ ^B e-trns 6, 5 8. ⊢ 2 (ψ_1 U ψ_2) =≻ 2 ¬ ^B 2 m 7

9. ⊢ ^A =≻ 2 ¬ ^B e-trns 3, 8