4.1. Finite Differencing In this section we give a brief introduction to finite differencing[57, 55], a technique that can improve the performance of programs generated by our fixed point transformations. The basic goal of this technique is to replace direct calculations of costly expressions f(x ,...,x ) in a program region B by less expensive incremental m 1 calculations. We explain the technique by example after first presenting some definitions and convenient notational conventions.

If a variable e always stores the value of an n-variate function f(x , ..., x ) at a program point p, we say that m 1 equality e = f(x , ..., x ) is invariant at p. Consequently, any occurrence of expression f(x , ..., x ) at p is said to be m m 1 1 redundant and can be replaced by variable e. Let dx be a modification to a variable x on which f depends. The j j - + predifference and postdifference of e with respect to dx, denoted by ∂ e <dx> and ∂ e <dx> respectively, are two

j j j

single-entry single-exit code blocks with the following properties.

1. If e = f(x , ..., x ) is invariant just before executing code m 1

       -

(45) ∂ e <dx>_j

dx_j

+∂ e <dx>_j

it is invariant immediately after (45) is executed.

2. The predifference and postdifference code blocks can only modify variable e and variables local to these blocks. Consider a collection of equalities e = f , j =1,...,n, in which each expression f depends only on variables

j j j

v ,...,v ,e ,...,e . Suppose we want to maintain and exploit all of these equalities as invariants within a single-entry

1 k 1 j-1

program region B. The differential of e , ..., e with respect to B, denoted by ∂ {e , ..., e } <B>, is a new code block

1 n 1 n

formed from Bby recursively applying the following rules.

1. Replace each modification dxoccurring in Bwith

                        - +

(46) ∂ {e ,...,e } <∂ e <dx> dx ∂ e <dx>>

           2 1 1

n where no new occurrences of f are introduced within difference code associated with invariants 1 - + e ,...,e . Also, all occurrences of f appearing in ∂ e <dx> dx ∂ e <dx> must be redundant and are n 2 1 1 1

replaced by e . If the preceding conditions are met, we refer to e as a minimal invariant for the 1 1 differential ∂{e ,...,e }<dx>. 1 n 2. Substitute all occurrences of f by e , j=1,...,n, within the rest of B. j j Based on the differential, we obtain the following general chain rules for collective predifference and postdifference code blocks:

- -

∂ {e , ..., e } <dx> = ∂ {e ,...,e } <∂ e <dx>>

2

1 n j n 1 j

                    -∂ {e ,...,e } <dx>

                            2 n j

and_{+ +}

∂ {e , ..., e } <dx> = ∂ {e ,...,e } <dx>

2

1 n j n j

+

∂ {e ,...,e } <∂ e <dx>>

2 n 1 j

where e is minimal. 1 Example 16: Two simple examples of difference code are illustrated below.

1. Let c = 5x. Then

-∂ c < x +:= 1 > = c +:= 5

+ 12

∂ c < x +:= 1 > = λ

12We use λ to denote the empty code block