by † ‡

________________________________

87545

53706

ABSTRACT A_h u_h = f_h

B_h^{− 1} A_h u_h = B_h^{− 1} f_h A_h B_h^{− 1} v_h = f_h, u_h = B_h^{− 1} v_h where B_h Aand B L_2 and H_1 condition of B_h^{− 1} A_h, A_h B_h^{− 1} H_2 B_h^{− 1} A_{h L2} A^* and B^* A_h B_h^{− 1}_{L2} A and B B_h^{− 1} A_{h H1} A and B H_2 regularity. 2 regularity,

Let R^2 Aof

(1.1a)

Au a_{11} u_x)_x + (a_{12} u_y)_x + (a_{12} u_x)_y + (a_{22} u_y)_y] + a_1 u_x + a_2 u_y + a_0 u

(1.1b) u = Γ_{0 0} (A)

(1.1c)

∂u_0 (σ )u(σ )_1 (σ ) ∂u Γ_{1 1} (A)

where Γ_0 (A Γ_1 (A 0 (A)_1 (A)

and ∂u ∂u σ denotes A 0 (A) (A x,y) (1.2) λ (A ξ^{2 2} ] ≤ a_{11} ξ^2 + 2a_{12} a_{22} η^2 (A ξ^{2 2} ] .

A_h (1.3a)

A_h u f_

(1.3b)

Au =

Γ_0 ,Γ_1

(1.4)

C_h (A_h A_{h h} . A_h^{− 1}_h , h^{− 2} A_h

B_h (1.5a)

B_h^{− 1} A_h u B_h^{− 1} f_ or (1.5b)

A_h B_h^{− 1} v f_ , B_h^{− 1} v u_ .

B_h B which B_h^{− 1} B Awith the same boundary conditions as A

B A^* and B^*

L_2 (or l_2 H_1 norm. L_2 con- C_{L2} (B_h^{− 1} A_h ), C_{L2} (A_h B_h^{− 1} H_1 C_{H1} (B_h^{− 1} A_h

Let f ∈ L_2 (Ω (1.6)

Au = f ∈ L_2 (Ω A L_2 (Ω is Γ_0 = 0/ or Γ_1 = 0/ A^{− 1} L_2 (Ω H_2 (Ω K_1 (A) > f ∈ L_2 u H_2 (Ω

(1.7) u_{H2} ≤ K_1 (A) f_{L2} . A A by (1.8)

D(A) ≡ ∈ H_2 (Ω u }

A L_2 K_2 (A

(1.9)

Au_{L2} ≤ K_2 (A) u_{H2} , u ∈ D(A) .

Γ_0 = 0/ or Γ_1 = 0/ A Δu = f ∈ L_2 H_2 (Ω).

L_2 A_h B_h^{− 1} and B_h^{− 1} A_h constants K_1 (A K_2 (A), K_1 (A^* K_2 (A^* ), K_1 (B), K_2 (B), K_1 (B^* ), K_2 (B^*

H_2 H_1 H_2

A_h h } h → v_h ∈ S_h v_j : j = . n_h } S_h A_h v_ (1.10a)

<u_,v_h = h^d Σu_j v_j

(1.10b) u_h^2 u_,u_h ,

where d Ω (d = L_2 v c > c 1 v_{L2} v_h ≤ c v_{L2} .

C_h (B_h^{− 1} A_h C_h (A_h B_h^{− 1} L_2 C_{L2} (B_h^{− 1} A_h C_{L2} (A_h B_h^{− 1} L_2

(1.10c)

( f,g) = Ω , f_{L2}^2 = ( f,f) .

L_2 B

(1.11a)

C_{L2} (A_h B_h^{− 1} ) A_h B_h^{− 1}_{L2} . B_h A_h^{− 1}_{L2} ≤ K h ≤ h_0 ;

(1.11b)

D(A) = D(B) . B (1.12a)

C_{L2} (B_h^{− 1} A_h ) B_h^{− 1} A_{h L2} . A_h^{− 1} B_{h L2} ≤ K h ≤ h_0 ;

(1.12b)

D(A^* ) = D(B^* ) .

Γ_0 , Γ_1 .

D(A) = D(A^* ) .

L_2

H_1 condition the L_2 H_1 h },_h } h } c_1 ,c_2 h

0 < c_1 ≤

<B_h u_,u_h

<A_h u_,u_h ≤ c_2 , u_h ∈ S_h < h ≤ h_0 .

a(u,v), b(u,v V a and b

0 < c_1 ≤ b(u,u) a(u,u) ≤ c_2 , u ∈

l_2 L_2

A and B that Aand B are L_2 L_2 (Ω D ⊂ L_2 (Ω c > 0 f ≠ 0, f ∈ D

(1.13)

AB^{− 1} f_{L2} ≤ c f_{L2} , BA^{− 1} f_{L2} ≤ c f_{L2} .

A^{− 1} and B^{− 1} are L_2 L_2 (Ω D ⊂ L_2 (Ω stant c > u ∈ D

(1.14)

A^{− 1} Bu_{L2} ≤ c u_{L2} , B^{− 1} Au_{L2} ≤ c u_{L2}

h } and_h }_h } (presumably A_h and B_h are A and B_h },_h } ________ L_2 c > h

(1.15)

A_h B_h^{− 1}_{L2} ≤ c , B_h A_h^{− 1}_{L2} ≤

A_h^{− 1} and B_h^{− 1} L_2 c > h

(1.16)

B_h^{− 1} A_{h L2} ≤ c , A_h^{− 1} B_{h L2} ≤

L_2

M and N M^{− 1} and N^{− 1} L_2 Mand N L_{2 h} }and_h } M and N respectively,_h } and_h } h − 1 },_h^{− 1} }nor_{h h} } L_2 The H_1 A^{− 1} and B^{− 1} <Au,v>_{L2} and <Bu,v>_{L2} when A and B L_2 (Ω A^{− 1} and B^{− 1} are H_1 L_2 (Ω D ⊆ L_2 (Ω o < c_1 ≤ c_2 f ≠ f ∈ D

(1.17) c_1 ≤ B^{− 1} f_{H1}

A^{− 1} f_{H1} ___________ ≤ c_2 .

A and B A_w and B_w H_1 (Ω,Γ_0 (A ⊆ H_1 (Ω H_1 (Ω,Γ_0 (B ⊆ H(Ω A_w^{− 1} is H_1 norm B_w^{− 1} D_1 ⊆ H_1 (Ω,Γ_0 (B D_1 H_1 (Ω,Γ_0 (B D_2 ⊆ H_1 (Ω,Γ_0 (A D_2 H_1 (Ω,Γ_0 (A c_1 , c_2 > v ≠ 0, v ∈ D_1

(1.18a)

A_w^{− 1} B_wv_{H1} ≤ c_1 v_{H1}

u ≠ 0, u ∈ D_2

(1.18b)

B_w^{− 1} A_wu_{H1} ≤ c_2 u_{H1} .

H_1 α_0 and α_1

Let A and B Ω {Γ_0 (A Γ_1 (A)} or {Γ_0 (B Γ_1 (B)} Γ_0 (A) = 0/ or Γ_1 (A) = 0/ Γ_0 (B) = 0/ or Γ_1 (B) = 0/

I). A^{− 1} and B^{− 1} are L_2 L_2 (Ω D(A^* ) = D(B^* ), II). Aand Bare L_2 L_2 (Ω D(A) = D(B).

Let Aand B N A_w^{− 1} and B_w^{− 1} are H_1 L_2 (Ω Γ_0 (A)_0 (B K_3 (A:B)

A_w^{− 1} B_wv_{H1} ≤ K_3 (A:B) v_{H1}

v ∈ H_1 (Ω,Γ_0 (B

B_w^{− 1} A_wu_{H1} ≤ K_3 (A:B) u_{H1}

v ∈ H_1 (Ω,Γ_0 (A Γ_0 (B)_0 (A).

L_{2 h}^{− 1} } and h − 1 } L_{2 h} } and_h } H_1 h − 1 }and_h^{− 1} } Aand B or A^{− 1} and B^{− 1} L_2 A^{− 1} and B^{− 1} L_{2 h}^{− 1} } and_h^{− 1} } L_2 norm A and B L_{2 h} } and_h } H_1 norm A^{− 1} and B^{− 1} H_{1 h}^{− 1} }and_h^{− 1} }.

C_{L2} (B_h^{− 1} A_h ), C_{L2} (A_h B_h^{− 1}

B_h^{− 1} A_h

A^* cerning A_w H_1 A A. A operator Ã

n_x,n_y) = n^→ (x,y x,y) (2.1a) ∂u = u_xn_x + u_yn_y ,

(2.1b)

∂u u_xn_y + u_yn_x ,

(2.1c) A ∂u : = [a_{11} u_x + a_{12} u_y]n_x + [a_{12} u_x + a_{22} u_y]n_y . Ã. Ω u and v Ω

(2.2a)

(Ãu,v) = a(u,v) − ∫ v_A ∂u dσ where (2.2b) a(u,v) = a_L(u,v) + Ω v[a_1 u_x + a_2 u_y + a_0 u]dxdy

and a_L(u,v Ã (2.2c) a_L(u,v) = Ω 11 u_xv_x + a_{12} (u_xv_y + u_yv_x) + a_{22} u_yv_y

(2.3)

(Ãu,v) = a_L(u,v) − (u a_1 v)_x + (a_2 v)_y + (a_0 u,v)

− ∫ [v_A^{∂u} − (a 1 nx + a 2 ny)uv]dσ .

Let Ã^* Ã Ã^* and

(2.4)

Ã^* v {(a_{11} v_x)_x + (a_{12} v_y)_x + (a_{12} v_x)_y + (a_{22} v_y)_y}

− (a_1 v)_x − (a_2 v)_y + a_0

Ã^* Ã

(2.5)

(Ãu,v) − (u,Ã^* v) = ∫ u_A∂v − v_A∂u dσ + ∫ (a 1 nx + a 2 ny)uvdσ .

A^* L_2 A Γ_1 u of v Ã^* Au,v) = (u,A^* v) .

A^* (2.7a) A^* v = Ã^* v in Ω

(2.7b) v = Γ_0 ,

(2.7c)

∂u_{0*} v_1^* ∂v on Γ_1 ,

where, α_0^* and α_1^*

α_0^* ,α_1^*_A ∂u as

A ∂u = N ∂u + T ∂u , where

N = a_{11} n_x^2 + 2a_{12} n_xn_y + a_{22} n_y^2 (A

T = a_{12} (n_x^2 − n_y^2 ) + (a_{22} − a_{11} )n_xn_y .

A ∂u N (A) > of A a_{11} = a_{22} and a_{12} = n_x,n_y coefficients a_{11} , a_{12} , a_{22} A (2.8) A ∂u (σ )u on Γ_1 . A (2.9) A ∂u = Γ_1 .

A A^*

(2.10) A ∂v = [ (a_1 n_x + a_2 n_y v:^*

coefficients a_1 ,a_2 A^*. A A = A^* (i) a_1 = a_2 = 0 (ii)

∂v_A ∂u u on Γ_1. Ã H_2 H_1

H_1 H_1 Γ_{0 0} (A (2.11)

H_1 (Ω,Γ_0 = { H_1 (Ω γ_0 Γ_0 } where γ_0

(2.12)

Ãu = f in Ω

(2.13) a(u,v) −

Γ_1 (A)

∫ α uvd ( f,v ∀ v ∈ H1 (Ω,Γ0 (A .

ã(u,v H_1 (Ω,Γ_0 ) × H_1 (Ω,Γ_0

(2.14) ã(u,v) = a(u,v) −

Γ_1

∫ α uvdσ .

u ∈ H_1 (Ω,Γ_0 ã(u, . H_1 (Ω,Γ_0 form A_w of A u into ã(u, . (2.15) (A_wu v) = ã(u,v) .

A_wu) ∈ L_2 (Ω A_wu f as A_wu v) = ( f,v)

H_1 A and B N and Γ_0 (A)_0 (B A_w and B_w H_1 (Ω,Γ_0 ). ã(u,v L_0 = L_0 (Ω Ω v ∈ H_1 (Ω),

(2.17)

∫ v^2 d L0 v L_2^. v L_2 v L_2^2 ,

A_wu on H_1 (Ω,Γ_0 L_1 (A) > u,v ∈ H_1 (Ω,Γ_0

(2.18) ã(u,v) L_1 (A) u_{H1} . v_{H1} .

If ã(u,v ã(u,v) = ã(v,u a_1 = a_2 = A_w L_2 = L_2 (A) >

(2.19)

L_2 (A) v_{H1}^2 ≤ ã(v,v ∀ v ∈ H_1 (Ω,Γ_0 ) .

A_w and B_w Γ_0 (A)_0 (B A_w and B_w

(2.20) L_1 (B)

L_2 (A) ≤ b̃(v,v) ã(v,v) ______ ≤

L_2 (B)

L_1 (A) , ∀ v ∈ H_1 (Ω,Γ_0 ) .

L_2 H_1 A_w^{− 1} and B_w^{− 1}

Let A and B K_1 (A) K_1 (B), K_2 (A), K_2 (B

(3.1)

D(A) = D(B) . Then, AB^{− 1} and BA^{− 1} L_2 (Ω (3.2a)

AB^{− 1}_{L2} ≤ K_2 (A)K_1 (B

(3.2b)

BA^{− 1}_{L2} ≤ K_1 (A)K_2 (B) . Thus, Aand Bare L_2 Proof. Let A and B A^* and B^* K_1 (A^* ), K_2 (A^* ), K_1 (B^* ), K_2 (B^*

(3.3)

D(A^* ) = D(B^* ) Let (3.4)

D: = D(A) ∩ D(B) . Then, D L_2 (Ω (3.5a)

B^{− 1}_{L2} ≤ K_1 (B^* )K_2 (A^* ) f_{L2} , f ∈ D(A

(3.5b)

A^{− 1}_{L2} ≤ K_1 (A^* )K_2 (B^* ) f_{L2} , f ∈ D(B) . Hence, A^{− 1} and B^{− 1} are L_2 Proof. D C_0^∞ (Ω) ⊂ Consider

B^{− 1}_{L2} = v≠0 v∈ L_2 sup v_{L2}

(B^{− 1} ,v) = v≠0 v∈ L_2 sup v_{L2}

( f,A^* (B^{− 1} )^* v) ______________ A* (B− 1 )*_{L2} f_{L2} .

u_η , ϕ_η L_2 A and B that Ω Condition Ω. Ω x >

Γ_2 : = { y y }

R_1 : = {(x,y y 2 δ ≤ x ≤ 1}

Ωwith

∂R_{1 2} .

Let v(y (3.6a) v ∈ C^∞ ( ,∞ ) ≤ v(y) ≤ 1

(3.6c) v(y) = y 4 δ

(3.6d) v(y) = y 2 δ . Let B

(3.7a)

Bu {(b_{11} u_x)_x + (b_{12} u_y)_x + (b_{12} u_x)_y + (b_{22} u_y)_y} + b_1 u_x + b_2 u_y + b_0 u (3.7b) u = Γ_0 (B)

(3.7c)

∂u_0 u_1 ∂u on Γ_1 (B) .

Suppose Ω Ωand Γ_{2 1} (B) .

η u_η , ϕ_η ∈ C^2 (Ω (3.8a) η ⊂ R_η , support ϕ_η ⊂ R_η , where R_η (3.8b)

R_η :={(x,y y 2 δ ≤ x u_η satisfies (3.9a) u_η ∈ D(B (3.9b) u_η y)^{− 1⁄2}v(y y) , (3.9c) u_{η L2} ≤ c , u_{η H1} ≤ cη^{− 1} , u_{η H2} ≤ cη^{− 2} , c > η ϕ_η satisfies (3.10a) ϕ_η = ,

(3.10b) ∂x η y)^{− 3/2} v(y y) ,

(3.10c)

η L_2 ≤ c, η H_1 ≤ cη

− 1 ,_{η H2} ≤ cη^{− 2} , c η. Proof. Define

(3.11) g(x:η) = − η x )^3 + η 3x 0 ≤ x ,

g(x:η) ∈ C^2 ∞ (3.12) g η) = dx d g η) = 0 . Set (3.13a) u_η (x,y)^{− 1⁄2} (y) − x[β_0 (y)v(y)_1 (y)v′(y (x:η (3.13b) ϕ_η (x,y)^{− 3/2} v(y)xg(x:η) .

Let Ωand B A B (3.14a) Ã = B̃ , D(A) ≠ D(B) . A (3.14b) u = Γ_0 (A

(3.14c)

∂u_0 u_1 ∂u Γ_1 (A) .

Γ_{2 1} (A (3.15)

0 0 1 1 Γ2 .

Let u_η c_1 > (3.16)

A^{− 1} Bu_{η L2} ≥ c_1 η^{− 1⁄2} u_{η L2} . Γ_{2 0} (A). ϕ_η ϕ_η ∈ D(A) c_2 > (3.17)

B^{− 1} Aϕ_{η L2} ≥ c_2 η^{− 3/2}_{η L2} .

Proof. Let (3.18a)

A^{− 1} Bu_{η η} , (3.18b) w_η = u_{η η} .

Then Aψ_η = Bu_η and w_η satisfies (3.19a) Ãw_η = B̃w_η = 0 .

ψ_η = (w_η − u_η ) ∈ D(A A w_η A u_η .

(3.19b) w_η = Γ_0 (A

(3.19c)

∂w_{η 0} w_{η 1} ∂w_η on Γ_1 (A)/Γ_2 .

On Γ_2

w_η )_{x 0} w_{η 1} (w_η )_y = (u_η )_{x 0} u_{η 1} (u_η )_y^{− 1⁄2}[s(y where (3.20b) s(y) = (α_{0 0} )v(y) + (α_{1 1} )v′(y) .

v(y s(y On Γ_2 (3.21) w_η = u_η^{− 1⁄2} A w_η η^{− 1⁄2}w_1 w_η^{− 1⁄2}w_1

ϕ_η ∈ D(A (3.22a)

B^{− 1} Aϕ_{η η} , (3.22b) w_{η η η} .

Then

(3.23)

Ãw_η = B̃w_η = 0 . Now, w_η Bon /Γ_2 Γ_2 w_η )_{x 0} w_{η 1} (w_η )_y = (ϕ_η )_{x 0} ϕ_{η 1} (ϕ_η )_y^{− 3/2} v(y) . Bimplies w_η w_η^{− 3/2} w_1

Let A and B Ω Γ_0 (A) = 0/ or Γ_1 (A) = 0/ Γ_0 (B) = 0/ or Γ_1 (B) = 0/

I) A^{− 1} and B^{− 1} are L_2 D(A^* ) = D(B^* ), II) Aand Bare L_2 D(A) = D(B).

Proof.

Because L_2

(3.25a) Ã = B̃ , and (3.25b)

D(A^* ) ≠ D(B^* ) .

(3.26)

D(A) ≠ D(B) . Let Γ_3

Ω Ω′^{Condition Ωand Γ2 3′}

of Γ_3 A^{− 1} B and B^{− 1} A

D f ∈ D

(3.27a)

AB^{− 1} f_{L2} = sup v^L2

(AB^{− 1} f,v) , v ∈ L_2 ,v ≠ 0 . Since D(A^* L_2 (Ω v D(A^*

(3.27b)

AB^{− 1} f_{L2} = sup v^L2

(AB^{− 1} f,v) , v ∈ D(A_* v ≠ 0 . v_ε ∈ D(A^*

(3.28a) v_{ε L2} =

(3.28b)

(B^* )^{− 1} A^* v_{ε L2} > ε 1 . Since D f_ε ∈ D

(3.29)

(B^* )^{− 1} A^* v_ε − f_{ε L2}^2 (B^* )^{− 1} A^* v_{ε L2} .

(3.30)

AB^{− 1} f_{ε L2} ≥ v_{ε L2}

( f_ε B^* )^{− 1} A^* v_ε ) ( f_ε B^* )^{− 1} A^* v_ε ) .

(3.31)

AB^{− 1} f_{ε L2} (B^* )^{− 1} A^* v_{ε L2}^2 ] .

f_ε^2 ) (B^* )^{− 1} A^* v_ε .

(3.32)

AB^{− 1} f_{ε L2} ≥ ε 1 2 ) 2 ) f_{ε L2} .

Remark. B^{− 1} A

F: = ∈ L_2 :B^{− 1} f ∈ D(A)}

AB^{− 1} and BA^{− 1} F

AB^{− 1} f_{L2} ≤ K_2 (A)K_1 (B) f_{L2} , f ∈

Thus, AB^{− 1} D(A) = D(B).

H_1 A_w^{− 1} and B_w^{− 1} Aand B N H_1 D(A A_wu = f u f ∈ L_2 (Ω D(A = = A_w^{− 1} f;f ∈ L_2 (Ω)} D(A) H_2 (Ω D(A) ⊂ H_1 (Ω,Γ_0 (A D(A) ⊆ H_1 (Ω).

Let V H_1 D(A). Then (3.33)

V = H_1 (Ω,Γ_0 (A . Proof. Since D(A) ⊂ H_1 (Ω,Γ_0 (A H_1 (Ω,Γ_0 (A H_1 V ⊂ H_1 (Ω,Γ_0 (A .

H_1 (Ω,Γ_0 (A . B N (3.34a) B̃u a_{11} u_x)_x + (a_{12} u_y)_x + (a_{12} u_x)_y + (a_{22} u_y)_y} + Ku (3.34b) u = Γ_0 (A

(3.34c) B ∂u u on Γ_1 (A

where α A_B ∂u =_A ∂u we have (3.35)

D(A) = D(B) . K B

(3.36) b̃(u,v) = Ω (a_{11} u_xv_x + a_{12} (u_xv_y + u_yv_x) + a_{22} u_yv_y)dxdy

+ K(u,v) −

Γ_1 (A) ∫ α uvdσ H_1 (Ω,Γ_0 (A < c_1 ≤ c_2 c_1 u_{H1} ≤ b̃(u,u)^{1⁄2} ≤ c_2 u_{H1} , ∀ u ∈ H_1 (Ω,Γ_0 (A . K b̃ H_1 V b̃ D(A).

Since H_1 (Ω,Γ_0 (A V b̃( . , . u ∈ D(A) b̃(u,ψ ) = 0 .

f ∈ L_2 (Ω (3.37)

Bu = u ∈ D(B) = D(A

(3.38)

0 = b̃(u,ψ ) = ( f,ψ ) Hence, H_1 (Ω,Γ_0 (A L_2 L_2 (Ω 0

Let Aand B N (3.39a) Ãu = B̃u + c_o u where c_o ≠ (3.39b)

D(A) = D(B) . Let u,v ∈ D(A) = D(B (3.40)

A_wu = B_wv K_3 (A:B (3.41a) u_{H1} ≤ K_3 (A:B) v_{H1} ,

(3.41b) v_{H1} ≤ K_3 (A:B) u_{H1} .

Proof. Let w = u − v then Ãw = Ãu − [B̃v + c_o v] c_o

Aw c_o Since v ∈ D(A v ∈ L_2 (Ω Aon L_2 (Ω A_w L_2 (Ω) and w_{H1} ≤ K_1 c_0 v_{L2} ≤ K_1 c_0 v_{H1} K_1 >

B̃w = [Ãu − c_0 u] − B̃v c_0 u K_2 > 0 w_{H1} ≤ K_2 c_0 u_{H1} .

Corollary. Let A_w and B_w u,v ∈ H_1 (Ω,Γ_0 (A A_wu = B_w

Proof. D(A) = D(B H_1 (Ω,Γ_0 (A sequence u_n ∈ D(A u_n − u_{H1} → B v_n ∈ D(B that A_wu_n = Au_n = Bv_n = B_wv_n n v_n − v̂_{H1} → v̂ ∈ H_1 (Ω,Γ_0 (A A_w and B_w yield v̂ = v u_n, v_n

Let Aand B N A_w^{− 1} and B_w^{− 1} are H_1 L_2 (Ω Γ_0 (A)_0 (B K_3 (A:B)

(3.42a)

A_w^{− 1} B_wv_{H1} ≤ K_3 (A:B) v_{H1} v ∈ H_1 (Ω,Γ_0 (B (3.42b)

B_w^{− 1} A_wu_{H1} ≤ K_3 (A:B) u_{H1} v ∈ H_1 (Ω,Γ_0 (A Γ_0 (B)_0 (A).

Proof. a_0 Asatisfies (3.43) a_0 ≥ K K > K later.

Assume A_wu = B_wv and Γ_0 (A)_0 (B every H_1 (Ω,Γ_0 (A (3.44) a(u,ϕ ) −

Γ_1

∫ α uϕ d b(v,ϕ ) −_{Γ1}∫ βvϕ dσ .

Setting u Aand B

(3.45) λ (A) u_{L2} + K u_{L2} (B) u_{L2} v_{L2}

+ c_1 u_{L2} u_{L2} v_{L2} v_{L2}

+ c_2 Γ1 ∫ u^2 d_{Γ1}∫ v^2 dσ ,

c_1 a_1 , a_2 , b_1 , b_2 , b_0 a_0 c_2 α

and β.

(3.46) ab ≤ 2 ε a^2 + 2ε 1 b^2

(3.47) 2 1 λ (A) u_{L2} + 2 1 K u_{L2} ≤ c _ v_{L2} v_{L2}

+ c_1 u_{L2} . u_{L2}

+ c_2 Γ1 ∫ u^2 d_{Γ1}∫ v^2 dσ ,

where c _ c _ and c_1

(3.48) 2 1 λ (A) u_{L2} + 2 1 K u_{L2} ≤ c_ v_{H12} + c_1 u_{L2} . u_{L2}

where c _ a_1 , a_2 , b_1 , b_2 , b_0 and L_0 = L_0 (Ω c _ K K = λ (A)

4c_1^2 , 2 1 c_1 λ (A)

(3.49) 4 1 λ (A) u_{L2} + 4 3K u_{L2} ≤ c_ v_{H12}

K_3 (A:B) = c _ / 4 1 λ (A 4 3K ). Γ_0 (A)_1 (B) ≠ Ã = B̃ Ω

Condition Ω Γ_{2 0} (A)_0 (B q_{η η} where ϕ_η is

q_{η H1} ≤ c.

(3.50)

B^{− 1} Aq_{η H1}^{− 1⁄2}c q_{η H1} c >

L_2

Let

(4.1a)

Lu u , u = u =

Mu u , u = u′ =

Nu u , u = au + u′ =

Ru u + au′ , u = u′ =

where a ≥

(4.1e)

R^* u u − au′ , u = au + u′ = 0 .

L_2 L_2 and H_1 N

(4.2)

G_N(x,s) = x − 1 + a a s x ≤ s ≤ 1 . s − 1 + a a x ≤ s ≤ x

L and M a and a = R

(4.3)

G_R(x,s) = a 1 (e^{ax} − e^{− as} , x ≤ s ≤ 1 . a 1 − e_{− as} ≤ s ≤ x

R^* xand s M and R D(M) = D(R M and R are L_2 D(M^* ) ≠ D(R^* ), M^{− 1} L_2 R^{− 1} ever, Γ_0 (M)_0 (R M^{− 1} and R^{− 1} are H_1 2 D(M) = D(R).

(4.4a)

MR^{− 1} f = M 0 ∫^1 GR(x,s) f(s)ds = f − ae^{ax}_x∫^1 e^{− as} f(s)ds and (4.4b)

RM^{− 1} f = R 0 ∫^1 GM(x,s) f(s)ds = f + a_x∫^1 f(s)

Since D(M) = D(R f ∈ L_2

(4.5a)

MR^{− 1} f = f − 0 ∫ 1 k_1 (x,s) f(s)ds ,

where

(4.5b) k_1 (x,s) =

ae^{a(x− s)} , x ≤ s ≤ 1

0 ≤ s ≤ x .

(4.6) 0 ∫^1_0∫^1 k1^2 (x,s)dxds 1⁄2 ≤ 2 a .

(4.7)

MR^{− 1} f_{L2} ≤ 1 + 2 a f_{L2}

(4.8)

RM^{− 1} f_{L2} ≤ 1 + 2 a f_{L2}

M and R are L_2 2 − 1 − 1. M− 1 and R− 1

(4.9a)

R^{− 1} Mu = 0 ∫^1 GR(x,s − u (s ds = u − u + a 1 e^{− a} (e^{ax} − au + u′ − 0 ∫^1 k2 (x,s)u(s)ds ,

where

(4.9b)

k_2 (x,s) = a(e^{ax} − e^{− as} ,

− ae^{− as} , x ≤ s ≤ 1 .

0 ≤ s ≤ x ,

For u ∈ D(M

(4.10)

R^{− 1} Mu = u + ae^{− a} (e^{ax} − u − 0 ∫^1 k2 (x,s)u(s)

(4.11)

M^{− 1} Ru = u − u + x(au − u′ − a 0 ∫^x u(s)

For u ∈ D(R

(4.12)

M^{− 1} Ru = u + axu − a 0 ∫ x u(s)

u D(M) = D(R).

(4.13) p(z) = z^3 − 3z^4 ) p(z p = p′ = p = 0 p = p′ = 0

0≤x≤1 p(z = 1

(4.14) u_η (x) = η^{− 1⁄2}p ( η x − 1 1 x ≤

0 ≤ x ≤ 1 ,

Then, u_η ∈ D(M) = D(R u_{η L2} ≤ u_η^{− 1⁄2} .

K_1 K_2 , η_0 >_0 (4.15a)

R^{− 1} Mu_{η L2} ≥ K_1 η^{− 1⁄2} u_{η L2} ,

(4.15b)

M^{− 1} Ru_{η L2} ≥ K_2 η^{− 1⁄2} u_{η L2} . 1 − 1 − 1. Γ

0 (M)_0 (R). R^{− 1} M_{H1} and M^{− 1} R_{H1} lemma.

Let u ∈ H_1 (4.16) u 2 u_{H1} .

Proof. u = u(x) + x ∫^1 u′(x)

Thus, u u(x) 0 ∫^1 u′(s) ds

u(x) u′_{L2} .

u 0 ∫^1 u(s) ds u′ L_2

u_{L2} u′_{L2} ≤ 2 u_{H1} . H_1 H_1

N and R D(N) ≠ D(R), N L_2 R D(N^* ) = D(R^* ), N^{− 1} is L_2 R^{− 1} Γ_0 (N)_0 (R N^{− 1} is H_1 R^{− 1}. 2 (4.17a)

NR^{− 1} f = f − ae^{ax} x ∫^1 e^{− as} f(s)ds and (4.17b)

RN^{− 1} f = f + a x ∫^1 f(s)ds −_{1 + a}^{a 2}_0∫^1 (s)

NR^{− 1} and R^{− 1} N L_2

2 − 1 − 1. Since M̃ = Ñ M N

R^{− 1} Ñ = R^{− 1} M̃ u ∈ D(N

(4.18)

R^{− 1} Nu = u − 0 ∫^1 k2 (x,s)u(s)

(4.19a)

N^{− 1} Ru = u − − 1 + a a x) u − 1 + a 1 xu′^−_0∫ 1 k_3 (x,s)u(s)ds

where

(4.19b) k_3 (x,s) = 1 + a a^2 x ,

1 + a a^2

x − a ,

x ≤ s ≤ 1 .

0 ≤ s ≤ x ,

For u ∈ D(R

(4.20)

N^{− 1} Ru = u − 0 ∫^1 k3 (x,s)u(s)

Clearly, R^{− 1} N and N^{− 1} R L_2 norm. 1 − 1 − 1. R− 1 N H_1

and N^{− 1} R_{H1} Γ_0 (N)_0 (R). L, M N L̃ = M̃ = Ñ D(L) ≠ D(M) ≠ D(N) ≠ D(L L_2 Γ_0 (L)_0 (M)_0 (N L^{− 1} and M^{− 1} H_1 M^{− 1} and N^{− 1} are H_1 l(u,v), m(u,v n(u,v H_1 (Ω,Γ_0 (L ≠ H_1 (Ω,Γ_0 (M = H_1 (Ω,Γ_0 (N D = H_1 (Ω,Γ_0 (L ∩ H_1 (Ω,Γ_0 (M L and M m(u,v) = n(u,v H_1 (Ω,Γ_0 (M 2 1 − 1 − 1. Consider

(4.21)

N^{− 1} Mu = 0 ∫^1 GN(x,s − u (s ds = u − − 1 + a a x) u − 1 + a 1 x(au + u′ .

For u ∈ D(M

(4.22)

N^{− 1} Mu = u − 1 + a a xu .

G_M(x,s a = G_N(x,s M^{− 1} N a = (4.23)

M^{− 1} Nu = u − u − xu′ . For u ∈ D(N u′ au (4.24)

M^{− 1} Nu = u + axu . Both M^{− 1} N and N^{− 1} M L_2 H_1 M^{− 1} N_{L2} and N^{− 1} M_{L2} M^{− 1} N_{H1} and N^{− 1} M_{H1} MN^{− 1} = (N^{− 1} M)^* and NM^{− 1} = (M^{− 1} N)^* MN^{− 1}_{L2} and NM^{− 1}_{L2} 2 1 − 1 − 1.

M^{− 1} L Ñ = L̃. u ∈ D(L (4.25)

M^{− 1} Lu = u − xu′ . Similarly, L^{− 1} M a L^{− 1} Mu = u − − x)u − xu .

For u ∈ D(M (4.26)

L^{− 1} Mu = u − xu . L^{− 1} M and M^{− 1} L L^{− 1} M_{L2} ML^{− 1}_{L2} and M^{− 1} L_{L2} LM^{− 1}_{L2} L^{− 1} M_{H1} D(M M^{− 1} L_{H1} D(L (4.27) q(z) = (z^4 − z^3 ) . q(z q = q′ = q = q = q′ =

0≤x≤1 max q(z) 256 27 ,

0≤x≤1 max q′(z) 4 1 .

(4.28) u_η (x) = η 1⁄2q η x − 1 , 1 x ≤

0 ≤ x ≤ 1 ,

then u_η ∈ D(L

u_{η H1}^2 ≤ 9 η + 4 1 , u_η′^{− 1⁄2} .

K,η_0 >_0

(4.29)

M^{− 1} Lu_{η H1} ≥ Kη^{− 1⁄2} u_{η H1} .

(u,v m(u,v) (u,v). L, M N are

(4.30a) l(u,v) = 0 ∫^1 u′(s)v′(s)ds

for u,v ∈ H_1 Γ_0 (L

(4.30b) m(u,v) = 0 ∫^1 u′(s)v′(s)ds ,

(4.30c) n(u,v) = 0 ∫^1 u′(s)v′(s)ds + au^2

for u,v ∈ H_1 Γ_0 (M = H_1 Γ_0 (N D = H_1 Γ_0 (L ∩ H_1 Γ_0 (M l(u,v m(u,v n(u,v

u^2 ≤ 2m(u,u

(4.31) 1 ≤ m(u,u) n(u,u)

≤ 1 + 2

Thus, m(u,u n(u,u H_1 Γ_0 (M

n ≥ (4.32) h = n + 1 1 .

x_j = , j = n + u_i }_{i =0}^{n +1} L_2 (4.33a)

<u_,v_h = h

j=1Σ^{n u}j^vj

L_2 norm (4.33b) u_h^2 u_,u_h . j }_{j=1}^n l_2 h^{1⁄2} (4.34a) u _h^2 = h 1 j=0Σ^{n (u}j+1^{− u}j^{)2}

H_1 norm (4.34b) u_h^2 u_h^2 u_h^2 .

≤ l ≤ n + 1 u_l 2 u_h .

u_0 = u_l u_h

u_h ≤ 2 1 u_h

Proof.

(4.35) u_l ^2

j=0Σ^{l − 1 (u}j+1^{− u}j^{) 2 ≤ (h}_{j=0}Σ^{l − 1}_h^1_{j=0}Σ^{l − 1 (u}j+1^{− u}j^{)2 )}

≤ x_l u_h^2

Since x_l < u_h^2 =

j=1Σ^{n u}j^{2 h u} h^{2 h2}_{j=1}Σ^{n j = h2}_2^{n(n + u} h^{2 .}

Since h = n + 1 1

(4.36)

Su u u′= f , u u + u′ = 0 .

(4.37a) u_0 = 0

(4.37b) − + 2 α h ) u_{j− 1} + 2u_j − − 2 α h )u_{j+1} = h^2 f_j , j = n

(4.37c) − − 2 γh )u_n + + 2 γh )u_{n +1} = 0 .

n × n

u_~ = (u_1 u_n )^T,

(4.38) S_h u_~ = h^2 f_ ,

where S_h

(4.39a)

S_h = − + 2 α h − − 2 α h )

− + 2 α h − − 2 α h )

and

(4.39b) 1 − + 2 γh ) − 2 α h − 2 γh ) .

R has a, 2 ah R_* has a, a 2 ah (R^* )_h = (R_h )^T L_h, M_h and N_h S_h.

(4.40)

M_h^{− 1} =

1

1 1 1

2 . . . 2 2 1

3

3 2 1

n . . . 3 2 1

,

Suppose A = (B v_w^T Aand B n × n

A^{− 1} = (B^{− 1} v_^ŵ^T) where v_^ = B^{− 1} v_ ŵ^T = w^TB^{− 1} / (w^TB^{− 1} v_ Proof. (4.41a)

L_h = M_h e__n e__n^T ,

(4.41b)

N_h = M_h e__n e_n^T , 1 + 2 ah ah ,

where e__n^T = (4.42a)

L_h^{− 1} = M_h^{− 1} v_v_^T , h ,

(4.42b)

N_h^{− 1} = M_h^{− 1} v_v_^T , 1 + a − 2 ah ah ,

where v_^T = n).

(4.43)

S_{h h} S_{h l2} S_{h F} where S_{h l2} l_2 S_{h F} A_F^2 = i =1Σ n j=1Σ^{n a2 .}

M_h and R_h L_2 M_h^{− 1} and R_h^{− 1} M_h R_h^{− 1}_h and R_h M_h^{− 1}_h M_h^{− 1} R_{h h} and R_h^{− 1} M_{h h} M_h^{− 1} R_{h l,h} and R_h^{− 1} M_{h h}

2 h h. Consider Mh and Rh

(4.44)

R_h = − + 2 ah − − 2 ah )

− + 2 ah + 2 ah ) − − 2 ah ) .

(4.45a)

R_h M_h^{− 1} = + 2 ah ) I_h + ahU_h where

(4.45b)

U_h =

. 0 1

1

hU_{h F} = h^2 2 n(n − ≤ 2 1 ,

(4.46)

R_h M_h^{− 1} ≤ + 2 a + 2 ah ) U M_h R_h^{− 1}.

(4.47a)

M_h R_h^{− 1} = 1 + 2 ah 1 (I_{h h} 1 + 2 ah ah

and (4.47b)

(Δ_h ) =

)^{( j − i −} , j > j ≤ i ,

Since 1

(4.48) h F ≤ 2 a + 4 1 + 4 ah ,

(4.49) M_h R_h^{− 1} ≤ 1 + 2 a + 4 1 + 4 ah ,

2 h − 1 h − 1.

(4.50)

M_h^{− 1} R_h = − 2 ah ) I_h − ahU_h^T + ahv_ e__n^T

where e__n v h →

(4.51a) e__{n h} ahv_e__n^Te__{n h} = e__{n h} a hv_h . Now (4.51b) hv_h^2 = h^3

j=1Σ^{n j2 =}_3^{1 + h} and (4.51c) e__{n h} = h^{1⁄2} .

K,h_0 > h < h_o

(4.52)

M_h^{− 1} R_{h h} ≥ Kh^{− 1⁄2} .

R_h^{− 1} M_h M_h^{− 1} R_h by

(4.53)

C_h (M_h^{− 1} R_h ) M_h^{− 1} R_{h h} R_h^{− 1} M_{h h} ≥ Kh^{− 1} . 1 h − 1 h − 1.

M_h^{− 1} R_{h h} u_h u_ (4.54) u_h^2 = h 1 (u_1 )^2 u_~ _h^2 + h 1 ( 2 h γh )^2 (u_n )^2

where u_~ u_ R (i.e., a,

w M(i.e.,

(4.55a) w_0 =

(4.55b) w̃ = M_h^{− 1} R_h u_~ ,

(4.55c) w_{n +1} = w_n .

(4.56) w_h^2 = h 1 w_1 ^2 M_h^{− 1} R_h u_~ _h^2 .

w_1 = − 2 ah )u_1 + ahu_n .

w_1 u_1 ah u_h , and (4.57) h 1 w_1 ^2 ≤ h 1 u_1 ^2 + a + a^2 h) u_h^2

(4.58)

M_h^{− 1} R_h u_~ _h u_~ _h + a hU^Tu_~ _h + a u_n hv_h

u_~ _h + a u_~_h + a u_n ≤ + a + 2 1 u_~ _h .

(4.59) w_h ≤ K_1 u_h

K_1 >

(4.60) w_h^2 w_h^2 w_h^2 ≤ + 2 1 ) w_h^2 ≤ + 2 1 )K_1^2 u_h^2

≤ K_2 u_h^2 ,

K_2 > M_h^{− 1} R_{h h} R_h^{− 1} M_{h h}

N_h R_h^{− 1}_h N_h^{− 1} R_{h h} and

R_h^{− 1} N_{h h} N_h^{− 1} R_{h h}

2 h h. Rh

(4.61)

R_h N_h^{− 1} = R_h M_h^{− 1} R_h v_v_^T ,

1 + a − 2 ah ah .

(4.62)

R_h v ah1 − 2 ah )e__n , T

(4.63)

R_h N_h^{− 1} = + 2 ah )I_h + ahU_h −

1 + a + 2 ah a^2 h^2

1_ v_^T −

1 + a − 2 ah a − 2 ah )h e__n v_^T

Consider

(4.64) h^21_ v_^T_F^2 ≤ 3 2h^4 n^4 ≤ 3 2 .

(4.65) v_h he__n v_^Tv_h e__{n h} v_h ∼ 3 1 h^{− 1⁄2} .

Thus, RN^{− 1} R_h N_h^{− 1}

on R^n. 2 h − 1 h − 1.

R_h yields

(4.66)

N_h^{− 1} R_h = M_h^{− 1} R_h v_ v_^TR_h ,

1 + a − 2 ah ah ,

where

(4.67) v_^TR_h ah1_^T + + a − 2 ah ) e__{nT}

(4.68)

N_h^{− 1} R_h = − 2 ah ) I__h − ahU_{hT} +

1 + a − 2 ah a^2 h^2 v_1__T

(4.69) h^2 v_1_^T_F^2 h^21_ v_^T_F^2 ≤ 3 2 .

(4.70)

N_h^{− 1} R_{h h} ≤ + 2 a + 2 ah ) + 3 2 ( 1 + a − 2 ah a^2 )

R_h^{− 1} N_{h h} N_h^{− 1} R_h

1 h − 1 h − 1.

H_1 hv_h =

(4.71) h^2 v_1_^Tu_h hv_h

j=1Σ^{n u}j^{h hv} h^u h^≤_2^{1 u} h^.

(4.72) h^2 v_ 1_^Tu_h^2 h^2 v_ 1_^Tu_h^2 h^2 v_ 1_^Tu_h^2 ≤ 3 2 u_h^2 + 2 1 u _h^2

u_h^2 .

R_h^{− 1} N_{h h} R_h^{− 1} N_h

L_h , M_h N_h

D(L) ≠ D(M) ≠ D(N) ≠ D(L L_2

Γ_0 (L)_0 (M)_0 (N M_h and N_h

H_1 L_h and M_h M_h

and N_h L_h and M_h 1 h − 1 h − 1.

(4.73a)

M_h^{− 1} N_h = I v_ e__n^T , 1 + 2 ah ah ,

(4.73b)

N_h^{− 1} M_h = I v_ e__n^T , + a − 2 ah ) ah .

(4.74a)

M_h^{− 1} N_{h h} ≥ e__{n h}

M_h^{− 1} N_h e__{n n}

e__{n h} v_h − 1 = 3 a h^{− 1⁄2}

(4.74b)

N_h^{− 1} M_{h h} ≥ e__{n h}

N_h^{− 1} M_h e__{n h}

e__{n n} v_h − 1 = + a) a h^{− 1⁄2} .

Since M_h N_h^{− 1} = (N_h^{− 1} M_h )^* , N_h M_h^{− 1} = (M_h^{− 1} N_h )^*

(4.75a)

M_h N_h^{− 1}_h = + a) a h^{− 1⁄2} ,

(4.75b)

N_h M_h^{− 1}_h = 3 a h^{− 1⁄2} .

H_1

(4.76) hv_e__n^Tu_h hv_h u_n u_h

M_h^{− 1} N_h and N_h^{− 1} M_{h h}

2 1 h − 1 h − 1.

(4.77a)

M_h^{− 1} L_h = I + v_ e__n^T ,

(4.77b)

L_h^{− 1} M_h = I − hv_ e__n^T .

(4.78a)

M_h^{− 1} L_{h h} L_h M_h^{− 1}_h ≥ e__{n h} v_h − 1 = 3 1 h^{− 3/2} ,

(4.78b)

L_h^{− 1} M_{h h} M_h L_h^{− 1}_h ≥ e__{n h} hv_h − 1 = 3 1 h^{− 1⁄2} ,

L_h^{− 1} M_{h h}

satisfies

e__n _h v_e__n^Te__n _h = e__n _h v_h = h^{− 1⁄2} .

K,h_0 > h < h_0

(4.79)

M_h^{− 1} L_h e__{n h} ≥ Kh^{− 1⁄2} e__{n h} . , M_h^{− 1} N_h

e__n^Tv_) = 1 + 1 + 2 ah a n + 1 n ,

M_h^{− 1} L_h + e__n^Tv_) = + n) = h^{− 1}

(4.79a) 1 ≤ <M_h u_,u

<N_h u_,u ≤ 1 + a

while

(4.79b) 1 ≤ <M_h u_,u

<L_h u_,u ≤ h^{− 1} ,

M_h^{− 1} N_h L_2

h },_h } operators Aand B

h } parameter h →_h } and_h } f ∈ L_2 (Ω u,v ∈ H_2 (Ω (5.1a)

Au = f , Bv = f and u_h and v_h (5.1b)

A_h u_h = P_h f , B_h u_h = P_h f where P_h L_2 (Ω S_h (5.1c) u_h = A_h^{− 1} f , v_h = B_h^{− 1} L_2 norm h − 1 } and_h^{− 1} } A^{− 1} and B^{− 1} are L_2 L_{2 h} } and_h }

Definition:_h } Asatisfies M_1 (A A h f ∈ L_2 (Ω (5.2)

A_h^{− 1} f − A^{− 1} f_{L2} ≤ h^2 M_1 (A) f_{L2} . Definition:_h } M_2 (A A h v_h ∈ S_h (5.3)

A_h v_{h L2} ≤ M_2 (A)h^{− 2} v_{h L2} .

Aand B A^{− 1} and B^{− 1} be L_2

Let_h } and_h }_h } and_h } OP and condition INV M_3 (A:B_h }and_n } (5.4a)

A_h u_h = B_h v_h

(5.4b) u_{h L2} ≤ M_3 (A:B) v_{h L2} , (5.4c) v_{h L2} ≤ M_3 (A:B) u_{h L2} , Proof. (5.5a)

A_h u_h = B_h v_h = f_h (5.5b) û_h = A^{− 1} f_h , v̂_h = B^{− 1} f_h

u_{h L2} û_{h L2} + h^2 M_1 (A) f_{h L2} .

(5.6) u_{h L2} ≤ K_1 (A^* )K_2 (B^* ) v̂_{h L2} + h^2 M_1 (A)M_2 (B)h^{− 2} v_{h L2} .

v̂_{h L2} v_{h L2} + h^2 M_1 (B) f_{h L2} ,

(5.7) v̂_{h L2} v_{h L2} + h^2 M_1 (B)M_2 (B)h^{− 2} v_{h L2} .

(5.8) u_{h L2} ≤ [K_1 (A^* )K_2 (B^* + M_1 (B)M_2 (B + M_1 (A)M_2 (B v_{h L2} . u and v

Let A and B L_2 h } and_h } dition OP INV M_4 (A:B f_h ∈ S_h (5.9a)

A_h B_h^{− 1} f_{h L2} ≤ M_4 (A:B) f_{h L2} , (5.9b)

B_h A_h^{− 1} f_{h L2} ≤ M_4 (A:B) f_{h L2} .

h }and_h } L_2 Proof. Let f_{h L2} = (5.10)

B_h A_h^{− 1} f_h = g_h .

(5.11) g_{h L2} ≤ K_2 (B)K_1 (A + M_2 (B)M_1 (B + M_1 (A)M_2 (B) . Let (5.12a) BA^{− 1} f_h = g _ , (5.12b)

A^{− 1} f_{h h} , (5.12c)

A_h^{− 1} f_{h h} . Then (5.13a) Aψ_h = f_h , Bψ_h = g _ , (5.13b)

A_h ϕ_h = f_h , B_h ϕ_h = g_h , Let w_h ∈ S_h (5.14) B_h w_h = g _ OP yields (5.15a)

h h L_2 ≤ h

2 M_1 (A) f_{h L2} = h^2 M_1 (A) (5.15b) h − w_{h L2} ≤ h^2 M_1 (B) g

__L 2 ≤ h^2 M_1 (B)K_2 (B)K_1 (A) .

g _ − g_{h L2} B_h (w_{h h} )_{L2} ≤ h^{− 2} M_2 (B) w_{h h L2} .

g _ − g_{h L2} ≤ M_1 (B)M_2 (B)K_2 (B)K_1 (A) + M_1 (A)M_2 (B) Hence

g_{h L2} g

__L 2 g _ − g_{h L2} ≤ K_2 (B)K_1 (A + M_1 (B)M_2 (B + M_1 (A)M_2 (B) A_h and B_h proof. A^{− 1} and B^{− 1} are L_2 D(A^* ) = D(B^* A_h^{− 1} and B_h^{− 1} L_2 C_{L2} (A_h^{− 1} B_h

(5.16)

D(A^* ) ≠ D(B^* ) . Let A and B h } and_h } OP

Γ_{3 1} (A)_1 (B α_0^* , β_0^* ,α_1^* , β_1^* (5.17) 0 * 0 * 1 * 1 * Γ_3 .

c_1 > (5.18a)

B_h^{− 1} A_{h L2} ≥ c_1 h^{− 1⁄2} , (5.18b)

A_h^{− 1} B_{h L2} ≥ c_1 h^{− 1⁄2} , and (5.18c)

C_{L2} (A_h^{− 1} B_h ) ≥ c_1^2 h^{− 1} . Γ_{3 0} (A)_1 (B c_1 ,c_2 > (5.19a)

A_h^{− 1} B_{h L2} ≥ c_1 h^{− 1⁄2} , (5.19b)

B_h^{− 1} A_{h L2} ≥ c_2 h^{− 3/2} , and (5.19c)

C_{L2} (A_h^{− 1} B_h ) ≥ c_2 c_1 h^{− 2} . Proof. Consider A_h^{− 1} B_h Ωonto Ω′ Ω û_h ∈ D(B c _ > c __1 > (5.20a) û_{h L2} = Bû_{h L2} ≤ c _ h^{− 2} .

v̂_h = A^{− 1} Bû_h then (5.20b) v̂_{h L2} A^{− 1} Bû_{h L2} ≥ c

__1 h^{− 1⁄2} .

Let u_h ∈ S_h (5.21) B_h u_h = P_h Bû_h while v_h ∈ S_h (5.22a) A_h v_h = P_h Bû_h = B_h u_h .

(5.22b) v_h = A_h^{− 1} B_h u_h .

OP (5.2) u_{h L2} û_{h L2} û_h − u_{h L2} ≤ 1 + M_1 (B)h^2 Bû_{h L2} .

(5.23) u_{h L2} ≤ + M_1 (B)c _ ] .

c __1 h^{− 1⁄2} v̂_{h L2} v_{h L2} v̂_h − v_{h L2} v_{h L2} + h^2 M_1 (A) Av̂_{h L2} .

Since Av̂_h = Bû_h (5.24) c __1 h^{− 1⁄2} v_{h L2} + M_1 (A)c _ . A_h and B_h ϕ_h

C_{L2} (A_h B_h^{− 1} D(A) ≠ D(B). Let A and B L_2 norm equivalent.

(5.25)

D(A) ≠ D(B) Let_h^* }and_h^* } OP A^* and B^* cases. Γ_{3 1} (A)_1 (B α_0 , β_0 , α_1 , β_1 (5.26)

0 0 1 1 Γ3 .

c_1 > (5.27a)

A_h B_h^{− 1}_{L2} ≥ c_1 h^{− 1⁄2} ,

(5.27b)

B_h A_h^{− 1}_{L2} ≥ c_1 h^{− 1⁄2} , and (5.27c)

C_{L2} (A_h B_h^{− 1} ) ≥ c_1^2 h^{− 1} . Γ_{3 0} (A)_1 (B c_1 ,c_2 > (5.28a)

B_h A_h^{− 1}_{L2} ≥ c_1 h^{− 1⁄2} (5.28b)

A_h B_h^{− 1}_{L2} ≥ c_2 h^{− 3/2} and (5.28c)

C_{L2} (A_h B_h^{− 1} ) ≥ c_1 c_2 h^{− 2} . Proof. Γ_0 (A)_0 (A^* Γ_0 (B)_0 (B^*

(B_h^* )^{− 1} A_h^*_{L2} A_h B_h^{− 1}_{L2} , (A_h^* )^{− 1} B_h^*_{L2} B_h A_h^{− 1}_{L2} .

C_{L2} (B_h^{− 1} A_h )

L_2 A_h^{− 1} and B_h^{− 1}

B_h Aand B Let A a a_{12} a_{22} , a_1 , a_2 , a_0 (5.29) u = Γ_0 (A ∂v_A ∂u u on Γ_1 (A)

Let γ(x,y (5.30a) 0_0 (x,y)_1 x,y) γ_0 , γ_1 B coefficients b_{11} , b_{12} , b_{22} , b_1 , b_2 , b_0 (5.30b) b_{11} a_{11} , b_{12} a_{12} , b_{22} a_{22} .

Let Γ_0 (A)_0 (B Bbe (5.31) u = Γ_0 (B)_0 (A ∂v_B ∂u u on Γ_1 (B)_1 (A) .

Let K > A^K, B^K (5.32a)

A^Ku {(a_{11} u_x)_x + (a_{12} u_x)_y + (a_{12} u_y)_x + (a_{22} u_y)_y} + Ku , (5.32b) u = Γ_0 (A

(3.32c) ∂v_A

∂u_*

u on Γ_1 (A where α^* A^* (5.33a)

B^Kv {(a_{11} v_x)_x + (a_{12} v_x)_y + (a_{12} v_y)_x + (a_{22} v_y)_y} + Kv , (5.33b) u = Γ_0 (A)_0 (B

(5.33c) ∂v_B

∂u_* u on Γ_1 (B

where β^* B^*

∂v_A ∂u = ∂v_AK

∂u , ∂v_B ∂u ∂v_BK

∂u .

A^K and B^K Ã^K = B̃^K D(A^K) = D(A^* D(B^K) = D(B^* ) .

Let_h } operators, A_h, B_h α̃ (.,.), b̃(.,. Au = f, f ∈ L_2 (Ω u_h ∈ S_h ∩ H_1 (Ω,Γ_0 u w_h ∈ S_h ∩ H_1 (Ω,Γ_0 ), u_h satisfies

(5.34) a_L(u_h ,w_h ) + Ω w_h [a_1 (u_h )_x + a_2 (u_h )_y + a_0 u_h ]dxdy − Γ_1

∫ α uh wh d ( f,wh ) .

where a_L(.,. Bv = f,f ∈ L_2 (Ω v_h ∈ S_h ∩ H_1 (Ω,Γ_0 v w_h ∈ S_h ∩ H_1 (Ω,Γ_0 v_h satisfies

(5.35) b_L(v_h ,w_h ) + Ω w_h [b_1 (v_h )_x + b_2 (v_h )_y + b_0 v_h ]dxdy − Γ_1

∫ βvh wh d ( f,wh ) .

A_h^K and B_h^K A^Ku^K = f, f ∈ L_2 (Ω u_h^K ∈ S_h ∩ H_1 (Ω,Γ_0 u^K w_h ∈ S_h ∩ H_1 (Ω,Γ_0 u_h^K satisfies a_L(u_h^K,w_h ) + K(u_h^K,w_h ) −

Γ_1

∫ α^* uh^Kwh = ( f,wh ) .

B^Kv^K = f, f ∈ L_2 (Ω v_h^K ∈ S_h ∩ H_1 (Ω,Γ_0 v^k w_h ∈ S_h ∩ H_1 (Ω,Γ_0 v_h^k satisfies a_L(v_h^K,w_h ) + K(v_h^K,w_h ) −

Γ_1

∫_γ^1 β^* vh^Kwh ) = ( f,wh ) .

Let A, B, A^K, B^K, A_h , B_{h,} A_h^K, B_h^K h_0 > K_0 > < h ≤ h_0 and all K ≥ K_0 A^K, B^K_h },_h },_h^K},_h^K} OP INV S_h M > w_h ∈ S_h (5.36) w_{h L2} ≤ Mh^{− 1} w_{h L2} .

Γ_{3 1} (A

(5.37a) α^* = γ 1 β^* on Γ_1 (A)/Γ_3 ,

(5.37b) * − γ 1 β_* Γ_3 .

c_1 , c_2 >

(5.38a) c_1 h^{− 1⁄2} A_h^{− 1} B_{h L2} ≤ c_2 h^{− 1⁄2} , h ≤ h_0 ,

(5.38b) c_1 h^{− 1⁄2} B_h^{− 1} A_{h L2} ≤ c_2 h^{− 1⁄2} , h ≤ h_0 .

Proof.

Aand B

(B_h^K)^{− 1} A_h^K_{L2} ≤ c_2 h^{− 1⁄2}

K > K_0 K > K_0

u_h ,v_h ∈ S_h ∩ H_1 (Ω,Γ_0 )

satisfy

(5.39a)

A_h^Ku_h = B_h^Kv_h ,

(5.39b) u_{h L2} = 1 .

Let w_h = u_h − v_h

(5.40) a_L(w_h ,w_h ) + K w_{h L2} γ 1 β_{* ∞} ∫ w_h _2 dσ

* − γ 1 β^*_∞ ∫ w_h u_h dσ .

Let c _ =^*_∞ γ 1 β^*_∞

(5.41) λ (A) w_{h L2}^2 + K w_{h L2}^2 ≤ c _ L_0 [ w_{h L2} . w_{h L2} w_{h L2}^2 ] + c _ L_0 [ u_{h L2} . u_{h L2} u_{h L2}^2 ] .

c _ L_0 λ (A) , K = λ (A) c _ L_0 .

w_{h H1}^2 ≤ c

__1

[ u_{h L2} . u_{h L2} u_{h L2}^2

with c

__1 = c _ L_0 / 2 λ (A) , 2 1 K w_{h H1}^2 ≤ c

__1

[Mh^{− 1} + u_{h L2}^2 ≤ c

__2 h^{− 1} u_{h L2}^2 .

(B_h^K)^{− 1} A_h^Ku_{h L2} v_{h L2} u_{h L2} u_h − v_{h L2} .

(B_h^K)^{− 1} A_h^Ku_{h L2} v_{h L2} u_{h L2} w_{h H1} ≤ c_2 h^{− 1⁄2} u_{h L2} .

Γ_1 (A). Remark: Γ_0 (A) and Γ_1 (A) , H_2 A^K and B^K Ã = B̃ a_0 ≥ K or b_0 ≥ K H_{1 h}^{− 1} }and_h^{− 1} }.

Let Aand B

Γ_0 (A)_0 (B) .

Let_h }and_h }

S_h ∩ H_1 (Ω,Γ_0 (A h_0 > < h ≤ h_0, A_h and B_h H_1^* (Ω,Γ_0 H_1 (Ω,Γ_0

(A_h^{− 1} B_h )_{H1} and B_h^{− 1} A_{h H1}

< h ≤ h_0. Proof. Let A and B H_1 OP M_5 (A), M_5 (B f ∈ L_2

(5.42)

A_h^{− 1} f − A^{− 1} f_{H1} ≤ hM_5 (A) f_{L2}

B^{− 1} and B_h^{− 1} Γ_0 (A)_1 (B) ≠ 0/ c _ > 0

(5.43)

B_h^{− 1} A_{h H1} ≥ c _ h^{− 1⁄2} .

Proof. ϕ_η ψ_η Aϕ_η = Bψ_η and w_{η η η}^{− 3/2} w_1 < n ≤ where w_1

Unfortunately,_{η H1} η^{− 1} q_η (5.44) q_{η η} .

q_{η H1} ≤ Let f_{η η} .

Then Aq_η =_η and (5.45) f_η = q_η^{− 1⁄2}w_1 , where w_1 n = h u_h ,v_h satisfy (5.46a)

A_h u_h = Aq_h (5.46b)

B_h v_h = Aq_h =_h . Then, (5.47a) u_{h H1} q_{h H1} q_h − u_{h H1}

(5.47b) f_{h H1} v_{h H1} v_h − f_{h H1} .

(5.48a) q_h − u_{h H1} ≤ hM_5 (A) Aq_{h L2} ≤ hM_5 (A) q_{h H2} ≤ M_5 (A)c ,

(5.48b) v_h − f_{h H1} ≤ hM_5 (B) Aq_{h L2} ≤ hM_5 (B) q_{h H2} ≤ M_5 (B)c ,

u_{h H1} ≤ c̃ h^{− 1⁄2} w_{1 H1} − c f_{h H1} v_{h H1} + M_5 (B)c

equivalent. L_2 Aand B L_2 H_1 A^{− 1} and B^{− 1} L_2

H_2 L_2 H_2 H_1 H_2 L_2 and H_1

H_2 that I. A^{− 1} and B^{− 1} are L_2 L_2 (Ω D( ) = D( ). II. Aand Bare L_2 L_2 (Ω D(A) = D(B). B A A C_{L2} (AB^{− 1} C_{L2} (B^{− 1} A B D( ) = D( ).

H_1 III. A^{− 1} and B^{− 1} are H_1 L_2 (Ω Γ_0 (A)_0 (B).

Since H_2 Aand B

H_1 norm.

OP INVthen IV._h^{− 1} } and_h^{− 1} } are L_2 L_2 (Ω A^{− 1} and B^{− 1} are L_2 norm L_2 (Ω).

V._h }and_h }are L_2 L_2 (Ω Aand B are L_2 L_2 (Ω).

Aand B_h } and_h } Aand B S_h VI._h^{− 1} } and_h^{− 1} } are H_1 L_2 (Ω A^{− 1} and B^{− 1} are H_1 norm equivalent. L_2 OP INV OP

H_1

H_1

L_2 OP INV.

to h

ACKNOWLEDGMENT

Elements

1978).

10

6

23

2