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3D Problems in H(curl)

Clark R. Dohrmann! and Olof B. Widlund?

Abstract We present some recent domain decomposition tools and a BDDC al-
gorithm for 3D problems in the space H(curl;2). Of primary interest is a face
decomposition lemma which allows us to obtain improved estimates for a BDDC
algorithm under less restrictive assumptions than have appeared previously in the
literature. Numerical results are also presented to confirm the theory and to provide
additional insights.

1 Introduction

We investigate a BDDC algorithm for three-dimensional (3D) problems in the space
Hy(curl; Q). The subject problem is to obtain edge finite element approximations of
the variational problem: Find u € Hy(curl; Q) such that

ag(u,v)=(f,v)o Vve Hy(curl;Q),

where
ag(u,v) ::/Q[(()qu'v><v)+(ﬁt,¢-v)}abc7 (f,v)Q:/Qf'vdx.

The norm of u € H(curl; Q), for a domain with diameter 1, is given by aq (u,u)'/?
with @ = | and 8 = 1; the elements of Hy(curl) have vanishing tangential compo-
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nents on dQ. We could equally well consider cases where this boundary condition
is imposed only on one or several subdomain faces which form part of 0.Q. We will
assume that o > 0 and § > 0 are constant in each of the subdomains Q,...,Qy.
Our results could be presented in a form which accommodates properties which are
not constant or isotropic in each subdomain, but we avoid this generalization for
purposes of clarity.

In the pioneering work of [11], two different cases were analyzed for FETI-DP
algorithms:
Case 1:

a=o for i=1,....N

The condition number bound reported for the preconditioned operator is

ke < Cmax(1+H7Bi/ o) (1 +1og(H /h))*, (D

where H/h := max; H; /h;.
Case 2:
Bi=p for i=1,....N

for which the reported condition number bound is
K < Cmax(1+H?B/a;)(1+1og(H/h))*. 2)
]

We address the following basic questions regarding [11] in this study.

1. Is is possible to remove the assumption of @; = ot or f§; = B for all i?

2. Isit possible to remove the factor of Hi2 Bi/ o; from the estimates?

3. Is is possible to reduce the logarithmic factor from four powers to two powers
as is typical of other iterative substructuring algorithms?

4. Do FETI-DP or BDDC algorithms for 3D H(curl) problems have certain com-
plications not present for problems with just a single parameter?

We find in the following sections that the answers are yes to all four questions.
However, due to page limitations, we only consider here the relatively rich coarse
space of Algorithm C of [11]. We remark that the analysis of 3D H(curl) problems
with material property jumps between subdomains is quite limited in the literature.
A comprehensive treatment of problems in 2D can be found in [3]. A different it-
erative substructuring algorithm for 3D problems is given in [6], but the authors
were unable to conclude whether their condition number bound was independent of
material property jumps.

2 Tools

We assume that Q is decomposed into N non-overlapping subdomains, Qy,...,Qy,
each the union of elements of the triangulation of 2. We denote by H; the diameter
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of ;. The interface of the domain decomposition is given by

= (639,») \0Q,

i=1

and the contribution to I" from d; by I; := dQ;\d Q. These sets are unions of sub-
domain faces, edges, and vertices. For simplicity, we assume that each subdomain
is a shape-regular and convex tetrahedron or hexahedron with planar faces.

We assume a shape-regular triangulation .7, of each ; with nodes matching
across the interfaces. The smallest element diameter of .7, is denoted by /;. Associ-

ated with the triangulation .7, are the two finite element spaces wh o cH (grad, £)

grad
and chfjrl C H(curl,£;) based on continuous, piecewise linear, tetrahedral nodal
elements and linear, tetrahedral edge (Nédeléc) elements, respectively. We could
equally well develop our algorithms and theory for low order hexahedral elements.

The energy of a vector function u € W!l’l"rl for subdomain £; is defined as

Ei(u) := 0;(V xu,Vxu)o +Pi(u,u)g,, 3)

where ; and f3; are assumed constant in £;.

LetN, € Wclgrl and ¢, denote the finite element shape function and unit tangent
vector, respectively, for an edge e of .7;,. We assume that N, is scaled such that
N, -t, =1 along e. The edge finite element interpolant of a sufficiently smooth

vector function u € H(curl, £;) is then defined as

M) = ¥ wlNeo uei=(1/lel) [u-t.ds @

eel///_(z, e
1

where .#, is the set of edges of 7}, and le] is the length of e. We will also make
use of other sets of edges of .7,. Namely, .#3q,, Mg, M7, and Mz contain
the edges of d€;, subdomain edge &, subdomain face .%#, and d.%, respectively.
We denote by ¥z, 9., and ¥y sets of subdomain faces, subdomain edges, and
subdomain vertices for ;. The wire basket % is the union of all subdomain edges
and vertices for ;. We will also make use of the symbol @; := 1 +1log(H;/h;), and
bold faced symbols refer to vector functions. We denote by p; the mean of p; over
Q;.

The estimate in the next lemma can be found in several references, see e.g.,
Lemma 4.16 of [12].

Lemma 1. For any p; € whi

gra

4, and subdomain edge & of £;,

HPiHiz(g) < Cwi”l’t’”?ﬁ(gi)- )

Lemma 2. For any p; € Wghr"ud, there exist piy , pig, Pig € W;’;ld such that
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pilog,= Y, pivloa+ Y, picloa,+ Y. Pizlog, (6)

V ey E€Yp ,Qzefﬁgz

where the nodal values of pyy, pie, and p;z on d; may be nonzero only at the
nodes of V', &, and F, respectively. Further,

‘pi“//ﬁ.]l(_(z[) < CHpiHi[l(_Qi)v @)
|pi6§7|§11(g‘.) S Ca)i”piH%-[l(‘Qi)v (8)
Pzl 0, < COFllpilli o) ©)

Proof. The estimates in (7-9) are standard, and follow from Corollary 4.20 and
Lemma 4.24 of [12] and elementary estimates.

We note that a Poincaré inequality allows us to replace the H'-norm of p; by its
H'-seminorm in Lemmas 1 and 2 if 5; = 0.
The next lemma is stated without proof due to page restrictions.

Lemma 3. Let f; € W;r’a o, have vanishing nodal values everywhere on dQ; except on
the wire basket W; of ;. For each subdomain face F of Q; and Ch; <d < H;/C,
C > 1, there exists a v; € Wfsﬂ such that v;, = Vi, for all e € # g, vie = 0 for all
other edges of d8;, and

||Vi||i2(gi) < C(“’l’”ﬁ”iz(ag) +d2HVfi 'taﬂniz(ay‘))a (10)
[V x vi||i2(gi) < C(T(d)”fi”iz(ay) + ||Vfi't8,?Hi2(ay))> (11)

where ty z is a unit tangent along 0. %, and

_ 0 ifd>H;/C
o(d) = {d2 otherwise.

The Helmbholtz-type decomposition and estimates in the next lemma will allow
us to make use of and build on existing tools for scalar functions in H'(£;). We
refer the reader to Lemma 5.2 of [4] for the case of convex polyhedral subdomains;
this important paper was preceded by [5], which concerns other applications of the
same decomposition.

Lemma 4. For a convex and polyhedral subdomain §2; and any u; € Wi"ﬂ, there is
agq; € Werl, Y, c (Wg}fad)3, and p; € W;r’;ld such that

u; = g; + 11" (%) + Vi, (12)

IVPpillz2 ) < Clluillz2 (o)), (13)

1¥ill 2 < Clluill2(0,) (14)

||hi_1‘1i||12‘2(9i) + H'PiH%-]l(gl.) <C||V x “i||iz(gi)~ (15)
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with u;e =0 forall e € M z, there exists a v,z € whi

Lemma 5. For any u; € W ol

curl

such that vz, = w for all e € Mz, viz, =0 forall e € My, \ M7, and
Ei(viz) < ColEi(w;), (16)

where the energy E; is defined in (3).

Proof. Let p; in (12) be chosen so p; = 0. This is possible since a constant can
be added to p; without changing its gradient. Because u;, = 0 for all e € % #, it
follows from Lemmas 1 and 4 and elementary estimates that

IVpi-telf20) = 10T (¥i) + ;) tellf2 5.7,
< Carl|V x uil| 2 g,)- (17)
We then find from Lemmas 2 and 4 that
IVPiz 1720, < CoFlluill} g (18)

Define

. ' ' o H; if d; > H;
pivi= ), pirt ), pie, di= {max(dhCh,-) otherwise,

VG =

where d; :== \/a;/p;. Further, let p; and p, denote the functions f; and v;, re-
spectively, of Lemma 3. We then find from Lemmas 1 and 3 and (17) that

Ei(piz) < ClEi(u;), (19)

where piz. = Vpiy. Ve € Mz and p;z, = 0 Ve € Myq, \ M 7. With reference to
(12) and (4), we define

4,7 = Y, qiNe, (20)

ec Mgy

and from elementary finite element estimates and Lemma 4 find

||‘Ii£?H%2(Qi) < Ch? Z %‘ze < C”qi”iZ(Q’-) < C”u"”iz(!),-)v (21)
ec My

[V x qiﬁHtii) < Ch; Z ‘]ize <C[|V x "iHiz(Qi)- (22)
ec My

It follows from Lemmas 2 and 4 that there exists a ¥;# € (Wg}i.;d)3 such that ¥; ¢ =

Y, at all nodes of .%, that vanishes at all other nodes of d€;, and
¥z ll72 0 < CI¥ill2 g < Clluilliz o, (23)

IV X ¥iz 2 < COIWillin g < COPIIY X Uil 72 g, (24)
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From Lemmas 1 and 4, we obtain

HlIll”iZ(agi) < C(D,'HW,’H%_II(Q[) < C(D,HV X u,-||i2(9i). (25)

Let W,pz € (ng;d)S be identical to ¥; at all nodes of d.% and vanish at all other

nodes of ;. For g := IT"(¥;; 7), we define

gi7= Y, &iN.. (26)

ec My

From elementary estimates and (25,) we then obtain

”gi.?H[z}(Qi) S Chi2|lpi||i2(ag> S CwihiznV X ui||i2(_Qi)7 (27)
HVXgi.?Hiz(gi) SC@:’Hquilliz(Qi)- (28)

Defining
Viz =Vpiz+piz+ iy + 1" (Wiz)+ 87 (29)

we find that v;z, = u;, Ve € .Mz and v;z, = 0 Ve € Mg, \ .M 7. The estimate in
(16) then follows from the bounds for each of the terms on the right-hand-side of
(29) along with elementary estimates for IT" (¥; 7). O

3 BDDC

Background information and related theory for BDDC can be found in several ref-
erences including [2, 9, 10, 8, 1]. Let u; and u denote vectors of finite element
coefficients associated with I} and I". In general, entries in #; and u; are allowed to
differ for j # i even though they refer to the same finite element edge. Entries in
the vector #; are partially continuous in the sense that specific edge values or edge
averages over certain subsets of I are required to match for adjacent subdomains.
In order to obtain consistent entries, we define the weighted average

N
i =R; Y R} Djilj, (30)
j=1

where R; is a 0-1 (Boolean) matrix that selects the rows of u; from u and D; is a
weight matrix. The weight matrices form a partition of unity in the sense that

N
Y RIDiR; =1, (31)

i=1

where [ is the identity matrix. To summarize, #; is fully continuous while #; is only
partially continuous. The number of continuity constraints that must be satisfied by
all the #; determines the dimension of the coarse space.
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The energy of u for £2; can be expressed as
T
E,-(u) = E,’(I/t,') =U; S,’Lti, (32)

where S; is the Schur complement matrix associated with €; and I;. The system
operator for BDDC is the assembled Schur complement

N
S=Y R]SR:. (33)
i=1

L

From Theorem 25 of [10], the condition number of the BDDC preconditioned oper-
ator is bounded above by
LI a] Sid;

K(M~'S) < sup .
i; ZﬁvzluiTSjui

(34)
This remarkably simple expression shows that the continuity constraints for #;
should be chosen so that large increases in energy do not result from the averag-
ing operation in (30).

Let R;yz, select the rows of u; corresponding to the edge coefficients on the
boundary of the face .%; J, the closure of which is ;N dQ;. Similarly, let Riz,
select the rows of u; corresponding to the interior of the face .%;;. We define the
vector of face edge coefficients by u;r := Rz, u; and the face Schur complement
matrix by Sipp 1= RiﬁijSiRZ%j‘

Because of page restrictions, we only consider a very rich coarse space which
includes every edge variable of each subdomain edge. This coarse space corresponds
to Algorithm C of [11]. For this case, we choose the weighted average of u;rz and
Ujr as

ir = (Sipr +Sjrr) " (Sipruir +Sjrrujr). (35)
Thus,
wir —ip = (Sirr +Sirr) " SjrF (ir — ujF). (36)

Using the eigenvectors of the generalized eigenvalue problem Sirrpx = ASjrrx as a
convenient basis, we find

uppSirruke < uppSkrrugr, Ve k€ {i, j}, 37

where

Sirr = SirF (Sirr +Sirr) " Sirr (Sirr +Sirr) ' SiFF (38)

Let us assume for the moment that there are vectors u;;, uj;, and a scalar ¢ > 0 such
that
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Rigz,uij = Rjo.z,uji = uyF, (39)
Riz,juij = Rz, uji, (40)
u,»TjS,-u,-j—&—ujTiSjuﬁ < CA’(u,TS,u,—&—uiju]) 41

In other words, u;;, uj;, u; and u; are all identical along the boundary of F; ;- Fur-
ther, u;; and uj; are identical in the interior of .%;;, and the sum of their energies is
bounded uniformly by the sum of the energies of u; and u;.

In order to establish a condition number bound for Algorithm C, we need an
estimate for Ei(Rl?:%j(M,'F —1ip)); see (34). By construction, we have R;yz, (u; —
u;j) =0and Rjaegzl.j (uj — uj,-) = 0. Since Uir —Ujr = (M,'F — u,'jF) — (ujp — uﬁp), it
then follows from (36), (37), (41), and Lemma 5 that

Ei(R,-Tﬂ_, (uir —ip)) =Ei(R,-TFU (SirF +Sirr) 'S jrr (Ui —ujr))
<2(uir — wijr)" Sirr (i — uijr)+
2(ujr —ujir)" Sjpr(ujr — ujir)
< CCa} (Ei(ui) + Ej(u)). 42)

We are able to show there exist u;; and u;; which satisfy the conditions in (39-41)
with C independent of mesh parameters and the material properties o;, B;, ¢;, and
BB, under the assumption

oy <Ca, and P, <CB, for{m,n}=/{i,j}or{mn}=1{j,i} (43)

This can be done using Lemma 4 together with an extension theorem for H' func-
tions on Lipschitz domains. We note that numerical experiments suggest that no
assumptions on subdomain material properties are needed, other than them being
constant in each subdomain, for € in (41) to be uniformly bounded.

Our main result follows from the estimate in (42).

Theorem 1 (Condition Number Estimate). Under the assumption in (43), the con-
dition number of the BDDC preconditioned operator for this study is bounded by

k< Cw?, (44)

where
o = max(1+1log(H;/h;)). (45)

In summary, we have obtained a favorable condition number estimate with less re-
strictive assumptions on the material properties of the subdomains than in previous
studies. Comparing the condition number estimate of Theorem 1 with those in (1)
and (2), we see that the factor of H?3;/; can be removed provided the assumption
in (43) holds. In addition, the logarithmic factor has been reduced from four pow-
ers to two. We note that the estimate in Theorem 1 also holds for FETI-DP due its
spectral equivalence with BDDC.
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We note that the algorithm involves a non-standard averaging given by (35). This
averaging requires the solution of Dirichlet problems over the union of each pair of
subdomains sharing a face. The importance of this method of averaging for some
problems is shown in the next section.

4 Numerical Results

In this section, we present some numerical results to verify the theory and also to
provide some additional insights. The domain is a unit cube discretized into smaller
cubic elements. All the examples are solved to a relative residual tolerance of 1078
for random right-hand-sides using the conjugate gradient algorithm with BDDC as
the preconditioner. The number of iterations and condition number estimates from
conjugate gradients are under the headings of ifer and cond in the tables. We con-
sider three different types of weights for the averaging operator. The first one, des-
ignated SC, is the one based on (35). Unless otherwise specified in the tables, this
is the weighting used. The second type, stiff, is based on a conventional approach
in which the weights are proportional to the entries on the diagonals of subdomain
matrices. The third, card, uses the inverse of the cardinality of an edge, i.e. the re-
ciprocal of the number of subdomains sharing the edge, for the weight.

The results in Table 1 are consistent with theory, suggesting condition numbers
that are bounded independently of the number of subdomains, while the results in
Table 2 are consistent with the log(H /h)? estimate of Theorem 1.

We also consider a checkerboard distribution of material properties in which
(a, B) for a subdomain is either (¢, B1) or (o, B2), and note that subdomains with
the same properties only share a subdomain vertex and no degrees of freedom. Re-
sults for 64 cubic subdomains each with H/h = 4 are shown in Table 3. Notice that
for only one choice of material properties in the table do all three types of weighting
lead to small condition numbers, and only the SC approach always gives condition
numbers which are independent of the material properties. We have also investi-
gated another type of weighting similar to card, but with weights v, 0 < y < 1 for
faces of subdomains with properties o, 8; and 1 — v for faces of subdomains with
properties &, B,. Regardless of the choice of 7, large condition numbers were ob-
served for the coefficients of the final row of Table 3. We note also that the choice
of material properties in the final row is not covered by the theory of [11].

In the final example, we consider a cubic mesh of 203 elements that is parti-
tioned into different numbers of subdomains using the graph partitioner Metis [7].
Although this example is not covered by our theory because the subdomains have
irregular shapes, the results in Table 4 indicate that the algorithm of this study con-
tinues to perform well. The results in Tables 3 and 4 suggest that the SC weighting
of this study may be necessary in order to effectively solve problems with material
property jumps or with subdomains of irregular shape.
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Table 1 Results for N cubic subdomains, each with § = 1 and H/h = 4.

N a=10> a=1 a=10"2
iter (cond) iter (cond) iter (cond)

43 15(2.70) 14 (2.63) 10(1.77)
6> 16(2.88) 15(2.81) 11(2.05)
8 16(2.95) 15(2.87) 12(2.23)
103 17 (2.98) 16 (2.91) 13(2.33)

Table 2 Results for 64 cubic subdomains, each with § = 1.
Hha=10> a=1 a=10"?
iter (cond) iter (cond) iter (cond)

4 15(270) 14 (2.63) 10(1.77)
6 17(3.30) 16(3.21) 11(2.14)
8
1

18 (3.77) 16 (3.66) 13 (2.46)
0 19(4.16) 18(4.03) 13(2.72)

Table 3 Checkerboard material property results for 64 cubic subdomains with H/h = 4.

o B o B SC stiff card
iter (cond) iter (cond) iter (cond)

1031 10(1.59) 19 (4.57) 196 (1.64e3)
1 10% 11(1.96) 84 (2.69¢2) 109 (4.72¢2)
1 1.01 14(2.63) 14(2.63) 14(2.63)

0210721 1 6(1.07) 65 (3.17e2) 74 (1.65¢2)

1 1
1 1
1 1
1071

Table 4 Results for 20° elements partitioned into N subdomains using a graph partitioner. Material
properties are constant with ¢ = 1 and § = 1.

N SC stiff card
iter (cond) iter (cond) iter (cond)

60 19 (4.30) 189 (6.31e2) 24 (9.06)
65 19 (4.40) 184 (6.34¢2) 29 (1.55¢3)
70 18 (3.89) 188 (6.47¢2) 23 (7.48)
7519 (4.16) 176 (6.12¢2) 23 (6.49)
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