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— Wittgenstein: Brown Book

¢ "Augustine, in descrilﬁing his
|ea|*ning of 13 hquade, says that he
was taught to speak by learning the
names :::Fthings. .

> “Suppose 3 man describes 3 game of
chess, without mentioning the

Willgenstoin )

Libro blu E;{lste HCE and DPEI‘H'&IDHS DF‘EI]E

L]
Libro marrone

. pawns. His description of the game
as a natural phenomenon will be

incomplete. On the other hand, we
| may say that he has completely

| described 3 sirnp|er dgame.”
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Female, Sings,
Overweight

Male, Talks, Thin
X?_

Male, Sings,
Xz Overweight

Xi
Female, Sings,
Underweight
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Task: |nfer Tempora| lnvarignts

> Select a Lanquage of Discoutse

> Formally encode the behavior of the

system

S Fﬂrma”y encode the propetrties of interest

o Automate the

srocess of checkinﬂ if the

formal model of the system satisfies the
ﬁ::rma”y encoded propetties
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Model Checking
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o I<ripke Structure

> Formal Encoding of 3
Dynamical System:
> Simple and intuitive pictorial
representation of the behavior
of 3 cc:rmp|ex system
- A Graph with nodes lepresenting
systermn states |abeled with
information true at that state
— The edges represent system
transitions as the result of some
action
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| o) Computation Tree

[b]

[a]
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Finite set of states; Some

are initial states

Total tignsition relation:

evely state has at |e'ﬂ|s’c

ohe hext state [.e. Ihf’l Hite
aths

Thel'c is 3 set of basic

ervironmental variables

ol features (“atomic
pl'a::-posl'tl'c:r"_ls’}"

Ih e3ch state, some

atomic propositions 3re

true



Discrete Models

State Transition Graph of
Kripke Model

e e
“« o
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Labeled Finite State
Transition Systems
Formally, 3 Kripke structure
is atriple M = (S, R,L), where
S is the set of states,

R C Sx Sisthetransition
relation, and

L. 5 — FCAP) gives the set
of atomic propositions true
in each state

We assume that R is total

(i e, for all states s € Sthere
exists 3 state s’ € S such that

i =
(s,5) &)



= Model Checking

> A pa‘ch in M is an infinite sequence of
states, m=s,,; S ~-Sueh that fori >0,
(s:;:5.¢) € R.

s We write Tt to denote the suffix of m
starting ats,.

o Unless otherwise stated, all of our results
apply only to finite Kripke structures.
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The Logic CTL*

¢ The computation tree logic CTL" combines both
branching-time and linear-time operators.

o Inthislogic a path quantifier can prefix an assertion
composed of arbitrary combinations of the usual
linear-time operators,

1. Path a_[uar?ﬂﬁerz
- A—"for every path"

- E—"there exists 3 path"

2. Linear-time operators:
- Xp—p holds next time.
- Fp—p holds sometime in the future
- Gp—p holds glohally in the future
- pUq—p holds until g holds

Made by A-PDF PPT2PDF



R

— | Path Formulas and State Formulas

o The sy htax of state formulas is given by the
following rules:
— If p € AP, then pis 3 state formula.
=l "r-:ir?gf q are state formulas, then = fand fv g are
state formulas.

— If tis q path formula, then ECF) is 3 state formula.
o Two additional rules are needed to specify the
sy ntax DFpa’ch formulas:
— If fis 3 state formula, then fis also 3 path formala.

- HLiL’Jmll g are path formulas, then = £ f v g, %f, and
(f U g) are path formulas.
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— State Formulas (Cont.)

o |ffis 3 state formula, the notation M, s E
f means that f holds at state s in the
Kripke 5'E| ucture M.

o Assume f, and £, are state formulas and g
s 3 path formula. The relation M, s I:F
defined inductively as follows:

1. sF P — P = L(S)
s — F & s 1(
SIZﬂM-’F;;_ — SIZFDISIZF

s = E(q) = there exists a pa’ch i
starting with s such that n E g.

Fo01 1
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— Path Formulas (Cont.)

o Iffisapath formula, M, m = f means that f
holds a|c::ng pa‘ch in Kripke structure M.

> Assume g;and g, are path formulas and fis a
state formula. The relation M. nE fis defined

inductively as follows:

T, wEf =
2. mF-g; &
50 mE4Vg =
4. mFXg; =
3

m I: Iill‘]T L_,‘I ILJE*':I -

5 i5the Tststate of Tand sEf
T F g

TFEgormkEqg,

n'E gy

there exists 3 k = O such that

nkE g, and for 0 < <k, miE g,
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Basic CTL Operators

o The four most wic]l-:fh,f used CTL operators are il ustrated
below. Each computation tree has the state s as its root.

M,s0 EAGg M,sq = AF g
g
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5-System

i

over the domains Dy, . ... D, respectively;

with ay, 3; = 0 called rate constants;
— (" 15 a set of algebraic constraints of the form

i1
{_-’_,i{-Xl ------ .l|-|—r:|t Zt" H }‘:{'*] = [}
k=1
T T R R R R P

— IV = 4 Xupiveeny Xngpm} 15 a finite set of independent variables
over the domains Dy, ..., Db, respectively;
DE is a set of differential equations, one for each dependent variable,
form
Fi=-¥T1 =711
Xi= o H X9 -5 T X3
F=1

T
Definition 1 (S-system). An S-system is a quadruple S = (DV IV, DE, (')
where:

—- BV = X100 X, } ts a finite non empty set of dependent variables ranging

Tmging

rrf the
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0| Trace

Definition 2 (Trace). Let § = (DV. IV, DE, ') be an S-system. Let f{f] =
cFlE) fn_|_m[il]} be a {approrimated ) solution for the S-system S in the time
interval [tg. ty] starting with initial values Xito) in to. Let s > 0 be a time step
such that t f=to+3=*s. The sequence of vectors of values

tr(S, to, X (ta), s,t7) = (F(to), fto + 8),. .., flte+ (G —1) %), flto + j * s))

is a trace of S. When we are not inferested in the parameters defining the trace
we wse the notation tr,
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‘Q I<ripke Structure

Definition 4 (S-system Automaton). Let S be an S-system and Tv be a sel
of traces on S. An S-system automaton is A(S. Tr) = (V. A, I, F), where

-V = 11|J_"— J'Jf]..... tn+m-’ |E|fl' e Ir: ¥ isin “'I"‘;D1 K..,K.D“+m is the
*-.f*?‘ of states;
— A= {{7,@) | 3tr € Tr: ¥, are consecutive in tr} is the transition relation;

- 1' = {7 | Elr'r e Tr:¥is 1111tml m tr} TV is the sef of initinl states;
— F={t|3tre Tr:vis final in tr} C V is the set of final states.

Made by A-PDF PPT2PDF



[

o Projection

Definition 5 (Projection). Let S be an H—n'ya'h'm and U be a subset of the set
of variables of §. Given a trace tr = {dy.....d;}) of 5 the projection over U of
tr is the sequence tr [ U = {dp | U,....a; | L'.l Given a set of traces Tr I.Fw
projection over U of Tr is the set of projected traces Tr [U = {tr [ U | tr € Tr}.
The U-projected S-system automaton from Tr and S is A(S. Tr [ U).

Xi =Xy X7 — XD®
Xz _ Xﬁxl—l 1; (.5T8151

8 - - .""-- My ~ Y
‘x_ 3 —— _:.-‘L H-‘l 2 I —_ kg I"\.__ 2.33 [":‘F.'JJ:'____"' L "'"\.__'.ﬂ i, 018, GET .___.-' --__.-' Ty . . [
— e — R r % i Lhgs mE bt
T f L - £ - N
.i i I-" 8= o T.]-'_ D4 :L____ >y 416 J
] ""\-\._.-'J \“\-.__.-""-. H""-._.—".:
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Pl s Pl 5
'-_ T4 00, Q1T e . '\HE]O 058, 351 ___-'
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Fig. 1. Repressilator: antomaton and projected antomaton
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Fig. 5. The lur region of Vibrio fischeri.
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o Co||apsed Model

Ay > A /k S S, P Tl \
JoaS gy oo

Fig. 7. Streture of the Vibrio fischeri final model.
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CTL Model-Checking

> Straight-forward approach: Recutsive descent on
the structure of the query formula

o Label the states with the terms in the formula:

~ Proceed by marking each point with the set of valid
sub-formulas
> “Global” algorithm:
~ Iterate on the structure of the property, traversing
the whole of the model in each step
~ Use fixed poirt unfolding to interpret Until

| E(t{?g U+ '-E_,-L?l:] < EX('{,-TI Vo A E(ﬂ?g U+ L'IJI})

Afd. TTV . Y\ .. A 1{(-{;_'“ \ ?.r.'}c_;_. A A{:?,'}‘_! U+ ?-'—I"l))
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‘@ Naive CTL Model-Checler

procedure CTL_check (Model (U/, I,wq), Formula @) =
if wy € eval(y)
then print(“yp is satisfied at wy in (I7,7)")
else print(“y not satisfied at wq in (U, 1)");

function eval (Formula ¢): Pointset =
case  of
p: return T(p);
1 : return {};
(¢ =+ i) : return U\ eval(yy) U eval(ys);
E(ps U ¢yy) : El := eval(yy); E2:=eval(yy); E = {}
repeat until stabilization
E:=EU{w| (suce(w)N(E1U(E2NE))) #{}}:
return E:
A(a U ¢) : El := eval(yy); E2:=eval(yn); E :={}:
repeat until stabilization
E:=FEU{w|{}# suce(w) C F1U(E2N E)};
return E;
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intset = return {u' | (w.w') € T(<)}:
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el Complexity Comparison

Size of transition system: p
Size of temporal logic formula: m
> Worst Case Compatison:
- CTL linear - O(nm)
- LTL exponential — r 20¢m)
> For an LTL formula that can also be expressed in VCTL,
LTL model-checking can be done in a time linear in the
size of the formula
o LTLis PSPACE complete: Hamiltorian Path problem can
be reduced to an LTL Model Checking problem:

Fpi A Fpay A Fps A
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S0 Other Model Checl-:ilhc_:] A|c_:]c::-|*i‘thms

o LTL Model Checl-r;ing: Tableu-based . ..
o CTL* Model Checle;ing: Combine CTL and LTL
Model Checkers. ..
¢ Symbolic Model Checking
- Binary Decision Diggram
- OBDD-based model-checking for CTL
- Fixed-point Representation
- Automata-hased LTL Model-Checking
¢ SAT-based Model Checking
> Algorithmic Algebraic Model Checking
> Hierarchical Model Checking
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Attificial Gene Networks
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o) An Artificial Clock

The Repressilator:
a cyclic, three-repressor, transcriptional network

Three proteins:
TetR —~ L.aCL tetl & M ¢
& AL - Arranged in 3 cyclic

Al — Lacl manhner (logially, not
HECESS&I'H‘:{ physl'ca”:ﬂ 50

—£} _.-mw |_|E">mn > that the protein product of
I ' T one gehe Is rpressor for the
/A -'u'-;*-..-r e hext gehe,

mirA A | miMA B | mRMA © — —— ,
| | Lacl— = fefiR, fefl— Tetk
(|

A TetR—+o> Kl ke Kl

.‘ J Oﬁ- A M L_'I;» = igc/ ?—r L:1u_';

profein A protein B J_-" probein ©
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S Biological Model

Plasmids

Repressilator Reporter

P, laci1]

B
s |
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o Standard molecular
bio|c:gy: Construct

- A low-copy plasmid

encoding the
repressilator and

A compatible higher-
copy repoiter plasmid
containing the tet-
repressible promoter
PLtetO1 fused to an
intermediate stability
variant of afp




o AI”EI'FI'CI'EH Gene Networlk

> Networlk D(interac’cing biomolecules:
- "Com binatorial Syn’ches is of Genetic
Networks,” Guet et al.
> Design principles:
- Uncler|ying the function Ing of such
intercellular networks.

- Not much progress with quantitative ana |y5|'5
:::Fre|a’cive |\/ simp|e systems..
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An Example

tet ~lac —{el—ghp

I A, |
il’hn' EAJ N}- H
W,Mf’—ry

ot

A circait campﬂsed of three ge nes
and three sappressors: [O3E,

Made by A-PDF PPT2PDF

Four genes: Lac, A, Tet and
GFP

Five Operons:

— Lgc-based: PL1, PL2

- A Cl-based: P, Ph,

— Tet-bgsed: PT

Lac is allosterically suppressible
H;:’ PTG
Tet is 3
by aTc
Total 33 =125 different
combingtorial circuits are
possible. .

DSE-EI'I'CHH‘}*' 5c|ppl'r'-_55|'H-:i




"o Experimental Results
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Another Example

o A different structure:

> Changing the
e | #  E) topology changes the

JT_@LM circuit behavior. ..
% / o The circuit behave

faf)-‘l fet —lel—gfp difﬁere nﬂ\,f _in the
wild-type (Lac,) and

the mutant (Lac)...

Another circait E-:Z!'I'r'.'PC'SEr.J[ of three
Jenes and three sappressars: D052
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"o Experimental Results

D052
IPTG - + - +
aTe -
CMWIM {lac)
DH1OB {fac")
CMWI0 1 {fsc) DH108 (lac*}

'!iilii

i T if T o Y i
FlunresCancs (niansity {3 4.}
PTG - + . *
aTe . . + +
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- ODE Models

> If x denotes a gene and X its corresponding protein, we
have the following equation for x's transcription:

[#] = —[z] + alp + f2(6, [Y], [uy])]
FOIYT + [yt
| + [Y]" + [uy]*

where f.(0,[Y], [uy]) =

> The transcription is activated or repressed by a protein Y
and Y itself is modulated by a small molecule u,

- Note that, for small values r:-if[uy], E{ shows 3 5ha|'|:- transition
from avalue of 1 (when [Y 1 =0) toa value of 8 (when [Y 1 =
)}, 35 Y increases.

- However, for large values of [u ), f, remains at 1 (when [uy] =
), thus inactivating the effect of Y.
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o ODE Models

> Similarly, we have the Fc:”-:::wing] equation
for X's (corresponding proteins)
translation:

X] = —A([X] - [2]).
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Example

> For an exa mp|e circuit Pr,-lac-PL1-% ci-
PL1-tet, we can write down in 3
straightforward manner the corresponding
ODE's as shown below:

1 + 8, [A c1]”

iz.fflrr'] = —[l'r.',r'] + op + o o [f't H]”

iL.-'rr'i = '.III::J-.'-.f' '.Ifnr'll-

| + B[A c1]”
l 4+ [A cI®

[afp] = —lafp] + ap + o

[-:;II-']'] — 3 [arr] — [afn])

| + 6, [Lac]” + [IPTG]

tef] = —[tef] + ap + a S —
s v 0 | + [Lac]™ + [IPTG]*

| I'Fji'1'| = —3([TET] — [tet])

- + A JLac]® TG*
[A el = —[A r'fl-l—r‘nlrl—l—nl x|LACI -+ [TE TG

l + [Lac]® + [IPTGI*

(A a1l = —3([A a1] — [\ ef)
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S Application

> Find a circuit that generates an "OR" Gate:

eventually(IPTG = 0 and aTc = 0 ==> eventually(always(low(c))})
and eventually(IPTG = 0 and aTc = 3 ==> eventually(always(high(c))))
and eventually(IPTG = 3 and aTc = 0 ==> eventually(always(high(c))))
and eventually(IPTG = 3 and aTc = 3 ==> eventually(always(high(c)))).
> Examples:

Boolean fuynction Cirewgt

= PTG R1 B2 56 Y TR TT T8 TO 80 81 82 53

aT\ 14 30 64 &0 114

aTc — IPTG 61 62

Table 2

TIIIl' L I-L"G.'\-iEIl:'il.r iI\.III -.:r I:ll -r-'|||i:|| .I'Lllﬂli'i‘l.ll |i.r-:'||i1.-. L'_i'\.'l'll il 1|IIE'3'\'|!|I IIIZI ':I{ I% ,u."-.f. I!. I-.l'l.l'.ll. r|.|||||'|:-|-r l!ll'IL|2I||'!'\- LR1IR R -u.-f |]I|' rir-:'1|i!.-.

described in [T.
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o Applications

Clre LL:'1 Function Comment
.' - IPTG Circuit 85 (Pa_, PL2, Pay)
qil aTi Circuit 114 (Pag, PL, Pa_y
~ £ —ai aTe = PTG Circuit 81 {PT, PT, PL1}

lable 3
Some of the circuits implementing the logic-combinatorial circuits found with threshold parameter equal to 1.3uMol. Again
the I‘Tiilll- ol promofers denotes the structure of the circuit,

Made by A-PDF PPT2PDF




Biological Results
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— Results

N B
N
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o Further Results
e
| | + +
o R R
s, -~ R
L1,PT
o I .
1M, PL2
- s
A Feir PLI
iz ~— [NCHFTFIT]
E i’ﬁ']_", FL1 .f'”"’. - ‘\_’—m
E ,LE, PT fﬂ- .
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&5 Remaining Questions

s Simulation:

- Nonhneari’cy

- Hybrid Model (Piece-wise linear)
o Stability Analysis
s Reachs bi|i’cy Ana|y5|’5

o Robustness
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Metastability
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Q— A simple metastable biological circuit.

"Feedback Dyad”’

+The combinatorial genetic hetwork depicted consists of

*Tweo mutually Irﬂhlhﬂﬂg repressor denes, A and ¢
whichare mo L||'1+ﬁf “’fm small |Tﬂ’~|m_L||ﬁ

inducers, "*-.T:-lr?J AT _

+The gene products encode the state of the system,

and the in Ll:_r'-lq actas I|ﬂpL|’rr 12 +hﬁ rwetw@rk,

>This T'.'E'[wa_'?'l | |1:-|5 twc: st"-| Hﬁ_ stﬁtcs fouﬂ-ut |5 "’high"’ G
“low"), but also 3 metastable state (output 3assumes an
intermediate state between *high” and “low’) that s
achieved by withdrawing both inputs simultaneously.
oFor these regsons, the rm-'-hmllf is also extremely
sansitive to the relative order in which the Ihputs Jrrive
and, thus, Is unpredictable.
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Bio-Circuits
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Combinatorial Synthesis

A S aRBS-G
R

[P | RBS | [ RBS | a T 1
oRBS-F =
Y Fusion PCR Bgl 1k
m"hﬁm’: — {:{:Eﬂu'hltlﬂﬂc
[P T RBS 1 I
B
_Eﬂ:ﬂ__m:u_
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- A Circuit with Metastability

* Four genes: Lac, 2, Tet
and GFP.

> Five Operons:
— Lac-baseqd: PL1, PL2
— A Cl-based: PA_, Pa,
— Tet-based: PT

e Lac s a||a:::rs’ceric:a||y
suppressible by PTG

> Tetis a||os{:erica||y
suppressiHe by aTc

A circait campﬂsed of three ge nes
and three SUpPEessors
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NS Similar Logic-More Realistic
1
fefq — | & Igi:'r_.'l
i
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Simulation: IPTG is 5|igh£|y slower. ..

IFTG:
iptel) = 3
2 pte)idt = -ipteffle

R S [ Lﬁ”'|

et lae el £k

ale:
atd 11 =3;
st = -atafle '
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Simulation: IPTG is slightly faster...

IFTG:
iptel) = 3
Al pt)idt = -ipteffle

T

et lae el £k

ale:
atdf1 =3,
dl ata)fdt = -t e .
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Variation in Speed affects the Cell Behavior

IPTix & aTe:

megir) = 3 atef) = 3
diipz¥ad = -patle .
it Wt = -ateft)e .

il T & aTe:
gl =5 i) = 2 phalt)= % ate(r)= %
Jiptg ¥l = -iptgk)e Jlipta ¥ = -ipat)e .
it Wift = -t je it Wdr = -atcft)e
IPTCx & aTe: PTG & aTi:
mtt) = 3 atci) = 3 )= 3 atcir)= X
Jptz Y = -ptgit)e . Jiptgyd = -ptat e
{abe Wt = -atcft)e Jlate Wy = -atft)e '
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Natural Circuits

o Are these circuits likely to be found in
nature!

- Most |ike|y yes, because ’chey are virtually the
inevitable consequence ofwil*ing pa’chways
toge’cher-

~ Likely to be highly useful in 3 variety :::Fways_

> Fol example, 4 feedback tl“;f:-ilcll can function as 3 _
5|'r‘r?p|ci memory device, its state recording which of
two present signals arrived first

> Such “memory” may be extremely useful when,
for example, 3 free-living microbe is sensing 3
complex chemical environment, or 3 cell exposed
to 3 variety of soluble factors during

' deciding its fate.




Natural Circuits

> Can unpred ic’cabili’cy be good?

— The unpredictability of 3 metas
be 3 useful fF-’itLH -
¢ |h plr‘:d&pﬂ:nl—plr'-_:_fr evasion, for ex3 m p|c. or

3§

e circuit may IJE‘::--“"H'.

> When an ordahism scans its environment P*}r IAndom
ﬁr'-al'-::hv:S

¢ Such systems M3y be Indetermingte at 3 single-cell level but
detarministic in 3 popuhtlorﬂ 3t |E||q¢ For -:\ar'r1|,J|ﬁ to
maintain 3 healthy tissue, it ma v be 3dv 3ntageous to
respond to ﬁlqrﬂa|5 such that some cells divide and some die,
malﬂtalhlﬂq new cells without 3 net increase in population.

v, circuits with metastable components may be

eq 1||*f modified by small genetic or biochemica

perturbations that bias resolution into one state ol

another, and thus can be reprogramme T to perform 3

varietv ot laaical Anerations,
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To be continued...
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