
Theory of Computation
Homework 13.

Due Date: Tuesday, December 11.

1. Recall the 2-Satisfying Assignments problem.
Input: A CNF formula F (i.e., a Boolean formula which is an “and” of clauses, where each
clause is an “or” of Boolean variables and their complements).
Question: Does F have two distinct satisfying assignments?
e.g. F1 = x1 ∨ x2 has the satisfying assignments x1 = True, x2 = False and x1 =
False, x2 = True; F2 = (x1 ∨ x2) ∧ (x1) has just one satisfying assignment, namely
x1 = False, x2 = True.

Show that SAT ≤P 2-Satisfying Assignment. This means that you need to provide a
polynomial time algorithm that on input F , a Boolean CNF formula, constructs a Boolean
CNF formula F̃ such that

F ∈ SAT⇐⇒ F̃ ∈ 2-Satisfying Assignments

i.e. F is satifiable if and only if F̃ has at least 2 distinct satisfying assignments.

2. Problem 7.27 (Sipser 2nd edition), 7.34 (Sipser 1st edition). (For those with the interna-
tional edition, this problem concerns graph coloring.)

Just do the following part of the problem: show that 3-SAT ≤P 3-COLOR. There is
no need to show that 3-COLOR ∈ NP. To do this you need to provide a polynomial time
algorithm that on input F , a Boolean CNF formula, constructs a graph G such that F is
satisfiable if and only if G is 3-colorable.

G will contain one instance of the palette (a triangle). For each variable in F , G will
contain a pair of vertices connected to the palette as shown. Supposing that the palette
vertices are colored T, F, N (for True, False, Neutral), as shown, what colors do the two
vertices corresponding to the variable take on?

Now consider the OR gadget. Suppose that its bottom two nodes are both colored T;
what color(s) can its top node take on? What if they are both F? What if one is T and
one is F? Use two OR gadgets to simulate the evaluation of a clause. By connecting the top
node to the palette, and the bottom nodes to the nodes for variables and maybe the palette
too, make the OR-gadgets used for the clause 3-colorable exactly if the clause evaluates to
True on the corresponding truth setting for the Boolean variables.

3. Dominating Set (DS) is the following problem.
Input: (H, h), where H = (W, F ) is an undirected graph and h is an integer.
Question: Does H has a dominating set of size h, that is a set T of h vertices, such that
each w ∈ W is either in T or adjacent to a vertex in T?

Show that VC ≤P DS. Recall that for Vertex Cover the input is a pair (G, k), where G
is also an undirected graph and k an integer, and the question is whether G has a Vertex
Cover of size k, that is a subset S of vertices such that every edge e ∈ E has at least one
endpoint in S.

To do this you need to provide a polynomial time algorithm that on input (G, k) con-
structs a pair (H, h) with the property that

(G, k) ∈ VC⇐⇒ (H, h) ∈ DS.
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Note that you need to encode the covering of an edge in G by the covering of a vertex in H.
What is the first thing to try?
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