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Non-Linear Learning

c So far, we have seen how to train linear
machines, and we have hinted at the fact
that we could also train non-linear
machines.

In non-linear machines, the discriminant
function F'(X, W) is allowed to benon
linear with respect td?” andnon linear
with respect taX.

This allows us play with a much larger set
of parameterized families of functions with
a rich repertoire of class boundaries.

well-designed non-linear classifiers can
learn complex boundaries and take care of
x ) 4 complicated intra-class variabillitites.
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Multi-M odule Systems. Cascade
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Complex learning machines can be built by
assembling Modules into networks.

a simple example: layered, feed-forward
architecture (cascade).

computing the output from the input:
forward propagation

let X = X,
X; = Fi(Xi—la Wz) Vi € [1,%]

E(Y,X,W) =C(X,,Y)
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ODbject-Oriented | mplementation

Energy
E
oY) Each module is an object (instance of a
’ - class).
X“I Y Each class has an “fprop” (forward
W= Enxn-1, wn) propagation) method that takes the input
Y and output states as arguments and
l computes the output state from the input
il state.
I
wi=f o W Lush: |
—1 (==> nodul e fprop input
Xi-1
I out put)
Xl: C++:
W1=et 0, w1 nmodul e. f prop(i nput, out put) ;
XO' desired

input X output Y
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Gradient-Based Learning in Multi-M odule Systems

Learning comes down to finding th& that minimizes the average over a
training set{ (X1, Y1), (X2,Y?),...,(X?,Y¥)} of aloss function such as:

Lenergy W, Y', X") = E(W, Y, X")

Loereentron (W, Y7, X7) = [E(W, Y, X) — min B* (W, y, X')
y -

1+
Liinge(W,Y", X") = [m + EW,Y", X") — rgiyg E*(W,y, X"
Y ¢ ]

Lnll(W7 YZ,XZ) — [E(Wa YzaXZ) T Blog/exp(_ﬁE(Waanz))dy

We often add a regularization term to the loss function:
Lr(W,Y*, X") = L(W,Y", X*) + N\H (W) where) is an appropriately picked
coefficient that determines the importance of the reguddion.
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Gradient of the L oss, gradient of the Energy

Batch gradient descent (compute the full gradient beforepatate):

W%W—E[

O3 L(W,Y*, X% 9H(W)
G |

W I+ =7

On-Line gradient descent (compute the gradient for one kgrapd update)

DLW, Y, X1) 0B(W.Y.X1)\ A OH(W)
W ”[(Y JEOW,Y,X') oW >+P oW
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Gradient of the L oss, gradient of the Energy

We assumed early on that the loss dependB/0only through the terms
EW,Y,X"):

LW, Y, X")=L(Y", E(WW,0,X"), E(W,1,X"),...,E(W,k — 1, X"))

therefore:
OLOW.Y', X') _ §~ OL(W.Y", X*) OB(W. Y, X*),
oW - 4 OE(W,Y, XY) ow
Assuming we know how to compu%%(vvvf; 3()(7;7;)) , we only need to compute the
terms 2EOV. Y. XY)

oW
Question: How do we compute those terms efficiently?
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Computing the Gradientsin Multi-Layer Systems

Energy

C(Xn,Y)

]

Wn =t

Fn(Xn-1, Wn)

Xn—lf

N
X||

Fi(Xi-1, Wi)

Xi—lf
[

l
X1y

W1 =il

F1(X0, W1)

xof

input X

desired
output Y

To train a multi-module system, we must
compute the gradient df' (W, Y, X') with
respect to all the parameters in the system
(all the Wy).

Let’s consider modulé whose fprop
method computeX’y, = Fi(Xg_1, Wx).
Let’s assume that we already knoo%%, In

other words, for each component of vector
X we know how much¥ would wiggle if
we wiggled that component of.
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Computing the Gradientsin Multi-Layer Systems

We can apply chain rule to compuﬁ%

Energy (how muchFE would wiggle if we wiggled
E each component di/;,):
el OE  OF OFy(Xg_1, W)
ol ! oW, 0X, oW,
Wi = Fn(Xn-1, Wn)
Xn—1f [1 X Nw] — [1 X Nx][Nx X Nw]
|
OF (Xk_1,Wk) - : :
Xi: 5 83‘/; ¥/ is theJacobian matrix of Fj
wi—f ot wh with respect tdV,.
Xi—lf
: 8Fk(Xk_1,Wk) . a[Fk(Xk_17Wk):|p
X1 oW, - 0[Wklq
WI=sr  r1xo, wi)
xof desired Element (p,¢q) of the Jacobian indicates
input X output Y

how much thep-th output wiggles when we
wiggle theg-th weight.
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Computing the Gradientsin Multi-Layer Systems

Using the same trick, we can comptgé%. Let’s assume again that we already

know gTEk’ In other words, for each component of veciof we know how much¥
would wiggle if we wiggled that component &fy.

We can apply chain rule to compug“— (how muchE
would wiggle if we wiggled each component &f._):

OF OF 5Fk(Xk_1,Wk)
T T 0Xy 1 0Xp  0Xp
E OF% gfk—_ll’w’“) is the Jacobian matrix of F, with respect
M FeeLw) to X 1.
E F;. has two Jacobian matrices, because it has to
wi o arguments.
o aumi Y Element(p, q) of this Jacobian indicates how much the

p-th output wiggles when we wiggle theth input.
The eqguation above isa recurrence equation!

Y. LeCun: Machine Learnina and Pattern Recoanition — bD.



Jacobians and Dimensions

derivatives with respect to a column vector are line vectonmensions:
[1 X Nk—l] = [1 X Nk] * [Nk X Nk—l])

OE  OF OFu(Xp_1,Wi)
0Xr_ 1 O0Xg 0Xk_1

(dimensionsil x Nyx| = [1 X Ng] * [N X Nyk)):

OF  OF OF,(Xu_1,Wy)

OWr  0Xyg oW

we may prefer to write those equation with column vectors:

OFE ' OFy(Xg_1,Wy) OE'
OXip_1 OX i1 X},

OFE ' OFu(Xg—1,Wy) OE’

oW, ow 00Xy
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Back-propagation

To compute all the derivatives, we use a backward sweepoctléback-propagation
algorithm that uses the recurrence equation%

Energy
E
OE __ 0C(X.,Y)
c(Xn, Y) 0X, 0X,,
[} [}
oF _ oF 8Fn(Xn—17Wn)
Xn ldE/an v X, T = X, X,
Wn ==t
dE/dWnem]| TP OF _ OE OFn(Xn_1,W,)
xn-1} | dE/dxn-1 oW, — 090X, oW,
: : oOF _ oOF 8F1n—1()C’n—Q,VVn—l)
Xi| ldE/dXi 0Xpn—2  O0X,-1 0Xp—_o
dE/de\\//ii:: FI(Xi=1, Wi) OE  _ _OFE OF, 1 (Xn_—2,Wp_1)
Xi—ﬂ | dE/dXi-1 OWn_1 0Xn_1 oW, _1
| . )
I l ....etc, until we reach the first module.
X1} .dE/Xm )
W1 =l FE
] 0w we now have all thejiz- for k € [1, n].
Xof desired
input X output Y
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ODbject-Oriented | mplementation

Each module is an object (instance of a class).

Each class has a “bprop” (backward propagation)
method that takes the input and output states as
arguments and computes the derivative of the
energy with respect to the input from the

Energy

cXn, Y)

a a

Xn Y derivative with respect to the output:
Fn(Xn-1, Wn) Lush:(::> nmodul e bpl’ op | npUt
o out put)
il C++:nodul e. bprop(i nput, out put) ;

Fi(Xi-1, Wi)

the objects nput andout put contain two

XHI slots: one vector for the forward state, and one
X1 vector for the backward derivatives.

Fl‘xo’fw ) the methodpr op computes the backward deriva-
ot desired. tive slot ofi nput , by multiplying the backward

derivative slot ofout put by the Jacobian of the
module at the forward state ohput .
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Architecture: Multi-layer Neural Networ k

Multi-layer neural nets can be seen as networks of logistcassors.

€

Each layer is composed of a number of
units (sometimes abusively called
“neurons”).

Each unit performs a linear combination of
its inputs, and pass the result through a
sigmoid function. The result is passed on
to other units.

In a fully connected feed-forward net, the
units are organized in layers.

Each unit in one layer gets inputs from
every unit in the previous layer.

All the layers but the last are called “hid-

den” layers, because their state is not di-
rectly constrained from the outside (nor
provided to the outside).
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Modulesin a Multi-layer Neural Net

A fully-connected, feed-forward, multi-layer neural netn be implemented by
stacking three types of modules.

. 7] | Linear modulesXX;, and X,,; are vectors,
kwudean [x. _ y| andW is a weight matrix.

i Xout — WXin

Sigmoid modules:
(Xout)k = 0((Xin)r + Bx) whereB is a

_ I

,fl‘ﬁﬁ‘lt K SW X, l vector of trainable “biases”, andis a
¥ sigmoid function such aisanh or the
{H‘imln Xt (K. le logistic function.,
st
, ) a Euclidean Distance module = 1||Y —
:Imn. Xin||?. With this energy function, we will
Kok 2 W ¥ 1 use the neural network as a regressor rathet
R ~ ) than a classifier.
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L oss Function

,f-’ﬁsm K SW X,

]

f

{!l'imlb M:F(x'-‘w)‘l
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{

]”ﬂlﬂ XQJ' - u x;n ,

| %

—
-y

Y

Here, we will us the simple Energy Loss function
Lenergy:

Lenergy(W7 Yia XZ) — E(W7 Yiv XZ)
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OO Implementation: thest at el Class

X the internal state of the network will be kept in a
“state” class that contains two scalars, vectors, or
matrices: (1) the state proper, (2) the derivative of
the energy with respect to that state.

X %

Y. LeCun: Machine Learnina and Pattern Recoanition — bD.



OO Implementation: thest at el Class

#? x state

;; a <state>is a class that carries variabl es between

,; trainable nodules. States can be scalars, vectors,

;; matrices, tensors of any dinension, or any other

,; type of objects. A state contains a slot <x> to contain
;; the actual state, and a slot <dx> to contain the

,; partial derivatives of the loss function with respect

' to the state vari abl es.
(defcl ass state object x dx)

#? (new state [<nl> [<n2 [<n3> ...]]])
,; Create a new state. The argunents
,; are the dinensions (up to 8 di nensions).
(defmet hod state state |
(setq x (apply matrix 1))
(setq dx (apply matrix 1)))

#? (==> <state> resize [<nl> [<n2 [<n3> ...]]])
,; resize an existing state the the di nensions
,; passed as argunents.
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Linear Module

The input vector is multiplied by the weight matrix.

Yok %k Op: e = WX,

bprop to input:

O0E _ _O0E 9Xow _ _OE yy
8‘X'in o 8Xout 8—}(in R 8—Xvout
by transposing, we get column vectors:
OE " _ w1 _OE !
a‘Xvin o W a‘Xvout
' bprop to weights:
0E  _ _0E 3Xowu _ ., . _OE
OWi; = O0Xouti OW5; — “7MI 0Xoues
We can write this as an outer-product:
‘ OE! _  OE !~
x“‘ BE/QX“" OW — 0Xout in
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Linear Module

Lush implementation:

(defcl ass |inear-nodul e object w)

(def met hod | i near-nodul e |inear-nodul e (ni nputs nout puts)
(setq w (matri x noutputs ninputs)))

(defmet hod | i near-nodule fprop (input output)
(==> output resize (idx-dim:w x 0))
(1dx-n2dotnl :w. X :input:x :output:x) ())

(def met hod | i near-nodul e bprop (input output)
(1 dx-n2dotnL (transpose :w. X) :output:dx :input:dx)
(idx-nmlextnl :output:dx :input:x :w dx) ())
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Sigmoid M odule (tanh: hyperbolic tangent)

fprop: (Xout); = tanh((Xi,); + B;)

Yook Wikt |
1 A bprop to input:
;( | ‘I Wl NJE. (58XEin )7’ — (8)8(121,; )Z tanh/((Xin)i + Bz)
x”:i:“b), vt bprop to bias:
! % ggz- = (agcijut ); tanh’((Xin); + B;)
XI‘I\ M/axl'h 5 l_exp(_x)
tanh(ZIj) = m — 1 = ]_—{—exp(—x)

(defcl ass tanh-nodul e obj ect bias)

(def met hod tanh- nodul e t anh- nodul e |
(setq bias (apply matrix [)))

(def met hod tanh-nodul e fprop (input output)
(==> output resize (idx-dim:bias:x 0))
(i dx-add :input:x :bias:x :output:x)
(idx-tanh :output:x :output:x))

(def met hod tanh-nodul e bprop (i nput out put)
(i dx-dtanh (idx-add :input:x :bias:x) :input:dx)
(1 dx-mul :input:dx :output:dx :input:dx)
(i dx-copy :input:dx :bias:dx) ())
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Euclidean M odule

— 3" ) fprop: Xout = 3| Xin — V|2

bprop toX input: 22 = X, — Y

bprop toY input: 9£ =Y — Xj,

X Y )L
i 9)!

(defcl ass eucl i dean-nodul e obj ect)

(def nmet hod eucl i dean-nodule run (inputl input2 output)
(i dx-copy :inputl:x :input2:Xx)

(:output:x 0) ())

(def met hod eucl i dean-nodul e fprop (inputl input2 output)
(1dx-sgrdist :inputl:x :input?2:x :output:Xx)
(:output:x (* 0.5 (:output:x))) ())

(def met hod eucl i dean- nodul e bprop (i nputl i nput?2 output)
(idx-sub :inputl:x :input2:x :inputl:dx)

(1 dx-dotnD :inputl:dx :output:dx :inputl:dx)
(i dx-mnus :inputl:dx :input2:dx))
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Assembling the Network: A single layer

;; One layer of a neural net

(defcl ass nn-1ayer object
| inear ; |inear nodule
sum ; weighted suns
signoid ; tanh-nodul e
)

(def met hod nn-1ayer nn-layer (ninputs noutputs)
(setq linear (new |inear-nodul e ninputs noutputs))
(setq sum (new state noutputs))

(setq signpoid (new tanh-nodul e noutputs)) ())

(def met hod nn-1layer fprop (input output)

(==> linear fprop input sum
(==> signoid fprop sumoutput) ())

(def met hod nn-1ayer bprop (input output)

(==> signoid bprop sum out put)
(==> linear bprop input sum ())
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Assembling a 2-layer Net

Eueivear Ix; ’I" ‘] Class implementation for a 2 layer, feed
W
od2 7 - forward neural net.
dal . def cl ass nn- 2| ayer obj ect
Sremoin X, ,:F (
Mf@ | ayerl ; first layer nodule
P hi dden ; hidden state
LINEAR X 2 X, , | ayer2 ; second | ayer
- ‘ )
E““fﬁ M*F(K.-,mﬂ (def met hod nn- 2l ayer nn-2layer (ninputs nhi
- t - (setq layerl (new nn-layer ninputs nhidde
llllvm- Koup 2 W X 7 (setqg hidden (new state nhidden))
' T N (setq layer2 (new nn-layer nhi dden nout pu
— e _ )
) ¥
fapat odpt ¥

Y. LeCun: Machine Learnina and Pattern Recoanition — bD.



Assembling the Network: fprop and bprop

Implementation of a 2 layer, feed forward neural net.
(def met hod nn- 2l ayer fprop (input output)

(==> layerl fprop i nput hidden)

(==> layer2 fprop hidden output) ())

(def met hod nn- 2l ayer bprop (input output)

(==> layer2 bprop hi dden out put)
(==> layer1 bprop input hidden) ())
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Assembling the Network: training

]
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od|
figme

Su

S emye

out2 ﬁ
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r - t

"lﬂ(l !HHGH- K»HUP‘;.-. 7

ot o

X

bibeadd [, v ‘]
-

A training cycle:

pick a samplé X, Y"*) from the training
set.

call fprop with (X*, Y*) and record the
error

call bprop with(X?, V)

update all the weights using the gradients
obtained above.

with the implementation above, we would
have to go through each and every module
to update all the weights. In the future, we
will see how to “pool” all the weights and
other free parameters in a single vector so
they can all be updated at once.
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