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Geometrical intuition 
behind the dual problem

Based on:

KP Bennett, EJ Bredensteiner, “Duality and 
Geometry in SVM Classifiers”, Proceedings of 
the International Conference on Machine 
Learning, 2000
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input

Going from the Primal to the Dual
Constrained Optimization Problem min

w

1
2
∥w∥2

s.t.:
y i w . x ib  1, i=1, , m

A convex optimization problem (objective and constraints)

Unique solution if datapoints are linearly separable

label
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Going from the Primal to the Dual
Constrained Optimization Problem

Lagrange: L w , b , = 1
2
∥w∥2−∑

i=1

m

i [ y i w . x ib−1]
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Going from the Primal to the Dual
Constrained Optimization Problem

Lagrange:

KKT

conditions:

input

min
w

1
2
∥w∥2

s.t.:
y i w . x ib  1, i=1, , m

label

∇w L w , b , = w−∑i=1

m
i y i x i = 0

∇ b L w , b ,=−∑i=1

m
i y i = 0

L w , b , = 1
2
∥w∥2−∑

i=1

m

i [ y i w . x ib−1]
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Going from the Primal to the Dual
Constrained Optimization Problem

Lagrange:

KKT

conditions:

Plus KKT:

input

min
w

1
2
∥w∥2

s.t.:
y i w . x ib  1, i=1, , m

label

∇w L w , b , = w−∑i=1

m
i y i x i = 0

∇ b L w , b ,=−∑i=1

m
i y i = 0

w = ∑i=1

m
i y i x i

∑i=1

m
i y i = 0

i [ y i w . x ib−1]=0, i=1,... , m

L w , b , = 1
2
∥w∥2−∑

i=1

m

i [ y i w . x ib−1]
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Going from the Primal to the Dual
Constrained Optimization Problem

Lagrange:

input

min
w

1
2
∥w∥2

s.t.:
y i w . x ib  1, i=1, , m

label

1
2
∥∑i=1

m
i y i x i∥

2
−∑i , j=1

m
i j yi y j  x i . x j 

−∑i=1

m
i y i b∑i=1

m
i

L w , b , =

−1
2 ∑i , j=1

m
i j y i y j  x i . x j ∑i=1

m
iL w , b , =

w = ∑i=1

m
i y i x i

∑i=1

m
i y i = 0

L w , b , = 1
2
∥w∥2−∑

i=1

m

i [ y i w . x ib−1]
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Going from the Primal to the Dual
Constrained Optimization Problem

Equivalent

Dual Problem:

input

min
w

1
2
∥w∥2

s.t.:
y i w . x ib  1, i=1, , m

label

max
 {−1

2
∑
i , j=1

m

i j y i y j  x i . x j  ∑
i=1

m

i}
s.t.:
i0, i=1,... ,m

∑
i=1

m

i y i=0
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Solution to the Dual Problem

Equivalent

Dual Problem:
max

 {−1
2
∑
i , j=1

m

i j y i y j  x i . x j  ∑
i=1

m

i}
s.t.:
i0, i=1,... ,m

∑
i=1

m

i y i=0

The Dual Problem below

admits the following

solution:

signh  x  = sign∑
i=1

m

i y i  x i . x b

b = y i−∑
j=1

m

 j y j  x j . x i  , i=1,... , m
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What are Support Vector Machines?

Linear classifiers

(Mostly) binary classifiers

Supervised training

Good generalization with

explicit bounds
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Main Ideas Behind
Support Vector Machines

Maximal margin

Dual space

Linear classifiers

in high-dimensional  space

using non-linear mapping

Kernel trick
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Quadratic Programming
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Using the Lagrangian
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Dual Space
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Strong Duality
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Dual Form



Illustration from Prof. Mohri's lecture notes 20

Non-linear separation of datasets

Non-linear separation is impossible in 

most problems
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Non-separable datasets

Solutions:
1) Nonlinear classifiers 2) Increase dimensionality of dataset

and add a non-linear mapping Ф
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Kernel Trick

“similarity measure” 
between 2 data samples
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Kernel Trick Illustrated
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Curse of Dimensionality Due to the 
Non-Linear Mapping
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Positive Semi-Definite (P.S.D.) 
Kernels (Mercer Condition)
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Advantages of SVM
Work very well...

Error bounds easy to obtain:

Generalization error small and predictable

Fool-proof method:

(Mostly) three kernels to choose from:

Gaussian

Linear and Polynomial

Sigmoid

Very small number of parameters to optimize
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Limitations of SVM
Size limitation:

Size of kernel matrix is quadratic with the number of 
training vectors

Speed limitations:
1) During training:
very large quadratic programming problem solved 
numerically

Solutions:
Chunking
Sequential Minimal Optimization (SMO)
breaks QP problem into many small QP problems 
solved analytically
Hardware implementations

2) During testing:
number of support vectors

Solution: Online SVM


