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Properties of Programs with
Denotational Semantics

¢ “On induction principles for proving total correctness of programs with denotational semantics” —2/34 - © P. Cousot, NYU, CIMS, CS, Tuesday, October 8th



Denotational semantics of while iteration

= D domain of values of (vectors of) variables

= (D, =DU{L}, C, 1, U) flat domain with Scott flat ordering

%:0,y:0,.. . .

= Denotational semantics [W] of iteration W = while (B) S

= BeD — {it, ff} is the semantics of boolean expression B

S=[s] € D — D, that of statement S (may contain conditionals and inner
loops)

(tt ?asb)=aand (ff ?asb] =bis the conditional.

E,(f)x = (-B(x) 2 x ¢ f(S(x))) E-upper-continuous loop body transformer!

[w] = Ifp F,

Lie. while (B) S=4f (B) ; else S while (B) S
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Termination property

» feD— D (semantics of a program)

= T <D (termination domain)

» Pr2{feD—>D |VxeT. f(x)# L} (termination property?)
» f € P, (the program with semantics f terminates on T')

2A property is defined as the set of individuals with that property.
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Termination property

f €D — D, (semantics of a program)
= T <D (termination domain)
» Pr2{feD—>D |VxeT. f(x)+ 1} (termination property?)

» f € P, (the program with semantics f terminates on T')

= The main difficulty is for recursive definitions involving fixpoints

Ifp= A f= Ax=(-B(x) ? x3 f(S(x)))

= We need an inductive reasoning

» Example: Jones' size-change termination method [Heizmann, Jones, and Podelski,
2010; Lee, Jones, and Ben-Amram, 2001].

2A property is defined as the set of individuals with that property.
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Tarski fixpoint theorem
and Park fixpoint induction
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Tarski fixpoint theorem and Park fixpoint induction

Theorem 1 (Tarski fixpoint theorem [Tarski, 1955]) A monotonically increas-
ing function F € L—%> L on a complete lattice (L, C, L, T, M, L) has a least fixpoint
Ifp“F =[|{x € L | F(x) C x}. ]

Theorem 2 (Park fixpoint induction) Let F € £ —> L be a monotonically in-
creasing function on a complete lattice (£, C, 1, T, M, U) and P € L. We have

fp"FCP & 3leL. FOEI (2.2)
Icp (2.b) o
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For completeness, the strongest invariant may be needed!
y @,

P

¢ ) Ifp°F

1

F

= but this situation is not general (Floyd/Hoare)

= and in this case, look below the fixpoint!
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Can be used for proving partial correctness? termination?

= Complement with a top to get a complete lattice3

T
.

x10,y:0,.

The semantics is the same as in the flat cpo (T is just never used!)
= partial correctness: e.g. the factorial F(f) 2 An=(n=0%1snx f(n—-1))is
partially correct is Ifp" FEAn=(x>0%nls L)
— can be proved by Park induction
= termination: An+(x>07%n!s L) CIfp°F
— cannot be proved by Park induction or its dual (which is for P C gfp" F)

— generalization is needed!

3as done in the original work of Dana Scott.
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Tarski/Kleene /Scott iterative fixpoint
theorem and Scott iteration induction
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Fixpoint iteration and iteration induction

Theorem 3 (Tarski/Kleene/Scott iterative fixpoint theorem [Scott, 1970])
If F e L+ £ is an upper continuous function on a cpo (£, C, 1, LI) then F has a
least fixpoint Ifp* F = | | F*(L). O

neN

Theorem 4 (Scott iterative fixpoint induction) If 2 € (D) is an admissible
predicate, L € P, and Vd € P . F(d) € P then Ifp~F € P.

]

The predicate P is said to be admissible [Manna, Ness, and Vuillemin, 1973] or
inclusive [Schmidt, 1988, p. 118] if and only if for all increasing enumerable chains of
the cpo if the predicate holds all elements of the chain, it also holds for its limit:
F,cFC..CFRC..ifVieN.Fe®Pthen| |Fe®.

ieN
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Scott induction is incomplete
= Cannot prove termination
Ifp= A f+» Ax+(-B(x) ? x3 f(S(x))) € Py

on a termination domain T # &
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Generalized iteration induction

Theorem 5 (lteration induction) Let F € £ > L be an upper-continuous func-
tion on a cpo (L, C, 1, L) and P € p(L).

Ifp"Fe? & JQep(L). LeQ (5.a)
VxeQ.F(x)eQ (5.b)
for any F-maximal C-increasing chain  (5.c)
(xieQ,ielN).leiGLP O

ieN

= Sound and complete

= Note that, contrary to Scott,  may be different from Q (e.g. for termination)
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F-maximal C-increasing chain (x;, i € N)

= The sequence is infinite denumerable (hence non-empty),

= optionally, iterating F (i.e. Vi € N . x;,; = F(x;)), and

= either strictly increasing (i.e. Vi, j € N. (i < j) = (x; & x;))

= or first strictly increasing and then stationary (i.e.
FkeN.Vi,jeN.(i<j<k)= (x; & x)A(k<i) = (x = xy)).

The intuition is that only such sequences may correspond to iterates of F.
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Example: Hoare logic

= The iteration W = while (B) S has denotational semantics [w] = Ifp© F,, where
F,(f)x =(-B(x) ? x ¢ f(S(x)))

= Given P,Q € p(D), {P} w{Qf denotes Vx € P . ([W]x # L) = ([W]x € Q)
» This is [w] € P with property Ppo ={f | Vx € P.(f(x) # 1) = (f(x) € Q)}

= Applying the iteration induction theorem Theorem 5 with
Q2{feD—-D |Vxel. f(x)# L= f(x) eI}, we get Hoare rule

{InB} s {I}
{I} w {In-B}
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Variant functions
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Variant functions

» Variant functions are typically used for termination proofs [Floyd, 1967; Turing,
1949]

= Even for recursive functions (Jones size-change termination method [Heizmann,
Jones, and Podelski, 2010; Lee, Jones, and Ben-Amram, 2001])
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What may cause a recursive function not to terminate?

The function body does not terminate (although all recursive calls do terminate)

F(f)x=14f (x=0) 1 else while (tt) ;f(0)

The recursive calls do not terminate (although the loop body always terminate)

F(f)x=+4f (x=0) f(0) else f(x)

| want to distinguish these two cases;

| need to define who calls what:

f(x) calls f(y) (x and y are given parameter values)
iff

assuming all other recursive calls to f do terminate then f(x) terminates iff
f(y) does terminate
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Parameter dependency

» x> y: acall of f=Ifp°F for actual parameter x will recursively call f for y

» Formally (L # v e D)

>

let f =Ifp“Fand f'(z) = (f(z) =L 2 ve f(z)) in (7)
F(f'ly < 1D)x=LAF(f)x+ L

F
Xy

= Example

f(n)=F(fin2(nel0,1]120s f(n—1)+ f(n-2))

-4 -2 -1 0 1 3
o ;_3 el N ;—ZE ° ;4\...
= Usually —= is over-approximated syntactically (e.g. in Jones’ size-change
termination method)
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Hypothesis

= In recursive definitions f(x) = (Ifp® F)x, we assume that the function body F(f)
terminates if all recursive calls to f do terminate®

VfeD—->D .VxeD. (F(flx=1)=>@yeD.x+—> yA f(y)=1) (8)

= Counter-example:
F(f)x =14f (x=0) 1 elsewhile (tt) ;f(0)

= Then, the only non-termination cause is recursion (not the function body)

Lemma 9 Let f = Ifp" F where F satisfies (8) f(x) = L if and only if 3y e D.
x> yAf(y)=1. 0O

4The hypothesis states that this requires a separate proof that we do not consider here.
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Proving termination by a variant/convergence function

Theorem 10 (variant/convergence function proof principle for termination)
Let F € (D — D) * (D — D,) be an upper-continuous function on the cpo
(D — D, L, 1, L) satisfying the function body termination hypothesis (8), T €
@D), and Pr2{feD—->D |VxeT. f(x)# L}. Then
Ifp*Fe?P;, & AD e (D). T <D (10.a)
< e p(Dx D). (D, €) is well-founded (10.b)
VxeD.VyeD.(x+—> y)=(yeDAx>y) (10.c) o

D is the termination domain necessary for the proof (may be larger than T for which
termination is desired)
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Example

= Program

fn)=F(finz(nel0,1]20s f(n-1)+ f(n—-2))
Parameter dependency ——
) ; L

Termination domain D = N

Well-founded relation €

-2 -1 0 1 4
N °
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Equivalence of the termination proof
by generalized iteration induction
and by variant function induction
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Equivalence of the termination proof by generalized iteration induction
and by variant function induction

Theorem 11 Let F € L “5 L where L = D — D, which satisfies the function
body termination hypothesis (8).

There exists a termination proof by the generalized iteration induction of The-
orem 5 for F if and only if there exists one by the variant function induction of
Theorem 10. |

The proof shows how to construct a proof by one method knowing a proof by the
other method.
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Extension to total correctness
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Total correctness

Theorem 13 (The total correctness proof principle) Let F € D 5 D satisfy-
ing the function body termination hypothesis (8) be an upper-continuous function
on the cpo (D, C, L, U), P € p(D), Q € (D x D), and Pp = {f € D - D, |
Vx € P.{(x, f(x)) € Q}. Then

fp* FePpy & 3Dep®).3ep®DxD).

PcD (13.2)
N Ux, y)ellxePicQ (13.b)
A < e p(DxD). (D, <€) is well-founded (13.¢)
A Vx,yeD.(x e DAx+——> y) = (ye DAx > y) (13.d)
N et Ppr2{feD—-D |VxeD.(f(x)#L=(x f(x)) eD}in (13.e

VfePpr.F(f) € Pp; i
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Application to the iteration
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Manna & Pnueli total correctness

= (P(x)) W (Q(x,x") denotes Ifp“F, € Pp, 2 {f € D - D, |Vx e P.{(x, f(x)) € Q}

= Applying, the total correctness proof principle Theorem 13, we get

consequence rule — P(x) = D(x), P(x)AI(x,y)= Q(x,y), (15.a/b)
termination < e p(DxD). (D, <€) is well-founded, (15.¢)
(D(x)) s (D(x")Ax>x"), (15.d)

(D(x) AB(x)) S (I(x,x") AVx" . I(x",x") = I(x,x")), (15.e)

Vx . D(x) A =B(x) = I(x,x) (15.¢")

(P(x)) W (Q(x,x") A=B(x"))®

(a variant of Manna & Pnueli rule incorporating Hoare's consequence rule)

5if (IfpE Fy)x # L then ~B(Ifp F,)
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Conclusion
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Conclusion

= Fixpoint induction considers properties above the least fixpoint
= |teration/variant induction consider properties below the least fixpoint

= These are different and complementary points of view
= Classical fixpoint/iteration/variant induction principles have limitations
= Roughly stated, the generalized iteration and variant induction principles are sound,

complete and equivalent for proving total correctness of programs with denotational
semantics

= They are the basis for the soundness/completeness of program logics

= Surprisingly, this was not well-understood for decades
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From p.ohearn at ucl.ac.uk Fri Jun 14 11:23:24 2019

From: p.ohearn at ucl.ac.uk (O'Hearn, Peter)

Date: Fri, 14 Jun 2019 15:23:24 +0000

Subject: [TYPES] Variants and [Park or Scott] fixpoint Induction
Message-ID: <83B29CB1-1BE9-4034-AFDC-465BA8424607@ucl.ac.uk>

Two methods of reasoning about loops are provided by variants and by (Park or Scott) fixpoint induction. Is there a known relation or
non-relation between them? My intuition is that fixpoint induction is not suitable for termination or liveness properties, but I am unsure
whether this intuition is correct.

The Hoare rule for total correctness of while loops using variants is well explained in the wikipedia article:
https://en.wikipedia.org/wiki/Hoare_logic#While_rule_for_total_correctness
There, you make sure a quantity in a well-founded set decreases on each loop iteration.

Here is Park <induction:
1fp(F) <= s iff Exists I. FI <= I & I <= S

If you think of S as ?spec? and I as ?invariant?, then this can form the basis for reasoning about safety properties (as explained by Cousot
here)
http://web.mit.edu/16.399/www/lecture_11-b-fixpointsl/Cousot_MIT_2005_Course_11b_4-1.pdf

I am a bit worried that my intuition "fixpoint induction is not good for termination? might have some holes in it. In particular,
Park induction is used in a known complete proof theory for modal mu-calculus
https://eprints.illc.uva.nl/569/1/PP-2016-33.text.pdf

and that logic is notable for being able to express liveness properties.

I asked a few experts who did not know a way to answer my question above, which is why I am posting it more widely here. In particular, if there
is an explanation of how/why fixpoint induction could be good for reasoning about (say) liveness or termination properties of while loops,
I?f be glad to hear about it.

Thanks!

Peter O'Hearn
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The End, Thank you
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