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Properties of Programs with
Denotational Semantics

“On induction principles for proving total correctness of programs with denotational semantics” – 2/34 – © P. Cousot, NYU, CIMS, CS, Tuesday, October 8th



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Denotational semantics of while iteration
• D domain of values of (vectors of) variables
• ⟨D⊥ = D ∪ {⊥}, ⊑, ⊥, ⊔⟩ flat domain with Scott flat ordering

……

……
x:0,y:0,… … ………

⊥

• Denotational semantics JWK of iteration W = while (B) S
• 𝐵 ∈ D→ {tt, ff} is the semantics of boolean expression B
• 𝑆 = JSK ∈ D→ D⊥ that of statement S (may contain conditionals and inner

loops)
• ( tt ? 𝑎 : 𝑏 ) = 𝑎 and ( ff ? 𝑎 : 𝑏 ) = 𝑏 is the conditional.

• 𝐹W(𝑓)𝑥 = (¬𝐵(𝑥) ? 𝑥 : 𝑓(𝑆(𝑥)) ) ⊑̇-upper-continuous loop body transformer1

• JWK = lfp ⊑̇ 𝐹W

1 i.e. while (B) S ≡ if (B) ; else S while (B) S
“On induction principles for proving total correctness of programs with denotational semantics” – 3/34 – © P. Cousot, NYU, CIMS, CS, Tuesday, October 8th
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Termination property
• 𝑓 ∈ D→ D⊥ (semantics of a program)
• 𝑇 ⊆ D (termination domain)
• P𝑇 ≜ {𝑓 ∈ D→ D⊥ ∣ ∀𝑥 ∈ 𝑇 . 𝑓(𝑥) ≠ ⊥} (termination property2)
• 𝑓 ∈ P𝑇 (the program with semantics 𝑓 terminates on 𝑇)

• The main difficulty is for recursive definitions involving fixpoints

lfp ⊑̇ 𝞴𝑓 . 𝞴𝑥 . (¬𝐵(𝑥) ? 𝑥 : 𝑓(𝑆(𝑥)) )

• We need an inductive reasoning
• Example: Jones’ size-change termination method [Heizmann, Jones, and Podelski,

2010; Lee, Jones, and Ben-Amram, 2001].

2A property is defined as the set of individuals with that property.
“On induction principles for proving total correctness of programs with denotational semantics” – 4/34 – © P. Cousot, NYU, CIMS, CS, Tuesday, October 8th
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Tarski fixpoint theorem
and Park fixpoint induction
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Tarski fixpoint theorem and Park fixpoint induction

Theorem 1 (Tarski fixpoint theorem [Tarski, 1955]) A monotonically increas-
ing function 𝐹 ∈ 𝐿 ↗⟶𝐿 on a complete lattice ⟨𝐿, ⊑, ⊥, ⊤, ⊓, ⊔⟩ has a least fixpoint
lfp⊑ 𝐹 = ⨅{𝑥 ∈ 𝐿 ∣ 𝐹(𝑥) ⊑ 𝑥}. �

Theorem 2 (Park fixpoint induction) Let 𝐹 ∈ L ↗⟶ L be a monotonically in-
creasing function on a complete lattice ⟨L, ⊑, ⊥, ⊤, ⊓, ⊔⟩ and 𝑃 ∈ L. We have

lfp⊑ 𝐹 ⊑ 𝑃 ⇔ ∃𝐼 ∈ L . 𝐹(𝐼) ⊑ 𝐼 (2.a)∧ 𝐼 ⊑ 𝑃 (2.b) �

“On induction principles for proving total correctness of programs with denotational semantics” – 6/34 – © P. Cousot, NYU, CIMS, CS, Tuesday, October 8th
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For completeness, the strongest invariant may be needed!

AM/m+iBQM T`BM+BTH2b 7Q` /2MQi�iBQM�H iQi�H +Q``2+iM2bb j

h?2Q`2K k U6BtTQBMi BM/m+iBQM AV G2i ৮ ó L Ӏ݇ L #2 � KQMQiQMB+�HHv BM+`2�bBM; 7mM+iBQM
QM � +QKTH2i2 H�iiB+2 ܹL
 ֕
 Ď
 ֦
 ֗
 ֘ܺ �M/ ৸ ó LX q2 ?�p2

H7T֕ ৮ ֕ ৸ í ðৱ ó L � ৮	ৱ
 ֕ ৱ UkX�Vü ৱ ֕ ৸ UkX#V ֗֘ৱ Bb +�HH2/ �M BMp�`B�Mi Q7 ৮ r?2M H7T֕ ৮ ֕ ৱ �M/ �M BM/m+iBp2 BMp�`B�Mi r?2M b�iBb7vBM; ৮	ৱ
 ֕ ৱX
aQmM/M2bb UéV bi�i2b i?�i B7 � bi�i2K2Mi Bb T`Qp2/ #v i?2 T`QQ7 K2i?Q/ i?2M i?�i bi�i2K2Mi Bb

i`m2X *QKTH2i2M2bb UëV bi�i2b i?�i i?2 T`QQ7 K2i?Q/ Bb �Hr�vb �TTHB+�#H2 iQ T`Qp2 � i`m2 bi�i2K2MiX
S`QQ7 UQ7 h?X kVX "v h�`bFB }tTQBMi h?X R- H7T֕ ৮ � ਙ\ࡖ ó ৴ Է ৮	ਙ
 ֕ ਙ^X

aQmM/M2bb UéV, A7 ৱ ó L b�iBb}2b ਈ	ৱ
 ֕ ৱ i?2M ৱ ó \ਙ ó ৴ Է ਈ	ਙ
 ֕ ਙ^ bQ #v /2}MBiBQM Q7 i?2 ;H#ࡖ- H7T֕ ਈ � ਙ\ࡖ ó ৴ Է ਈ	ਙ
 ֕ ਙ^ ֕ ৱ ֕ ৸X
*QKTH2i2M2bb UëV, A7 H7T֕ ਈ ֕ ৸ i?2M i�F2 ৱ � H7T֕ ਈ i?2M ৱ � ਈ	ৱ
 bQ ਈ	ৱ
 ֕ ৱ #v `2~2tBpBiv �M/ৱ ֕ ৸ #v ?vTQi?2bBb- T`QpBM; ðৱ ó L � ৮	ৱ
 ֕ ৱ ü ৱ ֕ ৸X ֗֘
lbm�HHv- T`QQ7b �`2 /QM2 mbBM; HQ;B+b Q7 HBKBi2/ 2tT`2bbBp2 TQr2` bQ +QKTH2i2M2bb Bb `2H�iBp2

iQ i?2 2tBbi2M+2 Q7 � HQ;B+ 7Q`KmH� 2tT`2bbBM; i?2 bi`QM;2` BMp�`B�Mi ৱ � H7T֕ ਈ (9-8)X AM h?X k- r2
+QMbB/2` BMp�`B�Mib iQ #2 b2ib BM Q`/2` iQ K�F2 2tT`2bbBpBiv � b2T�`�i2 T`Q#H2KX

h?2 }tTQBMi BM/m+iBQM T`BM+BTH2 h?X k ?�b #22M mb2/ iQ DmbiB7v BMp�`B�M+2 T`QQ7 K2i?Q/b
7Q` bK�HH@bi2T QT2`�iBQM�H b2K�MiB+bfi`�MbBiBQM bvbi2Kb- BM+Hm/BM; i?2B` +QMi`�TQbBiBp2- #�+Fr�`/-
2i+X p�`B�Mib (e)X Ai +�M �HbQ #2 mb2/ rBi? � /2MQi�iBQM�H b2K�MiB+bX
1t�KTH2 j US�`iB�H +Q``2+iM2bb Q7 i?2 7�+iQ`B�HVX .2}M2 ৮�	ਈ
 թ ૝ ਏ X ( ਏ � � ? � : ਏ s ਈ	ਏ ÷ �
 )X G2i
mb T`Qp2 i?�i H7T֕ ৮� ֕ ਈ� թ ૝ ਏ X (ਙ ࣏ � ? ਏ� : Ď ) r?2`2 ਏ� Bb i?2 K�i?2K�iB+�H 7�+iQ`B�H 7mM+iBQMX
�TTHvBM; h?X k rBi? ৱ � ৸ � ਈ� bQ i?�i UkX#V ?QH/b- r2 ?�p2৮�	ਈ�
ਏ
4 ( ਏ � � ? � : ਏ s ਈ�	ਏ ÷ �
 ) !/27X ৮�"
4 ( ਏ � � ? ਈ�	ਏ
 : ਈ�	ਏ
 ) !/27X ਈ�"֕ ਈ�	ਏ
 !/27X +QM/BiBQM�H �M/ ֕ `2~2tBp2"
bQ ৮�	ਈ�
 Т֕ ਈ� #v TQBMirBb2 /27X Q7 Т֕- T`QpBM; UkX�VX P#pBQmbHv i?Bb Bb � T�`iB�H +Q``2+iM2bb T`QQ7 bBM+2
2X;X ૝ ਏ XĎ Т֕ ਈ�X "v /2}MBiBQM Q7 Т֕- r2 ?�p2 îਏ ó % � 	H7T֕ ৮�
ਏ ă Ď ë H7T֕ ৮�	ਏ
 � ਈ�	ਏ
 BX2X B7 � +�HH	H7T֕ ৮�
ਏ i2`KBM�i2b i?2M Bi `2im`Mb ਏ�X ֗֘
LQiB+2 i?�i B7 ৸ � H7T֕ ਈ- }tTQBMi BM/m+iBQM `2[mB`2b iQ T`Qp2 i?�i ਈ	H7T֕ ਈ
 ֕ H7T֕ ਈ �M/ H7T֕ ਈ ֕ ৸X
aQ iQ T`Qp2 H7T֕ ਈ ֕ ৸- r2 ?�p2 iQ T`Qp2 H7T֕ ਈ ֕ ৸5 AM i?�i +�b2 }tTQBMi BM/m+iBQM +�MMQi ?2HTX AM
;2M2`�H- r2 ?�p2 iQ T`Qp2 H7T֕ ৮ פ ৸ #mi M2p2`i?2H2bb i?2 QMHv BM/m+iBp2 BMp�`B�Mi KB;?i #2 H7T֕ ৮-
�b b?QrM #2HQr r?2`2 ৸ Bb MQi BM/m+iBp2X

�� 1SPWJOH UFSNJOBUJPO CZ HFOFSBMJ[FE JUFSBUJPO JOEVDUJPO
#Z DPNQMFUFOFTT
 UIF UFSNJOBUJPO PG H7T Т֕ ৮ PO B UFSNJOBUJPO EPNBJO ৬ ó Û	ං
 DBO BMXBZT
CF QSPWFE CZ HFOFSBMJ[FE JUFSBUJPO JOEVDUJPOćFPSFN ��
 JG H7T Т֕ ৮ ó P৬ EPFT IPME�
&YBNQMF �� 	5PUBM DPSSFDUOFTT **
 $POUJOVJOH &YBNQMF �
 50%0� 7PJS MF DIBQJUSF �� !

�� 1SPWJOH UFSNJOBUJPO CZ B WBSJBOU GVODUJPO
'PMMPXJOH 5VSJOH <��> BOE 'MPZE <�>
 NPTU UFSNJOBUJPO QSPPGT BSF EPOF VTJOH B WBSJBOU GVOD�
UJPO JO B XFMM�GPVOEFE TFU XIJDI TUSJDUMZ EFDSFBTFT BU FBDI SFDVSTJWF DBMM 	PS
 FRVJWBMFOUMZ B
XFMM�GPVOEFE SFMBUJPO
� ćJT JT F�H� UIF DBTF PG UIF iTJ[F DIBOHF QSJODJQMFw <�>� ćF WBSJBOU
GVODUJPO UFSNJOBUJPO QSPPG QSJODJQMF DBO CF GPSNVMBUFE BT GPMMPXT�

" SFMBUJPO ܹ৬
 ⩿ܺ TVDI UIBU ⩿ ó Û	৬ s ৬
 JT XFMM�GPVOEFE PS /PFUIFSJBO JG BOE POMZ JG
UIFSF JT OP JOĕOJUF TUSJDUMZ �EFTDFOEJOHח DIBJO PG FMFNFOUT PG৬�

ćF GBDU UIBU UIF FWBMVBUJPO PG ৮	ਈ
ਙ GPS ਙ ó ං NBLFT B SFDVSTJWF DBMM UP ਈ	ਚ
 XJUI
QBSBNFUFS ਚ ó ං
 XSJUUFO ਙ ৮	ਈ
ݍ ਚ
 JT VTVBMMZ EFĕOFE TZOUBDUJDBMMZ� *OTUFBE XF EFĕOF JU
TFNBOUJDBMMZ BT ਈ<ਚ ҽ ਆ>	ਚ
 թ ਚਈ<ਚ ҽ ਆ>	ਛ
 թ ਈ	ਛ
 XIFO ਛ ă ਚਙ ৮	ਈ
ਚݍ թ ðਆ óං � ৮	ਈ
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TZOUBDUJDBMMZ
 ਙ ৮	ਈ

ਙݍ�
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 -FU ৮ ó L ਖਅ÷÷÷Ҿ L CF BO
VQQFS�DPOUJOVPVT GVODUJPO PO B DQP ܹL
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 Ď
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৬ ó Û	ං
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 ă Ď^� ćFO
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 � ܹ৬
 ⩿ܺ JT XFMM�GPVOEFE ü 	B
ü îਊ ó <�
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ਚݍ ë 	ਙ ח ਚ
 	C
 !

*OUVJUJWFMZ H7T֕ ৮NVTU UFSNJOBUF TJODF
 CZ DPOUSBEJDUJPO
 BO JOĕOJUF DBMM TFRVFODF XPVME DSF�
BUF BO JOĕOJUF EFTDFOU BMPOH UIF DBMMFE QBSBNFUFST� $PNQMFUFOFTT GPMMPXT GSPN UIF GBDU UIBU ח
DBO CF DIPTFO BT ৮	ਈ

ݍ XIJDI JT BMXBZT XFMM�GPVOEFE GPS UFSNJOBUJOH QSPHSBNT�ćJT JT QSPWFE
GPSNBMMZ JO $PSPMMBSZ ���

�

�� 1SPWJOH UFSNJOBUJPO CZ HFOFSBMJ[FE JUFSBUJPO JOEVDUJPO
#Z DPNQMFUFOFTT
 UIF UFSNJOBUJPO PG H7T Т֕ ৮ PO B UFSNJOBUJPO EPNBJO ৬ ó Û	ං
 DBO BMXBZT
CF QSPWFE CZ HFOFSBMJ[FE JUFSBUJPO JOEVDUJPOćFPSFN ��
 JG H7T Т֕ ৮ ó P৬ EPFT IPME�
&YBNQMF �� 	5PUBM DPSSFDUOFTT **
 $POUJOVJOH &YBNQMF �
 50%0� 7PJS MF DIBQJUSF �� !

�� 1SPWJOH UFSNJOBUJPO CZ B WBSJBOU GVODUJPO
'PMMPXJOH 5VSJOH <��> BOE 'MPZE <�>
 NPTU UFSNJOBUJPO QSPPGT BSF EPOF VTJOH B WBSJBOU GVOD�
UJPO JO B XFMM�GPVOEFE TFU XIJDI TUSJDUMZ EFDSFBTFT BU FBDI SFDVSTJWF DBMM 	PS
 FRVJWBMFOUMZ B
XFMM�GPVOEFE SFMBUJPO
� ćJT JT F�H� UIF DBTF PG UIF iTJ[F DIBOHF QSJODJQMFw <�>� ćF WBSJBOU
GVODUJPO UFSNJOBUJPO QSPPG QSJODJQMF DBO CF GPSNVMBUFE BT GPMMPXT�

" SFMBUJPO ܹ৬
 ⩿ܺ TVDI UIBU ⩿ ó Û	৬ s ৬
 JT XFMM�GPVOEFE PS /PFUIFSJBO JG BOE POMZ JG
UIFSF JT OP JOĕOJUF TUSJDUMZ �EFTDFOEJOHח DIBJO PG FMFNFOUT PG৬�

ćF GBDU UIBU UIF FWBMVBUJPO PG ৮	ਈ
ਙ GPS ਙ ó ං NBLFT B SFDVSTJWF DBMM UP ਈ	ਚ
 XJUI
QBSBNFUFS ਚ ó ං
 XSJUUFO ਙ ৮	ਈ
ݍ ਚ
 JT VTVBMMZ EFĕOFE TZOUBDUJDBMMZ� *OTUFBE XF EFĕOF JU
TFNBOUJDBMMZ BT ਈ<ਚ ҽ ਆ>	ਚ
 թ ਚਈ<ਚ ҽ ਆ>	ਛ
 թ ਈ	ਛ
 XIFO ਛ ă ਚਙ ৮	ਈ
ਚݍ թ ðਆ óං � ৮	ਈ
ਙ ă ৮	ਈ<ਚ ҽ ਆ>
ਙ
ćF QSPPG QSJODJQMF SFNBJOT TPVOE XIFO UIJT TFNBOUJD EFQFOEFODZ SFMBUJPO JT PWFS�BQQSPY�
JNBUFE TZOUBDUJDBMMZ 	CVU NBZCF OPU DPNQMFUF
 BT TIPXO CZ ৮	ਈ
ਙ թ ( ii ? ਙ : ਈ	ਙ
 ) XIFSF

TZOUBDUJDBMMZ
 ਙ ৮	ਈ

ਙݍ� ৮
ćFPSFN �� 	ćF WBSJBOU GVODUJPO QSJODJQMF GPS UFSNJOBUJPO
 -FU ৮ ó L ਖਅ÷÷÷Ҿ L CF BO
VQQFS�DPOUJOVPVT GVODUJPO PO B DQP ܹL
 ֕
 Ď
 ֘ܺ
৬ ó Û	ං

 BOE P৬ թ \ਈ Է îਙ ó ৬ �ਈ	ਙ
 ă Ď^� ćFO

H7T֕ ৮ ó P৬ í ð ⩿ ó Û	৬ s ৬
 � ܹ৬
 ⩿ܺ JT XFMM�GPVOEFE ü 	B
ü îਊ ó <�
 ਏ> � îਙ ó ৬ � 	ਙ ৮	ਈ

ਚݍ ë 	ਙ ח ਚ
 	C
 !

*OUVJUJWFMZ H7T֕ ৮NVTU UFSNJOBUF TJODF
 CZ DPOUSBEJDUJPO
 BO JOĕOJUF DBMM TFRVFODF XPVME DSF�
BUF BO JOĕOJUF EFTDFOU BMPOH UIF DBMMFE QBSBNFUFST� $PNQMFUFOFTT GPMMPXT GSPN UIF GBDU UIBU ח
DBO CF DIPTFO BT ৮	ਈ

ݍ XIJDI JT BMXBZT XFMM�GPVOEFE GPS UFSNJOBUJOH QSPHSBNT�ćJT JT QSPWFE
GPSNBMMZ JO $PSPMMBSZ ���

�

ਈ	ਆ
 ֕ ਉ	ਆ
� 'JSTU�PSEFS GVODUJPOT ਈ BSF EFĕOFE SFDVSTJWFMZ BT MFBTU ĕYQPJOUT ਈ � H7T Т֕ ৮ PG
DPOUJOVPVT USBOTGPSNFST ৮ ó 	ං Ҿ ංĎ
 ਖਅ÷÷÷Ҿ 	ං Ҿ ංĎ
� ৮ JT DPOUJOVPVT JG BOE POMZ JČ
GPS FWFSZ EFOVNFSBCMF DIBJO ਈ� Т֕ ਈ� Т֕ ¼ Т֕ ਈਊ Т֕ ¼
 Тࡗਊó�৮	ਈਊ
 � ৮	 Тࡗਊó�ਈਊ
� ćJT HVBSBOUFFT

UIBU H7T Т֕ ৮ � Тࡗਊó�৮ਊ	૝ ਆ �Ď
 JT UIF MJNJU PG UIF JUFSBUFT ৮�	ਈ
 � ਈ BOE ৮ਊ��	ਈ
 � ৮	৮ਊ	ਈ

 PG৮�
&YBNQMF � 	XIJMF JUFSBUJPO
 ćF JUFSBUJPO৿ � 2#$' ρ�	 Ѵ3
ς Ѵ3 ҅ �	 Ѵ3
 Δ IBT EFOPUBUJPOBM
TFNBOUJDT !৿" � H7T Т֕ ৮!৿" XIFSF ৮!৿"	 Ѵਙ
 � ( !�"	 Ѵਙ
 ? ৮!৿"	!�"	 Ѵਙ

 : Ѵਙ ) XIFSF !�"
JT UIF TFNBOUJDT PG CPPMFBO FYQSFTTJPO �
 !�" UIBU PG FYQSFTTJPO � 	XIJDI NBZ DPOUBJO DPO�
EJUJPOBMT BOE JOOFS MPPQ

 BOE ( ii ? ਃ : ਄ ) � ਃ BOE ( 77 ? ਃ : ਄ ) � ਄ JT UIF DPOEJUJPOBM�
!

� ЅF UFSNJOBUJPO QSPCMFN
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• but this situation is not general (Floyd/Hoare)
• and in this case, look below the fixpoint!
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Can be used for proving partial correctness? termination?
• Complement with a top to get a complete lattice3

……

……
x:0,y:0,… … ………

⊥

……

⊥

The semantics is the same as in the flat cpo (⊤ is just never used!)
• partial correctness: e.g. the factorial 𝐹!(𝑓) ≜ 𝞴 𝑛 . ( 𝑛 = 0 ? 1 : 𝑛 × 𝑓(𝑛 − 1) ) is

partially correct is lfp ⊑̇ 𝐹! ⊑̇ 𝞴 𝑛 . (𝑥 ⩾ 0 ? 𝑛! : ⊥ )
→ can be proved by Park induction

• termination: 𝞴 𝑛 . (𝑥 ⩾ 0 ? 𝑛! : ⊥ ) ⊑̇ lfp ⊑̇ 𝐹!
→ cannot be proved by Park induction or its dual (which is for 𝑃 ⊑ gfp⊑ 𝐹)
→ generalization is needed!

3as done in the original work of Dana Scott.
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Tarski/Kleene/Scott iterative fixpoint
theorem and Scott iteration induction
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Fixpoint iteration and iteration induction

Theorem 3 (Tarski/Kleene/Scott iterative fixpoint theorem [Scott, 1970])
If 𝐹 ∈ L 𝑢𝑐−−−→ L is an upper continuous function on a cpo ⟨L, ⊑, ⊥, ⊔⟩ then 𝐹 has a
least fixpoint lfp⊑ 𝐹 = ⨆

𝑛∈N
𝐹𝑛(⊥). �

Theorem 4 (Scott iterative fixpoint induction) If P ∈ ℘(D) is an admissible
predicate, ⊥ ∈ P, and ∀𝑑 ∈ P . 𝐹(𝑑) ∈ P then lfp⊑ 𝐹 ∈ P. �

The predicate P is said to be admissible [Manna, Ness, and Vuillemin, 1973] or
inclusive [Schmidt, 1988, p. 118] if and only if for all increasing enumerable chains of
the cpo if the predicate holds all elements of the chain, it also holds for its limit:
𝐹0 ⊑ 𝐹1 ⊑ … ⊑ 𝐹𝑖 ⊑ …, if ∀𝑖 ∈ N . 𝐹𝑖 ∈ P then ⨆

𝑖∈N
𝐹𝑖 ∈ P.
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Scott induction is incomplete
• Cannot prove termination

lfp ⊑̇ 𝞴𝑓 . 𝞴𝑥 . (¬𝐵(𝑥) ? 𝑥 : 𝑓(𝑆(𝑥)) ) ∈ P𝑇
on a termination domain 𝑇 ≠ ∅

• ⊥̇ ∈ PT!
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Generalized iteration induction

Theorem 5 (Iteration induction) Let 𝐹 ∈ L 𝑢𝑐−−−→ L be an upper-continuous func-
tion on a cpo ⟨L, ⊑, ⊥, ⊔⟩ and P ∈ ℘(L).

lfp⊑ 𝐹 ∈ P ⇔ ∃Q ∈ ℘(L) . ⊥ ∈ Q (5.a)∧ ∀𝑥 ∈ Q . 𝐹(𝑥) ∈ Q (5.b)∧ for any 𝐹-maximal ⊑-increasing chain (5.c)
⟨𝑥𝑖 ∈ Q, 𝑖 ∈ N⟩ . ⨆

𝑖∈N
𝑥𝑖 ∈ P �

• Sound and complete
• Note that, contrary to Scott, P may be different from Q (e.g. for termination)
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𝐹-maximal ⊑-increasing chain ⟨𝑥𝑖, 𝑖 ∈ N⟩
• The sequence is infinite denumerable (hence non-empty),
• optionally, iterating 𝐹 (i.e. ∀𝑖 ∈ N . 𝑥𝑖+1 = 𝐹(𝑥𝑖)), and
• either strictly increasing (i.e. ∀𝑖, 𝑗 ∈ N . (𝑖 < 𝑗) ⇒ (𝑥𝑖 ⋤ 𝑥𝑗))
• or first strictly increasing and then stationary (i.e.
∃𝑘 ∈ N . ∀𝑖, 𝑗 ∈ N . (𝑖 < 𝑗 ⩽ 𝑘) ⇒ (𝑥𝑖 ⋤ 𝑥𝑗) ∧ (𝑘 ⩽ 𝑖) ⇒ (𝑥𝑘 = 𝑥𝑖)).

The intuition is that only such sequences may correspond to iterates of 𝐹.
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Example: Hoare logic
• The iteration W = while (B) S has denotational semantics JWK = lfp ⊑̇ 𝐹W where
𝐹W(𝑓)𝑥 = (¬𝐵(𝑥) ? 𝑥 : 𝑓(𝑆(𝑥)) )

• Given 𝑃,𝑄 ∈ ℘(D), ⦃𝑃⦄ W ⦃𝑄⦄ denotes ∀𝑥 ∈ 𝑃 . (JWK𝑥 ≠ ⊥) ⇒ (JWK𝑥 ∈ 𝑄)
• This is JWK ∈ P with property P𝑃,𝑄 = {𝑓 ∣ ∀𝑥 ∈ 𝑃 . (𝑓(𝑥) ≠ ⊥) ⇒ (𝑓(𝑥) ∈ 𝑄)}

• Applying the iteration induction theorem Theorem 5 with
Q ≜ {𝑓 ∈ D→ D⊥ ∣ ∀𝑥 ∈ 𝐼 . 𝑓(𝑥) ≠ ⊥ ⇒ 𝑓(𝑥) ∈ 𝐼}, we get Hoare rule

⦃𝐼 ∩ 𝐵⦄ S ⦃𝐼⦄
⦃𝐼⦄ W ⦃𝐼 ∩ ¬𝐵⦄

(6)
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Variant functions
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Variant functions
• Variant functions are typically used for termination proofs [Floyd, 1967; Turing,

1949]
• Even for recursive functions (Jones size-change termination method [Heizmann,

Jones, and Podelski, 2010; Lee, Jones, and Ben-Amram, 2001])
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What may cause a recursive function not to terminate?
• The function body does not terminate (although all recursive calls do terminate)

𝐹(𝑓)𝑥 = if (𝑥 = 0) 1 else while (tt) ;𝑓(0)

• The recursive calls do not terminate (although the loop body always terminate)

𝐹(𝑓)𝑥 = if (𝑥 = 0) 𝑓(0) else 𝑓(𝑥)

• I want to distinguish these two cases;
• I need to define who calls what:

𝑓(𝑥) calls 𝑓(𝑦) (𝑥 and 𝑦 are given parameter values)
iff
assuming all other recursive calls to 𝑓 do terminate then f(x) terminates iff
𝑓(𝑦) does terminate
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Parameter dependency
• 𝑥 𝐹⟼𝑦: a call of 𝑓 = lfp ⊑̇ 𝐹 for actual parameter 𝑥 will recursively call 𝑓 for 𝑦
• Formally (⊥ ≠ 𝑣 ∈ D)

𝑥 𝐹⟼𝑦 ≜ let𝑓 = lfp ⊑̇ 𝐹 and 𝑓′(𝑧) = (𝑓(𝑧) = ⊥ ? 𝑣 : 𝑓(𝑧) ) in (7)
𝐹(𝑓′[𝑦 ← ⊥])𝑥 = ⊥ ∧ 𝐹(𝑓′)𝑥 ≠ ⊥

• Example
𝑓(𝑛) = 𝐹(𝑓)𝑛 ≜ ( 𝑛 ∈ [0, 1] ? 0 : 𝑓(𝑛 − 1) + 𝑓(𝑛 − 2) )

!1

0 1

2

3
…

-4

-3

-2 -1

…
…
…

4

…

…

• Usually 𝐹⟼ is over-approximated syntactically (e.g. in Jones’ size-change
termination method)
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Hypothesis
• In recursive definitions 𝑓(𝑥) = (lfp ⊑̇ 𝐹)𝑥, we assume that the function body 𝐹(𝑓)

terminates if all recursive calls to 𝑓 do terminate4

∀𝑓 ∈ D→ D⊥ . ∀𝑥 ∈ D . (𝐹(𝑓)𝑥 = ⊥) ⇒ (∃𝑦 ∈ D . 𝑥
𝐹⟼𝑦∧ 𝑓(𝑦) = ⊥) (8)

• Counter-example:

𝐹(𝑓)𝑥 = if (𝑥 = 0) 1 else while (tt) ;𝑓(0)

• Then, the only non-termination cause is recursion (not the function body)

Lemma 9 Let 𝑓 = lfp⊑ 𝐹 where 𝐹 satisfies (8) 𝑓(𝑥) = ⊥ if and only if ∃𝑦 ∈ D .
𝑥 𝐹⟼𝑦∧ 𝑓(𝑦) = ⊥. �

4The hypothesis states that this requires a separate proof that we do not consider here.
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Proving termination by a variant/convergence function

Theorem 10 (variant/convergence function proof principle for termination)
Let 𝐹 ∈ (D → D⊥) 𝑢𝑐−−−→ (D → D⊥) be an upper-continuous function on the cpo
⟨D → D⊥, ⊑̇, ⊥̇, ⊔̇⟩ satisfying the function body termination hypothesis (8), 𝑇 ∈
℘(D), and P𝑇 ≜ {𝑓 ∈ D→ D⊥ ∣ ∀𝑥 ∈ 𝑇 . 𝑓(𝑥) ≠ ⊥}. Then

lfp⊑ 𝐹 ∈ P𝑇 ⇔ ∃𝐷 ∈ ℘(D) . 𝑇 ⊆ 𝐷 (10.a)
∧ ∃ ⩿ ∈ ℘(𝐷 × 𝐷) . ⟨𝐷, ⩿⟩ is well-founded (10.b)
∧ ∀𝑥 ∈ 𝐷 . ∀𝑦 ∈ D . (𝑥 𝐹⟼𝑦) ⇒ (𝑦 ∈ 𝐷 ∧ 𝑥 ⋗ 𝑦) (10.c) �

𝐷 is the termination domain necessary for the proof (may be larger than 𝑇 for which
termination is desired)
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Example
• Program

𝑓(𝑛) = 𝐹(𝑓)𝑛 ≜ ( 𝑛 ∈ [0, 1] ? 0 : 𝑓(𝑛 − 1) + 𝑓(𝑛 − 2) )

• Parameter dependency 𝐹⟼

!1

0 1

2

3
…

-4

-3

-2 -1

…
…
…

4

…

…

• Termination domain 𝐷 = N

• Well-founded relation ⩿

!1

0 1

2

3 4
……

-1-2
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Equivalence of the termination proof
by generalized iteration induction
and by variant function induction
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Equivalence of the termination proof by generalized iteration induction
and by variant function induction

Theorem 11 Let 𝐹 ∈ L 𝑢𝑐−−−→ L where L = D → D⊥ which satisfies the function
body termination hypothesis (8).

There exists a termination proof by the generalized iteration induction of The-
orem 5 for 𝐹 if and only if there exists one by the variant function induction of
Theorem 10. �

The proof shows how to construct a proof by one method knowing a proof by the
other method.
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Extension to total correctness
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Total correctness

Theorem 13 (The total correctness proof principle) Let 𝐹 ∈ D 𝑢𝑐−−−→ D⊥ satisfy-
ing the function body termination hypothesis (8) be an upper-continuous function
on the cpo ⟨D⊥, ⊑, ⊥, ⊔⟩, 𝑃 ∈ ℘(D), 𝑄 ∈ ℘(D × D), and P𝑃,𝑄 ≜ {𝑓 ∈ D → D⊥ ∣
∀𝑥 ∈ 𝑃 . ⟨𝑥, 𝑓(𝑥)⟩ ∈ 𝑄}. Then

lfp ⊑̇ 𝐹 ∈ P𝑃,𝑄 ⇔ ∃𝐷 ∈ ℘(D) . ∃𝐼 ∈ ℘(D ×D) .
𝑃 ⊆ 𝐷 (13.a)∧ {⟨𝑥, 𝑦⟩ ∈ 𝐼 ∣ 𝑥 ∈ 𝑃} ⊆ 𝑄 (13.b)
∧ ∃ ⩿ ∈ ℘(D ×D) . ⟨𝐷, ⩿⟩ is well-founded (13.c)
∧ ∀𝑥, 𝑦 ∈ D . (𝑥 ∈ 𝐷 ∧ 𝑥 𝐹⟼𝑦) ⇒ (𝑦 ∈ 𝐷 ∧ 𝑥 ⋗ 𝑦) (13.d)
∧ let P𝐷,𝐼 ≜ {𝑓 ∈ D→ D⊥ ∣ ∀𝑥 ∈ 𝐷 . (𝑓(𝑥) ≠ ⊥ ⇒ ⟨𝑥, 𝑓(𝑥)⟩ ∈ 𝐼)} in (13.e)
∀𝑓 ∈ P𝐷,𝐼 . 𝐹(𝑓) ∈ P𝐷,𝐼 �
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Application to the iteration
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Manna & Pnueli total correctness
• ⦇ 𝑃(𝑥) ⦈ W ⦇ 𝑄(𝑥, 𝑥′ ⦈ denotes lfp ⊑̇ 𝐹W ∈ P𝑃,𝑄 ≜ {𝑓 ∈ D→ D⊥ ∣ ∀𝑥 ∈ 𝑃 . ⟨𝑥, 𝑓(𝑥)⟩ ∈ 𝑄}
• Applying, the total correctness proof principle Theorem 13, we get

consequence rule → 𝑃(𝑥) ⇒ 𝐷(𝑥), 𝑃(𝑥) ∧ 𝐼(𝑥, 𝑦) ⇒ 𝑄(𝑥, 𝑦), (15.a/b)
termination ↘→ ∃ ⩿ ∈ ℘(D ×D) . ⟨𝐷, ⩿⟩ is well-founded, (15.c)

⦇𝐷(𝑥) ⦈ S ⦇𝐷(𝑥′) ∧ 𝑥 ⋗ 𝑥′ ⦈, (15.d)
⦇𝐷(𝑥) ∧ 𝐵(𝑥) ⦈ S ⦇ 𝐼(𝑥, 𝑥′) ∧ ∀𝑥″ . 𝐼(𝑥′, 𝑥″) ⇒ 𝐼(𝑥, 𝑥″) ⦈, (15.e)

∀𝑥 . 𝐷(𝑥) ∧ ¬𝐵(𝑥) ⇒ 𝐼(𝑥, 𝑥) (15.e′)

⦇ 𝑃(𝑥) ⦈ W ⦇ 𝑄(𝑥, 𝑥′) ∧ ¬𝐵(𝑥′) ⦈5

(a variant of Manna & Pnueli rule incorporating Hoare’s consequence rule)

5 if (lfp⊑ 𝐹W)𝑥 ≠ ⊥ then ¬𝐵(lfp⊑ 𝐹W)
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Conclusion
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Conclusion
• Fixpoint induction considers properties above the least fixpoint
• Iteration/variant induction consider properties below the least fixpoint
• These are different and complementary points of view

• Classical fixpoint/iteration/variant induction principles have limitations

• Roughly stated, the generalized iteration and variant induction principles are sound,
complete and equivalent for proving total correctness of programs with denotational
semantics

• They are the basis for the soundness/completeness of program logics

• Surprisingly, this was not well-understood for decades
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From p.ohearn at ucl.ac.uk Fri Jun 14 11:23:24 2019
From: p.ohearn at ucl.ac.uk (O'Hearn, Peter)
Date: Fri, 14 Jun 2019 15:23:24 +0000
Subject: [TYPES] Variants and [Park or Scott] fixpoint Induction
Message-ID: <83B29CB1-1BE9-4034-AFDC-465BA8424607@ucl.ac.uk>

Two methods of reasoning about loops are provided by variants and by (Park or Scott) fixpoint induction. Is there a known relation or
non-relation between them? My intuition is that fixpoint induction is not suitable for termination or liveness properties, but I am unsure
whether this intuition is correct.

The Hoare rule for total correctness of while loops using variants is well explained in the wikipedia article:
https://en.wikipedia.org/wiki/Hoare_logic#While_rule_for_total_correctness

There, you make sure a quantity in a well-founded set decreases on each loop iteration.

Here is Park induction:

lfp(F) <= S iff Exists I. FI <= I & I <= S

If you think of S as ?spec? and I as ?invariant?, then this can form the basis for reasoning about safety properties (as explained by Cousot
here)

http://web.mit.edu/16.399/www/lecture_11-b-fixpoints1/Cousot_MIT_2005_Course_11b_4-1.pdf

I am a bit worried that my intuition "fixpoint induction is not good for termination? might have some holes in it. In particular,
Park induction is used in a known complete proof theory for modal mu-calculus
https://eprints.illc.uva.nl/569/1/PP-2016-33.text.pdf
and that logic is notable for being able to express liveness properties.

I asked a few experts who did not know a way to answer my question above, which is why I am posting it more widely here. In particular, if there
is an explanation of how/why fixpoint induction could be good for reasoning about (say) liveness or termination properties of while loops,
I?f be glad to hear about it.

Thanks!

Peter O'Hearn
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The End, Thank you
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