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1 The Galois Connexion Approach to Abstract In-
terpretation

Following [2], [3] and [4], the abstract interpretation of a program can be
formalized as the effective computation of an approximation A of the least
fixed point [fp(F) of a monotone operator F € L == L on a complete poset
L(C, L,U) specifying the collecting semantics of the program. The upper
approximation must be correct in the sense that Ifp(F) T A.

The Galois connexion approach to abstract interpretation formalizes the
idea that the system of equations X = F(X) can be first simplified into
X = F(X), where F € L ¥ L, and then solved iteratively starting from
the infimum L. The connexion between the semantic domain L and its ab-

stract version L can be formalized by a Galois connexion (also called pair
X

LI _ _
of adjoined functions) L v L where x € L == L and y € L = L are
monotone functions such that:

vxeLyel: (xx)Cy) <= (xCEv(y))

If oFoy T F then Ifp(F) is a correct upper approximation of Ifp(F) in the
sense that Ifp(F) T y(Ifp(F)).
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2 The Widening/Narrowing Approach to Abstract
Interpretation

Another method [2], [3] consists in using a widening operator 7 € LxL+—— L
such that:
Vx,yelL:xCxyy

V,yel:yExvy

and for all increasing chains x° = x' C ..., the chain defined by y° =
x% ...yttt = yt v x| is not strictly inscreasing. It follows that the
approximate iteration sequence X° =1, ..., if F(X') C X' then X' = X!
else X1 = X1 VF(Xi), ...1s ultimately stationary and its limit A is a correct
upper approximation of Ifp(F).

This approximation can then be improved using a narrowing operator
A €L x L+ L such that:

Vx,yeL:xMyCxAyLCx

and for all decreasing chains x° J x' I ..., the chain defined by y° =
x0, ...yttt =yt A X .. is not strictly descreasing. It follows that the
approximate iteration sequence X = A .. if F(Yi) =X then X ' = X'
else X' =X A F(Xi), ...is ultimately stationary and its limit A as well as
each term X' of the decreasing sequence is a correct upper approximation of
Ifp(F).

In practice both methods are combined. First a Galois connexion is used
to obtain approximate equations X = F(X) on an infinite domain L not sat-
isfying the ascending chain condition. These fixpoint equations are then
solved iteratively using a widening and a narrowing to enforce convergence
or to accelerate it for finite but very large abstract domains.

3 Unappreciated conjectures about the two approaches

The widening/narrowing approach to abstract interpretation is not so well
understood as the Galois connexion approach, as exemplified by [1] where no
paper refers to the convergence acceleration method.

An often used argument for ‘proving’ the uselessness of the widening/nar-
rowing approach is that given an infinite abstract domain together with spe-
cific widening and narrowing operators, it is possible to find a finite lattice
which will give the same results. For example [6] claims that “One may
wonder whether or not it is necessary to choose a finite domain for abstract
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interpretation, since apparently more information can be obtained from an
interpretation over an infinite domain. The answer is that if uniform termi-
nation of the abstract interpretation is required, no more information can be
obtained by choosing an infinite domain”).

4 Comparing the two approaches

The purpose of this short paper is to analyze carefully the above statement
claiming that finite lattices can be used instead of widening/narrowing oper-
ators.

First we show that no finite abstract domain (or domain satisfying the
ascending chain condition) can be used instead of widening/narrowing oper-
ators on infinite domains, since :

1. For each program there exists such a finite lattice;
2. No such finite lattice will do for all programs;
3. For all programs, infinitely many abstract values are necessary;

4. For a particular program it is not possible to infer the set of needed
abstract values by a simple inspection of the text of the program (so
that the finite subset which is used for analyzing a given program cannot
be directly derived from its text).

Second we show that given an infinite abstract domain, it is always possi-
ble to find widening/narrowing operators giving results similar (in precision
and speed of convergence) to the ones that could be obtained by further
approximations of the domain based upon Galois connexions.

Third we show how Galois connexions can help in the design of widening
operators.

All these points are also illustrated by means of examples. Various widen-
ing operators are suggested for solving non-convergence problems left opened
in the literature (such as [5] who resorts to human interaction where a widen-
ing operator would do).
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