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Abstract. We define a hierarchy of compositional formal semantics of
algebraic polynomial systems over F-algebras by abstract interpretation.
This generalizes classical formal language theoretical results and context-
free grammar flow-analysis algorithms in the same uniform framework
of universal algebra and abstract interpretation.

1 Introduction

We consider algebraic polynomial systems generalizing language-theoretic context-

free grammars to F-algebras [Courcelle, 1996Mezei & Wright, 19617]. We provide

a compositional fixpoint derivation tree semantics and show that by abstract

interpretation |Cousot & Cousot, 1977Cousot & Cousot, 1979, we can derive a

hierarchy of formal fixpoint semantics generalizing results from the theory of

formal languages e.g. |Ginsburg & Rice, 1962Schiitzenberger, 1962] as well as

grammar analysis algorithms e.g. [Moncke & Wilhelm, 1991Jeuring & Swierstra, 1994Jeuring & Swierst:
We extend the results to infinite terms.

2 Algebraic Polynomial Systems

Let S be a set of sorts. An S-signature is a set F of function symbols equipped
with a mapping type € F —— S* x S. We write fS1X--X5n2S for type(f) =
(s1...5n,s)and f¢7° whenn = 0. An F-algebra [Meinke & Tucker, 1992Wirsing, 1990]
is a pair A = {As}ses, {falrer) where the domain A of sort s of A is a non-
empty set and for each f € F of type s1 X ... X s, — s, the operation f4 is a
total mapping A, x...x Ag, — As. Classical examples of F-algebras are the
monoids of words and traces, trees, graphs with sources, etc. [Courcelle, 1996].

Let X be an S-sorted set of free variables x (disjoint from function symbols).
We write x* for type(x) = s. Let M ¥ be the set of monomials of type s over
vartables X' with the following syntax:

MUYy s monomial of type s over variables {x*}UY;
MY — fO28(LOY) fe F, (c() is written c for constants c€7%);
LsXoY 5 M®Y 1L%Y  list of monomials of type so over variables Y;
LY 5 MY, unary list.
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Let D be an S-sorted set of derivation labels d° (disjoint from function symbols
and variables). Let 8 € X — p(D) such that Vx® € XS :Vd € §(x®) : d € D*
andVx,y € X : x #y = 5(x)N&(y) = () be an assignment of derivation labels
to variables. For each d* € D, we let A(d®) € M5 be a monomial of type s
over the variables X representing the derivation labeled d® € 5(x®) for variable
x%. An S-sorted polynomial system P is a tuple (F, X, D, 6, A) defining the
system of equations {x* = A(d®) |s € SAx® € X5 Ad® € d(x%)}.

Ezample 1 (Polynomual system). The polynomial system given by S = {s},
= {bX*7%, a7 X = {A,B}, D = {d1,dz2}, 8(A) = {d1,d2}, 8(B) = 0, A(dy)
= b(A,A) and A(d;) = a with equations {A =b(A,A), A = a} can be written
as: A =Db(A,A) [d1] + a[d2], B=Q. O

If F is an S-signature then F, is F enlarged for each sort s € S with a new sym-
bol + of type s X s — s and a new constant Qs of type € — s. The syntax of an
Fi-polynomaal system P over X and D |Courcelle, 1996Mezei & Wright, 1967]
of type o is given by the following context-free attribute grammar with axiom
§oXXP 5 e St (for short we often omit the derivation labels):

sx0,X,Y,D;UD s,x%,Y,D o, X\{x°},Y,D
S 1Dy E 1 §oX\{x*} 2,

polynomial system of type so (s ¢ o) with left-variables X C X,
right-variables Y C X’ and labels Dy UD, CD (D1 N Dy =0);

s s . .
gDy gt YD monoequational polynomial system;

Esx,Y.D — ps\Y.D

— x* , equation of type s;

ESON0 4 xs = Q, void equation;
psYAdTIUD _y MY [d5] 4, PSY'P polynomial of type s over variables Y and
derivation labels {d*} U D with d® ¢ D;

ps:Vidh _y psY [d®], labeled derivation.

The corresponding label assignments and derivations are given by:

S[ES] = 8[E] U S[S], AJES] = A[E] UA[S],
§[x = P] = {(x, 8[PI)}, Alx = P] = A[PI,
Sx = Q] = 0, Alx=0] =0,

d[M [d] + P] = {d}U3[P], A[M [d] +P] = {(d, M)} U A[P],
d[M [d]] = {d}, AM[]] = {(d, M)} .

Context-free grammars can be considered as algebraic polynomial systems in sev-
eral ways |Courcelle, 1996]. The meta-syntax of context-free grammars is given
by the following meta—grammax@:

G - PG | P, Grammar; R — VR | R, Right sides;
P - N ‘= A, Production; A— AY R | R | ‘', Alternative
V- N | T, Vocabulary; right sides.

! We omit attributes ensuring that all productions with the same left side nonterminal have
their right sides grouped, with the alternative right sides separated by |.
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In this meta-grammar the meta-terminals are {‘—=’, ¢’, ‘¢’} and the meta-nonter-
minals are {G, P, A, R, V, N, T'}. The meta-productions for nonterminals N €
N and terminals T' € 7 (not containing —, | and ¢) have been left unspecified.
The meta-vocabulary V is T UN. A grammar G is usually presented as a triple
(T, N, PIG]) or a quadruple (T, N, A, P[G]), where the axiom A € N is a
distinguished nonterminal, and the productions are:

PIPG] £ P[PIUPIG], PIN — Al £ {N —r|r € A[A]},
A[A | R] = A[ATJUAIR], AIR] £ {R[RI}, Alel £ {e},
RIVR] £ R[VIRIRI, RIT] £ T, RIN] £ N .

Ezample 2 (Sentence generating grammars). If grammars are understood as
defining a set of sentences then there is only one sort string. The nullary function
symbols are ¢ (empty string) and the terminals 7' € 7. The only binary func-
tion symbol is the concatenation « of strings also denoted by juxtaposition. F
includes +, also denoted | for alternative/language union and Q which denotes
the empty language. The nonterminals N € A are the variables. For example,
if N £ {x,y,z} and 7 £ {a,b} then the grammar x — yx | y, x — yx | y cor-
responds tox =y «x [1] + y [2], y = a [3] + b [4], z = Q. The translation is
given by:

PIPG]IP'VYP2 2 pIpPIP! P[GIP? PIN — A4]° &£ N =A[A4]P
ALA | I 2 ATAIP + ATR]® A[R]* 2 RIR] [d]
Ale]l® 2 ¢ [d] RIVR] £ V .R[R] . 0

Ezample 8 (Parse tree generating grammars). We can also interpret gram-
mars as generating parse trees, for example x — yx |y, x — yx | y corresponds
to X = x2(7,%) +x1(9), g = yl(a) +yl(b), Z = Q. The translation is then:

PIPG] = P[P] P[G], PIN — A] = N =A[N, A,
A[N,A|R] £ A[N,A]+A[N,R], A[N,R] £ N¢[R](R[R]),
A[N,e] = N1(e), RIVR] = R[V],RIRI,
RIT] £ T, RIN] £ N,
L[VR] £ ([V]+L[R], gv] = 1. 0

3 Small Step Operational Semantics: States and Transitions

The transition/small-step operational semantics associates a discrete transition
system to each algebraic polynomial system that is a pair (X, T) where X is a
(non-empty) set of states, Tt C L x X is the binary transition relation between
a state and its possible successors. We write s T s’ or t(s,s’) for (s, s’) €
using the isomorphism (X X L) ~ (£ x £) — B where B = {tt, ff} is the set
of booleans. ¥ = {s € £ | Vs’ € £ : —=(s T s')} is the set of final/blocking
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states. We formally define several transition systems (X[P], t[P]) associated
with polynomial system P which generalize the term rewriting system and the
derivation trees of [Courcelle, 1996].

Ezample 4 (Protosentence transition system). In order to generalize the pro-
tosentence derivation relation for context-free grammars, the set T [P] of states
for the polynomial system P defined by A = b(A, A) + a is the language gen-
erated by the grammar A’ — A'A’ | a | A with terminals {a, A} and non-
terminals {A'}. More generally states can be chosen as protosentences that is
sentences containing constants c€~* € F and variables x € X. The set 2°[P]
of states of the S-sorted polynomial system P = (F, X, D, §, A) is the lan-
guage generated by the grammar G = (V, {x' | x € X}, P) where vocabulary is
VY £{f| ¢S € F}UX and the productions are P ={x' — x|x € X}JU{x' —
@'(A(d) | x € X Ad € 5(x) AA(d) # Q) with @'(x) = x', @'(c€7%) = ¢,
@'(fo75(L)) £ ¢’(L) when o # e and @'(M,L) = @' (M)@’(L). The transition
relation is then:

TPl £ {(pxq, po(A(d))a) | x € X ATd € 5(x) : A(d) # O} (1)

with @(x) = x, @(c7%) 2 ¢, @(f°5(L)) = ¢(L) when o # € and @(M,L) =
©(M)@(L). This one-step derivation (s, s’) € T [P] is written as s = s'. O

Ezample 5 (Contexzt transition system). For top-down analysis, it is conve-
nient to consider the derivation sequence where all replacements are delimited
by brackets. The transition system is: (Zc IP1, < [P1) with:

MPI = Ve o} o V* o {I}. V* where V=X U{cS | ce F, (2)
[Pl £ {(plaxa'lp’, pale(A(d))la'p’) | x € X Ad € 5(x) AA(d) # Q}.

For the example polynomial system P defined by A = b(A,A)+c(A)+d(a,A)+
a, two possible derivations sequences with delimited contexts would be [A] =
[aA] == alA] and [A] == [AA] = [a]A. O

Ezample 6 (Parse tree transition system). Parse trees for context free gram-
mar generalize to F-algebras [Meinke & Tucker, 1992]. The states of the transi-
tion system (Z”[P], t°[P]) for the polynomial system P = (F, X, D, §, A) are
parse trees in parenthesized form. They derive from the nonterminals x”, x € X
in the meta-grammar with productions:

x" =[x, for each x € X,
x" = x, for each x € X,
x' — x:$'(A(d)), foreachx € X,d € 5(x) and A(d) # Q,

with ¢/(x) = x/, ¢/(c€7%) = ¢, ¢'(f°73(L)) = f[$p'(L)] when ¢ # € and
o' (M, L) = ¢’ (M), d’(L). For example the parse tree [A : b[A : a, Al] is a state
of the polynomial system P defined by A = b(A, A) + a. Transitions construct
children of a variable node in a parse tree as given by the right-hand side of the
polynomial system equations:
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TIP] = {(plaxa’lp’, plax: ¢'(A(d)a'lp’) [ d € 8(x) AA(d) # QA q’ # [a"]). (3)

For the A = b(A, A) + a example, a possible transition is [A : b[A, A]] == [A:
blA : a, All. m|

Ezample 7 (Derwation tree transition system). More generally, we can built
the parse tree and record which variables are expanded in parallel at each
derivation step thus generalizing the derivation trees of |Courcelle, 1996]. For
example, the states of the polynomial system A = b(A,A) [di] + a [d;] are
given by A’ — (A) | A | Ald1]b(A’,A’) | Aldz]a where (A) is to be de-
rived as in (A) == Ald1]b((A), (A)) == Aldi]b(Ald1]b((A),A),Alds]a) =
Ald4]b(Aldq](Ald2]a, (A)), Ald2]a) = Aldi]b(A[d4]b(Aldz]la, Aldzla), Aldzla).
Given an S-sorted polynomial system P = (F, X, D, §, A), the set of state is
the set X [P] of derwation trees T* of sort s defined by the following grammar:

TS — x* variable,
| (x%) substitution variable,
| 51X XSS (s TS node,
| c€7% leave,
| xS[dS]FST X XsnS(TS [ TS*) substituted node,
| x5[d%]ces substituted leave.

A substitution 0 maps variables x® € X’ to sets 0(x) of monomials m® of type s
over the variables {x, (x) | x € X'}. The tdentity substitution | satisfies Vx € X" :
Ux) = {x, (x)}. The application T[0] of substitution 8 for derivation label d
to a tree T is defined as follows:

leld® = {x°, (x*)},

{x*[d*Im® [ m® € 6(x°)},

{f(mS',...,m*) | /n\ mst e Tsi[e]d®},

{C}, i=1

SIS (TS, To18ld® 2 (eld]f(m®, ..., m®") | /n\m e T*[0]ds},

K[dS]ees[0]ds 2 (xS[dS]c) . =
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The transition relation consists in replacing all substitution variables in a deriva-
tion tree by corresponding right-hand side monomials and then in choosing sub-
stitution variables for the next step:

VTP A (T, T')130:Vxe X:3d e s(x):0(x) CAD[JAT eT[o]d} .

(T, Ty € 7 [P] is written T = T’, —%=> is the reflexive transitive closure. 0O



143

4 Fixpoint Semantics

A fizpoint semantic specification is a pair (D, F) where the semantic domain
(D, C, 1, U) is a poset with partial order C, infimum | and partially defined
least upper bound (lub) LI and the semantic transformer F € D = D is
a total monotone map from D to D assumed to be such that the transfinite
iterates of F from L, that is FO = 1, Fo+1 = F(F®) for successor ordinals § + 1

and F* = 5I_IA F® for limit ordinals A are well-defined (e.g. when (D, C, 1, L) isa
<

directed-complete partial order or DCPO). By monotonicity, these iterates form
an increasing chain, hence reach a fixpoint so that the iteration order can be
defined as the least ordinal € such that F(F€) = F€. This specifies the fizpoint

semantics S as the C-least fixpoint § = lfp; F =F€ of F.

5 Derivation Semantics, Its Fixpoint Characterization

The set £* of finite derivations for the transition system (X, T) is the set 7% =

Uo T where the set of non-empty sequences of n states separated by transitions
n>

Tist" = {0g...0n1|VieO,n— 1L (o1, Oi41) € T}

Ezample 8. A possible maximal derivation for the polynomial system A =
b(A,A) [di] + a [da] is (A) = Aldq,]b((A),A) = A[llb(Ald2]a, (A)) =
Aldq1]b(Aldz]a, Aldz]a). U

The set T of finite derivations for the transition system (Z, ) can be char-
acterized in fixpoint top-down/forward and bottom-up/backward form:

U (X; )2 (top-down/forward), (4)
2 (XU TT) (bottom-up/backward), (5)

N

e~])

= lfpg T where T(X)
— Ifp B

=
>

where T1 = T is the set of state sequences 0p € X of length one and X ; Y =
{00...0n1+07...0/ 1 ]00...0n1 € XAOn 1 =0jA05...0, 4 €Y}
is the sequential composition of sets of finite derivations. The transformers T
and B are U-additive on the complete lattice (p(Z7), C, 0, , U, N) of sets of

derivation sequences.

6 Fixpoint Semantics Transfer and Approximation

In abstract interpretation, the concrete semantics S* is approximated by a
(usually computable) abstract semantics S* via an abstraction function « €
D% — D¢ such that «(S%) C* S [. The abstraction is ezact if a(S*) = S* and
approzimate if o(S") C* S¥.

2 More generally, we look for an abstract semantics S* such that oc(S") <# S* for the approz-
imation partial ordering <! corresponding to logical implication which may differ from the
computational partial orderings T used to define least fixpoints |[Cousot & Cousot, 1994].
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6.1 Fixpoint Semantics Approximation

To derive S§* from S* by abstraction or S* from S* by refinement, we can use
the following fixpoint approximation theorems (as usual, we call a function f
Scott-continuous, written f : D — E, if it is monotone and preserves the lub
of any directed subset A of D):

Theorem 9 (S. Kleene fizpoint approzimation). Let ((D*, C% L* L"), F*) and
((D#, C*, 1*, LI*), F¥) be concrete and abstract fixpoint semantic specifications. If
the L-strict Scott-continuous abstraction function o € D¥ +—5 DF is such that for
all x € D* such that x C" F#(x) there exists y C" x such that o(Ff(x)) C* F*(a(y))

b f
then o(ifp_ Fi) C*lfp  F. O

Theorem 10 (A. Tarsk: fizpoint approzimation). Let (D*, F*) and (D?, F¥) be
concrete and abstract fixpoint semantic specifications such that (D%, C*, 1% T*
L, M*) and (D#, CF, 1%, T¥ L 1*) are complete lattices. If the monotone
abstraction function « € D* —— D? is such that for all y € D* such that
Fi(y) Cf y there exists x € D! such that «(x) C y and Fi(x) C* x then

ch ct
a(lfp” F)Cilfp  F. O

6.2 Fixpoint Semantics Transfer

When the abstraction must be exact, that is «(S*) = S*, we can use the following
fixpoint transfer theorem, which provide guidelines for designing S* from S* (or
dually) in fixpoint form |Cousot & Cousot, 1979, theorem 7.1.0.4(3)]:

Theorem 11 (S. Kleene fizpoint transfer). Let (D%, F*) and (D, F*) be con-
crete and abstract fixpoint semantic specifications. If the L-strict Scott-contin-
uous abstraction function x € D 5 P” satisfies the commutation condition
Fooa = «oF then oc(lfp; Ff) = lfp; F*. Moreover the respective iterates F#°
and F*°, § € O of F and F* from ¥ and 1* satisfy V6 € Q: «(F*°) = F*° and the
iteration order of F* is less than or equal to that of F'. O

Observe that in theorem Theorem [I1] (as well as in theorem Theorem [0)), Scott-
continuity of the abstraction function « is a too strong hypothesis since we only
use the fact that « preserves the lub of the iterates of F* starting from 1°. When
this is not the case, but « preserves glbs, we can use:

Theorem 12 (A. Tarsk: fizpoint transfer). Let (D*, F*) and (D%, F*) be con-
crete and abstract fixpoint semantic specifications such that (D%, C*, 1% T%
L*, M%) and (D*, CFf, 1% T4 U% ") are complete lattices. If the abstraction
function « € D! = D is a complete M-morphism satisfying the commu-
tation inequality F¥ o o C* o o F' and the post-fizpoint correspondchence
Yy € D : Fi(y) Cf y = Ix € D* : «(x) = y A Fi(x) C* x then oc(lfpE F9)

cH
=1lfp F. O

6.3 Semantics Abstraction

An important particular case of abstraction function « € D* —— D! is when
o preserves existing lubs oc(.l_lt'A xi) = .I_I”A o (xi). In this case there exists a unique
i€ i€
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map<y € D* — D" (so-called the concretization function [Cousot & Cousot, 1977])
such that the pair («, y) is a Galois connection, written(D*, C*) i (D¢, %),
which means that (D%, C*) and (D*, C*) are posets, & € D! — D“;Xy € D! —
D and Vx € D*:Vy € D*: a(x) Cf y & x Cf y(y). If « is surjective (resp.

injective, bijective) then we have a Galois insertion written &= (resp. em-
X

beddingﬁ written %, byjection written %) The use of Galois connections

in abstract interpretation was motivated by the fact that oc(x) is the best possible
approximation of x € D*® within D? [Cousot & Cousot, 1971Cousot & Cousot, 1979).

Y
We often use the fact that Galois connections composdl. If (D’, C*) —= (Dt
o

C*) and (D¥, C%) &= (D?, C*) then (D’, L) &= (D¢, C*).
X2 X201

Ezample 13 (Elementwise subset abstraction). If D" is a set and D* C D?
then the subset abstraction is (p(D*), C) % (p(D%), C) where a(X) = XND*

and y(Y) = XU—D¢ (where the complement of £ C D is =& ZxeD|x¢ .
If @ € D" — D¥, the elementwise abstraction is (p(D"), C) % (p(D*?),

C), where:

= {e(s) | s € X}, (6)

{s|e(s)eY}. (7)

x € p(D*) — (DY),

= 2
==
>l

v € p(D*) — p(D*),

Moreover, if @ is surjective then so is «.
If S C D and @ € S — D* then by composition, we get the elementwise

subset abstraction (p(D"), C) % (p(D%), C) where a(X) ={e(x) | x € XNS}
andy ={x|e(x) € YJU—S. O

Ezample 14 (Transitive derivation relation). In order to illustrate fixpoint

transfer Theorem [[I] let us consider the reflexive transitive closure T* of the

transition relation . It is the image o« (T*) of the derivation sequences for T by

the elementwise abstraction (p(X*), C) _<L» (p(X x X), C) defined by (@) for
X

the abstraction mapping which records initial and final states of derivations:

Qe X" —IXI, Q(0g...0n 1) = (00, On_1) . (8)
The classical fixpoint characterization:
™ = ifpT™, where T*(p) = 1z U (pon) (9)

and 1y is the identity relation on states X, can be derived from the fixpoint
characterization (@) of derivation sequences by fixpoint transfer Theorem [I1]
since o o T(X) = T* o x(X). O

8 If & and y are Scott-continuous then this is an embedding-projection pair.

4 Y

contrary to Galois’s original definition corresponding to the semi-dual (DY, C!) =— (D¥,
o
=0Y
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7 Examples of Abstractions

We now give a number of useful abstractions to relate different semantics of
algebraic polynomial systems, at various levels of abstraction.

7.1 State Abstraction

Ezample 15 (Parse tree to protosentence abstraction). A protosentence is a
less informative state than a parse tree since the details of the derivation process
are lost. The abstraction mapping @ € I” — I° flatten a parse tree to its
tips. For example @5([A : b[A : a, Al]) = aA. Formally:

es(l]) £ e(0), o%(x) =
©ps(x:fs1><...><sn—>s[851,”‘,®s D

n

@S(x :ces) = ¢, (10)

X,
05 (O, )« ...« (O, ) . 0

n

1>

Ezample 16 (Context to protosentence abstraction). The same way, the ab-
straction mapping;:

e € 52, eS(phlq) 2 p.r.q

abstracts contexts to protosentences. The @°° abstraction does not preserve
blocking states (as shown by the counter example @°(a[A]) = @*([a]A) = aA
but [a]A is a blocking state for T° [P] when P is A = b(A,A)+c(A)+d(a,A)+a
while a[A] is not). It follows that in general {(c) | o € T} # @(T); so that it
is a priori not equivalent to reason on contexts and protosentences. However we
observe that:

(s, ") € TIPI" = (€%%(s), (")) € T[PI",
while the inverse implication does not hold. Nevertheless:
Theorem 17. If x € X, V€ X U{c™S |c € Fland (x, p. V. q) € T[P]"
then (X, pl[pll V. qll]q/> c TS[[PH*, <p/ . pll‘ p> c TS[[P]* and <q// . q/‘ q> c
~IP]".
These abstractions can be extended to sets of states by (Bl). O
7.2 Transition Abstraction

Given an abstraction mapping @ € £ — Zﬂ, a concrete transition system (X,
T) can be approximated by any abstract transition system (Zu, Tﬂ> such that:

(s, s"y et = (e(s), e(s')) e . (11)
The least such C-upper approximation is:

o(t) £ (&, £') [3s,s" 1 E =@(s) AL =e(s) Als, sy et).  (12)

Ezample 18. Applying (12)) to the abstraction (I0) of parse trees into pro-
tosentences, the parse tree transition system (3) is approximated by T[P] =
@5(t°[P]) as defined in (). O
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7.3 Derivation Abstraction

An abstraction mapping on states @ € ¥ — 7% can be extended pointwise to
derivation sequences (i.e. non empty sequences of states):

.
e 5 0(0p...0n 1) = 0(00)e...0 Q00 1).

Ezample 19. According to (1), the parse tree derivation sequence [A] == [A :
blA,All = [A:b[A:a,All = [A :b[A: a,A : a]] for the algebraic polynomial
system A = b(A,A) + a can be approximated by the protosentence derivation
A= AA = aA = aa. 0
If (Zu, Tﬁ) is an @-abstraction of (£, T) (i.e. satisfying (1)) then the abstraction
process can only introduce more derivation sequences:

o *
{e(o)|ocer®} C

We say that the abstraction mapping @ preserves blocking states for T if and
only if:

Vs,s'eX:[e(s)=e(s")ATs":(s,s")et] = [Fs":(s', s") €]

In this case, the abstraction of the concrete derivation sequences for (X, T) is
exactly the set of abstract derivation sequences for (Zu, Q(t)):

{e(0) | o € T} = e(1)* . (13)

8 Lattice of Semantics

A preorder can be defined on semantics ™ € D* and 1" € D* when 7% = «*(77)
'

and (D%, <) y‘:“ (D#, £). The quotient poset is isomorphic to M. Ward lattice

[Ward, 1942] o?upper closure operators y* o of on (p(X "), C), so that we get a
lattice of semantics of algebraic polynomial systems which is part of the lattice
of abstract interpretations of [Cousot & Cousot, 1977, sec. 8]. We illustrate a
few abstract semantics in the lattice below.

9 Bottom-Up/Backward Abstract Semantics of Algebraic
Polynomial Systems

For bottom-up analysis, we use a fixpoint semantics of the form:
™ = Ifp B, where B*(p) £ (tTop)Uls . (14)

9.1 Compositional Bottom-Up Abstract Semantics

By refining the specification (T4, the big-step semantics T[P]* can be expressed
in compositional form, that is by induction on the syntax of algebraic polynomial
systems, as an instance of the following bottom-up abstract semantics:

S[P] £ lfp BLPI, (15)
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where (L, C, L, ) isa cpo, (P, <, V) is a poset and the C-monotonic transformer
B[S] € L /= L and B[P] € L =5 P are defined compositionally by induction
on the syntax S of systems P and P of polynomials, as follows:

A

B[ES]r = B[E]r U B[S]r, Blx]r = x(r),
Blx =Plr = (1)U (xo— B[PIr)r,  BIf°7S(L)]r = f(r)(B[LIr),  (16)
B[QIr = (Q), BIM, LI+ = BIMIr ® BILIr,
BIM + PIr = B[M]r V B[P]r, Blc™sIr = c(r) .

Ezample 20 (Big-step protosentence semantics). For T [P1", we have (recall
that V= {c|ce7% € FIUX):
‘ LS ‘ES‘J_S‘I_IS‘ pS ‘SS‘VS‘(Q)S‘U)S‘(XO— R)ST“®S‘X(T>S f(T)S(R)‘c(r)S‘

‘Q(V*XV*) Q‘@‘U‘(O(V*) Q‘U‘ 0 |Tv- T ‘ R ‘{C}
Tis {{(pNg, p'ma"y | (p, p’YETAMERA(q, qg')er}, X Yis{xy | x€ XAy €Y}
and fis{p|(x, pyerh
The proof relies on the fact that =° [P1” is a relational morphism, that is v C

V* x V* such that:

(mep,q)€r &= I, p':(m,m) erAp,p) erAg=m'.p', (17)
which generalizes F-homomorphisms [Meinke & Tucker, 1992]). O
Ezample 21 (Finitary Powerset F-Algebra Semantics). The same way, the

powerset F-algebra semantics S*[P] of [Courcelle, 1996] is given by choosing L*

£ Xr—p(M), P* £ p(M) where M = U{MS? | s € S} is the set of ground
monomials, and:

ST a0x] eomRILy @7 (D)7 HLR) oL
‘Q @‘u‘ ‘ ‘ ‘ 0 ‘(yfx'?R 0)‘ ‘ ‘ ‘{c
where 51X Xsn2S[R] £ [f(xq,...,xn) | (X1, ..., Xn) € R} O

9.2 Compositional Bottom-Up Abstract Interpretations

This compositional presentation is preserved by abstract interpretation. If we
have defined a concrete semantics S’ E L® (I5) compositionally (I8), we may

want, given an abstraction (L’, C") +—; __» (L¥, C*), to derive an abstract se-

mantics $¢ = «(S”) which can be defined in the same compositional form (1),

(8). By the fixpoint transfer theorem Theorem [T} S* = x(S") can be defined
in compositional form ([IB) and (I6) if we can check the following conditions:

(L, Eb)—»('—u C%),  a({(xo=R)’r) = (xo—a'(R))*«(r),

(P", Sb)‘—_—» (Pf, <%),  &'(m @ 1) = of(r1) ®F «'(r2), (18)
Q) = «((Q)), o (f(r)") = f(a'(r))%,
(M = (1)), c(m = a'(c(r)) .
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This generalizes the homomorphism result of [Mezei & Wright, 1967] for the case
of power-set F-algebra (also [Courcelle, 1996, proposition 3.7]).

When (L#, C*) satisfies the ascending chain condition, (I5) and (I8)) can be
understood as the specification of an abstract interpreter defined in terms of the
abstract operations (I8) and computing fixpoints iteratively. The abstract inter-
preter is generic and can be instantiated for particular applications as considered
in the next section.

10 Examples of Bottom-Up Algebraic Polynomial Systems
Abstract Interpretations

The following few examples are abstractions of bottom-up big-step polynomial
system semantics and generalize classical results for context free grammars.

10.1 Examples of Bottom-Up Algebraic Polynomial Systems Semantics

Ezample 22 (Generated Protolanguage). The abstraction ot(r) = Ax-{p | (x,
p) € 1} of the big-step semantics S°[P] = ©° [P]" provides the protolanguage
SY[P]x generated for each variable x € X by the polynomial system P. «’ is the
identity. The corresponding compositional fixpoint definition is obtained from

([8) and (I8) with LY = X p(V*), PY = o(V*) and:

‘ CY LU <Y | V)Y [ ()% | (xo=R)'Ly ‘®" ('L (f)"L(R)‘(C)"L
\Q\@\u\g\u\ 0 \{x} (y=x?R;0)| - L(x)‘ R \{c}
where the test (b 7 t

i e)istis bistrue (t € B) and e if b is false (ff € B)
, Ax+ V*, U, N) is the pointwise extension of the complete

and (X+—p(V*), c, 0
0, V*, U, N). O

*)
lattice (p(V*), C,

Ezample 23 (Generated Language). Ginsburg & Rice [1962] and Schiitzen-
berger [1962] fixpoint characterization of the language generated by a context-
free grammar is easily generalized to polynomial systems by the further abstrac-

tion St[P] = «(SY[P]) which consists in ignoring nonterminal sentences: oc(L)
Z M-{p |p € L(x)NT*} where T = {c | c¢% € F}. S[P] is defined by (I5) and
([@8) with Lt = X+—p(T*), Pt = o(7T*) and:

‘ gt‘f‘ut‘gt ‘ vt ‘ (Q)t‘(l)tx‘ {x o— R)'Ly ‘@t ‘ (x)tL‘ (F)L(R) ‘ (c)tL‘

‘Q‘Q‘U‘Q‘U‘@‘ 0 ‘(yzx?RL[])) L(X)‘ R ‘{c}
This is also an abstraction of the powerset F-algebra semantics of Example RI]by
«(L) = Ax-{e(m) | m € L(x)} where @(c) = c and @(f$1 X *5n = (my, ..., mg, ))
A
:@(m51)-...a@(msu). O

10.2 Examples of Bottom-Up Algebraic Polynomial Systems Analysis

Other classical examples of abstraction for grammars are also easily general-
izable to algebraic polynomial systems such as variable productivity, the set
FrsT[P](x) of constants ¢ that begin the strings derived from x, etc. [Wilhelm & Maurer, 1995].
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In this last case, empty grammatical production N — ¢ have no direct coun-
terpart for algebraic polynomial systems, so that we can define First[P](E)x as
the set of constants ¢ which can start a protosentence deriving from variable x
when erasing all symbols in E or ¢ if the string resulting from this erasure is
empty. Observe that the two definitions coincide when grammars are translated
into polynomial systems as specified in Example 2] and E = {¢}. Formally, we
define:

Fmrst[P](x)

o (T)x

(ceE?Qe(p) i x),

€.

e (S'IPD), Ce(c.p)
{ee(p) | (x, p) €7}, efe)
In compositional form, Fmst[P](E) is defined by (I8) and (IB) where L =
Xr—9(T), P = o(T) and:
‘ c J-‘U‘S‘V‘(Q)‘(UX‘ (x o= R)Ly ‘X®Y‘X(L>‘f(L)(R)‘C(L>‘
R

1> 1>

A
A

‘g‘@‘u‘g‘u 0 ‘ 0 ‘(y:x?RL?))‘ T ‘L(x)‘ {c}
T=2{c|c*eF\Eand t isXU(XNE#D?Y;0)U{e| XNE#DAYNE #0).

11 Top-Down/Forward Compositional Abstract Semantics of
Algebraic Polynomial Systems

Top-down/forward abstract semantics are abstractions of derivation sequence
semantics (&), such as (). The big-step semantics T[P]* can be defined as an
instance of the top-down abstract semantics:

S[P] 2 1fp- T[PI,

where (L, C, 1, L) is a cpo, (P, <, V) is a poset, the C-monotonic transformer

T[S] € L += L and T[P] € P are defined compositionally by induction on the
syntax S of P and P of polynomials, as follows:

TIESIr = T[E]ru T[S]r, T = (x),
Tk =Plr 2 (HU (x—T[PDr,  TFOS(L)] £ (F)(TIL]),
TIQ] = (Q), TIM,L] = TIM] ® TL], (19)
TIM [do] + P = (do)T[M] V T[PI, Tl 7] = (c) .
TIM [do]] = (do)T[MI,

For the big-step derivation tree semantics - [[P]*, we choose L £ p():d XZd),
P¢ 2D p(£) and:
‘ Ed‘ld‘ud‘éd‘vd‘(do)f\/l‘ (@) ‘(Ud‘(X—OR)dY‘@d‘ (x)? ‘(f)dR‘(dd‘

X

0‘U‘§‘ U‘ T ‘Ado-ﬂ 14 s {x, (3 [ (R)| {c}
Pis (LT (T, TY €vAdo € DAR(de) ZOAT” =T'[Ay-(y =x ? R(do) ; 0)]d},
tis Ad-(d=do ? M ¢ 0) and f*(M) £ {f(ms,,...,ms,.) | (Mg, ..., Ms, ) € M].

c

For the big-step protosentence semantics ©° [P}]*, we choose:
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|- \Es\f\us\ H [ (ADRJ (0N (1) Ox o Ry @2 097 (7R (e

lelol = [ fnl
Where i is {(p, amq’) | (p, axq’) € rAm € R},

For the big-step context semantics t° [P]]*, we choose:

‘ L® ‘gs 15|us ‘gs & (do)R‘(QS (1y®]| (x o R)*r

‘p(ZCXZC)‘Q‘@ u‘p(zc)‘g‘u‘ R ‘ 0 |1, 1

where I is {(p, qlq'mLe’) {p, qlq'xL¢’) € r Am € R}.

®S <X>S

12 Examples of Top-Down Algebraic Polynomial Systems
Analysis

We consider a few examples which are abstractions of the top-down semantics
and are classical applications for context grammars [Wilhelm & Maurer, 1995].

Accessible Variables: Given an axiom A € X, a variable x is accessible (writ-
ten ReacmabLe(x)) if and only if (A, pxq) € T [P]". It is not possible to use
Kleene fixpoint transfer Theorem [I1] or Tarski’s fixpoint transfer Theorem [I2]
with the big-step protosentence semantics T [77]]*. The abstraction would be
Reacuasie(x) = (T [P]") with «(r) = Ax-(A, pxp') € r. For equation x = P,
we would have:

a((x —R)*r)
= Ax-(A, pxp’) € {{p, amq’) | (p, axq’) e rAm e R}  (defs. x & (x ©R)®)
= Ax-pxp’' =qmq’ A {4, gxq’) erAmEeR.

The difficulty is now that we have to consider the cases when x occur in q or
q’ for which no inductive information is available. Fortunately, thanks to (7)),

we can avoid this phenomenon using the big-step context semantics t° [P1" in
compositional form (I9) where:

S BR[| exfen \HX> (o[ 0]

x o

FoLLow: The set FoLow[P](E)x of constants ¢ € 7 which, after erasure of the
symbols belonging to E, can follow variable x in a protosentence derived from
the axiom A € X or - if x can appear at the end of such a protosentence. Again
by (I7), we can use the big-step context semantics t° [P]" with the abstraction.

sl 2[vlsnlclo] x | o fu=alransex|ole

a1 (1) = Axe{c € Fmst'(m'p’) | ([A], plmxm/lp’) € 1},
Frst(p) —{e}U (e € Frst(p) ? {4}, 0) .

This does not exactly lead to the classical algorithm |Aho et al., 1986] which
relies on the fact that all nonterminals are assumed to be accessible. We get L

2 X—p(T), P £ p(V*) and:

2

Fmst'(p)
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@M[@]  x [—Rr|e] ] OR] ()]

M
g‘u‘ M | 0 (x=A?{—|};,@)‘ i
where { is Ay-.(ReacuaBLE(x) Apyq € R?
FirsT(q) —{e} U (e € FrsT(q) ? 7(x) ; 0) i 0) .
Since ForLow makes use of ReacuasLe, we can use the reduced product of the two
abstractions [Cousot & Cousot, 1979] (whereas the lattice lifting technique used
in |Jeuring & Swierstra, 1995] is specific to the combination with ReacuasLs).

{x}

13 Generalization to Infinite Terms

Let My y (respectively M’y ) be the set of finite (resp. infinite) trees of root
sort s € S built with the function symbols F and variables X'. The finite trees

are isomorphic with monomials M. Let My = MG UM 1. We drop the
s subscript when considering the join for all sorts s € S and the A subscript

when X’ = ) that is for ground trees. The infinitary powerset F-algebra seman-
A

tics S®°[P] is defined compositionally by (I5) and (I6) when choosing L*® =
X—p(M™>), P £ (M) and:
E‘x" L1 ‘Um‘S‘x"V°°‘(Q>°°‘(1)°°X‘(XO—R)W‘®°°‘X(ﬂm‘f(f)m(R)‘C(T)m‘

-

‘ D A ME| N U 1] {c}

1] (r=x7?

R;0)
Define the finite projection X* = X N M* and the infinite projection X* =
XN M®. The abstraction to finite sentences defined by the Galois connection
(X—p( M), T) % (X—p(M*), C), where a(r) 2 Ax. v(x)* and y(v)
2 Ax- 7(x) U M®, yields to the finitary powerset F-algebra semantics S*[P]
of |[Courcelle, 1996] considered at Example [21] in greatest fixpoint form. The
abstraction to infinite terms defined by the Galois connection (Xr— (M),
) % (X—p(M®), D), where or(r) = Ax- 7(x)“ and y () = Ax- T(x)UM?*,
yields to a generalization S* [P] of Nivat’s [1977, [1978] greatest fixpoint charac-
terization of the infinite language generated by grammar to algebraic polynomial
systems. We get L 2 X—p(M®), P £ p(M®) and:

5 The complete lattice (p(M), CT®, 1% T % M) with generalized Scott’s or-
dering X C® Y 2 X* C Y* AX® D Y@, infimum 1® £ M®, supremum T 2
M*, lub l_|ooX;L 2 U Xi* U N X;® and glb |_|°°Xi 2N Xi* U U X;i® introduced

icA i€A icA icA ieA iEA

in [Cousot & Cousot, 1993] to provide a fixpoint characterization of the finite and infi-
nite execution traces of a transition system cannot be directly generalized. A counter
example is x = a + b(x) + c(x,x) since the iterates start with X° = MY, so that
X' = {a,b(x),c(x,y) | x,y € XO°}, hence the limit, does not contain the infinite tree
with equation t = c(b(a)),t) with finite subtree b(a) ¢ X°. When least and greatest
fixpoints may differ, we can resort to the traditional topological notions based on the pre-
fix ordering [see e.g. |de Bakker et al., 1983] which naturally generalizes to inverse limits
[Meinke & Tucker, 1992] but then their is a “discontinuity” in the passage to the limit, all
prefixes being finite objects while the limit is an infinite one. This causes problems when
considering abstractions (which are not admissible in the sense of Scott-induction).



153

[C9] L[]S 9 (@ )ex] (o Riry @ [xtn® |10 < (R
‘j AxSe M®| A | C | U 0 ‘ 0 [(r=x7? x| r(x) f[R] ‘{c}
RNAM® ;D)

The least fixpoint lfp2 B[P] in (I8) is Nivat’s greatest for C.

14 Infinite Abstract Domains

As an example of infinite abstract domain, let us consider the abstraction of
terminal sentences by the vector of number of instances of each terminal in the
sentence: ()T =0, @(To)T =1+¢€(0)T, e(To)T' =e(c)T' when T # T'.
The extension to languages is elementwise (6). By Parikh’s theorem [1966], the
abstraction of the generated language is the union of a finite number of linear
sets. Another abstraction consists in taking the convex-hull of the semi-linear
set, using a widening to speed-up convergence [Cousot & Halbwachs, 1978] that
would allow us to determine relationships such as “the number of a’s in a sen-
tence is greater than twice the number of b’s”. This is not possible in the re-
stricted framework of |Wilhelm & Maurer, 1995].

15 Conclusion

Traditional abstract interpretations have been mainly based on small step/big-
step operational semantics or denotational semantics whereas algebraic seman-
tics have been rather neglected, except may-be for Prolog. The difficulty is often
that the proposed analyses are quite dependent on the considered programming
language semantics. Since there is no universal semantics, the analyzes can be
hard to generalize from one semantic framework to another. We think that the
use of algebraic semantics could solve this problem since many analyzes can be
expressed using the algebraic metastructure in a language independent way. As
a first step, algebraic polynomial systems which generalize context-free gram-
mars with their fixpoint semantics seem to be very well suited for expressing
first-order fixpoint abstract semantics. To do this the semantics of algebraic
polynomial systems must be extended to infinite terms, so as e.g. to be able
to encode infinite execution paths. The program abstract semantics is then one
of the semantics of the algebraic polynomial system representing the abstract
equations e.g. the protosentence semantics where terminals correspond to atomic
actions of the program while variables correspond to procedure calls or using
the Fourow abstraction, the set of atomic actions which can follow a call to a
given procedure.

Algebraic polynomial systems could themselves be used as abstract values in
program analysis, the abstract program analysis equations being now algebraic
polynomial system transformers. This would generalize grammar-based or set-
based analysis abstract interpretations [Cousot and Cousot, 1995Heintze, 1992Jones and Muchnick, 1981
It remains to explore the idea that abstract semantics of the algebraic polynomial
system resulting from the abstract equations resolution would yield a hierarchy
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of information on the program executions abstracted by the algebraic polynomial
system.
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