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Abstract

We present a comprehensive study of surrogate loss functions for learning to defer.
We introduce a broad family of surrogate losses, parameterized by a non-increasing
function U, and establish their realizable J-consistency under mild conditions. For
cost functions based on classification error, we further show that these loss functions
admit JH-consistency bounds when the hypothesis set is symmetric and complete,
a property satisfied by common neural network and linear function hypothesis
sets. Our results also resolve an open question raised in previous work [Mozannar
et al., 2023] by proving the realizable J{-consistency and Bayes-consistency of
a specific surrogate loss. Furthermore, we identify choices of ¥ that lead to
H-consistent surrogate losses for any general cost function, thus achieving Bayes-
consistency, realizable J{-consistency, and J{-consistency bounds simultaneously.
We also investigate the relationship between H-consistency bounds and realizable
H-consistency in learning to defer, highlighting key differences from standard
classification. Finally, we empirically evaluate our proposed surrogate losses and
compare them with existing baselines.

1 Introduction

In many practical scenarios, combining expert insights with established models can yield significant
enhancements. These experts can be human domain specialists or more complex, albeit resource-
intensive, models. For example, modern language and dialogue models are prone to producing
hallucinations or inaccurate information. The quality of their responses can be significantly enhanced
by delegating uncertain predictions to more specialized or advanced pre-trained models. This problem
is particularly crucial for large language models (LLMs), as noted in [Wei et al., 2022, Bubeck et al.,
2023]. The same principle applies to other generative systems, like those for images or videos,
and to learning models in diverse applications such as image classification, annotation, and speech
recognition. Thus, the task of learning to defer (L2D) with experts has become increasingly critical
across a wide array of applications.

Directly optimizing the deferral loss function, which is the target loss in L2D, is computationally
intractable for many choices of the hypothesis set. Therefore, a common approach is to optimize a
surrogate loss that facilitates the optimization of the deferral loss function. Recent work in L2D has
proposed several surrogate losses [Mozannar and Sontag, 2020, Verma and Nalisnick, 2022, Mozannar
et al., 2023, Mao et al., 2024a] and studied their consistency guarantees, including Bayes-consistency,
realizable J{(-consistency, and J{-consistency bounds (see definitions in Section 3.2). In particular,
Mozannar and Sontag [2020] proposed the first Bayes-consistent surrogate loss by generalizing the
cross-entropy loss for L2D. Verma and Nalisnick [2022] proposed an alternative Bayes-consistent
surrogate loss by generalizing the one-versus-all loss for L2D. Mozannar et al. [2023] showed that
these surrogate losses are not realizable J{-consistent. They proposed an alternative surrogate loss
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that is realizable J(-consistent, but they were unable to prove or disprove whether the proposed
surrogate loss is Bayes-consistent. All the surrogate losses mentioned above and their consistency
guarantees hold only for cost functions based on classification error. Mao et al. [2024a] generalized
the surrogate loss in [Mozannar and Sontag, 2020] to incorporate general cost functions and any
multi-class surrogate losses. They provided JH-consistency bounds for the novel family of surrogate
losses, offering a stronger guarantee than Bayes-consistency.

However, none of these surrogate losses satisfies all these guarantees simultaneously. In particular,
a recent AISTATS notable award paper by Mozannar et al. [2023] left open the problem of finding
surrogate losses that are both Bayes-consistent and realizable H{-consistent when the cost function for
the expert is its classification error. The problem becomes even more challenging when considering
more general and realistic cost functions.

We present a comprehensive analysis of surrogate loss functions for L2D. Our contributions address
the limitations of previous approaches and provide a unified framework for designing surrogate losses
with strong theoretical guarantees. In Section 4, we first introduce a broad family of surrogate losses
for L2D, derived from first principles (Section 4.1). This family is parameterized by a non-increasing
function W, which provides some flexibility in tailoring the loss function to specific requirements. We
establish that under mild conditions on W, these surrogate losses achieve realizable J{-consistency, a
key guarantee for many applications (Section 4.2).

Next, for cost functions based on classification error, we further establish that our surrogate loss func-
tions admit J{-consistency bounds when the hypothesis set is symmetric and complete (Section 4.3).
This result holds for commonly used neural network and linear function hypothesis sets, further
strengthening the applicability of our results. Additionally, our results resolve an open question raised
by Mozannar et al. [2023] by proving the realizable J{-consistency and Bayes-consistency of their
proposed surrogate loss, which the authors had left as an open question (Section 4.4).

In Section 4.3, we further identify specific choices of W, such as the one corresponding to the mean
absolute error loss, that lead to J{-consistent surrogate losses for any general cost function. These
loss functions are adapted to general cost functions and benefit from Bayes-consistency (Section 4.4),
realizable HH-consistency, and JH{-consistency bounds simultaneously.

In Section 5, we also study the relationship between J{-consistency bounds and realizable J-
consistency in the context of L2D, highlighting key distinctions from the standard classification
setting. Finally, we further report the results of experiments with our new surrogate losses and their
comparison with the baselines in different settings (Section 6).

We discuss the related work in Section 2 and then begin with the preliminaries in Section 3.

2 Related work

The approach of single-stage learning to defer, where a predictor and a deferral function are trained
together, was pioneered by Cortes, DeSalvo, and Mohri [2016a,b, 2023] and further developed in
subsequent studies on abstention, where the cost is constant [Charoenphakdee et al., 2021, Cao et al.,
2022, Li et al., 2023, Cheng et al., 2023, Mao et al., 2024¢,b, Mohri et al., 2024] and on deferral,
where the cost can vary depending on the instance and the label [Mozannar and Sontag, 2020, Verma
and Nalisnick, 2022, Mozannar et al., 2023, Verma et al., 2023, Cao et al., 2023, Mao et al., 2023a,
2024a]. In this approach, the deferral function determines whether to defer to an expert for each input.
This approach has been shown to be superior to confidence-based approaches, where the decision to
abstain or defer is based solely on the magnitude of the predictor’s value [Chow, 1957, 1970, Bartlett
and Wegkamp, 2008, Yuan and Wegkamp, 2010, 2011, Ramaswamy et al., 2018, Ni et al., 2019,
Jitkrittum et al., 2023]; and to selective classification approaches, where the selection rate is fixed and
a cost function modeled by an expert cannot be taken into account [El-Yaniv et al., 2010, El-Yaniv
and Wiener, 2012, Wiener and El-Yaniv, 2011, 2012, 2015, Geifman and El-Yaniv, 2017, 2019, Acar
et al., 2020, Gangrade et al., 2021, Zaoui et al., 2020, Jiang et al., 2020, Shah et al., 2022].

Madras et al. [2018] initiated the learning to defer (L2D) problem scenario, which integrates human
expert decisions into the cost function. This approach has been further explored in subsequent studies
[Raghu et al., 2019, Wilder et al., 2021, Pradier et al., 2021]. Mozannar and Sontag [2020] introduced
the first Bayes-consistent surrogate loss for L2D, which was further refined in [Raman and Yee, 2021,
Liu et al., 2022]. Verma and Nalisnick [2022] proposed an alternative Bayes-consistent surrogate loss,



the one-versus-all loss, which was later examined within a broader family of loss functions [Charusaie
et al., 2022]. Cao et al. [2023] proposed an asymmetric softmax function, which can induce a valid
probability estimator for learning to defer. Mozannar et al. [2023] showed that the surrogate losses
in [Mozannar and Sontag, 2020, Verma and Nalisnick, 2022] are not realizable J{-consistent. They
proposed an alternative surrogate loss that is realizable J{-consistent, but they were unable to prove or
disprove whether the proposed surrogate loss is Bayes-consistent. All the surrogate losses mentioned
above and their consistency guarantees hold only for cost functions based on classification error. Mao
et al. [2024a] generalized the surrogate loss in [Mozannar and Sontag, 2020] to incorporate general
cost functions and any multi-class surrogate losses. They provided H-consistency bounds for the
novel family of surrogate losses, offering a stronger guarantee than Bayes-consistency.

Additional studies have focused on post-hoc methods, with Okati et al. [2021] suggesting an alternative
optimization technique between the predictor and rejector, and Narasimhan et al. [2022] offering
corrections for underfitting surrogate losses [Liu et al., 2024], and Charusaie and Samadi [2024]
providing a unifying post-processing framework for multi-objective L2D based on a generalization
of the Neyman-Pearson Lemma [Neyman and Pearson, 1933]. The L2D framework or variations
thereof have found applications in diverse scenarios, spanning regression, reinforcement learning, and
human-in-the-loop systems, among others [De et al., 2020, 2021, Straitouri et al., 2021, Zhao et al.,
2021, Joshi et al., 2021, Gao et al., 2021, Mozannar et al., 2022, Hemmer et al., 2023, Chen et al.,
2024, Palomba et al., 2024]. More recently, the problem of learning to defer with multiple experts
has been analyzed in several publications [Hemmer et al., 2022, Keswani et al., 2021, Kerrigan
et al., 2021, Straitouri et al., 2022, Benz and Rodriguez, 2022, Verma et al., 2023, Mao et al., 2023a,
2024a,g, Tailor et al., 2024]. Meanwhile, Mao et al. [2023a] also proposed a two-stage learning to
defer framework. They introduced two-stage surrogate losses that are both Bayes-consistent and
realizable J{-consistent with constant costs. However, realizable J{-consistency does not hold for cost
functions based on classification error. As with [Mozannar and Sontag, 2020, Verma and Nalisnick,
2022, Mozannar et al., 2023], our work focuses on the single-stage and single-expert setting, and we
plan to explore a similar approach in a multi-expert/two-stage setting in the future.

3 Preliminaries

We start with the definitions and notations used in the learning-to-defer scenario considered in this
paper. We will then introduce consistency guarantees, including Bayes consistency, Realizable
H-consistency, and H-consistency bounds. Finally, we will review existing consistent surrogate
losses for L2D.

3.1 Learning to defer: problem setup

Let X be an input space and Y = [n] := {1,...,n} be the label space in the standard multi-class
classification setting. We study the learning to defer (L2D) scenario, where a learner can either
predict a label from Y or defer to an expert.

To model this, we introduce an augmented label space Y = {1,...,n,n+ 1}, where the label
n + 1 corresponds to deferral. An expert is a fixed predictor g: X x Y — R. The goal of L2D
is to select a predictor h out of a hypothesis set H of functions mapping from X x Y to R with
small expected deferral loss. Let h(x) denote the prediction of h on input z € X, defined as

h(z) = argmax 5 h(z,y), that s the label in the augmented label space Y with the highest score,
with an arbitrary but fixed deterministic strategy for breaking ties. Then, the deferral loss function

Lger is defined as follows:
V(z,y) € X xY,  Laet(h, 7,9) = Tha)zy Ln(a)eln] + (T, ) Ln(z)=n+1;

where c¢(x,y) is the the cost of deferring on input x with true label y. If the deferral option is selected,
that is h(x) = n + 1, the deferral cost ¢(z, y) is incurred. Otherwise, the prediction of h is within
the standard label space, h(x) € [n], and the loss incurred coincides with the standard zero-one
classification loss, 1j(z)y-

The choice of the cost function c is flexible. For example, the cost can be defined as the expert’s
classification error: ¢(x,y) = 1g(y)+y. as in previous work [Mozannar and Sontag, 2020, Verma and
Nalisnick, 2022, Mozannar et al., 2023]. Here, g(z) = argmax,[,,; g(z,y) is the prediction made by
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the expert g. More generally, it can incorporate the inference cost for the expert [Mao et al., 2024a]:
c(z,y) = alg(z)zy + B, with o, 8 > 0. We assume, without loss of generality, that the cost is bounded
by 1: 0 < ¢(x,y) < 1, which can be achieved through normalization in practice.

3.2 Consistency guarantees

Directly optimizing the deferral loss function, which is the target loss in L2D, is generally computa-
tionally intractable for complex hypothesis sets . Therefore, a common approach is to optimize
a surrogate loss that facilitates the optimization of the deferral loss function. A natural learning
guarantee for such surrogate losses is Bayes-consistency [Zhang, 2004a, Bartlett et al., 2006, Zhang,
2004b, Tewari and Bartlett, 2007, Steinwart, 2007]:

Definition 3.1 (Bayes-consistency). A surrogate loss L is Bayes-consistent with respect to Lqet, if
minimizing the surrogate loss over the family of all measurable functions leads to the minimization
of the deferral loss:

dim & (k) = €L (Han) =0 = lim &y (hn) = €[, (Han) = 0.

Here, given a distribution D over X x Y and a loss function L: H x X x Y — R, we denote by & (h)
the generalization error of a hypothesis h € H, € (h) = E¢, y.p[L(h,z,y)], and by £ (H) the
best-in-class generalization error, £ (H) = infreqc € (h). Bayes-consistency assumes that the
optimization occurs over the family of all measurable functions, J(,;;. However, in practice, the
hypothesis set of interest is typically a restricted one, such as a family of neural networks. Therefore,
a hypothesis-dependent learning guarantee, such as H-consistency bounds [ Awasthi et al., 2022a,b]
(see also [Awasthi et al., 2021a,b, 2023, 2024, Mao et al., 2023b,e.f, Zheng et al., 2023, Mao et al.,
2023c,d, 2024h,e,d,f, Cortes et al., 2024]) and realizable H-consistency [Long and Servedio, 2013,
Zhang and Agarwal, 2020], is more informative and relevant. Realizable J{-consistency, defined
as follows, requires that a minimizer of the surrogate loss over the given hypothesis set H also
minimizes the target loss, provided that the underlying distribution is realizable.

Definition 3.2 (Realizable J{-consistency). A surrogate loss L is realizable JH{-consistent with respect
to Lyet, if for any distribution over which there exists a predictor A* € 3 achieving zero deferral loss,
&L, (™) = 0, minimizing the surrogate loss also leads to a zero-error solution:

heargmin€ (h) — &, (h)=0.
heH

Note that realizable J{-consistency does not imply Bayes-consistency, even if we set 7 = I,y in
Definition 3.2, since Bayes-consistency requires that the relationship holds for all distributions, not
just realizable ones. J{-consistency bounds, on the other hand, always imply Bayes-consistency.
Given a hypothesis set J{, a surrogate loss L admits an J{-consistency bound, if for some non-
decreasing concave function I': R, — R, with T'(0) = 0, a bound of the following form holds for any
hypothesis i € H and any distribution:

ELaer (1) = €L (FO) + Moy (30) < T(EL(R) - EL(H) + ML(H)), (D

where M (H) is the minimizability gap, defined as the difference between the best-in-class generaliza-
tion error and the expected pointwise infimum loss: M (3() = € (H) -E, [infhgj{ Eyz[L(h,z, y)]]
The minimizability gap can be upper-bounded by the approximation error and vanishes when
H = Han [Awasthi et al., 2022a,b]. Thus, an H{-consistency bound implies Bayes-consistency. The
relationship between the two hypothesis-dependent learning guarantees—realizable J{-consistency
and J{-consistency bounds—depends on the target loss adopted in the specific learning scenario. In
Section 5, we will demonstrate that in the standard multi-class classification setting, an H{-consistency
bound is a stronger notion than realizable J(-consistency. However, in L2D, these guarantees do not
imply one another.

3.3 Existing surrogate losses

Here, we will review several consistent surrogate losses used in L2D. For convenience, we use
¢(x,y) = 1g(5)+y to denote the cost when it specifically represents the expert’s classification error,
and use ¢(x,y) when it represents a general cost function.



Mozannar and Sontag [2020] proposed the first Bayes-consistent surrogate loss by generalizing the
cross-entropy loss for L2D, with cost functions based on classification error, which is defined as

PUCH))

eh(z,nJrl)
I—CE(hux7y):_10g < Wiz _(1_E($7y))10g < iz |
Zy’eg eh(z,y") Zy’eg eh(z,y")

Verma and Nalisnick [2022] proposed an alternative one-vs-all surrogates loss with cost functions
based on expert’s classification error, that is Bayes-consistent as well:

LOvA(h7 xz, y) = (P(h($7 y))+ Z (I)(_h(xu y,)) + (1 - ~(CE7 y))[(P(h(xv n+ 1))—©(—h($, n+ 1))]7
y'ey
y'#y
where @ is a strictly proper binary composite loss [Reid and Williamson, 2010], such as the logistic
loss t — log(1+ e’t). Lcg and Loy a are not realizable H-consistent. Instead, Mozannar et al. [2023]
proposed the following loss function that is realizable J{-consistent when H is closed under scaling:

h(z.y) 1 =721 h(z,n+1)
Lrs(h,z,y) =—210g(6 +(1-%(=,y))e )

—eh(@y)
Xyage
However, they were unable to prove or disprove whether the surrogate loss Lrg is Bayes-consistent.

All the surrogate losses mentioned above and their consistency guarantees hold only for cost functions
based on the classification error: €(x, y) = 1g(2)+y- Mao et al. [2024a] generalized the surrogate loss
Lcg to incorporate general cost functions and any multi-class surrogate losses:

Lgeneral (R, @, y) = £(h, x,y) + (1 = c(x,y))(h,z,n + 1).

Here, ¢ is a Bayes-consistent surrogate loss for the multi-class zero-one loss over the augmented
label set Y. In particular, £ can be chosen as a comp-sum loss [Mao et al., 2023f], for example, the
generalized cross entropy loss (see Section 4.1). As shown by Mao et al. [2024a], Lgeneral benefits
from JH-consistency bounds, which implies its Bayes-consistency.

4 Novel surrogate losses

In this section, we introduce a new family of surrogate losses for L2D that benefit from Bayes-
consistency, realizable H-consistency and H-consistency bounds, starting from first principles.

4.1 Derivation from first principles

Observe that for any (x,y) € X x Y, we have 1y(z)=n+1 = lh(z)2ylh(z)=n+1. Since h(z) = n +1
implies h(z) # y. Thus, using additionally 1y(z)e[n] = Lh(z)+n+1. the deferral loss can be rewritten as
follows for all (z,y) e X x Y:

Laet (s 2,9) = Th(a)2y Lh(a)eln] + (T, ¥) Ih(z)=n+1
= Th(a)2y Lh(@)n+s1 + (2 ) Ih(a) 2y Ln(a)=n+1
= Th(a)zy lh(a)n+1 + (2, Y) Tn@) 2y (1 = Ln(a)zns1)
= (2, Y) Ln(a)ey + (1= c(2,9)) Ln(a)eyan(z)n+1- 2
Next, we will derive the new surrogate losses for L2D by replacing the indicator functions in (2) with
smooth loss functions. The first indicator function 1y(;)+, is just the multi-class zero-one loss. Thus,

a natural choice is to replace it with a surrogate loss in standard multi-class classification. We will
specifically consider the family of comp-sum losses [Mao et al., 2023f], defined as follows for any

(h,z,y) e HxX xY:
Com (o) = 0| — O
com U Y) = <  hizu) b
p Zy’eg eh(z,y’)

where :[0,1] > R, u {+00} is a non-increasing function. For example, by taking ¥(t) = - log(t),

%(1 —t9) with g € (0,1), 1 — ¢, we obtain the logistic loss [Verhulst, 1838, 1845, Berkson, 1944,



Table 1: A new family of surrogate losses Lryop for L2D.
W(t) Lrr2D

h(z,y) h(z,y),  h(z,n+1)
_log(t) —C(I’7y) log[ml] - (1 _C($7y))10g[WJ
y y'e

€Y

La-t9) C<$’y>[1-[ y) ]+(1_0(;,@,))[1_[eh<z,y>+eh<z,nm ]

q T, ey PFETICTY

h(z,y) h(z,y),  h(z,n+1)

1-t c(x 1- = +(1-c(x 1-&e—F—
( 7y) nysgeh(z’y') ( ( ay)) nysgeh(z'y')

1951], the generalized cross entropy loss [Zhang and Sabuncu, 2018], and the mean absolute error
loss [Ghosh et al., 2017], respectively:

eh(y)
Logistic loss: bog(h,x,y) = —log

—h(zy
Zy’eye (z,y")

Generalized loss: Lyee(h 1 A
eneralized cross entropy loss: lyco(h,z,y) = =1 - | =—————
v/ Py g (h,z,y) q Zy'eg eh(z,y")

(@)

Mean absolute error loss: lmae(h,x,y) =1- W.

For any (h,z,y) € 3 x X x Y, the confidence margin py,(z,%) is defined by p (z,v) = h(z,y) -
MAax, &g ray h(z,y"). Thus, the second indicator function Lh(z)#yah(x)=n+1 Can be expressed as
follows in terms of the confidence margin:

Lh()eunh(a =1
h(z)#ynh(z)#n+1 (h(z,y)Smaxy,Eg’y,#yh(z,y’))/\(h(m,'rwl)gmaxy,egyy,*nﬂh(x,y’))

= L(pn (2,4)<0)A(pn (z,n+1)<0)

= lmax{ph(z,y),ph(x,n+1)}£0'

Note that the first indicator function can also be written in terms of margin: ly(;)zy = 1,, (z,4)<0-
Unlike the first indicator function, which presses h(x,y) to be the largest score among Y, that is the
margin pp,(x,y) to be positive, the second indicator function only enforces h(z,y) or h(x,n + 1)
to be the largest score among Y, that is the maximum of two margins, max{py(z,v), pn(x,n+ 1)},
to be positive. This condition can be further strengthened by requiring the sum of two margins,
pr(x,y) + pp(xz,n + 1), to be positive. In view of this observation, we adopt the following modified
comp-sum surrogate loss for the second indicator function:

_ 6h(m,y) +eh(z,n+1)
‘gcom (hax,y) :\Ij( 7 5
P Zy’eg eh(w)y )

where W:[0,1] - R, U {+o0} is a non-increasing function. In other words, lcomp replaces the term

"(@¥) in the softmax function in feomp With the sum e™(@¥) 1 M@n+1) The effect is to encourage
the sum of the two margins, p, (z,y) + pr(x,n + 1), to be positive, rather than just the single margin
pr(x,y). Following this principle, we derive the following expression for a new family of surrogate
losses, Lr1,2p, dubbed realizable L2D:

Lrrap (B, 2,9) = (2, y)beomp (hy 2, y) + (1 = (2, ) ) leomp (hy 2, ). 3)

For the choices of ¥(t) = —log(t), %(1 —t%) with ¢ € (0,1) and 1 — ¢, we obtain the new surrogate
losses for L2D in Table 1. In the next sections, we will prove both realizable JH{-consistency guarantees
and JH-consistency bounds for this family of surrogate losses, which imply their excess error bounds
and Bayes-consistency as well.

4.2 Realizable J{-consistency

Here, we show that Lyy,op is realizable J{-consistent with respect to Lqcr. We say that a hypothesis
set H is closed under scaling if, h ¢ HH == «h € H for any a € R.



Theorem 4.1. Assume that H is closed under scaling. Suppose that V is non-increasing, \I/(%) >0
and limy_,1 U (t) = 0. Then, the surrogate loss Lry,ap is realizable H-consistent with respect to Lges.

The proof, detailed in Appendix A, begins by establishing an upper bound on the deferral loss in

terms of the comp-sum loss: Lger < ':II}(LEI)) . Letting h be the minimizer of Lgrysp and « be any real
3

number, we then show that & _.(h) < ﬁELRLm (ah*). The generalization error is then split by

conditioning on whether A* () is the deferral class (n + 1) or not. Finally, we demonstrate that each
conditional term converges to zero as « tends to +oo, and apply the monotone convergence theorem
to complete the proof.

4.3 H-Consistency bounds

Here, we show that Lrrsp admits an JH-consistency bound with respect to Lger, which im-
plies its Bayes-consistency as well. We say that a hypothesis set is symmetric if there exists
a family F of functions f mapping from X to R such that {[h(z,1),...,h(z,n+1)]:he H} =
{lAi(@),..., fas1(@)]: f1, -y fur1 €T}, for any x € X. We say that a hypothesis set J is com-
plete if for any (z,y) € X x Y, the set of scores generated by it spans across the real numbers:
{h(z,y) | h € H} = R. Common neural network and linear function hypothesis sets are all symmet-
ric and complete. We first consider the case where the cost is expert’s classification error.

Theorem 4.2. Assume that 3 is symmetric and complete and that c(x,y) = lg(y)+y. Then, for all
h € H and any distribution, the following H-consistency bound holds:

SLdef (h) - ELdef(:}() + MLdef(g{) < F(ELRL2D (h) - 8|-RLQD (g{) + MLRL2D (J{))v

where T'(t) = /2t when U (t) = —log(t) and T'(t) = \/2(n + 1)t when U (t) = %(1 —t7) with q €
(0,1).

The proof, detailed in Appendix B.3 and B.4, establishes strong consistency guarantees for our new
surrogate loss Lrrop (Theorem 4.2). We first introduce yax = argmax, .y p(z,y), the label with
the highest conditional probability. We then show that for any hypothesis h and input z, if yyax 1S
not the predicted label h,,,x, the conditional error of & is lower bounded by a modified hypothesis
h (obtained by swapping the scores of Ymax and hpax). Next, for hypotheses where ¥max = Amaxs
we lower bound their conditional regret in terms of the conditional regret of the deferral loss using
a new hypothesis h,,. This proof is novel and significantly different from existing approaches for
establishing J{-consistency bounds in either the standard or deferral settings [Mao et al., 2023f,
2024a].

The next result further shows that when W (¢) = 1 — ¢, our surrogate losses benefit from H-consistency
bounds for any general cost function.

Theorem 4.3. Assume that H is symmetric and complete. Suppose that V(t) = 1 - t. Then, for all
h € H and any distribution, the following H-consistency bounds hold:

8L(1ef (h) - ELdef(j{) + MLdef(j{) < (n + 1)(€LRL2D (h) - E‘LRLQD (J{) + MLR,LZD (J{))

The proof is included in Appendix B.2. Theorem 4.2 provides stronger consistency guarantees for
our new surrogate loss Lrrop with ¥(¢) = 1 — ¢ since it holds for any general cost function. The
proof idea is similar to that of Theorem 4.2, albeit with more cases to analyze due to the general
cost function. This occurs when lower bounding the conditional regret of a hypothesis h, which
satisfies Ymax = Amax, in terms of the conditional regret of the deferral loss by introducing a new
hypothesis h,,. The additional cases necessitate a more stringent condition for the guarantee, such

that the functions W(¢) = —log(¢) and ¥(¢) = % (1 -1t7) do not apply.

4.4 Excess error bounds and Bayes-consistency

For the family of all measurable functions 3 = H,);, the minimizability gaps vanish. In this case,
Theorems 4.2 and 4.3 imply the following excess error bounds and Bayes-consistency guarantees.

Corollary 4.4. Suppose that c(x,y) = 1g(z)zy. For all h € Hy and any distribution, the following
excess error bounds hold:

ngef (h) - ELdef(:H:an) < F(ELRL2D (h) - 8|—RL2D (j{all))v



Table 2: Consistency properties of existing surrogate losses and ours in the case of c(x,y) = 1g()+y-

Surrogate losses | Realizable H-consistency ~ Bayes-consistency — H-consistency bounds
Lew no yes yes

Lova no yes yes

Lgeneral no yes yes

Lrs (Lrpop with ¥ (t) = —log(t)) yes yes (proved by us)  yes (proved by us)
Lrrop with ¥(¢) = é(l -t7),q€(0,1) | yes yes yes

Lrrop with U(¢) =1-¢ yes yes yes

where T'(t) = /2t when U (t) = —log(t) and T'(t) = \/2(n + 1)t when U (t) = %(1 —t%) with q €

(0,1). Furthermore, the surrogate loss Lr12p is Bayes-consistent with respect to Lger in these cases.

Corollary 4.5. Suppose that V(t) = 1 —t. For all h € H,y, and any distribution, the following excess
error bounds hold:

8|—def (h) - ngef(g{aH) < (n + 1)(8LRL2D(h) - 8LRLzD (:Hall))'

Furthermore, the surrogate loss Lgyop is Bayes-consistent with respect to Lget in this case.

Therefore, Theorem 4.1 and Corollary 4.4 show that Lgyop is both realizable H{-consistent and
Bayes-consistent with respect to Lges. This solves the open problem raised by Mozannar et al. [2023].

In particular, for cost functions based on classification error, c(x,y) = lg(y)+y, Our surrogate loss
Lrr2p with U(¢) = —log(t) coincides with the surrogate loss Lgg in [Mozannar et al., 2023], modulo
a constant. This affirmatively answers the question of whether their surrogate loss is Bayes-consistent
when c(z,y) = 14(4)=,. However, their surrogate loss cannot be shown to be Bayes-consistent for
a general cost function. In contrast, our surrogate losses Lrr.op with W(¢) = 1 — ¢ are adaptable to
general cost functions and benefit from both J{-consistency bounds and realizable J{-consistency
guarantees. We also provide a more general family of comp-sum loss functions with U (¢) = % (1-1¢7)

that benefit from both J(-consistency bounds and realizable J{-consistency when c(z,y) = Lg(z)+y-

4.5 Summary

Here, we summarize the consistency properties of existing surrogate losses and ours. As mentioned
earlier, most surrogate losses proposed in previous work, except for Lgeneral, are analyzed under
the condition c(x,y) = 14(;)+,- This naturally leads to a summary of these surrogate losses in this
context, as presented in Table 1. Additionally, we provide analyses and the consistency properties of
our surrogate loss, Lry,op, with general cost functions.

More specifically, our surrogate losses Lryop satisfying Theorem 4.1 perform better in realizable
scenarios than the surrogate losses Lcg, Lova, and Lgeneral from prior work, as ours are realizable (-
consistent while theirs are not. This will be illustrated by our experiment results in the realizable case
(Figure 1a). Our surrogate losses Lrr,op satisfying Theorem 4.2 and Corollary 4.4 are comparable
to the surrogate losses in prior work in non-realizable scenarios when the cost is the expert’s
classification error, as all of them are Bayes-consistent and supported by H-consistency bounds. This
is demonstrated by our experiment in the non-realizable case with the cost function being the expert’s
classification error (Table 3). Our surrogate losses Lryop satisfying Theorem 4.3 and Corollary 4.5
are superior to the surrogate loss Lgg in non-realizable scenarios with general cost functions, as ours
are supported by H-consistency bounds and Bayes-consistency while theirs are not. This is evidenced
by our experiment in the non-realizable case with general cost functions (Figure 1b).

5 Relationship between J{-consistency bounds and realizable J{-consistency

Here, we discuss the relationship between J{-consistency bounds and realizable J-consistency. First,
realizable J{-consistency does not imply J-consistency bounds, since J{-consistency bounds require
that the relationship holds for all distributions, not just realizable ones. Moreover, J{-consistency
bounds provide non-asymptotic guarantees, while realizable J{-consistency provides only asymptotic
guarantees. Second, JH-consistency bounds imply realizable H-consistency in the standard multi-class
classification setting. This is because minimizability gaps vanish under the realizable assumption in
standard case. In particular, for comp-sum losses, the following holds (see Appendix C for proof).



Table 3: Comparison of system accuracy, accepted accuracy and coverage; mean + standard deviation
over three runs. Realizable L2D outperforms or is comparable to baselines in all the settings.

Method Dataset System Accuracy Accepted Accuracy Coverage

Mozannar and Sontag [2020] (Lcg) 91.60 £ 0.15 94.61 +0.67 44.55 + 1.68
Verma and Nalisnick [2022] (Loya) 92.18 £0.10 95.43 + 0.36 58.56 + 3.18
Mozannar et al. [2023] (Lrs) HateSpeech 91.83 £ 0.63 95.37 £ 0.72 54.78 £ 3.70
Mao et al. [2024a] (Lgeneral) P 92.05 +0.04 96.28 + 0.35 46.74 + 2.80
Realizable L2D (Lgry2p,q = 0.7) 92.20 £ 0.54 96.06 + 0.39 57.85 £0.76
Realizable L2D (Lgr2op,q=1) 91.97+0.29 96.57 + 0.69 53.25 + 2.49
Mozannar and Sontag [2020] (Lcg) 66.33 +0.47 73.65 +1.83 55.17+£9.51
Verma and Nalisnick [2022] (Loya) 66.33 £ 1.31 71.03 £5.10 53.33+4.73
Mozannar et al. [2023] (Lrg) COMPASS 66.00 + 2.27 63.20 + 4.23 69.50 + 10.8
Mao et al. [2024a] (Lgeneral) 66.67 + 0.62 76.25 +2.42 48.33 +5.31
Realizable L2D (Lrr2op,q = 0.7) 66.17 +2.01 69.33 + 3.03 55.67 +5.95
Realizable L2D (Lgrop,q=1) 66.83 + 0.85 69.02 £ 2.42 54.83 £ 0.62
Mozannar and Sontag [2020] (Lcg) 96.27 + 0.51 98.77 + 0.71 64.33 + 6.13
Verma and Nalisnick [2022] (Loya) 96.25 + 0.45 98.74 + 0.54 67.88 + 6.16
Mozannar et al. [2023] (Lrs) CIFAR-10H 96.63 £ 0.18 98.23 £ 0.78 66.63 + 1.80
Mao et al. [2024a] (Lgeneral) 96.75 + 0.55 98.65 + 0.80 65.68 + 3.36
Realizable L2D (Lgry2p, g = 0.7) 96.80 + 0.25 98.37 £ 0.20 76.77 £ 3.63
Realizable L2D (Lgr2op,q=1) 96.57 + 0.05 98.34 + 0.24 77.37 £2.43

Theorem 5.1. Assume that there exists a zero error solution h* € H with €y, (h*) = 0 and H is
closed under scaling. Assume that lim,_,1 V(t) = 0. Then, the minimizability gap of comp-sum loss
Lcomp vanishes: My, (3H) = 0.

However, in the deferral setting, this relationship no longer holds: J{-consistency bounds cannot
imply realizable J{-consistency. In particular, Mao et al. [2023f] showed that Lcg, benefits from -
consistency bounds, while Mozannar et al. [2023] showed that it is not realizable J{-consistent. The
loss function in [Madras et al., 2018] is not Bayes-consistent, and thus does not have J-consistency
bound guarantees, but is actually realizable J{-consistent [Mozannar et al., 2023].

6 Experiments

In this section, we empirically evaluate our proposed surrogate losses and compare them with existing
baselines.

Experimental settings. We follow the setting of Mozannar et al. [2023] and conduct experiments
on a synthetic dataset: Mixture-of-Gaussians [Mozannar et al., 2023], and three real-world datasets:
CIFAR-10H [Battleday et al., 2020], HateSpeech [Davidson et al., 2017], and COMPASS [Dressel
and Farid, 2018]. For these three datasets, we adopt the same model class as that in [Mozannar et al.,
2023, Table 1]. Each dataset is randomly split into 70%, 10%, and 20% for training, validation,
and testing, respectively. For the Mixture-of-Gaussians, we adopt the exact realizable setting from
[Mozannar et al., 2023, Section 7.2], which is realizable by linear functions: there exists a linear
hypothesis h* € H achieving zero deferral loss, &, (h*) = 0.

As with [Mozannar et al., 2023], we choose the cost function to be the expert’s classification error:
c(x,y) = lg(z)+y. We compare our surrogate to four baselines as described in Section 3.3: the
cross-entropy surrogate Lcg from [Mozannar and Sontag, 2020], the one-vs-all surrogate Lo, 4 from
[Mozannar and Sontag, 2020], the realizable surrogate Lgg from [Mozannar et al., 2023], and the
general surrogate Lgeneral from [Mao et al., 2024a]. For Loya, we choose ® as the logistic loss,
following [Verma and Nalisnick, 2022]. For Lgeneral, We choose £ as the generalized cross entropy
loss with ¢ = 0.7, following [Mao et al., 2024a]. For our Realizable L2D surrogate Lgyop, we
consider two choices: ¢ as the generalized cross entropy loss with ¢ = 0.7, following [Zhang and
Sabuncu, 2018, Mao et al., 2024a], and ¢ as the mean absolute error loss (¢ = 1). Among these, Lcg,
Lova and Lgeneral are Bayes-consistent but not realizable H-consistent; Lrg, Lrr.2p with ¢ = 0.7 and
Lrr2p with ¢ = 1 are both Bayes-consistent and realizable H-consistent, as shown in Sections 4.2
and 4.4. Note that in this case, Lrg is a special case of Lgr,op when W is chosen as ¢ — —log(¢). We
use the same optimizer, learning rate, and number of epochs as chosen in [Mozannar et al., 2023],
and we select the model that achieves the highest system accuracy, that is average [1 — Lges(h, 2, y)],
on a validation set.
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Figure 1: Results for the realizable case and the non-realizable case with general cost functions.

Evaluation. For the three real-world datasets, we report the system accuracy, that is average value of
[1 - Laes(h, x,y)] on the test data. For completeness, we also include the accepted accuracy, that is
the average value of [1h(m)¢y1h(m)e[n]]. This metric considers only incorrect predictions (h(z) # y)
and measures the fraction of those where the system’s output (h(z)) falls within the valid range of
possible outputs ([n]). We also report the coverage, that is the average value of [1h(w)e[n]] on the
test set, or the fraction of test instances where the system’s prediction falls within the valid range
([n]). For each metric, we average results over three runs and report the mean accuracy along with
the standard deviation for both our proposed methods and the baseline approaches. For the realizable
Mixture-of-Gaussians, we plot the system accuracy of various methods on a held-out test dataset
consisting of 5,000 points as we increase the size of the training data.

Results. Table 3 shows that for the real-world datasets, Lgr,op with ¢ = 0.7, and Lgry,op with g =1
either outperform or are comparable to the best baseline in terms of system accuracy on each dataset.
This performance is supported by our J{-consistency bounds and Bayes-consistency results for our
Realizable L2D surrogate with respect to the deferral loss Lgef, as shown in Sections 4.3 and 4.4.
Table 3 also shows that Lry,op achieves reasonable coverage and acceptable accuracy. The system
accuracy, coverage, and standard deviations of the baselines match those in [Mozannar et al., 2023].
Moreover, Lgrg, Lrrop with ¢ = 0.7, and Lgy,op with ¢ = 1 perform differently across various datasets:
Lrr2op with ¢ = 0.7 outperforms the others on HateSpeech and CIFAR-10H, while Lryop withg =1
outperforms the others on COMPASS. Note that in this case, Lyrg is a special case of Lgyop when ¥
is chosen as ¢t — —log(t). These results show that Realizable L2D can benefit from the flexibility in
the choice of V.

Figure 1a shows system accuracy versus training samples on the realizable Mixture-of-Gaussians
distribution. Our surrogate loss Lry,op with ¢ = 0.7 and ¢ = 1 are realizable J(-consistent, while L¢g,
Lova and Lgeneral are not. This verifies our theory.

Figure 1b shows system accuracy versus coverage on the HateSpeech dataset by varying 3 in the
general cost functions c(,y) = 145y + 5. As 3 increases, deferral algorithms yield solutions with
higher coverage and decreased system accuracy. This is because 3 controls the trade-off between
expert’s inference cost and accuracy. Lgryop with ¢ = 1 performs comparably to the surrogate loss
Lgeneral, as both are supported by H-consistency bounds and Bayes-consistency with general cost
functions. Our surrogate loss Lgr,op with ¢ = 1 outperforms Lgrg because the latter does not benefit
from Bayes-consistency with general cost functions.

7 Conclusion

We introduced a broad family of surrogate losses and algorithms for learning to defer, parameterized
by a non-increasing function. We established their realizable J{-consistency properties under mild
conditions and proved that several of these surrogate losses benefit from J{-consistency bounds
for cost functions based on classification error and general cost functions, which also imply their
Bayes-consistency. This research not only resolves an open question posed in previous work but also
lays the groundwork for comparing various consistency notions in learning to defer and standard
classification. Looking forward, our approach offers a promising avenue for analyzing multi-expert
and two-stage settings.
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A Proof of realizable J{-consistency

Theorem 4.1. Assume that H is closed under scaling. Suppose that V is non-increasing, \I/(g) >0
and limy_,1 U(t) = 0. Then, the surrogate loss Lry2p is realizable FH(-consistent with respect to Lges.
Proof. We first prove that for every (h,z,y) € H x X x Y, the following inequality holds:

LRL2D(h’a Zz, y)

Laet (h, z,y) <
v(3)

We will analyze case by case.

1. Case L: If h(z) € [n] (deferral does not occur):
(@) If 1 (4)+y = 1, then we must have

h,(x y)

1
Zleléeh(f”y) 57 Z,%eh(my)

h(x y) +eh(ar n+1) 2

3

1 2

- LRLQD(hvxay) Zc(xay)qj(é)ﬁ_(l_c(l’ y )\Ij( ) (g)l—dcf(h,xvy)'

IA

Ldef(h,l'7y) =1

(b) If 11(4)+y = 0, then we must have
Lrr2p (b, 7,y) > 0 = Laet (h, 7, y).
2. CaseIL: If h(z) = n + 1 (deferral occurs): then we must have
(@)

1
Z % eh(mﬂ/ ) 5

yE

Ead LRLQD(hvxvy) 2 C(xay)\:[j(i) 2 \I}(g) Ldef(hvxvy)'

Ldef(haxay) = C(IIZ’,y),

This concludes that Laer(h,z,y) < % Next, we prove that Lgrrop is realizable -

3
consistent under the assumptions. Consider a distribution and an expert under which there exists
a zero error solution h* e H with &, (h*) = 0. Let h be the minimizer of the surrogate loss:
h e argming, g €. (7). Let « be any real number. Then, the following inequality holds:

ELdef(h) < \If(lg) SLRLQD(%’) (Ldef < @LRLQD)
1
(2)
1
(2)
. W(lg)E[LRLQD(ah*,m,y) |h* (2) € [n]]P(h* (2) € [n]).

For the first term conditional on h*(z) = n + 1, we must have h*(2,n + 1) > maxyey h*(z,y) and
¢(z,y) = 0 since the data is realizable. Therefore,

liIP E[LrLep(ah®,z,y) | h* () =n+ 1]P(h*(x) =n+1)

eah*(:c,y) + eoéh*(x,n+1)
= lim E|W oy — |h*(z) =n+1|P(h*(z) =n+1)
a—>+00 Zy’eg eah (z,y")

Elnan (@h™) (b€ argming g €1, up () and H is closed under scaling)

E*
win

E[Lrrep(ah®,z,y) |h*(z) =n+1]P(h*(x) =n + 1)

(S
wlto

=E[0|h*(z) =n+1]P(h*(z) =n+1) (lim;; ¥(¢) =0 and monotone convergence theorem)
=0.
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For the second term conditional on h*(z) € [n], we must have h*(z,y) > max,, g ., h(z,y")
since the data is realizable. Therefore,

im_ EfLnian(ah’,2,y) [ (@) € [n]JP(h" (@) € [n])
lim E of e
B aiqloo o,y) Zy,eg eah*(z,y")

ah*(x,y) + eah*(w,n+1)

_ pah*(z,y’
g e @)

+(1—C(x,y))‘1’(e )Ih*(ﬂf)E [n]lP(h*(aﬁ) e[n])

=E[0|h*(z) € [n]]P(h*(z) €[n])  (lim;_q ¥(¢) = 0 and monotone convergence theorem)
=0.

Combining the two analyses, we conclude that £, (ﬁ) = 0 and thus Lgrp,op is realizable H-consistent
with respect to Lgef. O

B Proof of H-consistency bounds

Before delving into the proof, we first establish some essential notation and definitions. Let L
represent a deferral surrogate loss and J{ denote a hypothesis set. We define the conditional error
as Cu(h,z) = Ey,[L(h,z,y)], the best-in-class conditional error as C; (I, x) = infpcgc CL(h, ),
and the conditional regret as AC s¢(h,z) = CL(h, z) - € (3, z). We proceed to present a general
theorem demonstrating that, to establish J{-consistency bounds (1) with a concave function I, it
suffices to lower bound the conditional regret of the surrogate loss by that of the deferral loss, using
the same function I'.

Theorem B.1. If the following holds for all h € H and x € X, for some concave function T':
A€y 3¢(h, z) ST(ACLgc(h, x)), “4)
then, for all hypotheses h € H and for any distribution,
ELaer () = €L (FO) + My, (H) < T(EL(h) = EL(H) + ML(H)).
Proof. We can express the expectations of the conditional regrets for Lger and L as follows:
E[ACLy 5¢(h, w)] = ELaee (B) = €L, (30) + M, (30)
E[ACL3¢(h,2)] = EL(h) = EL(FO) + M (F0).

Then, by using (4) and taking the expectation, we obtain:
SLdef (h’) - Sfdef (g{) + MLdef (j{) = IE[AeLdef,g‘f(h7 $)]

<E[D(ACLoc(h,2))] (Eq. (4))
< F(E[A@Lg{(m x)]) (concavity of T)
=T(EL(h) - EL(H) + ML(F)).

Thus, the proof is complete. O

Next, to prove H-consistency bounds using Theorem B.1, we will characterize the conditional regret
of the deferral loss L4 in the following section.

B.1 Auxiliary lemma

To simplify the presentation, we introduce the following notation. For any y € Y, define p(x,y) =
P(Y = y | X = x) as the conditional probability that Y = y given X = z. For brevity, we will

omit the dependency on x in our notation. We denote by h, = h(xz,y) for any y € Y. We also
denote by p, = p(z,y) and g, = p(z,y)c(z,y) forany y € Y, and py1 = ¥yey p(z,y) (1 - c(2,9)).
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_ B | Ph@y h(z)e[n]
N h 1- =D, — Y . L = = .
ote that p(l‘ay)( c(a:,y)) Py —qy, VY € Y et Ph = Ph(x) {pn+1 h(x) i+l

ey hy. Note that both ymax and hpyax are in the label

space Y, while h(z) is in the augmented label space Y. We characterize the conditional regret of the
deferral loss Lger as follows.

Let

Ymax = Argmax, .y Py and Ay .y = argmax

Lemma B.2. Assume that H is symmetric and complete. Then, the conditional regret of the deferral
loss Laer can be expressed as follows: ACy ., 5¢(h,x) = max{py,....,Pn+1} — Ph-

Proof. We can write the conditional error of the deferral loss as follows:
eLdef (hv 1')
= Z p(z7y)|-def(ha ‘T7y)

yey

= Z p(fﬂ, y)lh(l)iylh(l)E[n] + Z p(xv y)C(SL’, y)]-h(;c):n+1
yeY yeY

= (1= pha)) Ih(@)en] + (1 = Pns1) In(z)=n+1
=1-pn.

Since H is symmetric and complete, for any x € X, {h(x):he H} = Y. Then, the best-in-class
conditional error of Lqcr can be expressed as follows:

etdef(j{7 :U) = }IL?gf{ el—def (ha 1’) =1- ma’x{pn+17pymax} &)
Therefore, ACL,,, 3¢ (h,7) = CLy, (h, ) = Cf _(H,x) = max{py,...,Pn+1} — Ph- O

Next, we will present the proofs separately in the following sections, by lower bounding the condi-
tional regret of the surrogate loss L by that of the deferral loss Lges using Lemma B.2.

B2 U(t)=1-t

Theorem B.3. Assume that 3 is symmetric and complete. Then, for all h € 3{ and any distribution,
the following H-consistency bound holds:

ngef(h) - g’Ldef (J{) + MLdef(j{) < n(ELRL2D (h) - 8|-RL2D (:H:) + MLRL2D (:H:))

Proof. We can write the conditional error of the surrogate loss as follows:

GLRL2D (ha $)
= Z p(fE, y)LRL2D(ha z, y)

yey
Z ( ) ( ) eh(auy) Z ( )( ( )) eh(z,y) +€h(gc,n+1)
= p@y)c(z,y)\ 1 - = |+ 2 pley)(d—c(z,y)| 1 - —
v Zy%g ehie yey Zy,eg eh(z.y’)
h h h
e ey 4 eftn+1
=20 1_;1,)+ Z(py—qy)(uh,)_
yey ( Ly yeY Xyege

By Lemma B.2, the conditional regret of the deferral loss can be expressed as

Ael—defag'f(h’7 (E) = max{pymax7pn+1} — Dh-

Next, we will show that the conditional regret of the surrogate loss can be lower bounded as follows:

" 1
AGLRL2D71}C(hvx) = GLRL2D (h) - GLRL2D (9{) 2 1 (Aedef,:H(h7x))' (6)

n+
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We first prove that for any hypothesis i and x € X, if ¥ax # Amax, then the conditional error of h
hhmax Y = Ymax

Ymax Y = hmax . Indeed,
hy otherwise.

can be lower bounded by that of /, which satisfies that A (z,y) =

h’ h1 hn+1
— (A Ymax e Ymax -+ e
Clian (B) = Clppap (R) = Qymax(l - Zh') + (pymax Qymx)(l - h/)

y'ey y ey
eMthmax eMhmax 4 ghn+t
F Qhax | 1~ 5 ol + (phmax - max) 1- h o
y ey € y ey ©
elthmax ethmax 4 ehn+t
- qymax - h. s - (pymax qymax) 1- h Y
5, e
y'eY y ey €
eh’ynlax Pymax + ehrHl
= Qhpa | 1 = T o) (Phumax = Qhmax )| 1= ~
y'eY y ey €
= #( )( hhmax ymax
- Z h pymax T Phmax )\ € -
y'ey ©

Therefore, we only need to lower bound the conditional regret of hypothesis A satisfying ymax = Pmax-
Next, we will analyze case by case. Note that when (py,... — Pn+1) Py — n+1) > 0, we have
Ael—dcﬁg{(h’ x) = max{pymax7pn+l} - ph = 0'

1. CaseL: If p,_ . —Dn+1 2 0and by, — hpi1 < 0: we define a new hypothesis h,, such
log (€™ + 1) ¥ = Ymax
that h,(z,y) = {log(e"ms —p) y=mn+1 , where e"vmax >y > 0. Then, we can
h(x,y) otherwise.
lower bound the conditional regret of Lrpop by using AC,,, .9 (R, z) > CLy,.p, (h) —
(hy) for any elvmax > 1> 0:

GERL2D
AGLRL2D79‘((h” :E)
2 sup (GLRLzD (h) - GERLQD (hﬂ))

elymax >p>0

ehyxnax eh’ymax + thHl
2 sup qymax 1- h. s + (pymax - qymax) 1- h. s
ePymax >p>0 Zy'ég e Zyleg ey

ehy' 4 ehnet )

+ Z (py’_Qy’) 1- o,

Y'€Y,y #Ymax Zy’ég e

) ehnet 4 U ) ehn+t 4 oPhmax
T Qymax - Ry - (pymax - qymax) - Ry

Zye‘de Zy@zﬂe

h,r h
e’y + e 7/max_u
-y y-e)|l-———— )

Y'€Y,y’ #Ymax Zyrgg €
1 h h h h
- _ _h, Sup (qymax(e s + 'u —€ ymax) + (p"7'+1 - pymax + qymax)(e ymax — l’[’ -e€ i ))
Zyrsg ehv elymax >p>0
ehn+1
= (Pyumax = Prst) =50 (11 = el'vmax achieves the maximum)
Zylege v’
1 .
2 ntl (Pyrmax = Pr+1) (by the assumption hy,1 > Ry, = by, o)
1
= (ACLy 3¢ (R, ) (by the assumption py,_ .. > pp+1 and hy, . = hps1 < 0)
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2. Casell: If py, .. —pn+1 <0and hy,
log(ehn+1 - /L) Y = Ymax
hu(z,y) = log(ehymax + ,u) y=n+1 ,where e+ > ;> 0. Then, we can lower bound
h(z,y) otherwise.
the conditional regret of Lrrop by using ACyy, ., 5¢(h, ) 2 Clypy,, (h) - CF - (hy) for
any e+t > 11> 0:

AGLRL2D79{(h’? ;L‘)
2 Sup (GLRLZD (h) - GERLzD (h‘ﬂ))

— hp41 2 0: we define a new hypothesis h,, such that

ehn+1>4>0
h h h
e''ymax e'ymax 4 g'tn+l
> sup |Gy | -5 |+ Pynar = Gy ) | L -
ehn+l >p>0 Zy,sge Yy Zy,gge Yy
h, ’ h
e'v +e n+1
+ Z Py —ay )| 1~ o
Y'€Y,y" #Ymax Zy’ege Y
hn+1 hans1 by,
e - i e + e/hmax
- qymax(l - Z o hy’ - (pymax - qymax)(l - Z _ hy! ))
yey © yey ©
h ’ h
ey + elvmax 4y
et
Y'€Y, Y #Ymax Zy'ege Y
1 h, h h, h,
= i SUD (G (€7 = = € ) 4 (Dt = Py + Q) (€70 + =€)
Lyg e erniizuzo
eh?/n]ax h . .
= (Pn+1 =Py =5 (1 = ™! achieves the maximum)
Cge
y'eY
1 .
> m(pml — Pyas) (by the assumption hy,,, = hy,. . > hpe1)
1 .
= —1(A€Ldefﬂ(h, x)) (by the assumption py41 >y, and by —hpeq 2 0)
n+
This proves the inequality (6). By Theorem B.1, we complete the proof. O
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B.3 U(t) = -log(t)

Theorem B.4. Assume that H is symmetric and complete. Assume that c(x,y) = lg(z)+y. Then, for
all h € H and any distribution, the following H-consistency bound holds:

8L(1ef (h) - E‘Ldef(:}c) + MLdef(g{) < 2\/SLR,L2D (h‘) - 8LR,L2D (j{) + MLR.LQD (J{)

Proof. We can write the conditional error of the surrogate loss as follows:
Clrran (h7 l‘)

= Z p(xa y)LRL2D(h7 z, y)
yey

eh(w,y) eh(l‘,y) + eh(x,n+1)
=- Z p(z,y)c(z,y) log S —enGew) |~ Z p(z,y)(1-c(z,y))log

_ h(x,y
yeY y'ey yeY Zy’ey eh@v)
h h h
e e'v + ettt
=-> q log(h - ) - > (py - qy)log(h - )
yeYy Zy’ege v yey Zy’ege v

By Lemma B.2, the conditional regret of the deferral loss can be expressed as
Ael—deﬁj{(h’ ) = max{pyxnax7pn+1} — Ph-
Next, we will show that the conditional regret of the surrogate loss can be lower bounded as follows:

" 1
AGLRLQD,'}C(}L’x) = eLRL2D (h) - GLRLQD (f}{) 2 i(AeLdef,fH(hvx))Q' (7N

We first consider the case where g(x) # Ymax- Otherwise, it would be straightforward to see that
the bound holds. In the case where g(z) # Ymax, We have g, = py,.... We first prove that for any
hypothesis h and x € X, if Ymax # hmax, then the conditional error of & can be lower bounded by that

_ _ Phomar Y = Ymax
of h, which satisfies that h(x,y) = { hy,.. ¥ = hmax . Indeed,
hy otherwise.
eLRL'zD (h) - e|-RL2D (h)
ehymax ehylnax + eh"+1
= ~(ypnar 108 S (Pymax ~ Qymax ) 108 S v
yey € yey €
ehhmax ehhmax + eh"*'l
= Qe 108 |~ (Phumax = Qhunas ) 108 N kg
ey Zyege
@hhmax ehhmax + ehn+1
+ 0y 108l =77 |+ (Pyimax = Ty ) 108 ——5—
Zyleg e Zy’eg ey
eh’ymax ehyrnax + ethrl
+ Qe 08| 5 |+ (Phumax = Ghumax ) 108 T
Zy’ey e zyleld e

ehhmax

= (Qymax = Qhanac) log( o

)  (Pymax = Qymax = Phimax + Qo) 10g(

ehh,max + ehn+1 )

ehymax + eh”*'l

ehhmax + ehn+1 )

eMumax + ehn+1

> (Pymax = Phumas) log(
> 0.

Therefore, we only need to lower bound the conditional regret of hypothesis A satisfying ymax = hmax-

Since ¢(z,y) = lg(z)2y> We have py,.. > Pni1 = Pg(z)- Note that when (py,... — Pri1) (g, —

hpn+1) > 0, we have AC, , 5¢(h,z) = max{py,..,Pn+1}—Dh = 0. When hy, . —hy,.q <0, we define
log(eh"” + ,U) Y = Ymax

a new hypothesis h,, such that h,(x,y) = log(ehymax - u) y=n+1 , where eMvmax — ghnt1 <

h(x,y) otherwise.
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p< e/'vmax  Then, we can lower bound the conditional regret of Lrpop by using AC . 5 (h,z) >
Clupan (B) = €F . (hy,) for any eltvmax —elnet < gy < eftvmas:

AGLRL2D,3’C(h> 1‘)
2 sup (GLRLQD(h) - GERLQD(h#))

eh‘ymax ZMZeh"ymax —_ehnt1

ehymax ehymax + ehn,+1
2 sup ~Qypmax 108 ol (Pymax ~ Qymax ) 108 = .,
h h, h >, ey > o, ety
e"Ymax > >e'Ymax —e n+1 y’EH yyey
ehyr + eh”“
- Y (y-ay)logl ——
Yy’ €Y,y #Ymax Zy’&y e
ehn+1 + " ehn+1 + ehymax
F Gy 108 =5 |+ (P ~ Gyina) 108 —
Zy’é‘z} € zy’é‘d €
h,r h
e’y 4+ e "Ymax — u
+ Z (py’ - qy’) log ~ h,
Y'Y,y #Ymax Tyl
h h,r h
en+1+lu ey.{_eymax—‘u
= sup Qo 108 —5——+ > (py —qy ) log —5——
ePymax >p>eMvmax —ehn+1 €"ymax V' €Yy FYmax e’y + e'tn+l
h h
e'tn+l 4 7 etymax — 1
> sup Ty 108 ———+ >0 (py —qy)log ——
ePymax >p>eMymax —ehn+1 € Ymax Y €Y,y FYmax ern
(ehyxnax — ehn+1 < n < ehymax)
i1 h
e + U eltymax — 1
= sup (qymax 10g —7—=+ (Pn+1 = (Pymmax = Tyunax)) 108 —5—— )
ehymax ZHZehymax —ehn+1 €7 ymax ern

By differentiating with respect to i, we obtain that

= qyr"ﬂxehymax = (Pn+1 = Pymax — Qymax))eh"“

qymax + (pTH'l - (pymax - qymax))

I

achieves the maximum. Plugging it into the expression, we have

AGLRLQDJ‘((}L? (E)

[ehymax + 6hn+1 ]Qymax
h

vmax [y + (D1 = (Pyinax = Qyinax )]
[ehymax + eh"H :| (pn+1 - (pymax - qymax )) ]
ehn+1 [qymax + (p7l+1 - (pymax - qymax))] '

2 qymax log[ e

+ (Pns1 — (pymax - Qymax)) 1OgI:

This can be further lower bounded by taking the minimum over h € J{, where the minimum is attained
when elvmax = efn+1 Therefore,

AeLRmDJC(h?x)

2
2 qymax log qymax ]

Pymax + (Pt = (Pyunar = Tymax )
2(Pr+1 = (Pymas = Gymas))
qymax + (pTL+1 - (pymax - qymax))

b (Pt~ (g — ) log[
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By applying Pinsker’s inequality [Mohri et al., 2018, Proposition E.7], we obtain

AeLRLQDvg{(hVI)
> [Gyamax + Prt1 = (Pymmax = Qyama )]

2
» 1[ Qyrmax 1 ‘ . Pt = (Pymax = Qymax) 1 ]
2] | Gymax +Prs1 — (pylnax - qymax) 2 Qymax T Pn+l — (pyruax - qymax) 2
2

S } (Pymax — Pns+1)
" 2 @y T Pt 1~ (Pymar — Qynnx)

1 2
2 §(pymx ~Pn+1) (Qymax + P11 = (Pymay = Qymax) S 1D

1
= 5(A(‘,‘Ldeﬁg{(h, z))? (by the assumption p,,. > pp+1 and by, < hpi)

This proves the inequality (7). In the case where g() = Yimax, We have p,i1 = Dymax - BY Lemma B.2,
the conditional regret of the deferral loss can be expressed as ACy ., 3¢(h, Z) = prs1 —pn. Ifh(z) =
n+1, then we have AC, 5¢(h, z) = 0. Otherwise, when h(z) # n+ 1, we can proceed in the similar
log(e"* + ) y=h()
way as above, by defining a new hypothesis &, such that h,(z,y) = log(ehhm - u) y=n+1.
h(z,y) otherwise
Then, we can lower bound the conditional regret of Lgy,op by using ACy ;. 9¢(h, ) > CLyp.p () -
; (h,.), by applying the same derivation as above, modulo replacing ymax with h(z). This leads

LrL2n

to the inequality (7) as well. By Theorem B.1, we complete the proof. O
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B4 ()= 2(1-1%)

Theorem B.5. Assume that } is symmetric and complete. Assume that c(x,y) = lg(z)2y. Then, for
all h € H and any distribution, the following 3 -consistency bound holds:

SLdef(h) - 8Ldef (j{) + MLdef(g{) < 2\/(’[1 + 1)a(€LR,L2D (h’) - SLRLQD (j{) + MLRLZD (j’f))

Proof. We can write the conditional error of the surrogate loss as follows:

eLRL2D (hv 1’) = Z p(l’, y)LRLZD(hv z, y)
Y€y

Z eyt () e
- p\x,y)c\x,y ~ (o
yEH Zy,eg eh(l’,y )
eh(a:,y) +eh(z,n+1) q
T Zp z,y)(1 - e(z, y))( ( >, g )

9 yey

q q
el ehv + eftn
ol ) ) R |- (S| )
9 yey Zy’e‘j el 9 yey Zy’ege Y

By Lemma B.2, the conditional regret of the deferral loss can be expressed as

Ael—defag'f(h7 z) = max{pymaxvanrl} ~ Ph-
Next, we will show that the conditional regret of the surrogate loss can be lower bounded as follows:
. 1
AGLRL2DJ{(h7$) = e|-RLQD (h) - eLRLzD (ﬂ{) 2 m
We first consider the case where g(x) # ymax. Otherwise, it would be straightforward to see that

the bound holds. In the case where g(2) # Ymax, We have g, . = Dy,.... We first prove that for any
hypothesis /i and x € X, if Ymax # Pmax, then the conditional error of / can be lower bounded by that

B B Phoare Y = Ymax
of h, which satisfies that h(z,y) = hy,.. ¥ = hmax - Indeed,

hy otherwise.
hymax + ehn‘*‘l )q)
y ey ©
+ thax 1 - + (phmax q}lmax)

- hhrmx + €hn+1 4
Z 7€hy’ h y!
y'ed y ey €

elthmax I eMthmax 4 ghn+t 1
- qymax 1- h. s (pymax qymax }

(AeLdefﬂ‘f(h?‘r))2' (3

Q(GLRL2D (h) = CLpran (E))

ehymax 1
= qymax 1- Z ehy, + (pymax quax
y'ey

q
ehhmax

Yyl Lyge
N q

q
e tymax hymax + ehn‘*‘l
- thax 1- h. s + (phmax q}lmax h "
Zyegety
y'ed y ey ©

h hn
e Ymax max
L Zy 6125 Zy E'j
ehymax + ehn+1 1 ehhmax + ehn+1 a
+ (Pymax ~ Qymax ~ Phamax T Qhana)| | 1~ T _ _h, N1\
Zy ey ey Zyleg e
ehyrnax + ehn+1 4 ehhlnax + ehn+1 4
2 (pymax _phmax) 1- W -11- ﬁ
y'ey € y'ey €

> 0.

~—

= (Qymax = Thumas
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Therefore, we only need to lower bound the conditional regret of hypothesis A satisfying ¥max = Pmax-
Since ¢(z,y) = lg(z)+y> W€ have py,.. > Pni1 = Pg(z). Note that when (py,,... — Pni1)(h
hn+1) > 0, we have AC ., 5c(h,z) = max{p%nax,pml} pnh = 0. When h,,_

log(e"™** + 1) ¥ = Ymax
define a new hypothesis h,, such that h,(z,y) = log(ehymax - ,u) y=n+1 , where ¢lvmax —

h(z,y) otherwise.
h

en+1 < i < eltvmax . Then, we can lower bound the conditional regret of hypothesis h by using
AClirop, 3 (R, @) 2 Cypop (h) - €F (hy,) for any elvmax — ehnt < gy < elumas:

AGLRLzDJ’C (h" .T)
> sup (GLRLZD (h) eLRLQD

ePymax >p>eMymax —ehn+1

Ry hoia \?
1 e hymax e'vmax 4 @
>~ sup Qyonar | 1 — M TR | e e v
q ehymax ZHZehymax —ehn+1 y Ey Zy Elj v
hyr + 6 hn+1
Y'€Y,y' #Ymax 1/ ey €
ehn+1 4 m 4 ehn+t 4 ohymax a
Gy | 1~ S ey = (Pyamax = Qa1 = S el
y'ey y'ed
hy’ + ehymax - e
- Z (py’_Qy’)(l_( s
Y’ €Y,y #Ymax Zy reg €Y
q q
1 ehymax ehn+1
> - sup G| 1| |+ 2 Gy-a)|l-|o—0>
q ePymax ZHZehymaX —ehn+1 ( Zy ey eh Y’ €Y,y #Ymax Zy gy ehy

eh"“ + U ! ehymax -1 1
R Rl mvl B B > (y—a)|1- s h,
zy ey © y'€Y,Y' #Ymax Zy ey €

(ehvmax —ehnnt <y < e

h 1 h 4
1 e'"Ymax e n+l
= Sup qymax 1- 7% + (pn+1 - (pymax - qymax)) 1- h. s
4 ehymax >p>ehymax —ehn+1 Zy ey € Zy’eg e
q q
eh'rt+1 + 7] ehyrnax -
= Ay | 1 = ho, = (Pn+1 - (pyn\ax - qymax)) 1- B,
Lygen Lygen

By differentiating with respect to x, we obtain that

Ymax

= hpe1 <0, we

LrL2D

h

Ymax )

(Prst — (Dy . — Gy )) T ehvmax — (g, ) Tehn
= n+l pymax qymax qymax e

1 T
(@yanes) T+ (Prs1 = (Pymmax — Qe ))
achieves the maximum. Plugging it into the expression, we have

AeLRL2D79‘C(h’ 1’)

h q h q
N 1 etymax ( ( )) e'tn+l
> Nty =57 | ~ Pt = Py = G )| =5
q Y Zy ' eh1 n Y Y Zy/eg ehy

q

1
[ehym‘“ + el ] (Pr+1 = (Pymax = Tymax)) "

= 1
Zy’eg ehy’ [q'gt:)ix + (p’n+1 - (p’ymax - qymax)) -t ]

* Qymax

h hﬂ *1
1+1 q-1
e "Ymax 4 @ qym‘

: .
5 ey [+ (st~ B~ )]

+ (Pn+1 = (Pymax = Wmax))
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This can be further lower bounded by taking the minimum over h € J{, where the minimum is attained
when e+l = ehumax = v for all y € Y. Therefore,

1 1 ql-a
1-g 1—q
qymax + (p77,+1 - (pymax B qymax)) 1o _ Prn+1 — pymax
2 2

2
AC h >
LRL2D75’C( 7x) (n+1)q

(minimum is attained when e/»+1 = e

Ymax = eh’y7 Vy € y)

1
>
2(n+1)4
(Qymax + (Prs1 = (Pymax = Qymax )) < 1 and by analyzing the Taylor expansion)
1

T 2(n+ 1)

2
(pymax - pn+1)

(Aedeﬁj‘f(h? x))2 (pymax 2 Pn+1 and hymax < hn"'l)

This proves the inequality (8). In the case where g() = Ymax, We have p,.1 = py,.. . By Lemma B.2,
the conditional regret of the deferral loss can be expressed as ACy ;. 3¢ (h, Z) = prs1 —pn. fh(z) =
n+1, then we have AC__, 5¢(h, ) = 0. Otherwise, when h(z) # n+ 1, we can proceed in the similar

log(e+ +p) y=h(z)
way as above, by defining a new hypothesis h,, such that h,(z,y) = log(ehh(ﬂ - u) y=n+1.

h(z,y) otherwise
Then, we can lower bound the conditional regret of Lgy,op by using ACy ;. 9¢(h, z) > CLyp.p () -

Clran (hu), by applying the same derivation as above, modulo replacing ymax With h(z). This leads

to the inequality (8) as well. By Theorem B.1, we complete the proof.

C Proof of Theorem 5.1

Theorem 5.1. Assume that there exists a zero error solution h* € H with €4, , (h*) = 0 and H is
closed under scaling. Assume that lim,_, V(t) = 0. Then, the minimizability gap of comp-sum loss
Leomp vanishes: My, (H) = 0.

comp

Proof. By definition and the Lebesgue dominated convergence theorem, we have

ch* (2.y)
My, (30) < €5, (F0) < lim E[\p()]:o,

comp( comp 400 Z rey eah*(zvy’)
Y'e

This completes the proof. O

D Future work

While we presented a comprehensive study of surrogate loss functions for learning to defer, our
work focused on the standard single-expert and single-stage setting, aligning with previous work
[Mozannar et al., 2023]. However, an interesting direction is to extend our approach to multi-expert
[Verma et al., 2023] and two-stage settings [Mao et al., 2023a], which we have left for future work.
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