Mehryar Mohri

Foundations of Machine Learning
Courant Institute of Mathematical Sciences
Homework assignment 3

October 31, 2016

Due: A. November 11, 2016; B. November 22, 2016

A. Boosting

1. Implement AdaBoost with boosting stumps and apply the algorithm to the
spambase data set of HW2 with the same training and test sets. Plot the av-
erage cross-validation error plus or minus one standard deviation as a func-
tion of the number of rounds of boosting 7" by selecting the value of this pa-
rameter out of {10,102, ...,10*} for a suitable value of k, as in HW2. Let
T* be the best value found for the parameter. Plot the error on the training
and test set as a function of the number of rounds of boosting for t € [1,7™].
Compare your results with those obtained using SVMs in HW2.

Solution:
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Figure 1: Cross validation error shown with 41 standard deviation (Figure courtesy
of Chaitanya Rudra).

In figure 1 we see a typical plot of the average cross-validation performance
shown with £1 standard deviation. Note that the error descreases exponen-
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Figure 2: Test and training error (Figure courtesy of Chaitanya Rudra).

tially and eventually levels out after roughly 400 iterations. In figure 2 we
see the training and test error after 7* = 400 rounds. Note that the test error
eventually levels off, while the training error continues to decrease towards
zero. Overall, the AdaBoost algorithm performs only slightly better than
SVM algorithm increasing accuracy by about 1%.

. Consider the following variant of the classification problem where, in addi-
tion to the positive and negative labels +1 and —1, points may be labeled
with 0. This can correspond to cases where the true label of a point is un-
known, a situation that often arises in practice, or more generally to the fact
that the learning algorithm incurs no loss for predicting —1 or +1 for such
a point. Let X" be the input space and let ) = {—1,0,+1}. As in standard
binary classification, the loss of f: X — R on a pair (z,y) € X x ) is
defined by 1,1 (2)<0-

Consider a sample S = ((x1,91),.-., (Tm,Ym)) € (X x V)™ and a hy-
pothesis set H of base functions taking values in {—1,0,+1}. For a base
hypothesis h; € H and a distribution D; over indices i € [1,m], define €]
for s € {—1,0,+1} by € = Eip, [1y,h, (2:)=s)-

(a) Derive a boosting-style algorithm for this setting in terms of €/s, using
the same objective function as that of AdaBoost. You should carefully
justify the definition of the algorithm.

Solution: Say a ‘boosting-style algorithm’ is just AdaBoost with a pos-



(b)

(©)

sibly different step size ;. Recall these definitions from the descrip-
tion of AdaBoost: The final hypothesis is f(x) = >, a;h¢(x) and the
normalization constant inround t is Z; = >, Dy (i) exp(—ay;he(z;)).
We proved in class that

;Z Ly flas)<0 = ;Xi:exlg(_yif(xi)) _ 1:[Zt

and that AdaBoost’s step size can be derived by minimizing this objec-
tive in each round ¢. Taking that same approach, observe that

Zy = ZDt(i) exp(—ayihi (7)) = €0 + ¢ exp(ag) + ¢ exp(—ay).

(2

Differentiating the right-hand side with respect to a; and setting equal

to zero shows that Z; is minimized by letting oy = % log (Z%)
t
What is the weak-learning assumption in this setting?

e —e;
L 17% > v > 0. Informally,
this assumption says that the difference between the accuracy and error
of each weak hypothesis is non-negligible relative to the fraction of
examples on which the hypothesis makes any prediction at all. In part
(d) we will prove that this assumption suffices to drive the training error

to zero.

Solution: One possible assumption is

Write the full pseudocode of the algorithm.

Solution:
1. Given: Training examples ((z1,y1),-- -, (Tm, Ym))-
2. Initialize D; to the uniform distribution on training examples.
3. fort=1,...,T:

a. h; < base classifier in H.

b 1 1 6?
. O — 5 10g ; .
Dy (3) exp(—ary;he ()

c. Foreachi = 1,...,m: Dyy1(i) « 7 ,
where Z; < >, Dy(i) exp(—aqyih¢(x;)) is the normaliza-
tion constant.

1. f <— 23:1 Oétht.
4. Return: sign(f).




(d) Give an upper bound on the training error of the algorithm as a function
of the number of rounds of boosting and €;s.

Solution: Plug in the value of o from part (a) into Z; = €)+¢; exp(ay)+

€ exp(—ay) to obtain Z; = €} + 24/¢; ¢, . Therefore

7;§:1wﬂmK0§IIZ¥:II<£+2 e[&).
i t t

Morever, if the weak learning assumption from part (b) is satisfied then

Q4 =4 J1—d2 (o - )
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The first equality follows from (€, + €, )2 — (&f — ¢, )% = 4¢ e,
(just multiply and gather terms) and € + ¢; = 1 — €. The first

inequality follows from the fact that square root is concave on [0, c0),

and thus \\/z + (1 = A)/y < /Az + (1 — Ay for A € [0,1]. The

last inequality follows from the weak learning assumption.

T
Therefore we have = > Ly, f(ai)<0 < ( 1- 72> < exp (—WQTT>
where we used 1 4+ = < exp(x).

B. On-line learning

The objective of this problem is to show how another regret minimization algorithm
can be defined and studied. Let L be a loss function convex in its first argument
and taking values in [0, M.

We will adopt the notation used in the lectures and assume N > e2. Addition-
ally, for any expert i € [1, N], we denote by r;; the instantaneous regret of that
expert at time t € [1,T], rt; = L(Yt, y+) — L(yt,i, y¢), and by Ry ; his cumulative
regret up to time t: Ry ; = 22:1 r¢;. For convenience, we also define Ry ; = 0 for
all i € [1, N]. For any = € R, (z)4 denotes max(x,0), that is the positive part of
z,and forx = (x1,...,2n)" € RN, (x)5 = ((21)4, ..., (xn)1) .



Let & > 2 and consider the algorithm that predicts atround ¢ € [1, T according

to yy = %, with the weight w; ; defined based on the ath power of the

i=1 Yt
regret up to time (¢t — 1): w;; = (Rt_l,i)‘}r_l. The potential function we use to
analyze the algorithm is based on the function ® defined over RY by ®: x

160412 = [SN, (@3] =

1. Show that ® is twice differentiable over RY — B, where B is defined as

follows:
B={ucR: (u), =0}.

Solution: For x ¢ B, we can write ®(z) = gf)g(Zf\;l ¢1(x;)), where

x1,...,x N denote the components of x and ¢ : R — Rand ¢2: (0,004) —
R are the functions defined by

Vu € R, ¢1(u) = (u)§ (1)
2
Vu € (0,004), pa(u) = ua. (2)
It is not hard to see that both ¢; and ¢5 are twice (continously) differentiable,
which shows, by composition, the same property for ® over RN — B. O

2. For any ¢t € [1,T], let r; denote the vector of instantaneous regrets, r; =
(req,...,men) ', and similarly Ry = (Ryq,..., Ry n)'. We define the
potential function as ®(R;) = ||(R¢)+||%. Compute V®(R;_1) for Ry_1 &
B and show that VO®(R;_1) - r; < 0 (hint: use the convexity of the loss with
respect to the first argument).

Solution: For any i € [1, N],

N
8®(Rt_1) 2 _ a 2—a o
TORi1; PR LR D (R )] = 2wl (Remn)+[127

) i=1
3)

Thus, we can write

N
sign(V®(Ry) - ry) = sign (Z wt,irt,i)
i=1

N
= sign (Z we i (L(Ges ye) — L(Yeir ye))
i1

N

. Wi, i ~
= sign (D < (LG ) — Ly o) ).
; D i1 We,i



Now, by the convexity of the first argument of L, the following holds:

N
Wt 4 ~
Z N —(L(Ye: ) — L(Yeir )
o3 Doim Wi
N

~ Wt g
= LY, yt) — Z —v L y) <0,
i=1 D im1 W

since 73 = % O
. (Bonus question) Prove the inequality r' [V2®(u)]r < 2(a — 1)]|r||? valid
forallr € RY and u € RY — B (hint: write the Hessian V2®(u) as a sum of
a diagonal matrix and a positive semi-definite matrix multiplied by (2 — «).
Also, use Holder’s inequality generalizing Cauchy-Schwarz: for any p > 1
and ¢ > 1 with % + % =landu,v € RY, |u-v| < |lull,/v]y:-

Solution: As already seen, for any i € [1, N], we have

9®(u) a- —a
o = 2Tl “)
For j # i, we obtain:
0?®(u) e o Cu
i I R A (G R 5)
We also have
92P(u o a e Cu
20— (1) )22 ) 2 202 ) ) ) 20
(6)
Consider the diagonal matrix D = diag((ul)‘j‘__2, e (uN)f‘r_Q) and the

matrix M defined by M;; = (u;)% ' (u;)3". In view of the previous ex-
pressions, we can write

V2o(u) = 2(a — D)[|(w) ¢ [27°D +2(2 — o) (w) |2 M. (7)
M is a positive semi-definite matrix since M = vv " withv = (u$7 1, ... w7,
Thus, for any r, r"Mr > 0. Since 2 — a < 0, we can write

r V28 (w)r < 2(a - 1)]|(w)4 |2 r Dr

N

=2(a = Dl ()27 D (w)s 2 rfs

=1



By Holder’s inequality, the following holds:

N N a=2 N 2
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This implies that r ' V2®(u)r < 2(a — 1)|r||2. 0

. Using the answers to the two previous questions and Taylor’s formula, show
thatforallt > 1, ®(Ry) —®(Ry_1) < (a—1)||r¢|?, if yRi_1+(1—7)Ry &
B forall vy € [0, 1].

Solution: By assumption, the segment [R;_1, R;] does not meet B and thus
® is twice differentiable over the interior (Ry—_1, R;). Thus, by Taylor’s
formula, there exists u € (R;_1, R¢) such that

IN

1 1
O(Ry) — P(Ri—1) = V(Ry—1) -1 + §rtTV2(u)rt ierQ(u)rt

(o = 1)l I3,

where we used the inequalities obtained in the two previous questions. O

IN

. Suppose there exists v € [0, 1] such that (1 — v)R;—1 + YR; € B. Show
that ®(Ry) < (a — 1)]r¢)|%.

Solution: For that v, by definition, we have (Ry—1 + 7r;); = 0. Observe
that for any two scalars ¢ and d, (¢ + d)+ < ¢4 + d4 and therefore that

(Ri—1+re) 4 < (Re1+9re) 1 +(1=7)(re)+ = (1=7)(re)+ < (Te)4. (8)
u +— ||u||? is a non-decreasing function of each component u;, thus ®(R;) =
D(Ry_1 + 1) < [[(re)+]|2. Since a > 2, this implies ®(R;) < (a —
D))+ 13- 0O

. Using the two previous questions, derive an upper bound on ®(Ry) ex-
pressed in terms of 7', N, and M.

Solution: In view of the two previous questions, the inequality ®(R;) —
®(R;_1) < (o — 1)||r¢]|2 holds in all cases. Summing up these inequalities
forall t € [1,T], we obtain

T

T
®(Rr) = 2(Rr) - ®(Ro) = ) ®(Ry) — 2(Ri—1) < (= 1)) |lre3.
t=1 t=1

Since |ry;| < M for all t and 4, this yields ®(R7) < (o — 1)Na M2T. O



7. Show that ®(R7) admits as a lower bound the square of the regret Ry of the
algorithm.

Solution: By definition of the regret,
Rr = max Bri< IR7[o = v ®(Rr).
1 )

Note that this implies that ®(Rr) > (Rr)%, which is not exactly the state-
ment given in the question. However, it suffices for proving upper bounds
on the regret, which is the motivation behind our construction of ®.

8. Using the two previous questions give an upper bound on the regret Ry. For
what value of « is the bound the most favorable? Give a simple expression
of the upper bound on the regret for a suitable approximation of that optimal
value.

Solution: In view of the inequalities of the two previous questions, we have

Ry < \/(a — 1)NaM2T.

: 2 o
For N > €2, the function o + (o — 1)Na reaches its minimum over

(2,+00) at (log N + v/log® N — log N), which is approximately 2log N.
Plugging in that value yields the bound

Ry < M+/(2log N — 1)eT.



