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Puzzle Corner
Allan J. Gottlieb

Painless Number Theory

Allan J. Gottlieb, ‘67,
I3 associate research
professor of
mathematical
sclences at the
Courant Institute of
Mathematical
Sclences, New York
University; he studied
mathemalics at M.1.T.
and Brandels. Send
problems, solutions,
and comments to him
at the Courant
Institute, New York
University, 251
Mercer St., New York,
N.Y., 10012,

Let me begin with some really good
news. At 6:08 p.m. on Sunday, March
14, my wife Alice gave birth to our first
child, a nine-pound one-ounce boy.
Mother and son are doing fine—
father's status is unknown. Since we
had participated in a Lamaze training
course, | was able to assist during
labor and delivery—a truly memorable
and fulfilling experience. Although the
husband's role in childbirth is relatively

‘minor, Alice says | was very helpful and

| believe that | performed my
{comparatively easy) functions quite
well. Alice of course was the real star
and was magnificent. Forgive the new-
and proud father for rambling on but
let me dedicate this column to the fruit
of Alice’s labor, David Bendix Gottlieb.

Probleﬁvs

M/J 1 Jerome Taylor sent us the
following “double” problem which he
attributes to William Crapo:

Given the positions shown, White is to
play and mate in three moves. In the
first problem, the black pawns move
up the board, in the second the black
pawns move down the board.

& |5

M/J 2 Roy Sinclair wants to know how
many regular decompositions there are

of the sphere. A regular decomposition
is one in which the surface is
subdivided into congruent spherical ,
regular polygons, where a spherical
polygon is called regular if all its vertex
angles are equal.

M/J 3 Alan LaVergne has a number
theory problem—but don’t despair, it’s
not that bad: Given an integer n>0
and an odd integer m, prove that any
odd integer has one and only one mth
root mod 2,

M/J 4 The following problem was
published in Technology Review in
1939 in an advertisement of Calibron
Products, Inc., credited to an earlier
publication (1922) in the American
Mathematical Monthly credited to a
Professor Shuh of Delft. The problem
is to determine the 145 digits in this
skeleton division in which each *‘x’’
represents one digit. The nine quotient
digits shown in bold type form a
repeating decimal (i.e., the group as a
whole repeats indefinitely). Divisor and
dividend have no common factor. Find
the digits; there is only one possible
answer.

XXXXXX} XXXXXXX[XX.XXXXXXXXKX
XXXXXX
XXXXXXX
XXX XXX
XXXXXXX
XXXXXXX .
XXXXXXX
XXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXXX
XXXXXX
XXX XXX
XXXXXX

M/J § Howard Nicholson has a
problem that is really a piece of
cake—in fact, several pleces:

. Consider the problem of dividing a

cake equally between two people A
and B using only a knife. Assuming A
and B always try to maximize their
shares, the well-known solution is to
let A cut the cake into two pleces and
B choose one piece. This forces A to
cut the cake into pieces as equal in
size as possible since otherwise B*
would choose the bigger piece. What is
sought is a procedure for the
generalized problem, under similar
circumstances, to divide a cake equally
among three or more people subject to
the following conditions:

1. The procedure must allow each
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After South lead to North club queen
lead first North high heart
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person to have the opportunity of
receiving his fair share of the cake
regardless of the actions of any other
person or group of persons who may
have previously schemed to obtain
more than their fair share of cake and
then to divide it up later. .

2. The procedure must involve only a
finite number of cuts and steps.

3. Except for temporal ordering, no
statement can be conditional or
depend on the outcoms of any
previous statement.

4. No statement can specify in any way
the size of a piece or pieces to be cut
or chosen.

5. The'complete procedure is assumed
to be known by all before being carried
out,

6. The only allowed operations in the
procedure are cuts and choices and
comblning more than one piece into a
single piece. Possible steps, for
example, could be (1) A cuts the cake
Into 6 pieces. (2) B chooses 4 pleces
and puts them together and cuts the
sum into three pieces. (3) C chooses
one piece from A and one from C, etc.

Speed Department

M/J SD 1 We are given points A, B,
and C arbitrarily located on the
quadrant of a circle with BD, BE, and
 CF perpendicular to OA, OC, and OA,
respectively. Under what conditions do
the line segments satisfy the following
equation?
AB e OE + OD ¢ BE = CF
c
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M/J SD 2 Greg Huber wonders what is

the maximum amount of change in the

form of pennies, nickels, dimes, quar-
ters, and half-dollars you can have and
still be unable to change a $1 bill.

Solutions

JAN 1 South, on lead, is to make all seven trick:
ageinst any defenge, with hearis as trumps: '

YKa
$5
Apg765 Q1095 AK10
V&L v—
*— "¢ 10
*J AJg3 %8764
*
SAKI

The following graphic solution, including the
chart at the top of this column, is from John Boy-
nton:

1. First lead by South has to be a small club to the
queen In dummy, since any other lead, except a
high club, resuits in either a trump trick by West or
a spade trick by East, unless dummy ruffs, in which
case West will ultimately get a trump trick. If South
leads a high club first, there is no way 1o get to
dummy without either trumpling a spade, which as
belore ylelds a spade trick to West, or leading the
smail club, which is naturaily trumped by West.

2. Second lead from dummy has to be a high heart,
since a diamond tead Is ruffed by West, as Is any
club leed. Here, declarer must watch East's sloughs
carefully. If East makes the mistake of stoughing a
club on this first heart tead from dummy, Scuth
merely sloughs both high clubs to establish dum-
my's good clubs, followed by a lead to South's
good dlamond. if East sloughs a dlamond en dum-
my's first heart lead, South follows with a slough of
the @ J. If East sloughs elther spade on the first
heart lead from dummy, Sculh still sloughs a high
club.

3. It, after a diamond slough by both East and

South on the first heart lead from dummy, East -

sloughs a club on the second heart lead from dum-
my, South also sloughs a high club and next plays
the good ¢5, sloughing South’s remaining high
club and running dummy’'s good clubs. If East
chooses to slough a spade on the second high
heart lead from dummy, South also sloughs the
high club and leads the good diamond from dum-
my. It East now sloughs a club, South follows with a
high club slough, establishing dummy’s good clubs.
It East sloughs the AK, declarer Is left with a high
club [n the Scuth hand for an entry to the top two
remaining spades.

4. |f East sloughs a spade on the first heart lead
from dummy, declarer stiil sicughs a high club from
South and watches East’s slough on the second
heart lead from dummy. Il East sloughs a club, the
second high club is sloughed from Scuth and dum-
my's good clubs are taken belore leading to the
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good diamond In South, If East sloughs spade-dia-
mond on the first two heart leads, declarer leads
the good 4 5, after also sloughing South’s dlamond
when East sloughs a diamond, and watches East's
critlcal third slough. If a ciub is stoughed, South's
remaining high club is sloughed, establishing dum-
my’s clubs. It the last spade Is sloughed by East,
declarer again has an entry to South in the remaln-
ing high club to cash the good spades. See where
the following four solutions are shown:

Solution 1: Play dummy's good clubs from top,
sluffing South's spades; lead to South's good dia-
mond.

Solution 2: Board is good, with high clubs led from
top afier sloughing Scuth's remalning club on § 5.
Solution 3: Play dummy’s good diamond, watch
East’s slough: if a club, slough South's remaining
high club and proceed with Solutlon 2; If a spade,
slough Souih's low spade and proceed with Solu-
tion 4.

Soiution 4: Lead 10 good South hand via Scuth’s
high club and play good spades.

Also soived by Chartes King, Richard Hess, Mal-
thew Fountain, Edwin McMillan, Charles Rivers,
William Katz, Winslow Hartford, Edgar Rose, Carl
Peterson, John Rutherford, John Woolston, How-
ard Katz, Doug Van Patter, Mike Bercher, Manuel
Madnick, Avi Ornstein, Matt Bendanlel, Steve Feid-
man, and the proposer, Emmet Duffy.

JAN 2 What Is the minimum possible volume of a
regular tetrahedral box to contain four identical
balls?

Selocting a salution for this problem was difficult,
since there were several line rasponses each with
carefully drawn figures. Eventually the dart landed
on Charles Rivers' solution:

1. For a regular tetrahedron with sides of length L,
Volume = L%6+/2.

Altitude of a side = \/3L/2.

Altitude of tetrahedron = /2L//3.

Angle of Intersection of two adjacent sides (¢):

€08 ¢ = 1/3;sin ¢ = 2/3/3,

2. Each side is tangential 1o three spheres of radius
r. The points of tangency form an equilateral irian-

KULITE

METALLURGY

Tungsten, molybdenum, co-}
balt, special alloys — tabrica-
tions. ""HI-DENS" tungsten
alloys — for counterweights
and shielding.

| SOLID STATE SENSORS

Semiconductor strain gages,
integral silicon force sensors]|
and temperature sensors for
measurement and control
applications.

Anthony D. Kurtz, 1951
Ronald A. Kurtz, 1954

KRULITE

(Kulité Semiconductor Products, Inc.,
Kulite Tungsten Corporation) :
1030 Hoyt Avenue, Ridgefield, N. ). __

mra

A24 Technology Review

gle of side 2r, which Is equidistant from the edges of
the side by distance a.

2q 30

Altitude of side = /3L/2 = \/3r + 3a, or

L =2r+ 2/3a.

3. Censider a slice parallel to the altitude and
through a point of tangency:

r+r cos q&/

a = [r(1 + cos ¢)l/sin ¢ = \/Zr.
4. Therefore, L = 2r + 2/8Br = 6.9r, and
Volume = (6.9r*/6/2 = 38.7 P°.

Also solved by John Woolston, Harry Zaremba,
Norman Wickstrand, Avi Omstein, Emmet Duffy,
Lyndon Welch, Richard Hess, Irving Hopkins, Mat-
thew Fountain, and the proposor, Rob Cave.

JAN 3 Technology Review apologizes for the ab-
sence of a solution to JAN 3 in this issue. Due to
circumstances beyond the auther's control, that
solution s being held for publication in “Puzzle
Corner” for July, 1982.— Ed. h

JAN 4 A rocket is launched with constant speed
from the point (Ry,0) toward a staticnary target
located at {0,0). The rocket has a seeker that is
offset from the velccity vector of the rocket by a
constant angle A. The seeker always points directly
at the target. What is the filght path of the rocket
and what s its acceleration?
The foltowing solution is from Harry Zaremba:

V sin A
Ve
\\\ A (Pre)
P~ Vcos A
-9 L .
0 (Rg, 0)

in the figure shown, v is the rocket velocity and (p,
0) are the polar coordinates defining the position at
any instant of time 1.

The radial velocity toward the target will be

dp/dl == p = ~vecos A M

and the velocity perpendiculardo p «f b
p{d0/dt} = o0 = vsin A {
Dividing (1) by (2),

dp/pd® = - (cos A)/(sin A) = - 1/(tan A), or

(dol/p = ~ dB/(tan A). {
Integrating (3),

log p = - O/{tan A) + log k, or

plk = a'o’“”' A) «

Noting that © = 0 when p = R,, then from .k =
Ro.

Hence, the flight path of the rocket is
o= Mw A)
Differeptiating (2) with respect to 1,
PO+ 60p=0. .
Substituting 5 and @ from (1) and (2) Inlo (5),
00 + (v/p.sin A(- v cos A) = 0,
Thus, the angular acceleration of the rocket with
respect to the target positien Is
6 = (v/plsin A cos A.
Since the radial velocity is constant, the rocket's
time to reach the target is
t = Ro/(v cos A),

Also soived by Matthew Fountain, Richard Hess,
Emmet Dufty, Randall Gressang, John Woolston,
Michasl Jung, and the proposer, Tom Haler.

Bolter Late Than Never

JAN SD 1 Richard Desper disagrees with the pub-
lished solutlon; Elltot Roberts suggests a windmili-
driven progpeller; and Richard Russell writes: |

The published solution seemingly violates the basic
laws of vector analysis. Consider a sail as a flat
plane, set, for example, 30° offwind. This locatly
changes the dlrection of the wind and sets up a
resultant force on the plane that Is at right angles to
that plane or 120° offwind. However, If the plane is
{ree 1o move 45° retative to the wind scurce, then
tha 120° resultant force can be represented by two
force components or vectors, cne at 45° to the
wind and one at 135° {0 the wind. Graphically we
can see that the 45° vector drives the boat forward
In the direction of the 45° vecter and that the 135°
vector neither heips nar hinders such movement.
Now withcut changing the angle of the attack of the
plano (30°), we can move the plane on a course that
i closer to the wind. Inspection shows that the for-
ward-drive component becomes less, reaching
zero by the time the movement coincides with the
plane at 30°. if the movement I3 brought still closer
to the wind, then the resultant component is nega-
tive or drives the system back away from the wind
as would be expected. Generalizing: 1. The sall
Plane has to be angled to the wind. 2. The move-
ment of that sall plane has to be at a greater angle
than the sail plane itseif. 3. Given conditions 1. and
2., the boat will move forward. 4. As both condl-
tions 1. and 2. approach 0, condition 3. remains
valid [t friction Is 0.

JAN 8D 2 Al Welss, Everett Leroy, and Chester
Tudbury found other solutions.

A/81 Fred Trescott notes that the position cannot
oceur In a game.

A/84 Irving Hopkins notes that no one thought of
the clreumscribing circle.

OCT 3 L. Stefens found a simpler solution and
Ahmet Karakas has responded.

OCT 4 Greg Huber belleves that the published sclu-
tion neglects a term Involving the central tetrahe-
dron’s edges. Ho obtains V = 0.5402619.

OCT 5 Ahmet Karakas has responded.

N/D 2 Ed Chang and Mary Lindenberg have
responded.

N/D SD 1 John Kellam found 100 triangtes.

FEB 4 John Rule disavows authorship.

Proposers’ Selutions to Spoed Problems

SD 1 When the radius Is 1.
8§D 2 31.19,
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