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One Does Not Belong

¥ Mexico's outgoing ruling party Is threatening to boycol
the inauguration of the new President electVicente Fc

¥ Leaders from around the world are arriving in Mexico
Friday's inauguration of President electVicente Fox...

¥ The curtain has come down on the Summer Games ir
Sydney but not before the U. S. men's basketball tearr

¥ Mexico begins a new era today when President elect
Vicente Fox takes the oath of ofpce...

¥ History was made in Mexico today when Vicente Fox \
sworn in as President. This was no ordinary inaugurat
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Novelty Detection

¥ Intuitive debnition: Pnd the outliers in a group or a stre
of data points

¥ Some ideas In the (enormous) past literature

¥ Fit a Gaussian mixture, train a HMM, etc.; outliers at
points with low likelihood

¥ Apply k-means clustering, k-nearest neighbors, etc.,
outliers are points far from clusters/other points

¥ This work: ummm, OccamOs Razor? Why solve all the
hard problems?




Separating from Origin

¥ Want an algorithm that
returns +1 in a OsmallO
region enclosing most of
the points, -1 outside this
region

¥ Unsupervised setting: date
points X1

¥ Linear classiber form
f(x)=sgn(wax! !)

¥ Oseparable caseO here
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Add Slack Variables, Kerr

. . . 1 ) 1 7 . %
min skwk=C == ji AT
¥ Allow points to violate ~__min r il

subject to (W ¢W(xj)) O r Aji, jiu 0.
¥ # points: ,: learning parametert (0,1

margin constraints: slack

¥ Kernel version uses mapping
I X1 F
¥ Add kernel
k(x,y) D (W(x) ¢W(y))

\
A \

¥ Kernelized classiber:
f(x) D sgn((w ¢W(x)) Ar)




Solving the Optimizatior

¥ Lagrangiantw,!,r," o)

(i, B ! 0) A | ai ((wew(x))Ar Ccji)A B

¥ Set derivatives w.r.tv,!,"  equal to zero

A
w D aiW(xi),

|
1. 1 X
aiDlezial/T\, a; D 1.

¥ Plug back in to get (kernelized) dual problem

1 X
aigjk(xi, xj) subjectto 0 a a; & e aj D 1.
I ' ¢ «
. X ,
¥ And the classiber formfx pson =~ akx. 0 Ar .
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Recovering the Threshol

¥ Two of the KKT conditions:
WA ()"t #]=0; $i% =0

¥ For anyi suchthat;,”; >0 (SVs), we have

r D (weW(xi)) D . ajK(xj, Xi).

¥ So you get the threshold back as part of your solution
¥ i.e., no hacking/tuning/guessing the threshold!




AnotherView

Tax and Duin, O9¢

¥ We can also do novelty detection by Pnding the small
radius sphere/ball enclosing most of the points

min R%C — i
R2R,! 2R ,c2F Z3

subject to kW(xi) A ck’>a R®Ciji, jiu Ofori2[].

This leads to the dual
X X
min aigjk(xi, x) A aik(xi, xi)
i i
X

: 1
subject to 0a aja e aibD1
4 i

and the solution
X
cD aiW(xi),

corresponding to a decision functio n of the form
0 1

X

f(x) D sgn@R?* A ajajk(x, xj) C 2

J

X
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aik(xi, x) A k(x, x)A .



Equivalence of Sphere:

min aiajk(xi, x) A aik(x, x;)
] i
X

subjectto 04 a a o aiD1
4 i

¥ If kernelk(x, y) depends on onlyA y k(x,x) is constant

¥ e.g., Gaussian Kernéfx, y) b eAxAYK/e

¥ In these cases, spheres equivalent to origin separatiol

1X 1 X
min =  aiajk(x;, xj) subjectto 0 a aj & —, aj D 1.
2 Ya i




Generalization Bound

¥ 3.4,3.5,.5"

subject to (W ¢W(x;)) U r Aji, jiuo.

j

ajk(x;j, xi).

De! nitio n 2. Let f beareal-value function onaspae X. Fix h 2 R. For
x 2 X letd(x, f,h) D maxfo,h A f(x)g Similarly for atraining sequeneX :D
(X1,..., x-), wed€ ne

X
D(X, f,.h) D

x2X

d(x, f,h).

lka2Cir’-j'Ar " X .
2 Vi il : Blof(x) D sgn aik(xi, x) Ar

Theorem 1 (generalization error bound). Suppogwearegiven asd of ™ ex-
amplesX 2 X generatd i.i.d. from an unknown distribution P, which does not
contan discree componentsSupposemoreove that we solwe the optimizatian
problem equatiors 3.4 and 3.5 (or equivalenty equatim 3.11) and obtan a solu
tion f,, given explicitly by equatiom (3.10). Let Ry, :D fx: fy(x) U r gdenotethe
induced decisim region With probability 1A d ove thedraw oftherandan sampé
X 2 X, foranyc > 0,

| «
» 2

© 2
P x%x°2 Ryrac & — kCIogE , (5.7)

where

c1lo Accc}?‘¢ D (@2 Ano <€
109 =2 C log € ——C1 C2 (5.8)

k
"o ) D

A ¢
c1 D 16¢%, ¢ D In(2)/ 42 ,¢c D 103, OD c/kwk, D D D(X, fwo.r) D
D(X, fwr, 0), andr isgiven by equatia (3.12).




Generalization Comment

¥ Covering number argument, strong connections to sof
margin binary classibcation bounds

¥ Bound is loose and thus not directly applicable in prac

¥ o 108 too large by a factor of >50




Experiments:Toy Data

¥ Synthetic 2-D data, Gaussian kermel, y) p erkxAvk?/e

Yy width ¢

0.5,0.5

0.5,0.5

0.1,0.5

0.5,0.1

frac. SVY OLs

0.54,0.43

0.59,0.47

0.24,0.03

0.65,0.38

margin r /kwk

0.84

0.70

0.62

0.48

Figure 1. (First two pictures) A single-class SVM applied to two toy problems;
4D ¢D 0.5,domain:[A1, 1]2. In both casesat least a fractio n of ¥.of all examples
is in the estimated region (cf. Table 1). The larg e valu e of “scauses the additiona |
data pointsin the upper left corner to have almost no in! uence on the decision
function. For smaller values of ¥ such as 0.1 (thir d picture) the points cannot
be ignored anymore. Alternativel y, one can force the algorith m to take these
outlier s (OLs) into account by changing the kernel widt h (see equation 3.3). In
the fourth picture using ¢ D 0.1,¥%4D 0.5, the data are effectively analyzed on
a different length scale whic h leads the algorith m to consider the outlier s as
meaningfu | points.




Experiments: Digits

¥ 9298 digits, 16x16=2F
dimensionality, last
2007 are test

—test

- = other
== Offset

== 0ffset

Figure 3: Experimentson the U.S. Postd Service OCR data set. Recognizer for
digit 0; output histogram for the exemplars of 0in the training / test set, and on
test exemplars of other digits . The x-axis gives the output values, that is, the
argument of the sgn function in equation 3.1Q For %D 50% (top), we get 50%
SVs and 49% outlier s (consistent wit h proposition 3 ), 44% true positiv e test
examples, and zero false positive s from the Qther Oclass. For %D 5% (bottom),
we get 6%and 4%for SVsand outliers, respectively. In that case thetru e positiv e
rateis improve d to 91%, whil e the false-positiv e rate increases to 7%. The offset
r is marked in the graphs. Note, ! nally, that the plots show a Parzen window s
density estimate of the outpu t histograms. In reality, many examples sit exactly
at the threshold valu e (the nonbound SVs) Since this peak is smoothed out by
the estimator, the fraction s of outlier sin the trainin g set appear slightl y larger
than it should be.




Experiments: Digits

217
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Figure 5. Outlier sidenti! ed by the proposed algorithm , ranked by the negative
outputofthe SVM (theargument of equation 3.10). The output s(for convenience
in unit sof 107°) are writte n underneath each image in italic s; the (alleged) class
labels are given in boldface. Note that most of the examples are Qlif ! cultOin
that they are either atypical or even mislabeled.




