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Lecture 5

GEOMETRIC APPROACHES

We look at some geometric approaches to nonrobustness. An in-
triguing idea here is the notion of “fixed precision geometry”. After
all, if nonrobustness is a geometric phenomenon, it makes sense to
modify the geometry to reflect the fixed precision we find in num-
bers. There are many ways to create such ersatz geometries, which
in various ways try to recover the basic properties of standard Eu-
clidean geometry. We shall illustrate several such geometries through
a discussion of “fixed precision lines”.

§1. What is a Finite Precision Line?

Since qualitative errors is geometric in nature, we can attempt to modify the
underlying geometry to be achieve robust behavior. E.g., with finite precision
arithmetic, it seems reasonable to replace standard Euclidean geometry by some
finite precision geometry. We have already met such a geometry in Chapter 1:
we interpreted the standard epsilon-tweaking trick as manipulating new kinds
of “points” and “lines”, namely, fat points and fat lines.

But there are many potential candidates for finite-precision geometries, even
for the simple concept of lines. We illustrate with some common answers [24].
to the question “what is a finite precision line?” Each answer can be viewed as
representative of a general approach to finite precision geometry.

• Interval Geometry: We use the term “interval geometry” to refer any
approach which replaces standard geometric objects by “fat geometric ob-
jects”. A “fat point” can be a disc, but it can be generally be any simply
connected bounded region. A “fat line” can be any region bounded by two
infinite polygonal paths (probably with other properties as well). This is
illustrated in Figure 1(a). This is the geometric analogue of interval arith-
metic, and has been proposed in many different settings, e.g., [18, 12].
Guibas and Stolfi [6] investigated a form of such geometry (“ε-geometry”)
by focusing on geometric ε-predicates that can have yes/no/uncertain val-
ues. Interval geometry is also attractive from another viewpoint: in the
field of mechanical design and manufacture, the tolerancing of geomet-
ric objects [23, 13] is a critical problem. The computational aspects of
this field is being pursued under the name of computational metrology
[9, 25, 14].

• Topologically Consistent Geometry: A line can be distorted into a curve,
which in practice would be a polyline. This is illustrated in Figure 1(b).
The goal of distortion is to preserve some desired topological property of
the original lines. For instance, polylines arising in when computing the
arrangements of lines aim to avoid introducing extraneous intersections.
Consider the following grid model studied by Greene and Yao [4]. Let G
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(a) (b)
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Figure 1: Finite Precision Line Geometry

be a grid, typically G = Z × Z. Assume the input are segments whose
end points lie on this grid. For each input pair (s, s′) of intersecting line
segments, we move the intersecting point to a close grid point p ∈ G.
The segment s, s′ are now converted into polysegments with the same end
points as before, but now passing through p. Greene and Yao require the
transition from s into a polysegment not to cross any gridpoint, leading
to polysegments with continued fraction type properties.

Sugihara and Iri [21, 22] propose topological consistency as a fundamental
principle for achieving robustness.

• Rounded Parameter Geometry: Assume our geometric objects live in some
parametric space. For instance, lines can be represented in the form
L = Line(a, b, c) as in Chapter 1. This corresponds to the Euclidean line
with equation aX + bY + c = 0. We want to round the line parameters
(a, b, c) to some (a′, b′, c′) where a′, b′, c′ comes from some finite set of rep-
resentable values (say L-bit integers). We call Line(a′, b′, c′) a rounded
line. Sugihara [19] [CHECK!] discusses several approaches to rounding
lines. For instance, we might like to restrict |a′|, |b′|, |c′| to lie in the range
[0, 2L). But in fact, it turns out that we get a “nicer class” of such rounded
lines is obtained if we let |c′| lie in the slightly larger range [0, 4L). Such
a set of lines is illustrated in Figure 1(c).

• Discretized Geometry: This is well-known in computer graphics: a line
is a suitable set of pixels on a finite screen. In contrast to the previous
rounding in parameter space, in discretized geometry we discretize the
underlying Euclidean space where the geometric object lives. Figure 1(d)
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illustrates a discretized line represented as a set of darkened pixels. This
is called a Bresenham line in computer graphics. In the field of image
processing, an area called “digital geometry” investigates properties of
such discretized representation of objects.

Software and Language Support. Regardless of the approach to robust-
ness, it is an important to provide software support for the particular approach.
Thus, the development of Pascal SC as an extension of Pascal for scientific
computation supports robust arithmetic with facilities for rounding, overload-
ing, dynamic arrays and modules [1]. These facilities have been extended and
made available in other languages: PASCAL-XSC, C-XSC and ACRITH-XSC. The
language Numerical Turing [8, 10, 11] has a concept of “precision block”
whereby the computation within such a block can be repeated with increasing
precision until some objective is satisfied. While there are well-known numerical
libraries such as LAPACK, newer efforts such as LEDA and CGAL aim to provide
robust primitives and basic algorithms and data structures as building blocks
for geometric applications. Important primitives that ought to be supported
by languages or libraries include scalar product [16] and accurate determinant
evaluation. More generally, we could extend programming languages to sup-
port geometric objects and their manipulation [17]. In the area of programming
languages, the proper treatment of arithmetic exceptions [2] ought to become a
standard part of high-level language support.

[NOTE: We should considerably expand the details in the four bullets.]

§2. Robust Line Segment Intersection

We consider another fundamental problem in computational geometry: given
a set S of line segments in the plane, we want to compute their arrangement.
This is a very basic problem that arises in VLSI circuit design, hidden line elim-
ination, clipping and windowing, physical simulations, etc. The arrangement
of S is a 1-skeleton (or network) determined by the line segments and their
intersections: a 1-skeleton is basically a graph that is embedded in the plane:
its vertices are the endpoints of segments and the intersection points. Its edges
are the open portions of segments bounded by two vertices. This is illustrated
in Figure 2.

Figure 2: 1-Skeleton of a set of line segments

There are several algorithms for this problem. The asyptotically best algo-
rithm is from Chazelle and Edelsbrunner, with running time O(k+n log n) where
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k is the number of intersection points and n is the number of segments. Here
k is the output parameter and ranges from 0 to n2. More practical algorithms
based on randomization have been given Clarkson and also Mulmuley. Algo-
rithms that takes into account robustness issues have been studied by Greene
and Yao [4], Milenkovic [15], and Sugihara [20]. The approach of Hobby [7],
Guibas and Marimont [5] and Goodrich, et al [3] are based on the concept of
“snap rounding”, which we will treat in detail.

Recently, Preparata et al considered another issue, namely modifying the
primitives using in these algorithms so that the algebraic degree is as small as
possible. Although this clearly can help FP computations, it is useful even in
AP computation.

Bentley-Ottman Algorithm. The classic algorithm for this problem is from
Bentley and Ottmann. This algorithm takes time O((n + k) log n), and is quite
easy to describe. Later we will implement Hobby’s snap rounding using this
algorithm as its basis [7].

Let us briefly review the Bentley-Ottmann algorithm. We assume a vertical
sweepline L with equation x = x0. The line sweeps from left to right (so x0 is
increasing). We have priority queue Q, the event queue, initialized to store
the end points of each input segment. Each point in Q represents an event.
An point (x, y) in Q has priority x. Initially, all the points are either start
events or stop events, corresponding to the leftmost or rightmost endpoints
of a segment. As L sweeps from left to right, we pull events from Q. At any
moment, we keep track of the set of segments that intersect L. These segments
are sorted by their the y-coordinate of their intersection with L. We store them
in a balanced binary tree T . Moreover, for each pair of adjacent segments in T ,
if they intersect at a point q to the right of L, then we insert q into Q. Such a
q represents the third kind of event, an intersection event.

Here is how we update T with each event point. If stop event, we delete
the corresponding segment from T If a start event, we insert the corresponding
segment into T If intersection event, we exchange the relative order of the two
intersecting segments in T .

Yao-Greene Grid Model. We consider the following finite-precision model
of plane geometry: let G2 = Z×Z be the (unit) grid. All representable points
must come from G2. Suppose s, s′ are two representable line segments (i.e., their
endpoints are in G2). If they intersect at a point p, this point is generally not
representable. So we must round it to some nearby grid point p′. If s = [a, b],
then p′ no longer lie on [a, b] – failing a fundamental identity we discussed in
Lecture 1:

OnLine(Intersect(s, s′), s)

is identically true whenever Intersect(s, s′) is defined. To restore this identity,
we now replace line segments with polysegments which is just a finite polyg-
onal path [a1, a2, . . . , an]. Thus s is now the polysegment [a, p′, b] and there is
a similar modification for s′. In general, for a polysegment s, we can “snap” a
point p in s to a grid point p′ and change s accordingly.

This defines our basic model, first studied by Greene and Yao for this prob-
lem. What are the issues?

• Unbounded Change: when an intersection point is snapped, other intersec-
tion points may move as a result. It is not hard to see that this movement
may be unbounded even if the snap distance is bounded.
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Figure 3: Issues in Snap Rounding

• Cascaded and New Intersections: when we snap a point, we may generate
new intersections. If we now snap these new intersections points, we may
obtain other new ones. Thus we have a cascading effect. How often do we
need to do this? Does this terminate?

• Drifting: Each time we modify a polysegment, the result may drift further
and further away from its original position. Is there a bound on this drift?
See Figure 3(a) for an illustration of drifting.

• Topological changes: See Figure 3(b) illustrates the possibility of a poly-
segment moving past an intersection point. We call this an “inversion”.
A milder version of topological change is to have two points collapse into
one (this is called “degeneration”).

• Braiding: Two segments intersect in a connected component. If our pol-
ysegments intersect is several connected components, we call this “braid-
ing”. Even if there were no inversion, braiding can happen.

This list of problems seems formidable [4]. So it is somewhat surprising to
see the simple solution described next.

What is an acceptable topological change? Topological change is in-
evitable in finite precision computation. But we distinguish between degener-
ation (which is acceptable) versus inversion (which is not). For instance, if an
edge in a planar arrangement of segments is collapsed to a point and it does not
affect other relations (except for the obvious ones forced by this collapse), this
is an acceptable “degeneration”. On the other hand, if a vertex inside a cell is
modify to lie outside the cell, this is an unacceptable “inversion”. In the presence
of degeneration, there is a trivial solution for any segment arrangement: collapse
everything to a point. So, our requirements ought to be supplemented by some
metric properties such as a bound of the amount of degeneration. Greene and
Yao imposed a very strong one, that the deformation of a segment must not
cross any grid point. The resulting polysegments has nice properties related to
the continued fraction process. We will study another approach from Hobby.

Snap Rounding. It is convenient to introduce the half-open interval R1 =
(− 1

2
, 1

2
]. Also let R2 = R1 × R1. Call R1 and R2 the rounding interval

or square, respectively. It defines the rounding model for us: a number x is
rounded to the unique integer (x + R1) ∩ Z, sometimes denoted ⌊x⌉. In other
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words, we round up in case of ties: 2.5 rounds to 3. Similarly, a point p is
rounded to the unique point (p + R2) ∩ G2, also denoted ⌊p⌉. Note that “+”
here is the Minkowski sum.

We can view rounding from the view point of the grid: let R1 denote the
interval [− 1

2
, 1

2
) (thus, R1 = −R1). If i ∈ Z, then ⌊x⌉ = i iff x ∈ i + R1.

Similarly, we may define R2 = R1 × R1 and define the square of influence of a
grid point g ∈ G2 to be g + R2.

Let S be a set of segments, where each pair of segments intersect transversally
(we do not allow overlap). Define H to be the set comprising all the end points
of segments in S and also all intersection points. So H is finite. Let the rounded
point set ⌊H⌉: these are called the “hot points”.
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Figure 4: Snap Rounding Based on Hot Points

A polysegment s is said to be near a point p if p + R2 ∩ s is non-empty.
If a polysegment s that passes near a hot point p, we snap s towards p. More
precisely, If q ∈ p+R2∩s, then we snap q to p (recall the definition of this snap
operation above). It is not hard to see that this does not depend on our choice
of q. But in the sequel, we will assume that q is the point in s closest to p. The
number of vertices in s increases by 1.

Hobby’s Theorem on Snap Rounding. Given a segment s ⊆ R
2, define the

map DT (s) to comprise all the segments [a, b] such that there exists [a′, b′] ⊆ s
such that

⌊H⌉ ∩ ([[a′, b′] + R2) = {a, b}.
If [a′, b′] is a maximal segment with this property, we call [a′, b′] the “preimage”
of [a, b]. Hence, each segment in DT (s) has at least one preimage in s. Below
we will prove that these preimages are very well-behaved (in particular, there is
a unique preimage for each segment in DT (s)).

Lemma 1 For any segment s there is a direction (1, δ) (where δ = ±1) such
that no two points in G2 ∩ (s + R2) have the same x + δy value.

Proof. If s has positive slope, let δ = +1 else δ = −1. Let (xi, yi) ∈ s for i = 1, 2,
and (⌊xi⌉ , ⌊yi⌉) ∈ (s + R2) ∩ G2. Then

⌊x1⌉ + δ ⌊y1⌉ 6= ⌊x2⌉ + δ ⌊y2⌉

unless the two rounded points are identical. To see this, suppose the slope is
positive and ⌊x1⌉ + ⌊y1⌉ = c for some c. If ⌊x2⌉ + ⌊y2⌉ = c, then it is easy to
see that they must be diagonal points of a grid square. Indeed, they must be
the NW and SE corners of some grid square. But this is impossible. Q.E.D.
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A collection S of segments are essentially disjoint if any pair are disjoint
or intersect at their end points only. We also write DT (S) for the set union of
DT (s), ranging over all s ∈ S.

Lemma 2 If S have endpoints in T and are essentially disjoint, then the set
DT (S) are also essentially disjoint.

Proof. Let s ∈ S. The previous lemma ensures that there is a coordinate system

(ξ, η) =

(

x + δy√
2

,
−δx + y√

2

)

such that the endpoints of segments in DT (s) all have all different ξ coordinates.
The transformation (x, y) 7→ (ξ, η) is given by

(

ξ
η

)

= M

(

x
y

)

, where M =
1√
2

[

1 δ
−δ 1

] (

x
y

)

.

Q.E.D.

The transformation is a rotation, i.e., detM = 1 and the inverse M−1 is
given by its transpose MT . E.g., if δ = 1, the points (±1, 1) map to (1/

√
2, 0)

and (0, 1/
√

2).

Lemma 3 The set of these preimages forms a cover of s. Each segment DT (s)
has a unique preimage.

Proof. The fact that they form a cover of s follows from the fact that if any
maximal open subsegment (a, b) ⊆ s that is dijoint from any preimages, then
there must be a preimage of the form [b, c] ⊆ s (for some c). This implies
that [a, c] is contained in a preimage, contradicting the assumption that [b, c] is
maximal. Uniqueness is trivial by the maximality requirement. Q.E.D.

Lemma 4 If the endpoints in DT (S) maps to q1 = (ξ1, η1), . . . , qm = (ξm, ηm),
and ξ1 < ξ2 < · · · < ξm, then they describe a monotonic piecewise linear func-
tion F on the interval [ξ1, ξm] given by

F (ξ) =
ηi(ξi+1 − ξ) + ηi+1(ξ − ξi)

ξi+1 − ξi

when ξi ≤ ξ ≤ ξi+1.

Proof. This follows from the fact that the preimages of [qi, qi+1] are ordered
along the segment s in the expected way. [Incomplete] Q.E.D.

If s′ ∈ S is a distinct segment, then a similar function F ′ based on DT (s′)
can be defined.

Note that the slope of s′ may be different from that of s. This will lead to
different coordinate systems for F and F ′. To fix this, we may first rotate the
coordinate system so that s and s′ have both positive slopes or both negative
slopes. It is easy to see this is always possible.

These functions approximate the lines ℓ and ℓ′ through s and s′ (respec-
tively).

Since s, s′ are essentially disjoint, we may assume THAT IN THE (ξ, η)-
coordinate system, wlog that s is below s′ whenever they intersect a common
vertical line ξ = ξ0. So it suffices to show that

F (ξ) ≤ F ′(ξ) (1)
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for all ξ ∈ {ξ1, . . . , ξm} ∪ {ξ′1, . . . , ξ′m′}.
Parametrize the lines ℓ so that (ξ, ℓ(ξ)) ∈ ℓ for all ξ. Similarly, assume

(ξ, ℓ′(ξ)) ∈ ℓ′. Since the segment in DT (s) ⊆ sj + R2, and similar for s′, the
difference F (ξ) − ℓ(ξ) is limited to the range of the η coordinates in R2. This
ranges over the intervals (− 1

2
, 1

2
) or [− 1

2
, 1

2
). [CHECK]

Then our assumptions that ℓ(ξ) ≤ ℓ′(ξ) for all ξ is the range of interest
implies that

F ′(ξi) ≥ ηi, if ℓ′(ξi) ≥ ηi +
1

2
.

Otherwise, ℓ′(ξi) ∈ ηi + R1 and the definition of DT forces F ′(ξi) ≥ ηi. incomplete
Similarly, we argue that F (ξ′j) ≤ η′

j . This proves equation (1).

Snap Rounding Based on Bentley-Ottmann’s Algorithm. For simplic-
ity, we may assume that the input segments are already representable.

STEP 1. We modify the Bentley-Ottman algorithm as follows. We first run
the original algorithm as a “first pass”. The intersection points are symbolically
represented (by the pair of defining segments). Let H be the set of all endpoints
and the intersection points found in this way.

STEP 2. Compute the set of hot points: ⌊H⌉.
STEP 3. Now we want to snap each segment s ∈ S to all the hot points

p that it is near to. More precisely, for each s we compute a set of pairs
{(qi, pi) : i = 1, . . . , k} (for some k) such that pi is a hot point that s is near to,
and qi is the point in s closest to pi. Then we snap qi to pi, in an natural order
determined by the qi’s along s. But how do we detect these pi’s? We can do
this by modifying the same sweepline algorithm of Bentley-Ottman: for each
hot point p, we add the four unit segments corresponding to the boundary of
p + R2 to the input set. Thus the segment s is near to p iff it intersects one of
these unit segments of p.

We can take advantage of the fact that these unit segments are horizontal
or vertical and in special positions relative to the grid G2. An efficient imple-
mentation (using the idea of batching, and keeping the unit segments separate
from the original segments) is given in the original paper of Hobby.

Figure 5: Braiding Behavior in Snap Rounding

Other Approaches. Yao and Greene’s. Milenkovic’s Sugihara’s.

Exercises
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Exercise 2.1:
(i) Complete the proof that the ESSA algorithm is correct.
(ii) Describe modifications to the algorithm when exponents are limited
in the range [emin, emax]. ♦

Exercise 2.2: Fix a precision t ≥ 1. Consider snap rounding in the following
“floating point grid” Gt

2 = F (2, t)×F (2, t). Show an example that shows
that the snap rounding theorem of Hobby fails in GF2. ♦

End Exercises
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