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Abstract. A domain decomposition algorithm, similar to classical iterative substructuring al-
gorithms, is presented for two-dimensional problems in the space Ho(curl; ). It is defined in terms
of a coarse space and local subspaces associated with individual edges of the subdomains into which
the domain of the problem has been subdivided. The algorithm differs from others in three basic
respects. First, it can be implemented in an algebraic manner that does not require access to indi-
vidual subdomain matrices or a coarse discretization of the domain; this is in contrast to algorithms
of the BDDC, FETI-DP, and classical two-level overlapping Schwarz families. Second, favorable
condition number bounds can be established over a broader range of subdomain material properties
than in previous studies. Third, we are able to develop theory for quite irregular subdomains and
bounds for the condition number of our preconditioned conjugate gradient algorithm, which depend
only on a few geometric parameters. The coarse space for the algorithm is based on simple energy
minimization concepts, and its dimension equals the number of subdomain edges. Numerical results
are presented which confirm the theory and demonstrate the usefulness of the algorithm for a variety
of mesh decompositions and distributions of material properties.
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1. Introduction. In this paper, we introduce and analyze a domain decompo-
sition algorithm for two-dimensional (2D) problems in the space Hp(curl;2). The
core issues of the present study concern an energy-minimizing coarse space in two
dimensions for edge finite element approximations of the variational problem: Find
u € Hy(curl; ) such that

ag(u,v) = (f,v)qg Vv € Hp(curl; Q),

where
aq(u,v) = /Q[(onxu-va)—k(Bu~v)]da:, (f,v)Q:/Qf~vdx.

This variational problem originates, for example, from implicit time integration of the
eddy current model of Maxwell’s equations [3, Chapter 8], where « is the reciprocal of
the magnetic permeability and B is proportional to the electrical conductivity divided
by the time step; we note that this is the same problem considered in, e.g., [2, 11, 29].
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The norm of w € H(curl;2), for a domain with diameter 1, is given by aq(u,u)/?
with @ = 1 and B = I; the elements of Hy(curl) have vanishing tangential components
on 0. We could equally well consider cases where this boundary condition is imposed
only on one or several subdomain edges, which form part of 92 and which are defined
in the beginning of the next section. Generally, « > 0 and B is a 2 X 2 positive
definite symmetric matrix. We will assume that « is a constant a; > 0 in each of the
subdomains §2;. Likewise, we replace B by the scalar constant 3; > 0 for each of the
Q;. Our results could be presented in a form which accommodates properties which
are not constant or isotropic in each subdomain, but we avoid this generalization for
clarity.

Many theoretical studies on domain decomposition methods are carried out in
the Schwarz framework; cf. [26, subsection 2.2]. Let x denote the condition number
of the additive Schwarz operator for some selection of spaces that define a particular
Schwarz algorithm. For «; and 3; constant in each subdomain €;, the estimate

(1.1) k< Cm;fix(l + H?B: /o) (1 +log(H;/hy))?

is given in [25] for an iterative substructuring method in two dimensions with a coarse
space based on standard coarse triangular edge finite elements. Here, and in what
follows, C' is a constant independent of the number of subdomains and the mesh size.
Closely related results appear in [27] for Neumann—-Neumann methods, in [23] and
[21] for a one-level FETT method, and in [24] for a FETI-DP method. The estimate
in (1.1) is clearly unfavorable for large values of H?3;/c;; we will refer to this case as
mass-dominated, while in a curl-dominated case this factor is bounded from above. A
factor of H?B;/«; also appears in condition number estimates for more recent results
on a FETI-DP algorithm in three dimensions [29)].

We avoid this factor in the present analysis by using a nonstandard coarse space
based on energy minimization concepts rather than one based on conventional edge
finite elements. We note that we have also studied energy-minimizing coarse spaces
recently for almost incompressible elasticity problems in [7, 8].

The estimate

k< O(1+log(H/h))?

appears in [13] for a three-dimensional (3D) iterative substructuring method. The
authors were unable to conclude whether this condition number bound is independent
of jumps in coefficients between subdomains. In addition, the coarse space dimension
is relatively large, being proportional to the number of fine edges which comprise all
subdomain edges.

The estimate

(1.2) k< C(1+ (H/S))?

is given in [28] for an overlapping Schwarz algorithm in three dimensions. In (1.2),
H/§ is the largest ratio of subdomain diameter to overlap length parameter for all
subdomains. The coarse space in [28] consists of standard edge finite element func-
tions for coarse tetrahedral elements. For purposes of analysis, the domain was
assumed convex and constant material properties were considered. In comparison,
our theory allows for a much broader range of material properties and subdomain
geometries.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/13 to 216.165.95.75. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1006 CLARK R. DOHRMANN AND OLOF B. WIDLUND

We are unaware of any existing domain decomposition theory for problems, posed
in H(curl; Q), in either two or three dimensions, that gives a favorable condition num-
ber bound independent of all possible jumps in material properties between subdo-
mains. Moreover, current domain decomposition theory for this class of problems is
restricted to regular-shaped subdomains. We address both these issues for 2D prob-
lems in this study. This work builds on earlier work for regular elliptic problems and
linear elasticity; see [6, 16, 7]. Our algorithms are well defined and straightforward to
implement in all cases and we are able to obtain results for quite general subdomains
which do not even need to be uniformly Lipschitz. Moreover, we have also observed
in numerical experiments that the performance of the algorithm is not diminished
significantly in many cases when mesh partitioning tools are used for the decomposi-
tion. Earlier numerical results for an overlapping Schwarz method based on a closely
related coarse space appear in [5]. See also [20, 17], two Ph.D. dissertations in which
similar algorithms are developed for Reissner—Mindlin plate models and for problems
in H(div).

The organization of the paper is as follows. To begin, the coarse space for our
algorithm and notation are introduced in section 2. Supporting technical tools for
the analysis are then provided in section 3; the long proof of Lemma 3.5 appears
in an appendix at the end of the paper. Analyses of the coarse interpolant and
local decomposition appear in sections 4 and 5. Our algorithm, its analysis, and
some implementation details are presented in section 6, while numerical results, which
confirm the theory and demonstrate the utility of the algorithm, are given in section 7.

2. A coarse space and notation. We assume that the domain (2 is decomposed
into N nonoverlapping subdomains €2i,...,Qy, each the union of elements of the
triangulation of Q. Each ; is simply connected and has a connected boundary 05;.
Then, the kernel of the curl operator in Hy(curl, €2;) is VHp(grad, €2;) and that of
H(curl, ;) is VH (grad, €;), etc.; see, e.g., [12]. The subdomain boundaries can be
quite irregular; see Assumption 1 and Definition 3.1. We denote by H; := diameter
(€2;). The interface of the domain decomposition is given by

N
I= (U 391) \ 0N

and the contribution to I' from 9€; by T'; := 0Q;\0Q. These sets are unions of
subdomain edges and vertices. The subdomain edge £%, common to ; and €, is
typically defined as 9€; N 9€); excluding the two subdomain vertices at its endpoints.
We note that the intersection of the two subdomain boundaries might have several
components. In such a case, each component will be regarded as an edge; this will
not cause any extra complications.

We assume a shape-regular triangulation 7, of each ; with nodes matching
across the interfaces. The smallest element diameter of 75, is denoted by h; and
the smallest angle in the triangulation 7, of €; is bounded from below by a mesh
independent constant.

Associated with the triangulation 7, are the two finite element spaces Wgr’;d C
H(grad, Q;) and Wi ¢ H(curl, ©;) based on continuous, piecewise linear, triangular
nodal elements and linear, triangular edge (Nédeléc) elements, respectively. We could
equally well develop our algorithm and theory for low order quadrilateral elements.

The energy of a vector function w € H(curl, ;) for subdomain €; is defined as

(2.1) Ei(u) = a;(V x u,V x u)o, + Bi(u, u)q;,
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where «; and ; are assumed constant in ;. The unit tangent vector for I';, directed
in a counterclockwise sense, is denoted by ¢; and we define the tangential component
of u on 99; as

Ut Z’U,tl

We will often consider elements in WC’L?‘I] which are the minimal energy extension for
boundary data of this kind.

Let dg¢ denote a unit vector in the direction from one endpoint of a subdomain
edge £ to the other with the same sense of direction as ;. The distance between these
two endpoints is denoted by dg. Thus, dgdg is the vector from one endpoint to the
other.

The set Sg of all subdomain edges is defined as

Sg :={€Y :i < jand £V # 0}.

The set Sg, is the subset of subdomain edges, which belong to I';. When there is
a need to uniquely define the tangential direction, e.g., in the definition of the coarse
basis functions cg, we will select the direction given for the relevant subdomain with
the smaller index.

The coarse basis function cg for £ € S¢ is defined such that its tangential com-
ponent vanishes on I' U 99 except on &, where c¢ - t; = dg¢ - t;. We note that if £ is a
straight edge, then dg¢ = t;, so that cg-t; = 1. The coarse basis function cg is obtained
by the energy minimizing extension of the tangential data cg - t; into the interior of
the two subdomains sharing £. Thus, the construction of a coarse basis function
requires the solution of a Dirichlet problem with inhomogeneous boundary data for
each of the two subdomains that share the edge. We note that if all the subdomains
are triangular, then the coarse basis functions could be the standard Nédeléc basis
functions for the coarse triangulation. However, to succeed in the mass-dominated
case, we should instead use functions that provide minimum energy extensions of the
values on the interface.

Our coarse interpolant of u for our iterative substructuring algorithm (as well as
for an overlapping Schwarz algorithm) can be defined as

(2.2) Uug = Z ligcg, where g := (1/d5)/ut ds.
£eSs €

Let N € W  and " denote the finite element shape function and unit tangent
vector, respectively, for an edge e of the finite element mesh 7;,. We assume that
N is scaled such that N/ .t =1 along e. The edge finite element interpolant of

a sufficiently smooth vector function w € H(curl, €;) is then defined as
(2.3) I () o= > wl' NI, wlio=(1/]e]) /u -t ds,
ee MMl ¢

where M" is the set of edges of (;, the closure of Q;, and |e| is the length of e.
The nodal finite element interpolant of a sufficiently smooth p € H(grad, $2;) is
defined as

(2.4) I"(p) == > p(v)gn,

veNi
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where N is the set of nodes of Ty,,, p(v) is the value of p at node v, and ¢, € Wghri'dd
is the shape function for node v. A coarse interpolant of p will be introduced in

Definition 3.7 and further considered in Lemma 3.8.

3. Technical tools. The auxiliary results presented in this section will be used
in the proof of our main result, Theorem 6.1.

3.1. Uniform subdomains. Our results apply to subdomains that are uniform.
According to Jones [14], these domains form the largest family for which a bounded
extension of H(grad, Q;) to H(grad, R?) is possible; we note that they are also known
as (€,0)-domains. We also note that a uniform domain need not have a uniformly
Lipschitz continuous boundary. Thus, snowflake domains, as in [6, Figures 5.1 and
5.3] and [16, Figures 5.3 and 5.4], with fractal boundaries are in this class.

DEFINITION 3.1 (uniform domain). A bounded domain Q@ C R™ is uniform if
there exists a constant Cyy (1) > 0 such that for any pair x, y of points in the closure
of Q, there is a curve (t) : [0, €] — Q, parametrized by arc length, such that v(0) = x,

10 =y,
(3.1) < Cy(Q)|x—yl|, and

(3.2) min(|y(t) — x|, [y(t) — y|) < Cu(Q) - dist(y(t), 0Q).

Remark 1. There are several alternative and equivalent definitions. Thus, the
left-hand side of (3.2) can be replaced by

rntin(t, ¢—1t) orby

Remark 2. For a rectangular domain of width L; and height Lo, one can show
that Cy is no less than Li/Lo. Thus, the constants in our estimates can be large
when one or more of the subdomains has a large aspect ratio.

Any good result on the convergence of a domain decomposition algorithm with
two or more levels requires the use of the following.

LEMMA 3.2 (Poincaré’s inequality). Consider a domain Q C R2. Then,

lu =t 720y < (V(2,2))%QVulF2)  Vu € H(grad, Q).

This is [6, Lemma 2.2]. Here @g is the average of the scalar function u over €2, and
~(£2,2) a parameter in an isoperimetric inequality as in [18]; cf. also [6, Lemma 2.1],
a paper with further references to the literature. Since any simply connected uniform
domain is a John domain and according to [4] any John domain in the plane has a
finite v(£2,2), we can use Poincaré’s inequality for any uniform domain.

Assumption 1. The subdomains 2; are all uniform domains and their uniformity
constants Cy (£2;) are uniformly bounded from above by a mesh independent constant
Cy.

DEFINITION 3.3. Let a and b denote the two endpoints of an edge £ = £V € Sg,.
The region Rg is defined as the open set with boundary

ORe = vaup UE,

where Yqp 1S the curve v in Definition 3.1 for Q; with x = a and y = b.
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F1G. 3.1. Figure showing geometry of an edge € = £%. The distance between the edge endpoints
a and b is denoted by dg.

LEMMA 3.4. For the region Re in Definition 3.3, it holds that

(33) (Rel < (CB/m)i2,
(3.4) diam(Rg) < (2Cy — 1)dg,

where |Rg| is the area of Re and dg is the distance between the endpoints a and b of
the edge E.

Proof. Let ¥qp denote the curve 7 of Definition 3.1 for €, the other subdomain
which has the edge £ in common with ;, with x = a and y = b. Since both ; and
(; are uniform domains, the arc lengths of v, and 74, are bounded by Cyde.

With reference to Figure 3.1, we now define the region ﬁg as the open set with
boundary

aéﬁ = Yab U 5ab

and note that the length of the perimeter of Eg does not exceed 2Cydg. Since a
circle maximizes area for a given perimeter, it follows that |Rg| < CZd2%/m. The
bound in (3.3) then follows directly since Rg C Re. The bound in (3.4) also follows
from simple geometrical considerations since Rg can always be circumscribed by a
circle of diameter no greater than (2Cy — 1)deg. O

The proof of the next lemma is quite long and we have therefore chosen to move
it to an appendix at the end of this paper.

LEMMA 3.5. Given a uniform subdomain §; and a connected subset & C 0€);,
there exists a uniform domain Re, which is a union of finite elements of Q;, such that
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Re C 7/?\,5, (97/?\,5 NoQY; =&, and

[Re| < Cd2,
diam(ﬁg) < Cdg.

3.2. Estimates for coarse space functions. We note that estimates closely
related to those of the next lemma are presented in [6] and, in particular, in [16,
Lemma 4.4] for the more general class of John domains. The motivation for consider-
ing uniform domains rather than John domains in this paper stems from the need to
have a factor of d rather than H? in (3.8) in an estimate of the L?-norm of certain
edge functions. This is motivated by the need to prove the existence of low energy
coarse interpolants for mass-dominated cases. The new proof is quite different and,
we believe, of independent interest. We will now rely on the fact that the curve 7
satisfies the conditions of Definition 3.1.

LEMMA 3.6. Let £ € S¢, with endpoints a and b. There exists an edge function

Vg € W;l;'ad equal to 1 at all nodes of £ and vanishing at all other nodes on 0L); such
that

(3.7) (Vieg,Vie)a, < C(1+log(des/hi)),

(3.8) (Ve,Vg)q, < Cdz.

Proof. We first rename the edge £ =: £ and introduce the additional notation
Ey 1= Yap := ORe \ €. We next define for « € Rg

- - 1/d;(x)
(3.9) Velx) = 17005 i 1/dy(x)’

where d;(x) is the distance of x to the edge &;,7 = 1,2. We then extend 55 by 0 for
x e \ Re.

This formula provides the correct boundary values at all interior nodes of £ and
at all interior points of &. At the endpoints of the edges, i.e., at a and b, where ¥¢
is not well defined by (3.9), we set the value of this function to 0 at those two points.
We note that the contribution of any element, with a or b as a vertex, to the energy of
the finite element interpolant ¥¢ := I"(J¢) will be bounded since all its nodal values
are between 0 and 1. Its gradient can therefore be bounded by the inverse of the local
mesh size.

__We note that in our final estimate, we can use an estimate of the maximum of
|[Vi¢| over individual elements since the same estimate also holds for its piecewise
linear interpolant J¢.

We now focus on the contributions of all the elements of the domain, which are
not next to the two subdomain vertices and thus are at a distance exceeding ch;, ¢ > 0,
from a and b. We denote this domain by R.

We easily find that

—dQ (X)le (X) + d1 (X)de (X)
(di(x) + da(x))? '

Ve (x) =

Since |Vd;(x)| < 1, we obtain

1

Vie™)l < S T e
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Since the domain is uniform, we can bound d; (x) + d2(x) from below by ¢r(x), where
r(x) is the minimal distance of x to a and b and ¢ > 0 a constant. We can prove
this by considering x; € & and x2 € &, points that are closest to x € Rg in the
respective sets. Let us assume without loss of generality that a5 is closer to a than to
b. We also have |x; — x| = di1(x) and |x2 — x| = d2(x) and, by the triangle inequality,
|x1 —x2| < di(x)+da(x). Therefore, dist(xz,&1) < |x1 —x2| < di(x) + d2(x). We can
now obtain a lower bound of dist(x2,£1) in terms of |x3 — a| by using (3.2). By using
the triangle inequality, we find that Cydist(x2,£1) > |x — a| — da2(x) and therefore

r(x) = x — a] < Cu(di (%) + da () + da(x) < (Cu + 1)(d1 () + da(x)).

The same type of bounds can also be derived for points x5 closer to b than to a; then
r(x) := |x — b|, etc. Thus, we find

/ Vg2 < 0+(0U+1)2/ v
Q; Ry T(X)

The bound (3.7) then follows easily by using polar coordinates centered at a and b.

Finally, the bound (3.8) follows easily from Lemma 3.4 and the fact that 0 <
J¢ < 1 and that this function vanishes in all elements that are entirely outside of
Re. O

We note that we can obtain the same result for the domain Rg as for Re, since
Re C Rg, by simply extending J¢ by zero in Rg \ Re.

We next introduce a coarse linear 1nterpolant fe of an arbitrary element f € W, grad7
we note that while f, will not belong to Wcurl, its gradient will and its tangentlal
derivative on the interface will therefore equal the trace of an element in WCUYrl In
fact, this trace will equal that of an element of our coarse space introduced in section 2.
We note that this linear interpolant is only a theoretical tool and is never calculated.

DEFINITION 3.7 (linear interpolant). Given f € whi 4 and a subdomain edge

& € Sg,, we define the linear function o
(3.10) fE = fla) +

We note that f&¢ equals f at the two endpoints of £ and varies linearly in the
direction dg.

LeEMMA 3.8. Let Rg be the umform domain of Lemma 3.5. For any f € W gmd,
there exists a functzon fEA e Whi grad Such that 28 = f — f€¢ along E. This function
vanishes along both ORe \ € and 00Q; \ € and satisfies

(3.11) o B arad,0) < C(L+10g(de /7)) £17) praa 7o
Proof. We first note that since by Lemma 3.5 |z — a| < Cdg V& € Re,
(3.12) 1 = F(@)l ) < CIFB) — Fla)].

To estimate the maximum difference of f at any two points in ﬁg, we use a well-known
finite element Sobolev inequality

2
(3.13) oo = Finl2 sy < CC1+ 108 (de DT g ey
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which has been established for John domains in [6, Lemma 3.2] and thus also holds
for uniform domains. Since f — f& = (f — f(a)) — (f&* — f(a)), we have

1 = £ ) < OO+ o(de /RN o

Y F[2 _
(14 os(de /M) |y a2
From the previous two estimates, Lemma 3.6, and

Ve (f = [5) = VIe(f = [5) + V(f — [5)0e,

<C
g) —
)SC

£0)2
|f |H(grad,7/€g

we find that
D — 15 rarany < O+ log(de /) Ty e i

since |¥¢| < 1 and ¥¢ vanishes in ©; \ Re. The lemma now follows from the definition
fEA = 1M (e (f — ££%)) and [26, Lemma 4.31]; that lemma shows that we can bound
the norm of the piecewise linear interpolant of the product of two piecewise linear
functions by the norm of their product. O

Later in the analysis, we will need a bound on the average tangential component
of the gradient of a function f € Whr’;d along an edge £ € Sg,. Consider an element
with an edge e C £ C 09;. For linear finite elements, Vf - ¢; is constant on e, and
the difference in nodal values along this edge is |e|V f - ¢;, where |e| is the length of
the edge. Summing these differences over all elements along &£, we find that

/g Vf-tids = f(b) — f(a)

The inequalities of the following lemma are 2D counterparts of 3D estimates
appearing in [19] in Corollary 1 and the proof of Theorem 2. They can be derived by
arguments for individual elements.

LEMMA 3.9. Let K € Tp,,. Forw e (W™ )2 it holds that

grad
(3.14) V x " (u) = V x u,
(3.15) T (W) 12250y < CllwlZ iy

The next three lemmas and their proofs also hold for connected subsets &, C €.
LEMMA 3.10. Given uw € Wi , and a subdomain edge £ € Sg,, it holds that

jae* < C(|[ulFoe(re) + IV X ul2r,)-

Here, ug is defined as in (2.2).

Proof. We first note that the direct use of the Cauchy—-Schwarz inequality to
estimate ug leads to a difficulty since the length of the edge £ cannot be bounded
uniformly in terms of dg, the distance between the endpoints of the edge. However,
we have a uniform bound for the length of the curve 74, of Definition 3.1, which
completes the boundary of the domain R¢. By using the Stokes theorem, we find that

/u-tids: quda:—/ u-t;ds.
£ Re 87?,5\5

By Lemma 3.5, the area of Re is of order d% and the length of 74, = ORe \ € is of
order dg. The lemma then follows by using the Cauchy—Schwarz inequality and an
elementary argument. g
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We next consider coarse space functions. Such a function coincides with an ele-
ment in our coarse space on the interface, but it is not necessarily of minimal energy.

LEMMA 3.11. Given £ € Sg¢,, there exists a coarse space function Ng € qurl
with Ng - t; = dg - t; along € and Ng -t; = 0 elsewhere on 0S); such that

(3.16) [ Nell72 (0, < Cdz,
(3.17) IV x NellZ2(0,) < C(1 +log(de /hi)),

where dg is the distance between the endpoints of E. Further, Ng(x) =0, @ € Qi\ﬁg,
where Re is the domain of Lemma 3.5.

Proof. Let e, and e, denote the two finite element edges at the ends of £ and
define

Ng :=T1" (Yede) + be /2,
where ¢ is the edge cutoff function of Lemma 3.6 and
be := (de - t1)N., + (de - th )N, .

Since J¢ = 1 along all edges of & except for e, and e, we see from (2.3) that
1" (Yede)-t; = dg-t; along these interior edges. We also have 11" (Vedg)-t; = dg-t;/2
along e, and e since Yg varies linearly from 1 to 0 along these two edges. For these
two edges, we also have bg -t; = d¢ - t; so that Ng has the correct, specified tangential
data along £. In addition, the tangential data of N¢ also vanishes along 99; \ &.

Since Yeds € (Wgh dd)Q and dg is a unit vector, it follows from Lemma 3.6 and
(3.15) that

1" (D de)|1 720,y < Cd.

Again, since dg is a unit vector, we have that |V x Jedgl|12(0,) < [[Viel|2(0,). Tt
then follows from Lemma 3.6 and (3.14), that

IV x " (Jedg) |72 (0, < C(1+ log(de /hy)).

The coeflicients of N, hi and N, ’“ in the definition of bg have absolute values bounded
by 1. It then follows from elementary finite element estimates that ||bg||? 12(0) < Ch?
and ||V x bg||? 12(0) < €. The lemma now follows directly from the estimates for
11" (ﬁgdg) and bg. a

The next lemma is a counterpart of Lemma 3.8 for functions in W

curl”

LEMMA 3.12. Given v € Wcurl and £ € Sg,, there exists a function v& € wh

curl

such that v - t; = v -t; along £ with vanishing tangential data v€ - t; along both
ORe \ € and 0Q; \ €. Further,

(3.18) 10132,y < C2 02 . 5,
(819) IV x 0 [3a < C (IV x vl 5, + (1 + log(de /B 0] . 2., ) -

Proof. Referring to (2.3), we have

Z V. IN,

ee MMi
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As in Lemma 3.11, let e, and ¢, denote the edges at the ends of £. Similar to what
was done in the proof of that lemma, we define

v = Z VeveNe + (Ve, Ne, + ve, Ne, ) /2,
ec MMhi

where 9% is the value of J¢ at the center of edge e. We can confirm that et =v-t;
along € and that v - t; vanishes along OR¢ \ £ and 9; \ £. Since |[d¢| < 1, we find
by using the product rule of differentiation and elementary estimates that for any
element K € Ty,

2

Z Ve N,

e€SK

< CllvllZ2x),

L*(K)
2

Z V X ¥gve N,

eeESK

< IV % 0laey + 101 oy IV 32 0c)
L2(K)

Estimates for the remaining two terms are easily obtained and are given by

[[ve, Ne, + vebNebH%%Qi) < Ch?”””ix(ﬁg)a
[V x (ve,Ne, + UGaN@b)H%2(Qi) < C||v||2m(7’g‘£)-
The proof is completed by assembling the estimates for the terms that define v® and
by using (3.7). O

In preparation for Lemma 3.13, we consider the number x¢(d)(dg/d) of closed
circular disks of diameter d that are required to cover a subdomain edge £; we note
that xe(d) equals 1 if the edge is straight. This is closely related to the Hausdorff
dimension of the edge; see, e.g., [9]. We note that x¢(d) increases monotonically when
d decreases. By examining the standard computation of the Hausdorff dimension of a
Koch snowflake curve, we can, e.g., show that a prefractal Koch snowflake curve, which
is a polygon with side length h; and diameter H;, will satisfy ye(d) < (4/3)l08(Hi/hi),
This is not a large factor, being less than 4log(H;/h;) even in the very extreme case
of Hz/hl = 106.

Remark 3. We note that a factor of xg(d;) was left out of an argument on p. 2161
of [6] and in the bound for the condition number given in Theorem 3.1 of that paper.
This main result is therefore incorrect. However, we can expect that additional factor
to be quite modest in realistic cases.

LEMMA 3.13. Given € € Sg, and h; < d < dg, there exists a coarse space function

Nggy € Wchuirz with Ngg - t; = dg - t; along € and Neg - t; = 0 elsewhere on 0€); such
that

(3.20) [ Neall72(0,) < Cxe(d)ded,

(3.21) IV x Nedll 72,y < Cxe(d)(de /d)(1 + log(d/hi)).

Proof. Let a and b denote the two endpoints of £. Starting at @ and moving
along this curve toward b, we pick p; := a and then ps € £ as a node nearest the last
point of exit of £ from the circular disk B(p1, d) of radius d centered at p;. Likewise,
ps € £ is chosen as a node nearest the last point of exit of £ from B(pa,d). This

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/13 to 216.165.95.75. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

ITERATIVE SUBSTRUCTURING FOR H(curl) IN 2D 1015

process is repeated until |pas — b is no larger than 2d, and we then set pyry1 = b.
We denote the segment of £ between py and pgy1 by E.

From Lemma 3.5, we know that there exists a uniform domain ﬁgk C Q; with
aﬁgk N 0§ = &. For each, we construct a function Ng, as in Lemma 3.11. We
may then use Lemma 3.11 for each &. By using arguments similar to those of the
proof of Lemma 3.5, we find that the support of any of these functions will intersect
only a fixed number of the supports of other elements in this set of functions. Defin-
ing Ngg := Zkle Ng,, with M of order xg(d)(dg/d), the lemma then follows from
Lemma 3.11. O

3.3. A Helmholtz decomposition. The following Helmholtz-type decompo-
sition and estimates allow us to make use of and build on existing tools for scalar
functions in H(grad,D). See Lemma 5.1 of [11] for the case of polyhedral subdo-
mains; this important paper was preceded by [10], which concerns other applications
of the same decomposition.

LEMMA 3.14. Given a uniform domain D of diameter d and wp € W(erl, there
exists pn € Whi 4 and Ty, € Wh , such that

gra cur
(3.22) Up = Vpp + Th,

(3.23) IVPlE2) < € (lunlEzo) + EIV X unlEap ) -
(3:24) 74l oy < COL+Tog(d/h))IV % un[F2 .

Proof. 'We can follow [11] quite closely and note that the following result is
established in Lemma 5.1 of that paper: For any w, € Wi | there exist ¥) €

curl?

(Wi )% pn € Wiy, and gy € Wi, such that
(3.25) up = g + 1" (¥,) + Vpp,
(3.26) 19120y < C (lunll ooy + 19 % unl2p) ) -

(3.27) ||h71‘IhH%2(D) + HlIlh”?—I(grad,D) <OV x “h||2L2(D)'

Here, h is a piecewise constant function on the mesh 7, and is defined by the diameter
of the individual elements.

This result, in turn, is based on a stable decomposition of any u € H(curl, D)
into a sum of two terms ¥ + Vp with ¥ € H(grad, D)? and p € H(grad, D) and on
the finite element interpolation procedure of [22].

Such a decomposition can be derived for any John domain, and therefore also
for any uniform domain, by using the main result of [1] and a simple rotation of the
coordinate system, which turns the divergence operator into the curl operator.

Returning to (3.25) and defining ), := g5, + 11" (¥},), the first estimate of the
lemma follows directly from (3.26). The second estimate follows from elementary
finite element estimates for gy, a simple variant of the discrete Sobolev inequality in
(3.13) for ¥y, and (3.27). O

4. Coarse space analysis. We define d; = max(h;, \/a;/B;) and consider the
two cases de < d; (curl-dominated) and de > d; (mass-dominated). Accordingly, we
partition the set of subdomain edges for €2; as

Se, = S, USE,

where for all the edges in Sgi we have dg < cil- and those in S‘Z}; we have dg > di.
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We know from Lemma 3.5 that there exists a uniform domain ﬁg with 87@5 N
00Q; = &€ for each £ € Sg,. We may thus apply Lemma 3.14 for R¢ and let Vpp, + 7
denote the decomposition of u for ﬁg. We set d = czz in Lemma 3.13 for the mass-
dominated case and recall from the proof of Lemma 3.13 that each edge £ € S¢' may
be expressed as the union of segments &y, . .. ,SM(&UL). We note by construction that

d; < dg, < 2d;. Recalling the function f€4 € Wi | of Lemma 3.8 and v® € W/, of
Lemma 3.12, we define

(4.1) g:=u-— Z w?,
EE€Se;

where

M(E,di) €

W VpEA +rf —reNe  if € € S,
ey uf —ugNg  if € € Sp.

For each & € S, we have

pr(b) — pn(a)

g'tiZ(U—Vph—Th)'ti+<
de

+ T'h£> de - 1,

where a and b are the endpoints of £. The first term vanishes, while the second equals
tugdg - t;. Thus, g-t; = ug - t; along £ and the tangential data of g matches that of
the coarse interpolant along & € Sg. .

For each & € S¢7, we have

M(€,d;)

gtzz u — Z ug’“ tl—l—agdgtz
k=1

Again, the first term vanishes and g - t; = wug - t; along £. In summary, we find
that the tangential data of g along 0f); is identical to that of the coarse interpolant
ug. Accordingly, we may establish energy estimates for ug from those for g since ug
minimizes energy for the specified boundary data.

Since dg < a@ VE € Sgw we find from Lemmas 3.8 and 3.14 that
Ei(Vpi®) < C(1 4 log(de/hi))* Bz, (u),
where

E=

e (W) = iV < ulf] + Billul}

L*(Re) L2(Re)’
Similarly, from Lemmas 3.12 and 3.14, we find
Ei(rf;) < C(1 +log(de /hs))*Ex _ (u).
Next, from Lemmas 3.10, 3.14, and 3.11, we also find
Ei(Frhe Ne) < C(1 +log(de /hi))* Bz, (u).
In summary, we have from the previous three estimates that

(4.2) Ei(w®) < C(1 +log(de /hi))*Ex, (u) for € € ..
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Turning to the mass-dominated case, we have from Lemma 3.14

/ u-t;dr / ry - t; dx
Sk gk

Letting a and b denote the endpoints of Sk,A we find from the finite element Sobolev
inequality (3.13), Lemma 3.14, and dg, < 2d; that

2

2
<2

2
+ 2

2
(4.3)

Vpp - t; dz
Ex

[V tida| = lon(®) = pu(@) < €O+ lor(d 1)l s,
.

T /h 2 2 2

< O +log(di /1)) (lullZa iz, + &IV x uly g, )
(4.4 < (C/B)(1 + log(di/h) g, ().
Similarly, from Lemmas 3.10 and 3.14, we find
2
/ v, - tide| < C(1+log(di/hi))d?||V x u||2L2(ﬁgk)
Ex

(4.5) < (C/B)(1 +log(di/hi)) Eg, (w),

and, since M (&, d;) is of order xe(d;)(de/d;), it then follows from the previous three
estimates and the definition of ug that

(4.6) g < C/(Bidide)xe (di)(1 +log(d:/hi) Eg, (u),
where ﬁg = U;ﬂigi. It now follows from Lemma 3.13 and the definition of azl that
(4.7) Ey(ie Ngg,) < Cx3(d)(1 + log(d, /1))’ B (w).
Similarly, it follows from Lemmas 3.12 and 3.14 that
E;(uf) < C(1 +log(d; /h:))* Ere, (w).

Since each ﬁgk only intersects a bounded number of other such regions, it follows
from the previous two estimates that

(4.8) Ei(w®) < Cx3(di)(1 +log(di /dg))* Eg _(u) for £ € SE.

Since each ﬁg and R intersects only a bounded number of other such regions, it
follows from (4.2) and (4.8) that

(4.9) Ei(ug) < Ei(g) < Cx (1 +log(Hi/hs))Ei(w),

where y; 1= maxgesy xe(di).

5. Local decomposition. In this section, we establish estimates for an edge

decomposition of the remainder obtained from subtracting the coarse interpolant wug
from u. We find from (4.1) that

w:=u—uy= (g —u)+ (u—g),

= Wiy + Z wgv

E€S8g,
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where w;, := g — ug and w;, - t; vanishes on 9€;. From (4.9) we have
We have also established estimates for the energy of w? in (4.2) and (4.8). We note
that w® - t; vanishes everywhere on 9€); except along .

6. Algorithm and Schwarz analysis. Before providing some implementation
details of the algorithm, we show how our iterative substructuring algorithm can be
defined in terms of its local and global spaces. With reference to (2.3), we define local
spaces X and X¢ as

X .= {:B::B: Z aeNC}”},

eEM}I”

X¢ .= {:B::B: Z aeNgi}a

ec Mg

where M}} is the set of edges in the interior of ; and Mg is the set of edges of £
together with those in the interiors of the two subdomains having £ in common. With
reference to (2.2), we also define the coarse space X as

X0 .= {m =y a5C5}.

EeSse

For uy € X°, w® € X¢, and w;, € X*, we have

N
u = ug + Z w£+zwir-
1

EeSse =

Since each subdomain edge is common to only two subdomains and each of the regions
Re and R intersects only a bounded number of other such regions, we find from (4.2),
(4.8), and (4.9) that

N

N
> Ei(ug) < Cw? Y Ei(u),
=1 1=1
N

N
>3 Ei(w®) ngQZEi(u),

i=1 £€Se,

i

N N N
> Ei(wy,) < Cw? > Ei(uw),
i=1 j=1 i=1

where

w := max x;(1 4 log(H;/hi)).

We have thus shown

C2 < Ow?,
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where Cj is the constant for the stable decomposition of w in [26, Assumption 2.2].
We note that C' does not depend on possible jumps in coefficients between subdomains
nor on the maximum number of edges for any subdomain. In addition, the maximum
ratio of edge lengths for any subdomain may grow with mesh refinement without
increasing C. From Lemma 2.5 of [26] we find that the smallest eigenvalue of the
Schwarz operator F,q is bounded below by Cy 2, Thus,

(6.1) 1/ Amin(Pag) < Cw?,

Since our algorithm uses exact local solvers, we find from Lemmas 2.6 and 2.10 of [26]
that

(62) )\max(Pad) < N°¢ + 17

where N€ is the minimum number of colors needed to color the subdomains associated
with the local subproblems such that no such subdomains of the same color intersect;
see [26, section 3.6]. Since the local space for each subdomain edge extends into the
interiors of both subdomains sharing the edge, no two edges can have the same color
if they are part of the same subdomain. This implies the bound for Ayax(Pad) grows
linearly with the maximum number of edges for any subdomain. This observation is
confirmed numerically in the final example of the next section.

Our main result now follows from the estimates in (6.1) and (6.2).

THEOREM 6.1. The condition number k(Pyq) of the Schwarz operator for our
iterative substructuring algorithm is bounded above by the estimate

K(Pad) = )\max(Pad)/)\min(Pad) S C(l + NC)wQ.

Comparing the estimate in Theorem 6.1 with (1.1), we see that the factor of
max; H?[3;/a; is no longer present. In addition, the estimate applies to a much broader
class of subdomain shapes.

6.1. Implementation details. When solving a linear system Kz = f for the
discretized problem, we must apply a preconditioner M~! to the current residual
vector r in each conjugate gradient iteration. In this subsection, we provide some
details on calculating M ~'r for both the iterative substructuring algorithm of this
study and for an overlapping Schwarz approach which uses the same coarse space.

Let the Boolean matrices Ry and Ry select the rows of x corresponding to edges in
subdomain interiors and on the interface I', respectively. For iterative substructuring
methods, the conjugate gradient algorithm is used to solve the interface problem
Sar = g, where S = Krr — Kr1K;'Krr, or = Rra, g = fr — Kri K7, fr,

fr=Rif, fr=Rrf, Ki=RKRF K =RKRL etc

We note that the Schur complement matrix S need not be formed explicitly in order to
calculate products of the form Sxr required by the conjugate gradient algorithm. We
also note that once xr is obtained, x; can be recovered from x; = KI_I1 (fr — Krzr).

Each column m of the coarse matrix ®r is associated with a specific subdomain
edge &, Let t., denote the unit tangent vector for the edge associated with row k of
2r. The entry in row k and column m of @r is given by dxmt., - de,,, where gy, = 1 if
ex C En and gy = 0 otherwise. The coarse matrix for the problem is then given by

K. = ®LSdr.

We next introduce three more Boolean matrices for bookkeeping purposes. Let Ri¢
select the rows of x corresponding to edges in the interior of the two subdomains
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sharing £ together with those for £ itself. Next, let Rae select the rows of Rigcx
corresponding to the edges of £. Finally, let R3¢ select the rows of xp corresponding
to edges of £. We note that Rog Riex = Rsexr.

Given a residual vector r, the preconditioned residual for the two-level additive
Schwarz algorithm is given by

M~ =@r K '®Lr+ Y RicRog(Rie KR{g) ™ Rig Raer.
EeSse

Other variants of the preconditioner such as with a multiplicative coarse space cor-
rection are also possible; cf. [26, section 2.5.2].

For the overlapping Schwarz algorithm, let R; select the rows of x corresponding to
an overlapping subdomain €. Typically, € is obtained by extending §2; by an integer
number of layers of elements. The preconditioned residual in this case is given by

N
M~'r =@k '®"r+Y RI'(RKR])'Ry,
i=1

where
® = RL®r — R} K;;' K- ®r.

We note that in a parallel computing setting, the construction of ® along with the
local contributions to the preconditioned residual can be calculated concurrently. The
coarse corrections in either algorithm, however, cannot in general be done in parallel.
Finally, we note if the coarse matrix K. becomes too large to factor with a direct
method, then it is possible to obtain an approximate coarse solution by applying the
iterative substructuring or overlapping Schwarz preconditioner to the coarse problem
itself.

7. Numerical examples. Numerical examples are presented in this section to
confirm the theory for both regular and irregularly shaped subdomains. For the first
three examples, we consider three different types of subdomains. Type 1 subdomains
have a square geometry and consist of square edge elements. Type 2 subdomains
also consist of square edge elements, but the subdomain edges have ragged shapes
which are not uniformly Lipschitz continuous. Finally, Type 3 subdomains contain
equilateral triangular edge elements and have subdomain edges with both straight-line
and prefractal segments. A more detailed description of these three subdomain types
along with accompanying pictures can be found in [6].

In addition to the classical iterative substructuring (CIS) algorithm analyzed here,
we also present numerical results for an overlapping Schwarz (OS) algorithm which
uses the same coarse space. This is done for purposes of comparison; the analysis of
an OS algorithm will appear in a forthcoming study for 3D problems. The method
of preconditioned conjugate gradients is used to solve linear systems with random
right-hand sides to a relative residual tolerance of 10~8. The numbers of iterations
and condition number estimates (in parenthesis) of the conjugate gradient iterations
are reported in each of the tables. The dimensionless parameter H/d denotes the
relative overlap for the OS algorithm; cf. [6].

7.1. Example 1. This example is used to confirm that the condition number
estimate for the Schwarz operator is independent of the number of subdomains. The
scalability of both CIS and OS algorithms is evident in Table 7.1.
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TABLE 7.1
Results for unit square domain decomposed into N subdomains, each with H/h = 4. Numbers
of iterations and condition number estimates (in parenthesis) are reported for a relative residual
tolerance of 10~8. Subdomain material properties are given by o; = 1 and B; = .

Classical iterative substructuring | Overlapping Schwarz (H/§ = 4)
Type N B=10"3 B=1 B=10% | B=10"3 | B=1 B8 =103
1 16 | 18(16.7) | 15(16.3) | 8(3.8) 14(5.1) | 12(5.0) | 8(4.6)
64 | 25(18.6) | 21(18.3) | 10(6.1) | 13(5.2) | 12(5.2) | 9(4.5)
144 | 28(19.1) | 22(18.9) | 12(8.1) | 13(5.1) | 12(5.1) | 10(4.6)
256 | 30(19.4) | 23(19.0) | 14(9.9) 12(5.1) | 12(5.1) | 10(4.7)
400 | 30(19.5) | 25(19.3) | 15(11.6) | 12(5.0) | 12(5.0) | 10(4.7)
576 | 30(19.5) | 25(19.3) | 16(12.7) | 12(5.0) | 12(5.0) | 11(4.8)
784 | 30(19.5) | 25(19.3) | 16(13.7) | 12(5.0) | 12(5.0) | 11(4.8)
1024 | 30(19.5) | 25(19.3) | 17(14.5) | 12(5.0) | 12(5.0) | 11(4.8)
2 16 | 26(30.0) | 20(285) | 8(3.7) 14(5.0) | 12(4.8) | 8(4.6)
64 | 36(33.6) | 29(33.0) | 11(6.8) | 17(6.9) | 14(7.0) | 9(4.5)
144 | 40(34.2) | 31(33.8) | 14(10.0) | 19(7.6) | 15(7.6) | 10(4.5)
256 | 42(34.5) | 33(34.1) | 17(13.1) | 19(7.5) | 15(7.5) | 10(4.5)
400 | 43(34.6) | 34(34.3) | 18(15.8) | 20(8.0) | 16(7.9) | 10(4.5)
576 | 43(34.7) | 34(34.3) | 20(18.5) | 20(8.0) | 16(8.0) | 11(4.6)
784 | 44(34.8) | 35(34.6) | 21(20.8) | 20(7.9) | 16(7.9) | 11(4.6)
1024 | 44(34.8) | 36(34.6) | 22(22.6) | 20(8.1) | 17(8.2) | 11(5.0)
TABLE 7.2

Results for unit square domain decomposed into 16 subdomains; the domain is triangular for
Type 3 subdomains. Subdomain material properties given by a; =1 and B; = (.

Classical iterative substructuring | Overlapping Schwarz (H/§ = 4)

Type | H/h | B=10"3 B=1 B=10% | =103 | g=1 B8 =103
1 4 | 18(16.7) | 15(16.3) | 3(3.8) 14(5.1) | 12(5.0) | 8(4.6)
8 | 20(23.7) | 17(23.3) | 9(5.8) 12(5.1) | 12(5.1) | 8(4.6)
16 | 23(32.1) | 18(31.4) | 10(8.5) 13(5.1) | 12(4.9) | 9(4.5)
32 | 26(42.0) | 19(41.0) | 11(124) | 13(5.0) | 12(4.8) | 9(4.5)
2 1 | 26(30.0) | 20285) | (3.7 14(5.0) | 12(4.8) | S(4.6)
8 | 27(39.3) | 21(37.8) | 10(6.2) 14(4.5) | 11(4.4) | 9(4.5)
16 | 24(49.8) | 19(48.3) | 11(11.0) | 13(4.6) | 11(4.3) | 9(4.5)
32 | 26(60.6) | 22(59.0) | 14(18.0) | 13(4.8) | 12(4.6) | 9(4.5)

3 15 | 20(44.8) | 19(44.5) | 13(13.2) | 17(83) | 15(8.2) | 11(6.3)
45 | 24(71.0) | 21(70.5) | 12(25.3) | 17(7.9) | 15(7.9) | 12(6.3)

135 | 20(104) | 26(103) | 17(42.7) | 17(8.1) | 16(8.1) | 13(6.3)

7.2. Example 2. This example is used to confirm the polylogarithmic condition
number estimate in Theorem 6.1. The results in Table 7.2 for the CIS algorithm are
plotted in Figure 7.1 for f = 1072 and are consistent with theory. In addition to being
noticeably smaller, the condition number estimates in Table 7.2 for the OS algorithm
are much less sensitive to the mesh parameter H/h.

7.3. Example 3. This example is used to confirm that the estimate in The-
orem 6.1 is independent of the material property values in each subdomain. In-
sensitivity to jumps in material properties is evident in Table 7.3 for both domain
decomposition algorithms.

7.4. Example 4. This example is used to demonstrate that the performance
of the CIS and OS algorithms need not be diminished significantly when a mesh
partitioner is used to decompose the mesh. Example mesh decompositions for N = 16
and N = 64, shown in Figure 7.2, were obtained using the graph partitioning software
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F1G. 7.1. Plot of classical iterative substructuring data in Table 7.2 confirming the theoretical
esttmate in Theorem 6.1.

TABLE 7.3
CIS and OS results for unit square domain decomposed into 64 subdomains, each with H/h = 8
and H/6 =4 for OS. The eight subdomains along the diagonal from (0,0) to (1,1) have a; = a and
Bi = B, while the remaining subdomains have a; =1 and B; = 1.

Type 1 Type 2

a B CIS 0S CIS 0S
1073 | 1073 | 25(26.2) | 14(5.7) | 35(46.7) | 15(6.6)
1073 1 24(26.0) | 13(5.1) | 34(43.8) | 13(5.4)
1073 | 103 | 21(25.1) | 13(5.5) | 33(43.2) | 15(9.8)
1 1073 | 26(26.3) | 13(6.5) | 36(46.7) | 15(8.0)
1 1 24(26.3) | 12(5.1) | 32(44.5) | 13(5.4)
1 103 | 24(24.7) | 12(5.2) | 32(41.9) | 13(5.6)
103 | 1073 | 31(27.3) | 13(6.4) | 40(48.7) | 15(7.9)
10° 1 25(27.2) | 12(5.1) | 34(46.2) | 13(5.4)
103 103 | 26(26.8) | 14(6.4) | 34(47.2) | 15(6.8)

Metis [15] as described in [6]. The results in Table 7.4 show that iteration counts and
condition number estimates do not grow dramatically when switching from square
subdomains to ones obtained from the mesh partitioner.

7.5. Example 5. This example is used to confirm that our condition number
estimate does not require all subdomain edges to be of comparable length. Here,
the smaller square subdomains shown in Figure 7.3 always have four elements, while
the mesh parameter H/h is increased for the larger surrounding subdomains. The
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Fic. 7.2. Ezample decompositions (N = 16 and N = 64) used in Ezample 7.4.

TABLE 7.4
Results for unit square domain decomposed into N subdomains. There are 64 elements per
subdomain for the Type 1 (square) subdomains and approzimately 64 elements per subdomain for

subdomains obtained from the mesh partitioner. Material properties are homogeneous with o; = 1
and B; = 3

Classical iterative substructuring | Overlapping Schwarz (H/§ = 4)
Type | N | g=10"3 B=1 B=10% | B=10"3 B=1 B =102
1 16 20(23.7) 17(23.3) 9(5.8) 12(5.1) 12(5.1) 8(4.6)
64 | 29(26.6) | 24(26.3) | 12(9.2) 12(5.1) | 12(5.1) | 10(4.5)
144 | 31(27.1) | 25(26.8) | 14(12.2) 12(5.1) 12(5.1) 10(4.5)
256 | 34(27.4) | 26(27.1) | 16(14.7) 12(5.1) 11(5.0) 11(4.7)
400 | 35(27.6) | 26(27.3) | 17(16.6) | 11(5.0) | 11(5.0) | 11(4.7)
Metis | 16 30(27.8) | 23(25.4) 10(5.2) 13(6.5) 13(6.5) 9(5.0)
64 40(33.7) | 30(32.2) 13(8.8) 13(5.5) 12(5.4) 11(4.8)
144 | 42(37.4) | 33(36.2) | 15(11.9) | 18(8.0) | 16(7.9) | 12(5.9)
257 | 45(38.6) | 35(36.8) | 17(13.3) 16(7.2) 16(17.1) | 13(6.3)
400 | 46(41.9) | 36(40.8) | 17(13.7) 16(7.1) 15(6.9) 13(6.1)

Fic. 7.3. Ezample decompositions (H/h =8 and H/h = 16) used in Example 7.5.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/13 to 216.165.95.75. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1024 CLARK R. DOHRMANN AND OLOF B. WIDLUND

TABLE 7.5
Results for Example 7.5 (see also Figure 7.3). Material properties are homogeneous with a; = 1
and B; =

Classical iterative substructuring | Overlapping Schwarz (H/d = 4)

H/h | =103 B=1 B=10% | B=10"3 | p=1 B8 =103
4 | 23(15.3) | 18(14.7) | S(3.4) 5G1) | 12(49) | 8(4.2)
8 | 25(16.5) | 19(16.0) | 10(5.0) 16(6.5) | 13(6.3) | 9(5.2)
12 | 25(19.2) | 20(18.8) | 10(6.8) | 16(6.2) | 14(6.1) | 10(5.8)
16 | 27(21.4) | 21(20.9) | 11(8.4) | 15(6.4) | 14(5.9) | 10(5.9)
20 | 28(23.1) | 22(225) | 12(9.7) 15(6.4) | 14(5.9) | 10(5.9)

Fic. 7.4. Example decompositions (H/h =8 and H/h = 16) used in Exzample 7.6.

TABLE 7.6
Results for Example 7.6 (see also Figure 7.4). Material properties are homogeneous with a; = 1
and B; = 10~3. The OS results are for H/§ = 4.

Classical iterative substructuring Overlapping Schwarz
H/h R(Pad) Amin(Pad) Amax(Pad) H(Pad)
4 13.7 0.227 3.12 4.1
8 22.3 0.227 5.09 4.1
12 31.0 0.227 7.07 5.0
16 39.7 0.227 9.05 5.9
20 48.4 0.227 11.0 6.0

condition number estimates shown in Table 7.5 for the CIS algorithm are consistent
with our theory.

7.6. Example 6. The final example is used to confirm the estimates in (6.1)
and (6.2). Here we have two large subdomains and smaller square subdomains with
centers along © = 1/2 and whose number grows with mesh refinement (see Figure 7.4).
Thus, the number of subdomain edges for the two larger subdomains grows linearly
with H/h. The results in Table 7.6 are consistent with the theoretical estimates. We
also note that the results for the OS algorithm are much less sensitive to increasing
numbers of subdomain edges; this can easily be established by a coloring argument.
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Fia. 7.5. Figure illustrating some of the constructions and notation used in the proof of
Lemma 3.5.

Appendix. Proof of Lemma 3.5. In our construction and proof, we will again
use the set Re and the curve ~y4p; the latter forms the boundary of Re¢ together with
the subdomain edge £. We extend this domain to

Re := Re UCup,

where Cqp is the union of two sets of open circular disks {Bj}§° and {B},}§°. These
disks are all centered on 7, as in [6, proof of Lemma 4.4]. At the end of the proof,
we will include all the elements which intersect Cqp in part into 7/?\,5, thereby making it
the union of elements as required; the modifications required of our constructions and
proofs are relatively minor. Figure 7.5 shows some of the constructions and notation
used in our proof. N

We note that the uniformity constants of Re can exceed that of €2;. With consid-
erable effort, we could estimate the new uniformity constant in terms of that of ;;
however, we will not undertake that exercise here.

The disk By is centered at @y € 7, and has a radius r;, = |a — x|/(4Cy)
for k > 1. The first of the centers, xg, is located in the middle of the curve g,
i.e., it is equidistant to @ and b. The first circular disk By = B(, has a radius r¢ :=
dist(xg, 09;)/4. We define the other @) recursively as the last point of exit of 4
from Bj_1 when moving toward a. Indeed, we can establish that xy — a as k — co.
Similarly, we construct the second set of circular disks {B}}, starting at x;, = oo,
but with centers @) located between o and b and where )} — b as k — co. We
note that bounds on the diameter and area of the domain R¢ now follow easily from
Lemma 3.4 and elementary considerations.

We now modify the curve 74, as in our previous paper [6], replacing it by a
continuous, piecewise linear curve 7, connecting the consecutive centers xj, and x},
of the two sets of circular disks. We note that the new curve will be shorter than the
one it replaces and is generally more regular.

This curve and these disks are considered in some detail in [6], where it is estab-
lished that no point in €2; belongs to more than a fixed number M (Cy) of disks and
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that intersecting disks have comparable radii. From this fact, we can establish that
the arc length along 7,, cannot grow faster than a constant times the distance from
the nearest endpoint of the edge &; the arc length will of course also be bounded from
below by that distance. We note that consecutive disks overlap, creating a neighbor-
hood of the curve 74, which at any point on the curve has a width uniformly bounded
from below in terms of the radii of the local circular disks. This follows from the fact
that the radii of intersecting disks are comparable and that xj, by construction, lies
on the boundary of Bj_1.

We now consider an arbitrary pair of points ¢ and d in ﬁg. Given that they both
belong to €2; and that 2; is uniform, there is a curve 7.4 in the subdomain which
connects them and which satisfies the two conditions of Definition 3.1. We replace
this curve by 7.4 constructed in the same way as 74, and denote by C.q the union of
the circular disks involved in the construction of that curve. If this set is contained
in Re, we can accept the curve 7.4 for this pair of points.

In our discussion below, we will modify the construction of these circular disks,
making them smaller by using a constant factor A larger than 4 in the definition of
their radii. The estimate of Cy;y for Rg then needs to be increased.

There are several cases to consider. We first assume that both ¢ and d lie between
& and 74 Let y, be one of the centers of the circles of C.4, which is closer to ¢ than
to d, and let its radius be defined by ¢ := |e¢ — y¢|/(ACy). Since a € 99;, we have
lye — al > Arg; we assume without loss of generality that a is the endpoint of £ closest
to yy.

We now assume that the circle centered at y, and with radius r, intersects a
circle of Cyp centered at x; and with radius 7. = |a — xx|/(4Cy). We then have
lye — xg| < rp + r¢ and

A4Cyrk = la — x| > |lye — a|l — lye — x| > (A= 1)rp — 1.

By selecting A\(Cy) sufficiently large and using the fact that the width of the set Cyp
can be bounded locally from below in terms of r;, we find that we can guarantee
that the circle centered at gy, is contained in R if y, lies between £ and 7,,. We can
therefore change our focus to cases when the two curves 74, and 7.4 intersect since
we have shown that otherwise both requirements of Definition 3.1 can be satisfied.

If 7.4 intersects 7,p, it must do so at least twice given that ¢ and d, by assumption,
lie on the same side of 7,;. Denote the first and last such intersection by x. and x4,
respectively. We then replace the part of 7.4 between x. and x4 by that of 7, creating
a modified curve still denoted by J.q.

We need to verify that the two conditions of Definition 3.1 can be satisfied after
possibly increasing the parameter Cy.

We first consider the length. The length of the parts of the original 7.4 that are
retained can clearly be estimated by Cy|e — d|. We can estimate |z, — x4| similarly.
As indicated above, the arc length of the part of 7,, which is incorporated into 7.4
can then also be estimated by a multiple of |z, — x4|. We note that we again might
have to increase the value of Cy.

We next show that the circular disks of C;, centered on 7, are large enough to
accommodate the circular disks centered on 7.4 after a possible increase of the Cy
parameter necessary for 7.4. This can fail only if |¢ — x| with & € 5.4 cannot be
bounded in terms of |a — «|. This cannot happen since the arc length between a
and x. can be bounded from below by the radii of the circles centered close to ..
That radius in turn provides a bound on the arc length between ¢ and .. We note
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that along the common part of 7.4 and 74, the arc lengths of 74, and 7.4 increase at
exactly the same rate. This ultimately provides a bound on |c — x| in terms of |a — x|
for any point  on the common part of the two curves; this will guarantee that Cgp is
wide enough.

To make the argument complete, we must also consider possible points on the
common part of the curve beyond x, where the width of C,; can begin to shrink. We
can then work from the other endpoint of 7.4, i.e., start from d.

There are other cases to consider. Thus, if both ¢ and d belong to Cu;, we can
use the fact that this set is uniform in itself. There are two cases. In the first case, we
can construct .4 by connecting ¢ and d by straight line segments to the points on 7y
that are closest and the part of that curve in between. We note that the distances of
those two points to that curve provide lower bounds on the radii of the circles of Cgp
to which they belong. However, this can lead to a curve that is too long in comparison
with |e — d] if the distance of ¢ or d to 7, far exceeds |¢ — d|. But in such a case ¢
and d must belong to the same circular disk or to two consecutive disks in the sets
of circles and it is then easy to construct a satisfactory curve 7.4 taking advantage of
the simple geometry.

Finally, let ¢ and d lie on opposite sides of 74, and let ¢ € Rg \ Cop. We then find
the first intersection of .4 and 7, when moving from ¢ along 7.4. We connect d by
a straight line segment to the point on 7, that is closest and then build the modified
curve from the resulting three parts. We note that in this case, we will not have a
problem with ¢ and d being too close. R

To complete the proof, we add all the parts of any elements that intersect Rg to
the set; effectively this will increase the set Cgp. Should ¢ or d or both belong to this
new part, we can connect these points to points just inside Cup and construct 7.4 by
using the same ideas as previously.

REFERENCES

[1] G. AcosTa, R. G. DURAN, AND M. A. MUSCHIETTI, Solutions of the divergence operator on
John domains, Adv. Math., 206 (2006), pp. 373-401.

[2] R. BEcK, R. HipTMAIR, R. H. W. HorpPE, AND B. WOHLMUTH, Residual based a posteriori
error estimators for eddy current computation, M2AN Math. Model. Numer. Anal., 34
(2000), pp. 159-182.

(3] A. BossavIT, Discretization of electromagnetic problems: The “Generalized Finite Differences”
Approach, Handb. Numer. Anal. 13, North-Holland, Amsterdam, 2005, pp. 105-197.

[4] S. M. BUCKLEY AND P. KOSKELA, Sobolev-Poincaré implies John, Math. Res. Lett., 2 (1995),
pp. 577-593.

[5] C. R. DOHRMANN, A. KLAWONN, AND O. B. WIDLUND, A family of energy minimizing coarse
spaces for overlapping Schwarz preconditioners, in Proceedings of the 17th International
Conference on Domain Decomposition Methods in Science and Engineering, U. Langer,
M. Discacciati, D. Keyes, O. Widlund, and W. Zulehner, eds., Lecture Notes in Comput.
Sci. and Engrg. 60, Springer-Verlag, Heidelberg, 2007, pp. 247-254.

(6] C. R. DOHRMANN, A. KLAWONN, AND O. B. WIDLUND, Domain decomposition for less regular
subdomains: Overlapping Schwarz in two dimensions, STAM J. Numer. Anal., 46 (2008),
pp. 2153-2168.

[7] C. R. DOHRMANN AND O. B. WIDLUND, An overlapping Schwarz algorithm for almost incom-
pressible elasticity, SIAM J. Numer. Anal., 47 (2009), pp. 2897-2923.

(8] C. R. DOHRMANN AND O. B. WIDLUND, Hybrid domain decomposition algorithms for compress-
ible and almost incompressible elasticity, Internat. J. Numer. Methods Engrg., 82 (2010),
pp. 157-183.

[9] K. FALCONER, Fractal Geometry: Mathematical Foundations and Applications, 2nd ed., John
Wiley, Hoboken, NJ, 2003.

[10] R. HipTMAIR, G. WIDMER, AND J. ZoU, Auziliary space preconditioning in Ho(curl; €2), Numer.
Math., 103 (2006), pp. 435-459.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/13 to 216.165.95.75. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

1028 CLARK R. DOHRMANN AND OLOF B. WIDLUND

22]

23]

24]

R. HipTMAIR AND J. XU, Nodal auziliary space preconditioning in H(curl) and H(div) spaces,
SIAM J. Numer. Anal., 45 (2007), pp. 2483-2509.

R. HIPTMAIR, Finite elements in computational electromagnetism, Acta Numer., 11 (2002),
pp- 237-339.

Q. Hu AND J. Zou, A nonoverlapping domain decomposition method for Mazwell’s equations
in three dimensions, STAM J. Numer. Anal., 41 (2003), pp. 1682-1708.

P. W. JONES, Quasiconformal mappings and extendability of functions in Sobolev space, Acta
Math., 147 (1981), pp. 71-88.

G. KARYPIS AND V. KUMAR, METIS Version 4.0, Department of Computer Science, University
of Minnesota, Minneapolis, MN, 1998.

A. KLAWONN, O. RHEINBACH, AND O. B. WIDLUND, An analysis of a FETI-DP algorithm on
irregular subdomains in the plane, SIAM J. Numer. Anal., 46 (2008), pp. 2484-2504.

J. H. LEE, Domain Decomposition Methods for the Reissner-Mindlin Plates Discretized with
the Falk-Tu Elements, Tecnical report TR2011-937, Department of Computer Science,
Courant Institute of Mathematical Sciences, New York University, Ph.D. thesis, 2011.

V. G. MazJA, Classes of domains and imbedding theorems for function spaces, Soviet Math.
Dokl., 1 (1960), pp. 882-885.

J.-C. NEDELEC, Mized finite elements in R3, Numer. Math., 35 (1980), pp. 315-341.

D. OH, Domain Decomposition Methods for Raviart-Thomas Vector Fields, Technical report
TR2011-942, Department of Computer Science, Courant Institute of Mathematical Sci-
ences, New York University, Ph.D. thesis, 2011.

F. RAPETTI AND A. TOSELLI, A FETI preconditioner for two dimensional edge element approz-
imations of Mazwell’s equations on nonmatching grids, STAM J. Sci. Comput., 23 (2001),
pp. 92-108.

L. R. SCOTT AND S. ZHANG, Finite element interpolation of nonsmooth functions satisfying
boundary conditions, Math. Comp., 54 (1990), pp. 483-493.

A. ToseLLl AND A. KLAWONN, A FETI domain decomposition method for edge element ap-
proximations in two dimensions with discontinuous coefficients, SIAM J. Numer. Anal.,
39 (2001), pp. 932-956.

A. ToseLLI AND X. VASSEUR, Dual-primal FETI algorithms for edge element approzimations:
Two-dimensional h and p finite elements on shape-regular meshes, STAM J. Numer. Anal.,
42 (2005), pp. 2590-2611.

A. ToseLL, O. B. WIDLUND, AND B. I. WOHLMUTH, An iterative substructuring method for
Mazwell’s equations in two dimensions, Math. Comp., 70 (2000), pp. 935-949.

A. Toserrr AND O. WIDLUND, Domain Decomposition Methods-Algorithms and Theory,
Springer Ser. Comput. Math. 34, Springer-Verlag, Heidelberg, 2005.

A. TosgeLLI, Neumann-Neumann methods for vector field problems, Electron. Trans. Numer.
Anal., 11 (2000), pp. 1-24.

A. TosELLI, Overlapping Schwarz methods for Mazwell’s equations in three dimensions, Numer.
Math., 86 (2000), pp. 733-752.

A. ToseLLI, Dual-primal FETI algorithms for edge finite-element approximations in 3D, IMA
J. Numer. Anal., 26 (2006), pp. 96-130.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


