Tutorial:
Exact Numerical Computation
in Algebra and Geometry

Chee K. Yap

Courant Institute of Mathematical Sciences
New York University

and
Korea Institute of Advanced Study (KIAS)
Seoul, Korea

34th ISSAC, July 28-31, 2009

Yap (NYU) Tutorial: Exact Numerical Computation ISSAC, July 2009 1/115



PART 1

Yap (NYU) ISSAC, July 2009 4/115



Coming Up Next

Q Introduction: What is Geometric Computation?
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Where do Geometric Objects Live?
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Computation: Geometric vs. Algebraic

Where is the Computation?

@ Algebraic Computation: in parameter space P
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Computation: Geometric vs. Algebraic

Where is the Computation?

@ Algebraic Computation: in parameter space P

E.g., Grobner bases

Polynomial manipulation, Expensive (double exponential time)
@ Geometric Computation: in ambient space A

E.g., Finding Zeros of Polynomials in R"
Numerical, Combinatorial, Adaptive (single exponential time)

Yap (NYU) Tutorial: Exact Numerical Computation ISSAC, July 2009

9/115



(Contd.) Computation: Geometric vs. Algebraic
Answer to PUZZLE 1: “BOTH”

@ Geometry is discrete (in P) (algebraic computation)

@ Geometry is continuous (in .A) (analytic computation)
Actions in the Ambient Space

@ Geometric Relationships on different Object types arise in A

@ Analytic properties of Objects comes from their loci
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(1) Convex Hulls

Convex Hull of Points in R"
@ n = 1: finding max and min
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(1) Convex Hulls

Convex Hull of Points in R"
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3

2
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o

6
@ Main issue is combinatorial in nature
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(1) Euclidean Shortest Path (ESP)

Shortest Path amidst Polygonal Obstacles
@ Shortest path from p to q avoiding A,B,C
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ESP, contd.

Reduction to Dijkstra’s Algorithm

@ Combinatorial complexity: O(n?logn) (negligible)

Sum of Square-roots Problem: | Is ™, ajy/bj = 0?

Not known to be polynomial-time!

Algebraic Approach: Repeated Squaring Method (Nontrivial for
Inequalites!)

Q(2™) (slow, unless you are lucky! (lllustrate))

Numerical Approach: Zero Bound Method
O(log(1/|el|)) (fast, unless you are unlucky! (lllustrate))

@ | Luck deals differently for the two approaches
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Five Examples of Geometric Computation

Decidability [chang/choiikwon/Park/y. (2005)]

Theorem (Unit Disc)
Shortest Path for unit disc obstacles is computable. J
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Five Examples of Geometric Computation

Decidability [chang/choiikwon/Park/y. (2005)]

Theorem (Unit Disc)
Shortest Path for unit disc obstacles is computable.

Theorem (Commensurable Radii)
Shortest Path for commensurable radii discs is computable.

No complexity Bounds!
Appeal to Baker's Linear Form in Logarithms: |00+ 3, aijlog ;| > B

Theorem (Commensurable Radii Complexity)
Shortest Paths for rational discs is in single-exponential time.

@ Rare positive result from Transcendental Number Theory
@ First transcendental geometric problem shown computable

vy
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Five Examples of Geometric Computation

(IV) Mesh Generation

Meshing of Surfaces
@ Surface S =f~1(0) where f : R" — R (n = 1,2, 3)
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(IV) Mesh Generation

Meshing of Surfaces
@ Surface S =f~1(0) where f : R" — R (n = 1,2, 3)
@ Wants a triangulated surface S that is isotopic to S

“Tangled Cube” “Chair”

@ Case n=1is root isolation !
@ Return to meshing in Lecture 2

Applications

Visualization, Graphics, Simulation, Modeling: prerequisite

4
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(V) Discrete Morse Theory

Edelsbrunner, Harer, Zomorodian (2003)

@ Methodology: discrete analogues of continuous concepts
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Coming Up Next

e Exact Numeric Computation — A Synthesis
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Again, What is Geometry?

Geometry is always about zeros

@ Problem (I): Is a Point on a Hyperplane?
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Four Computational Models for Geometry

How to compute in a Continuum (R")?

@ (EX) Algebraic Computational Model
(e.g., Real RAM, Blum-Shub-Smale model)
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Duality in Numbers

@ Physics Analogy:

| Discrete Continuous
Light particle wave
» R field metric space
Numbers | algebraic analytic
a — /15— /224 ~0.0223

@ /15— /224 is exact, but 0.0223 is more useful!

» WHY? Want the locus of ¢ in the continuum

» JOKE: a physicist and an engineer were in a hot-air balloon...

@ How to capture this Duality?
» For exact computation, need algebraic representation.
» For analytic properties, need an approximation process
» What about deciding zero? (Algebraic or Numeric)
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Coming Up Next

@ Exact Geometric Computation
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EGC

Implementing the Universal Solution (Core
Library)

Any programmer can access this capability

#define Core_Level 3
#include "CORE.h"

.... Standard C++ Program ....

Numerical Accuracy API
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Coming Up Next

9 Constructive Zero Bounds
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Core of Core Library
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Core of Core Library
@ MUST not use algebraic method!
@ Numerical method based on Zero Bounds
@ Let Q= {+,—, X,...} UZ be aclass of operators
ZERO(9) is the corresponding zero problem

@ A Zero Bound for Q is a function B : Expr(£2) — R such that
e € Expr(2) is non-zero implies

le| > B(e)
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Adaptive Zero Determination

Core of Core Library
@ MUST not use algebraic method!
@ Numerical method based on Zero Bounds
@ Let Q= {+,—, X,...} UZ be aclass of operators
ZERO(9) is the corresponding zero problem

A Zero Bound for Q2 is a function B : Expr(£2) — R>¢ such that
e € Expr(2) is non-zero implies

el > B(e)

How to use zero bounds? Combine with approximation.

Zero Bound is the bottleneck only in case of zero.

vy
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Some Constructive Bounds

@ Degree-Measure Bounds [Mignotte (1982)], [Sekigawa (1997)]
@ Degree-Height, Degree-Length [Yap-Dubé (1994)]

@ BFMS Bound [Burnikel et al (1989)]

@ Eigenvalue Bounds [Scheinerman (2000)]

@ Conjugate Bounds [Li-Yap (2001)]

@ BFMSS Bound [Burnikel et al (2001)]
» One of the best bounds
@ k-ary Method [Pion-Yap (2002)]
» ldea: division is bad. k-ary numbers are good
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An Example

@ Consider the e = /X + /¥ — /X +Y +2/xY .

@ Assume x =a/b andy = c/d where a,b,c,d are L-bit integers.

@ Then Li-Yap Bound is 28L + 60 bits, BFMSS is 96L + 30 and
Degree-Measure is 80L + 56.
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