THE PROBABILISTIC METHOD

Noga Alon

Department of Mathematics

Raymond and Beverly Sackler Faculty of Exact Sciences

Tel Aviv University

Tel Aviv, Israel

Joel H. Spencer

Courant Institute of Mathematical Sciences

New York University

New York, USA

With an Open Problems Appendix by Paul Erd} os

To Nurit and Maryann

Preface

The Probabilistic Method has recently been developed intensively and be-

came one of the most powerful and widely used tools applied in Combina-

torics. One of the ma jor reasons for this rapid development is the important

role of randomness in Theoretical Computer Science, a �eld which is recently

the source of many intriguing combinatorial problems.

The interplay between Discrete Mathemtics and Computer Science sug-

gests an algorithmic point of view in the study of the Probabilistic Method

in Combinatorics and this is the approach we tried to adopt in this book.

The manuscript thus includes a discussion of algorithmic techniques together

with a study of the classical method as well as the modern tools applied in

it. The �rst part of the book contains a description of the tools applied in

probabilistic arguments, including the basic techniques that use expectation

and variance, as well as the more recent applications of Martingales and

Correlation Inequalities. The second part includes a study of various topics

in which probabilistic techniques have been successful. This part contains

chapters on discrepancy and random graphs, as well as on several areas in

Theoretical Computer Science; Circuit Complexity, Computational Geome-

try, and Derandomization of randomized algorithms. Scattered between the

chapters are gems described under the heading "The Probabilistic Lens".

These are elegant proofs that are not necessarily related to the chapters

after which they appear and can be usually read separately.

The basic Probabilistic Method can be described as follows: in order to

prove the existence of a combinatorial structure with certain properties, we

construct an appropriate probability space and show that a randomly chosen

element in this space has the desired properties with positive probability.

This method has been initiated by Paul Erd} os, who contributed so much to

its development over the last forty �ve years, that it seems appropriate to

call it "The Erd} os Method". His contribution cannot be measured only by

his numerous deep results to the sub ject, but also by his many intriguing

problems and conjectures that stimulated a big portion of the research in

the area. It is therefore very pleasing that we can close this book with an

Open Problems Appendix by Paul Erd} os, the founder of the Probabilistic

Method.

It seems impossible to write an encyclopedic book on the Probabilitic

Method; too many recent interesting results apply probabilistic arguments, and we do not even try to mention all of them. Our emphasis is on method-

ology, and we thus try to describe the ideas, and not always to give the best

possible results if these are too technical to allow a clear presentation. Many

of the results are asymptotic, and we use the standard asymptotic notation:

for two functions f and g , we write f = O(g ) if f � c 1 g + c 2 for all pos-

sible values of the variables of the two functions, where c 1 ; c 2 are absolute

constants. We write f = (g ) if g = O(f ) and f = �(g ) if f = O(g ) and

f = (g ). If the limit of the ratio f =g tends to zero as the variables of the

functions tend to in�nity we write f = o(g ). Finally, f � g denotes that

f = (1 + o(1))g , i.e., that f =g tends to 1 when the variables tend to in�nity.

It is a special pleasure to thank our wives, Nurit and Maryann. Their

patience, understanding and encouragment have been a key-ingredient in

the success of this enterprise.

November 1990, Tel Aviv and New York.

TABLE OF CONTENTS

Preface iii

PART I: METHODS 1

Chapter 1: The Basic Method 2

1: The Probabilistic Method 2

2: Graph Theory 4

3: Combinatorics 7

4: Combinatorial Number Theory 9

5: Disjoint Pairs 10

The Probabilistic Lens: The Erd} os Ko Rado Theorem 12

Chapter 2: Linearity of Expectation 13

1: The Basics 13

2: Splitting Graphs 14

3: Two Quickies 16

4: Balancing Vectors 17

5: Unbalancing Lights 18

6: Without Coin Flips 20

The Probabilistic Lens: Br� egman’s Theorem 21

Chapter 3: Alterations 23

1: Ramsey Numbers 23

2: Independent Sets 25

3: Combinatorial Geometry 26

4: Packing 27

5: Recoloring 28

The Probabilistic Lens: High Girth and High

Chromatic Number 31

Chapter 4: The Second Moment 32

1: Basics 32

2: Number Theory 33

3: More Basics 35

4: Random Graphs 37

5: Clique Number 41

6: Distinct Sums 43

The Probabilistic Lens: Hamiltonian Paths 45

Chapter 5: The Local Lemma 48

1: The Lemma 48

2: Property B and multicolored sets

of real numbers 50

3: Lower bounds for Ramsey Numbers 52

4: A Geometric Result 53

5: The Linear Arboricity of Graphs 54

6: Latin Transversals 59

7: The Algorithmic Aspect 60

The Probabilistic Lens: Directed Cycles 61

Chapter 6: Correlation Inequalities 62

1: The Four Functions Theorem

of Ahlswede and Daykin 62

2: The FKG Inequality 66

3: Monotone Properties 67

4: Linear Extensions of

Partially Ordered Sets 70

The Probabilistic Lens: Tur� an’s Theorem 72

Chapter 7: Martingales 74

1: De�nitions 74

2: Large Deviations 76

3: Chromatic Number 77

4: A General Setting 80

5: Three Illustrations 82

The Probabilistic Lens: Weierstrass Approximation Theorem 85

Chapter 8: The Poisson Paradigm 87

1: The Janson Inequalities 87

2: The Proofs 89

3: Brun’s Sieve 91

4: Large Deviations 94

5: Counting Extensions 96

6: Counting Representations 98

7: Further Inequalities 101

The Probabilistic Lens: Local Coloring 103

Chapter 9: Pseudo-Randomness 105

1: The Quadratic Residue Tournaments 106

2: Eigenvalues and Expanders 109

3: Quasi-Random Graphs 116

4: The R� odl Nibble 124

The Probabilistic Lens: Random Walks 130

PART II: TOPICS 132

Chapter 10: Random Graphs 133

1: Subgraphs 133

2: Clique Number 136

3: Chromatic Number 138

4: Branching Processes 140

5: The Giant Component 144

6: Inside the Phase Transition 149

7: Zero-One Laws 152

The Probabilistic Lens: Counting Subgraphs 160

Chapter 11: Circuit Complexity 162

1: Preliminaries 162

2: Random Restrictions and

Bounded-Depth Circuits 163

3: More on Bounded-Depth Circuits 168

4: Monotone Circuits 170

5: Formulae 174

The Probabilistic Lens: Maximal Antichains 176

Chapter 12: Discrepancy 177

1: Basics 177

2: Six Standard Deviations Su�ce 178

3: Linear and Herediatry Discrepancy 182

4: Lower Bounds 185

5: The Beck-Fiala Theorem 188

The Probabilistic Lens: Unbalancing Lights 190

Chapter 13: Geometry 191

1: The Greatest Angle Among Points

in Euclidean Spaces 191

2: Empty Triangles Determined by Points

in the Plane 193

3: Geometrical Realizations

of Sign Matrices 195

4: �-Nets and VC-Dimension

of Range Spaces 197

The Probabilistic Lens: E�cient Packing 205

Chapter 14: Codes and Games 207

1: Codes 207

2: An Easy Game 209

3: Balancing Vector Game 210

4: Nonadaptive Algorithms 213

The Probabilistic Lens: An Extremal Graph 214

Chapter 15: Derandomization 216

1: The Method of Conditional Probabilities 216

2: d-Wise Independent Random Variables

in Small Sample Spaces 221

Appendix A: Bounding of Large Deviations 227

Appendix B: Some Open Problems by Paul Erd} os 234

References 238

PART I: METHODS

1