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Transcriptional State of a Cell
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Transcriptional State of a Cell

{ Transcriptional state of a cell can be characterized by de-
tecting and quantitating gene expression levels:

— Northern blots

— S1 nuclease protection

— differential display

— sequencing of cDNA libraries

— serial analysis of gene expression (CDNA)

— Array based technologies:

¢ spotted arrays

¢ oligonucleotide arrays
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Gene Expression Data

{ Microarrays enable one to simultaneously measure the activ-
ity of up to 30,000 (~ 10%—10°) genes.

O In particular, the amount of mMRNA for each gene in a given
sample (or a pair of samples) can be measured.
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Spotted Arrays
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4-1-2003

Spotted Arrays

Two samples (reference

% = f/% prna  and test) of mRNA are

converted to cDNA, la-

dyes and allowed to hy-
bridize to the array.

% Y W D beled with fluorochrome
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Cluster Analysis
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Cluster Analysis

Proc, Nogl, Aced. Sci. (184
Vol 95, pp. 1480314868, December 1998
Crenetics

Cluster analysis and display of genome-wide expression patterns

MicHAEL B, E1sEN®, PAUL T. SPELLMANY, PATRICK O. BROWNT, AND DaviD BOTSTEIN®E

“Department of Genatics apd "Dopartment of Boechsmistry and Howard Hoghes Medical Institnte, Stanford University School of Medicine, 300 Pastent Avsnus,
Stonford, CA %305

Countributed by David Botstein, October 13, 1998

In the above, Eisen et al. claim to use “standard statistical al-

gorithms to arrange genes according to similarity in pattern of
gene expression.”
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Distances & Correlations

Let G; equal the (log-transformed) primary data for gene G in
condition 2. For any two genes X and Y observed over a series
of N conditions, we can compute a similarity score as follows:

S(X, Y) _ i N (Xz — Xoﬁset) (Y'L — Yoﬁ‘set) | (1)
Nz’zl Py Py
where
1 N 2
Pg = \ NZ; (Gi - Goﬁset)

Let Goﬁset = ’}/G
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Metric Comparison

O Pearson Correlation Coefficient:

— 1
Goﬁset:G:NZ or y=1
{ Eisen: (prone to False Positives)
Gogset = 0 for every gene G, or ~=0
$ We propose using the general form of equation (1) to derive a similarity
metric which is dictated by the data and reduces the occurrence of false-

positives (relative to the Eisen metric) and false-negatives (relative to
the Pearson correlation coefficient).
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Shrinkage Metric: Result

N
]- XZ _ (X)O se Xlk - (Xk)o Se
S(Xj’Xk):NZ< J ¢.j ﬁt)( - ffset |
J

i=1
where
(X )oﬁset é\
=k
— 1 — - f
B2 _|_7.2N
M —2 1
= [1- ZZ(XW—Y;» ) (2)
M
\( (Zk:1Yk2> N M(N_l)k: 1i=1 ’
’7
= ’)/X.j
and Y; = X ;.
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Simulation
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Simulation

$ Simulation Model:

— Random Variables: X; and Y;:

Ox + ox(ai(X,Y) +N(0,1))
Oy + oy (0i(X,Y) +N(0,1))

Xi
Y,

— Ox ~ N(0,72); 6y ~ N(0,72) are the means,

— «a; ~ Uniform(L, H) - Bias term (or «; = 0 for no bias).

ox oy N

O S(X,Y) =4 xN, Kb Xiby) Kz a3> FXZA2N (0,1 Y,

— N = Number of Experiments = 100.
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Key Parameters

O N = Number of Experiments = 100

¢ 7€ {0.1,10.0} « Very low or very high variability among the
genes

O ox = oy = 10.0

O aa=0(~U(0,0)) « no correlation or
a~U(0,1) «— some correlation between the genes.
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(xClairvoyant Metric Parametersx)

- —_ 1 X1—01 . X2—92 .
S[lea XQ,] =T NE:IZpt ( o1 o ) '

(xPearson Metric Parametersx)

p1 = Mean[X1]; p2 = Mean[X>],

/8 — (Xl—,u,l).(Xl—,ul) .
1 NExpt—1 '

— X2_ 2)- X2_ 2 .
==y

. 1 Ximpn | Xo—pin )
Sp[Xl—a XQ*] "7 NEzpt—1 ( ﬁlﬂ . BQM ) ’

(xEisen Metric Parametersx)

me1 = mepy = O;

be; = \/(Xl—mel).(Xl—mel) :

(xShrinkage Metric Parametersx)
ms1 = (1 - 012—|—7('721NExpt> H1,

ms2 = (1 - 022—|—7'022]\7E:t:pt> K2,

bSl — \/(Xl—msl).(Xl—msl) .

NFEzxpt—1 !
_ (XQ—mSQ).(XQ—mSQ) .
b82 T \/ NExpt—1 !
Ss[le, ng] =
1 Xl—msl . XQ—mSQ .
NEzxpt—1 bs; bs, '

NEzxpt—1
. (X2—mey).(Xo—mes) .
bex = \/ NEzpt—1 '
. 1 Xi—me, | Xo—mes
Se[Xlﬂ XQ*] "~ NEzpt—1 ( be, be:
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$ la. When X and

Y are not

Experiment 1

correlated and the
noise in the input

is low, Pearson
does as well as
Eisen or
Shrinkage:

T =0.1;

a=0;

N FExpt = 100;
ox = oy = 10;

4-1-2003

True Clairvoyant Pearzon Eisen Bavyes
Mean= 0. -0.000297241 -0,000268684 -0.000Z53954 —0.000254259
3.D.= 0. 0.0995578 0.0999037 0.0924011 0.09940049
Metrice

—— Clairwvoyant

Paear=on

Ei=an

—— Shrinkage
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Uncorrelated Genes

O If two genes are uncorrelated,

{ and their “base-level values do not vary much”

— All the methods do equally well

O True Negatives
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O 1b. When X and

Y are not

Experiment 2

correlated but the
noise in the input

IS high, Eisen does
much more poorly:

T = 10;
a = 0;
N Expt = 100;
ox = oy = 10;

4-1-2003

True Clairwoyant Prarzon Eizsen Bayes
Mean= 0. -0,000971174 -0.000939357 -0,0011908% -0,0009393606
.= 0. 0,0993954 0.100216 0.3536la 0,100207
Matrics=

—— Clairwoyant

Paar=aon

— Ei=an

—— Shrinkage
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Uncorrelated Genes

O If two genes are uncorrelated,

O and their “base-level values vary quite a bit”

— All the methods except Eisen et al.

well

O False-Positives for Eisen

4-1-2003 (©Vera Cherepinsky, 2003
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Experiment 3

True Clairvoyant FPearson Eizen Bayes
Mean= 0.33311:2 0.331247 0.0754506e 0.247542 0.24513
5.D.= 0.0299233 0.132424 0.0992482Z 0.0915289 0.0915Z238

O 2a. When X and
Y are correlated

Metrics
and the noise in i aitaiid
the input is low, Peazzon
Pearson does 2| m
worse than Eisen A

or Shrinkage:

o T—0.1;

e a~U(0,1);

e NExpt = 100; et - -
e oy = oy = 10; |
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Correlated Genes

O If two genes are correlated,

{ and their “base-level values do not vary much”

— All the methods except Pearson’s do equally well

$ False-Negatives for Pearson
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Experiment 4

True Clairvoyant
Mean= 0.333233 0.332629
3.0.= 0.0Z95209 0.132613

O 2b. When X and
Y are correlated
and the noise in
the input is high,
all algorithms fail,
I.e., introduce
errors:

T = 10;
a~U(0,1);

N Expt = 100;

Fearzon Eizen Eayes
0.076l588 0.116725 0.0761723
0.0999562 0,367705 0.099945

Matrics=

—— Clairwvoyant

FPear=on

Ei=an

—— Shrinkage

O‘X:O'YZ].O;
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Correlated Genes

O If two genes are correlated,

$ and their “base-level values vary quite a bit”

— All the methods do equally poorly

$ False-Negatives

¢ (Eisen may also have some False-Positives.)
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Histogram Comparison

No Correl ati on
Low Noi se
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Summary

Uncorrelated’ | Uncorrelated/ | Correlated/ Correlated/
Small Large Small Large
Variance Variance Variance Variance

Pearson |OK OK False False

Negatives
Eisen OK False OK False
Pogitives
Shrinkage |OK OK OK False
©Vera Cherepinsky, 2003
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Yeast Cell Cycle
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Yeast Cell Cycle

Pre-replication
complex formation

Mcm3 Mem6 -
CdcB,Cdc46
Qﬂsszlm @
f ')F G1
M
G2 ?

Mitosis control

Clb2, Ace2
Swis, Cdc20
Spo12

Apc1,Tem1 | =

Budding
CiIn1,CIn2,Gic1
Gic2,Msb2,Rsr1
BudS Mnn1,0ch1
Psail,Gind, Gast
Exgl1,Gls1,Kre6
Crh1,Cwp1,Cis3
|CWP2.SGM,HEKE

DNA rqglicaﬂ-nn
&_ [gpal[
CIb5,CIb6,Rnr
‘Rad27,Cdec21,Dun
Rad51,Cdc45s, I
Pds5 Mcd1 Mcm2

Chromatin

b1,Htb2
Hta1,Hta2
Htas, Hho1|

Hhf1, Hht1 |

Tel2,Ctf18
Hos3.Arp
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Clusters based on Transcriptional Activators

Reduced table of targets of cell cycle activators, based on the availability
of genes in our data set.

Activators Genes Functions

1 | Swi4, Swi6 Cinl, CIn2, Gicl, Gic2, Msb2, | Budding
Rsrl, Bud9, Mnnl, Ochl, Exgl,
Kre6, Cwpl

2 | Swi6, Mbpl Clb5, Clb6, Rnrl, Rad27, Cdc21, DNA replication and
Dunl, Rad51, Cdc45, Mcm?2 repair

3 | Swi4, Swi6 Htbl, Htb2, Htal, Hta2, Hta3, | Chromatin
Hhol

4 | Fkhl Hhfl, Hhtl, Tel2, Arp7 Chromatin

5 | Fkhil Teml Mitosis Control

6 | Nddl, Fkh2, Mcml Clb2, Ace2, Swib5, Cdc20 Mitosis Control

7 | Ace2, Swibs Ctsl, Egt2 Cytokinesis

8 | Mcml Mcm3, Mcm6, Cdc6, Cdc46 Pre-replication com-

plex formation
9 | Mcml Ste2, Farl Mating
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Clustering Method used for
Yeast Data
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Hierarchical clustering pseudocode

Given {{Xij}gvzl}juzl:
Switch:
Pearson: v =1;
Eisen: v =0;
Shrinkage: {
Compute W = (M — 2) /Zj\il Y.jz

Compute BE =
Zj'w:l vazl (Xij - Y'.7')2/
(M(N - 1))
y=1-W-32/N
}

While

(# clusters > 1) do
Compute similarity table:

Zi (Gij_(Gj)oﬁset) (Gik_(Gk)oﬁset)
\/Zi(Gij_(Gj)oﬁset)z';i(Gik_(Gk)oﬁset)2’
where (G) g = 1Ct-
Find (5* k*) :
S(Gj-, Gr:) > S(Gj, Gy)
V clusters j,k

Create new cluster Nj..
— weighted average of

G- and Gy .

Take out clusters j* and k™.
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Clusters based on Eisen et al.

RN Subsampled Data, Eisen clusters (y = 0.0)

E58 | Swi4/Swi6 Cinl, Ochl

E68 | Swi4/Swi6 Cln2, Msb2, Rsrl, Bud9, Mnnl, Exgl
Swi6/Mbpl Rnrl, Rad27, Cdc21, Dunl, Rad51, Cdc45, Mcm?2
Swi4 /Swi6 Htbl, Htb2, Htal, Hta2, Hhol
Fkhl Hhfl, Hhtl, Arp7
Fkhl Teml
Ndd1/Fkh2/Mcm1l | Clb2, Ace2, Swi5
Ace2/Swib Egt2
Mcm1 Mcm3, Mcm6, Cdcé

E29 | Swi4/Swi6 Gicl

E64 | Swid/Swib Gic2

E33 | Swi4/Swi6 Kre6, Cwpl
Swi6/Mbp1l CIb5, Clb6
Swi4/Swi6 Hta3
Ndd1/Fkh2/Mcm1l | Cdc20
Mcm1 Cdc46

E73 | Fkhl Tel2

E23 | Ace2/Swib Ctsl

E43 Mcm1l Ste2

E66 | Mcml Farl

4-1-2003 (©Vera Cherepinsky, 2003
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Clusters based on Pearson
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RN Subsampled Data, Pearson clusters (v = 1.0)

P1 Swi4/Swi6 CInl, Ochl

P15 | Swi4/Swi6 CIn2, Rsrl, Mnnl
Swi6/Mbp1l Cdc21, Dunl, Rad51, Cdc45, Mcm?2
Mcm1 Mcm3

P29 | Swi4/Swi6 Gicl

P2 Swi4/Swi6 Gic2

P3 Swi4 /Swi6 Msb2, Exgl
Swi6/Mbp1l Rnril

P51 | Swi4/Swi6 Bud9
Ndd1/Fkh2/Mcm1l | Clb2, Ace2, Swi5
Ace2/Swib Egt2
Mcm1l Cdcé6

P11 | Swi4/Swi6 Kre6

P62 | Swi4/Swi6 Cwpl
Swi6/Mbp1l Clb5, Clb6
Swi4d/Swi6 Hta3
Ndd1l/Fkh2/Mcm1l Cdc20
Mcm1l Cdc46

P49 | Swi6/Mbpl Rad27
Swi4/Swi6 Htbl, Htb2, Htal, Hta2, Hhol
Fkhl Hhfl, Hhtl

P10 Fkhl Tel2
Mcm1 Mcm©6

P23 | Fkhl Arp7

P50 Fkhl Teml

P69 | Ace2/Swi5 Ctsl

P42 Mcm1l Ste2

P13 Mcm1 Farl




Clusters based on Shrinkage

RN Subsampled Data, Shrinkage clusters (here, v = 0.66)

S49 | Swi4/Swi6 Cinl, Bud9, Ochl
Ace2/Swib Egt2
Mcm1 Cdc6b
S6 Swid /Swi6 Cln2, Gic2, Msb2, Rsrl, Mnnl, Exgl
Swi6/Mbpl Rnrl, Rad27, Cdc21, Dunl, Rad51, Cdc45
S32 | Swid/Swi6 Gicl
S65 | Swi4/Swi6 Kre6, Cwpl
Swi6/Mbpl Clb5, Clb6
Fkhl Tel2
Ndd1l/Fkh2/Mcm1l | Cdc20
Mcm1 Cdc46
S15 | Swi6/Mbpl Mcm?2
Mcm1 Mcm3
S11 Swi4/Swi6 Htb1l, Htb2, Htal, Hta2, Hhol
Fkhl Hhfl, Hhtl
S60 | Swi4/Swi6 Hta3
S30 | Fkhil Arp7
Ndd1l/Fkh2/Mcm1 | Clb2, Ace2, Swib
S62 | Fkhil Teml
S53 | Ace2/Swib Cts1l
S14 | Mcml Mcm6
S35 | Mcm1l Ste2
S36 | Mcm1l Farl
4-1-2003 (©Vera Cherepinsky, 2003
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Comparison of Results

Hypothesis: Genes expressed during the same cell cycle stage, and regulated
by the same transcriptional activators should be in the same cluster.

Deviations from hypothesis:
Possible False Positives:

e Budo(1l) 4+ Egt2(7) + Cdc6(8): in E68, P51, and S49.

e Mcm2(2) + Mcm3(8): in E68, P15, and S15.

e {CIn2, Rsrl, Mnn1}(1) 4+ {Cdc21, Dunl, Rad51, Cdc45}(2): in E68, P15, and S6.
e {Htbl, Htb2, Htal, Hta2, Hhol}(3) + {Hhfl, Hht1}(4): in E68, P49, and S11.

e In addition, E68 also contains Tem1(5) and {CIb5, Ace2, Swi5}(6).

Possible False Negatives: Group 1 (Budding) is split into
e 5 clusters by Eisen,
e 38 clusters by Pearson, and

e 4 clusters by Shrinkage.
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Notation for Cluster comparison

{ Each cluster set can be written as follows:
# of groups

{o— {un 21} {222} s, 201}

r=1

— x denotes the group number,
— ng 1S the number of clusters group x appears in, and

— for each cluster j € {1,...,nz} there are

o y; genes from group x and

o z; genes from other groups.

4-1-2003 (©Vera Cherepinsky, 2003
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Eisen, Shrinkage, and Pearson
clusters in Set Notation

~=0.0(F) =
{1 — {{6,23},{2,0},

Ll

l

{2,5},{1,0},{1,0}},
{{7,22},{2,5}},

{{5,24},{1,6}},
{{3,26},{1,0}},
{{1,28}},

{{3,26},{1,6}},
{{1,0},{1,28}},
{{3,26},{1,6}},

{{1,0},{1,0}}}

{1

N

l

0 ~NOO O~ W

~ = 0.66(S) =

—

A

!

{{6,6},{3,2},
{2,5},{1,0}},

{{6,6},{2,5},{1,1}},

{{5,2},{1,0}},

{{2,5},{1,3},{1,6}},

{{1,0}},
{{3,1},{1,6}},
{{1,0},{1,4}},
{{1,0},{1,1},
{1,4},{1,6}},
{{1,0},{1,0}}}

(©Vera Cherepinsky, 2003
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l

0 ~NOO O~ W

A

~=1.0(P) =
{1 — {{3,6},{2,0},{2,1},

l

{1,0},{1,0},{1,0},
{1,5},{1,5}},
{{5,4},{2,4},
{1,2},{1,7}},
{{5,3},{1,5}},
{{2,6},{1,0},{1,1}},
{{1,0}},
{{3,3},{1,5}},
{{1,0},{1,5}},
{{1,1},{1,5},
{1,5},{1,8}},
{{1,0},{1,0}}}
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Scoring Function

{ Each cluster set can be scored according to:

1 -
FP() = 5X D v %
z j=1
FN(Y = > >y
r 1<j<k<n,
Error_score(y) = FP(y) 4+ FN(x)

{ For previously listed cluster sets:
— Error_score(0.0) =370 + 79 = 449 (Eisen)
— Error_score(0.66) = 76 + 88 = 164 (Shrinkage)

— Error_score(1.0) = 69 4 107 = 176 (Pearson)

4-1-2003 ©Vera Cherepinsky, 2003
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Choice of Cut-off Threshold

A Receiver Operator Characteristic (ROC) curve plots sensitivity
against (1-—specificity), with the curve parametrized by the cut-
off threshold in the range of [—1,1]. Here,

Sensitivity = fraction of positives detected by a metric

_ TP(H)
TP(y) + FN(y)’

Specificity = fraction of negatives detected by a metric

_ TN()
TN(y) + FP(y)’
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ROC Definitions (cont'd)

TP(v), FN(v), FP(«v), and TN(vy) denote the number of True
Positives, False Negatives, False Positives, and True Negatives,
respectively, arising from a metric associated with a given ~.

e FP(v) and FN(v) defined under scoring function

e TP =33 (%)

r j=1
e TN(y) = Total — (TP(y) + FN(v) + FP(v))

o Total= (%}) = 946 is the total # of gene pairs {j,k} in Transcriptional
Activator table.
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sensitivity
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ROC Curves
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—5— Pearson

-+~ Shrinkage

0.2 0.4 0.6 0.8
1-specificity
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FP count as a function of threshold

FP curves
900 ' ' '
~—~ Eisen
~O— Pearson |-
—-=- Shrinkage

700

600

CINAN AN NN N N N

500

FP score

400

300

200

100

(@)

cut—off threshold
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FN count as a function of threshold

FN curves

140

~- Eisen
5~ Pearson
120 | -& Shrinkage

100

80

FN score

60

40

201

-1 -0.5 0 0.5 1
cut-off threshold
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Pearson Correlation Coefficient

$ Random Variables: X & Y

— X =(X1,.., Xn) = {X}V; ux:(ZiXi)/N; aX2=(ZZ.(Xi—MX)2)/N
- Y= Y =W = (DY) N o= (D (Y- m)?) /N

O S(X,Y) =L (X — px)(Yi — py)/(oxoy) = R.V.

O S(X,Y) = Ratio of two X? distributions, and hence an F distribution.
Its variance depends on N.

— Its statistical significance can be estimated from the distributions of
X & Y and hence, it is a function of N.

— For small values of N (e.g., 100), its statistical significance is poor.

— Prior beliefs about px and py can improve the reliability of S(X,Y).
E.g., nx ~ 0 and ny ~ 0.

{ This argument suggests a Bayesian approach that accounts for prior
knowledge.
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Bayesian Analysis
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Bayesian Approach

O Given:

{{Xz'j}jil};\il, where M > N

are data points.

N
— {Xij}z'zl is a data vector for

— gene j (1 <45 < M), corresponding to

— N experimental conditions: 1 <1< .

4-1-2003 (©Vera Cherepinsky, 2003
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Prior Belief

O A prior belief:
— {Xij}jvzl ~ N (0, 8;),
— where 0; ~ N(0,72).

—= Prior distribution of 6, is given by:

1

™)) = Jams

exp (—9j2/272)
¢ We wish to obtain the posterior distribution of 8;, m(0;|X).

¢ From the posterior distribution we compute Ex(0;).
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Bayes' T heorem

O p(0ly)p(y) = p(0,y) = p(0)p(y|0)

O p(0ly) = cp(y|0)p(8) o 1(Oly)p(d) = f(Oly)

O | p(Oly) = f(9|y)/[/_0;f(6/|y)d9/]

— where f(0|y) o< p(y|0)p(0)

4-1-2003 (©Vera Cherepinsky, 2003
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Combining a Normal Prior
with a Normal Likelihood

$ Assume two random variables 0 and y:

— Assume their variances are known. .. (An assumption that will have
to be relaxed subsequently.)

— Suppose a priori 0 is distributed as 0 ~ N (6o, 002).

1 2
9) = exp[— 6 —60)/c 2}, 00 < 0 < 0
p(0) TP (( 0)/00)°/
— The likelihood function of 6 is proportional to a normal function:
Yy~ N(070-12)

1(0ly) o exp |~ ((0 - 2)/51)° /2] |

where z is some function of the variable y.
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Posterior Distribution

{ The posterior distribution of 8 given the data vy is

p(0ly) = p(O)I(O]y) / / " @0 y)do
— F(0ly) / / T O, —se <0 < oo,

where

f(0ly) o< p(8) - 1(0ly)
x (1/v/2100) exp [— ((6 = 60) /o0)? /2] X exp [— (6 — z)/01)2 /2

O Simplify. . .

F(6ly) = exp [—%{((9 ~ 00)/0)* + (6 - x)/m)?}]
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Simplification

O Now use the following identity:

AB
A+ B

A(z—a)*+ B(z—b)* = (A+ B)(z —c)* + (a—b)?,

where
__ Aa+ Bb
A4+ B

{ The critical parameter c is simply the weighted average of a
and b with weights A and B, respectively.
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Final Result

O It follows that

[(6 — 60) /0] + [(0 — ) /o1]?
= (1/00° 4+ 1/01?) (0 — 6x)* + Terms independent of 6. . .

O Thus

0x

(90/002 -+ 33/012) /(1/002 -+ 1/012)
= (01290 + 002$) /(012 -+ 002)
O Since 09° > 0 and 012 > 0, we have 6y < 0x < z.
— If 00% > 01° (there is more uncertainty in 6 than in z), then 0x =
z...In other words, if our observation is much better than our prior

belief, then we put more weight on our observation.

— Conversely, if 012 > 092, then 0x =~ 0y. Put more trust in our prior
beliefs than the observation.
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Shrinking

—_—

.
s

2
HD, On

0x = (00/00” + z/01°%) /(1/00” + 1/01%) = (01°00 + 00°z) /(1% + 007)
O A simpler form
O0x = [1 — {01°/(01° + 00°) } {1 — Oo/z}] z
$ The observation z is “shrunk” towards the belief 0.

$ The estimator swaps “bias” for ‘variance’.
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Recall our Model

O Prior belief:
— {XiHL, ~ N(9;,82),
— where ¢, ~ N(0,72).
O Thus p(0;1{X;;}L1) ~N(0;x,0,x°)
0;x = [1-(8%/N)/(8;%/N+72)| E[X ]

oix? = Bi%/(N + B;j%/12)

O S(Xj, Xp) = 7 (X — 0,x) (Xik — Opx) /(0 x0kx)
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James-Stein Estimator
O 0;x = [1—(B;?/N)/(B*/N + 72)] E[X.]

— But since neither sz nor 72 are known a priori, they have to be
estimated.

O Note that E[X ;] ~ N (0;,3;?/N), and hence
M
Q=) E[X;)*~ (r°+ 87°/N) Xi,
=1

— Thus, E [(M — 2)/2?4:1 E[X.j]Q} is an unbiased estimator for 1/(3,°/N + 72).

O Similarly: S =511 (X;; — E[X,])° ~ 3;°X3.
— Thus, E[S/N(N + 2)] = 38;%/N.
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James-Stein Estimator:
Final Form

M-2 S
%X = [1 NN +2) 6] Bl
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