A Unification Algorithm (for tvype expressions)

Input: Two terms Tl and T2 to be unified
Cutput: O, the most general unifier of Ty and Ty, or failure.

Algorithm:
Initialize the substitution 0 to be empty, the stack to contain
the equation Iy = Tp, and failure to false.
While stack not empty and no failure do
pop X = ¥ from the stack

case
X is a wariable that does not occur in ¥:

substitute ¥ for X in the stack and in 0.
add X = ¥ to 0.

Y is a wariable that does not occur in X:

substitute X for Y in the stack and in 0.
add ¥ = X to 0.
X and ¥ are identical constants or wvariables:

continue
X is X7j—Xo and ¥ is Yj—Yy for some terms Xy, Xo, Y7, Yo,
OR X is Xy I1ist and ¥ is Yylist for some terms Xy, Yy:

push X; = ¥; on the stack, for each appropriate X; and X;.
otherwise:
failure := true;

end while
if failure, then output failure

else output O
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* A substitution is a finite set (possibly empty) of pairs of the form X; = r; where X is a variable and #;
is a term, and X; # X; for every 7 and X; does not occur in 4 forany fandj.

- The result of applying a substitution B to a term A, denoted by A8, is the term obtained by replacing
every occurrence of X in A by ¢, for each pair ¥ = ¢ in 0.

» A term A 1s an instance of a term B if there 1s a substtution 0 such that A = BO.
- int— int list isaninstanceof T]—T2,in which® = {T; = int, T2 = int list]}

» A term A iz a common instance of terms B and C if there are substitutions 8, and 8; such that A = B8,
and A = C8,,.

6.1.1 Unification

» A term 5 is more general than a term ¢ if £ is an instance of 5 but 5 is not an instance of ¢, A term s is
an alphabetic variant of a term t if both s is an instance of tand t 1z an instance of 5. Alphabetic variants
can be converted to one another simply by renaming variables.

*» A unifier of two terms ¢7 and £ is a substitution 8 maldng the terms identical, ;0 = (8. If a unifier of

two terms exists, than the terms are said to unify.

* A most general unifier (or mgu) of two terms #; and ¢; is a substitution @ that unifies ¢; and ¢; such

that the common instance ;8 13 more general than any other common instance of f; and ¢5. That i3,
for any other unifier 8" of 1; and #5, ;0 13 more general than £;8°. If two terms unify, there 1s a unique

most general unifier {up to the renaming of variables).

» A unification algorithm computes the most general unifier for two terms. An algorithm for unification
is as follows:
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5.1. Application
Abe T =T, AleT

A I—Cl Cg T2

5.2. Lambda Abstraction (Function Abstraction)
“Assumptions A plus x has type T

Alx:Tl—e: Ty

AI—fnx:}c:Tl—:’TQ

.\ ML’z “lambda”

5.3. Conditional

Al—cl:boo], AI—eZ:T, Al—c3:T

A—if e thene, elseeq: T

54. Let

r/‘ “Assumptions A plus each x;; has type T;

Al-e T, ..., Al Ty, AlxyTyll—e: T

AI—letvalxl=clvalx2=cg,,,valxn:cnincend:T

where x;  is the jth occurrence of x; in e and Tj; is an instance of T;.

6. Solving Type Equations using Unification
* During type inference, sets of equations of the form
E =E;
must be solved. If there is no solution, then there is a type error.

» The left and right hand sides of each equation is constructed out of terms containing constants (such
as int and st ring), type variables (such as T; and T2) and the type constructors — and list.

» The method used to solve the equations is called unification, and was developed in the 1960°s by
Robinson to facilitate automatic theorem proving. Tt 15 the basic computational engine for Prolog.

6.1. Instances and Substitutions
» A term is an expression defined by:
term = constant | variable | (term — term) | term List

» A term containing no variables is said to be ground.
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Problem?
* (15 instantiated two different ways!!

This 15 OK - For each occurrence of a Let-defined vanable (such as 1length), the type vanables (such as
() in its type can be instantated differently. This is what allows length to be polymorphic.

* 015 called a schematic type variable (also known as a generic type variable).

» When performing type inference, for each occurrence of length in the body of the let expression,
replace ¢ with a different variable (0, ¢, etc).

Therefore, the above tree would be:

+ int * int —int

Tz@/\
RN /\

length: ¢ list — int [1,2]: int hist length: O, list — int [“hello”]: string list

The equations would be:

0 list — int =int list = T,
O list — inf = string list — Ty

Solving for the vanables would give us:

O; =int
T, = int
0 = string
Ty = int

5. Summary of Type Rules
Notation:
Alx:T
means “Under type assumptions A (associating variables with their types), the expression x has type T

R]." e R?‘:ﬂ
R
means “If R;,.. R, are true, the R is true.”
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4. The LET construct
RULE #2. Vanables defined in a Let construct can be used polymorphically in the body of the let.

let fun length [] =0

| length (x::xs) = 1 + length xs
in length [1,2] + length [“hello”]
end;

int list — int string list — int

RULE #3. Occurrences of let-bound variables in the right hand sides of their definitions must be
used monomorphically.
let fun f [x] =1
| £ (%x::x8) = if x = 0 then f [true] + f x=
in
end;
bool list — int int st — fnt

N

Type Ervor!

4.1. Example: Type inference of a Let expression

Congzider the length program at the top of this page. Using the type inference technique discussed
previously, we can determine that Llength has type: o list — fnr.

Now we need to infer the type of the body of the 1et expression, namely
length [1,2] + length [“hello”]
The tree representation of this expression is:

+ int * int —int

Tz@/\
TN /\

length: o list — int [1,2]: int hst length: ¢ list — int [“hello”]: string list

We arrive at the following equations:
O list — inf=int list — T,
O list — inf = string list — Ty
Using unification, we solve the two equations to get:

O =int
T?’:iﬂt
O = string
Ty =int
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Notice that z has two type variables associated with it, T) and T4. Can z have two different types?

RULE #1. Use of formal parameters in a function body must be moromorphic: All occurrences of a
formal parameter must have the same type.

Therefore, T} and T4 must be the same type. Replacing T4 by T| and replacing T, by (Ts — Tj) in the above
equations gives us:

T?’ = T]_ — TS
So xhastype T; — (T5 = Tg), ¥ has type (T — T5), z has type T|, and the type of the result of £ is T,
Thus, £ hastype (T} = (T; = Tg)) > (T] =2 Ts) > T) =5 Ts
The restriction {monomorphic use of formal parameters) arises from theoretical problems in type inference,
rather than intuition. For example,

let fun f g = (g 1, g true)
fun Id x = x
in f Id

would seem to work fine, returning (1, true) . However, this program has a type error because g is used
polvmerphically (different instances having different types), namely as fné — inf in the first instance and
bool = boo!l inthe second instance.

3. A Mistyping
Consider
fun f abc=ca (abgc)

Using the parse tree representation and trying to solve the equations, we see that no solution can be found:

T
fun £ aTy bT) T, = AN

@ Ts

N/

T, /@{ a: T,
TUZT]_—)T4
T3:T5—}T6

Circular defintion; No finite solution!
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G22.3110 Programming Languages (Honors)
Polymorphic Type Inference

1. Type Checking and Inference
Static type checlding has two goals:

1. Todetermine if the program iz well typed (i.e. catching type errors).
2. To determine the type of each expression. This is necessary for implementation.

Static type inference determines the type of each expression in the absence of declarations.

*» For example, one can figure out that the type of map is: (¢ — ) — « list — P list.

fun map £ [] = []
| map £ (x::xs)

JEUN L

2. Finding Types

» Asgsociate type variables with each expression in the program, and solve equations involving those
type variables.

1
'-h
LS
d
[}
'-h
b
[

For example, given
fun £ x y z = x z (y z)
we represent the body of the function in its tree representation, and associate type variables T| ... T, with

the nodes in the tree (the symbol @& denotes application):

@ Ts

fun f x y z = /\

ANAN
xT, 22T, 9T, =zT;
It the application of a function of type T; to an argument of type T; returns a value of type Ty, then the

following equation holds: T; = T; — Ty. This looks like /@% in the parse tree representation.
_ Ti . T]

The equations derived from the parse tree above are:
TD = T]_ — T4
Tg = T3 — TS
T4 = TS — TG
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