
Lecture5:AssortmentofProgramsA.Pnueli

AssortmentofPrograms:AmortizationSchedule
ConsidertheproblemofcomputinganamortizationscheduleforaloanofsizeL
tobepaidinequalamountsoverNperiodswithinterestrater.Theschedulein
generalisdeterminedasfollows:

bal[0]=L
bal[i]=bal[i−1]−pri[i]
int[i]=bal[i−1]·r
pri[i]=pay−int[i]







Foreveryi>0

Thisyieldsthefollowingrecurrenceequationforbal[i],i>0:

bal[i]=bal[i−1]·q−pay,

whereq=1+r.

Itsolutionisgivenby

bal[i]=L·q
i
−pay·(q

i
−1)/r

Bysettingi=Nandrequiringthatbal[N]=0,weobtain

pay=L·r·q
N

/(q
N
−1)
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ASequentialProgramforAmortizationSchedule

ProgramAmortization−Schedule
always

q=r+1
pay=L·r·q

N
/(q

N
−1)

bal[0]=L
〈i:0<i≤N::

bal[i]=bal[i−1]−pri[i]
int[i]=bal[i−1]·r
pri[i]=pay−int[i]
〉

endAmortization−Schedule

Sincethesetofequationsisproper(dependencygraphisacyclic),theyadmita
sequentialimplementation.
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AParallelVersion

Theaboveequationscannotbedirectlyparallelized.However,sincewealready
derivedanexplicitformulaforbal[i]wecansimplifyitasfollows:

bal[i]=L·q
i
−pay·(q

i
−1)/r=(L−pay/r)·q

i
+pay/r

Nowwecanorganizetheseequationsinaformwhichleadstosynchronous
parallelizationasfollows:

ProgramParallel−Amortization−Schedule
always

q=r+1pay=L·r·q
N

/(q
N
−1)payr=pay/r

Lpayr=L−payrbal[0]=L
〈‖i:0≤i≤N::bal[i]=Lpayr·q

i
+payr〉

〈‖i:0<i≤N::int[i]=bal[i−1]·r〉
〈‖i:0<i≤N::pri[i]=pay−int[i]〉

endParallel−Amortization−Schedule
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ASaddlePointofaMatrix

ForanintegerarrayA[0..N−1,0..N−1],elementA[u,v]iscalledasaddlepointif

issp(u,v):A[u,v]=〈mini:0≤i<N::A[i,v]〉=〈maxj:0≤j<N::A[u,j]〉

Thatis,A[u,v]istheminimalinitscolumnandthemaximalinitsrow.

Wearerequiredtocomputeabooleanvariablespwhosevalueis1iffarrayA
hasasaddlepoint.

Observethatforanyu,v,

〈mini::A[i,v]〉≤A[u,v]≤〈maxj::A[u,j]〉

HenceA[u,v]isasaddlepointiff

〈mini::A[i,v]〉≥〈maxj::A[u,j]〉

Therefore

sp=∃u,v::〈mini::A[i,v]〉≥〈maxj::A[u,j]〉

LetX[v]=〈mini::A[i,v]〉andY[u]=〈maxj::A[u,j]〉.Then

sp=〈∃u,v::X[v]≥Y[u]〉=〈〈maxv::X[v]〉≥〈minu::Y[u]〉〉
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AProgramTestingfortheExistenceofaSaddlePoint

ProgramSaddle−Point
declareX,Y:array[0..N−1]ofinteger
always

〈‖v::X[v]=〈mini::A[i,v]〉〉‖〈‖u::Y[u]=〈maxj::A[u,j]〉〉
sp=(〈maxv::X[v]〉≥〈minu::Y[u]〉)

endSaddle−Point

Thisprogramcanbeimplementedona

•SequentialarchitecturewithcomplexityO(N
2
),

•OnasynchronousparallelarchitecturewithNprocessorswithcomplexity
O(N),

•OnaparallelarchitecturewithN
2

processorswithcomplexityO(logN).
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ABinaryAdditionCircuit

Consideracircuit(program)whichaddstwobinarynumbersrepresentedbythe
bitarraysA[0..N−1]andB[0..N−1].Wewillconcentrateonthecomputationof
thearrayofcarrybitsC[0..N−1].Theconventional(sequential)computationof
carry’sfollowsthefollowingdefinition:

C[0]=0
∧〈∀i:0≤i<N::C[i+1]=(A[i]+B[i]+C[i]>1)〉

Thefollowingclaimimpliesanalgorithmwhichenablesparallelcomputationof
thecarryarrayinO(logN)steps,usingO(N)parallelprocessors.

Claim5.[parallelcarrycomputation]

〈∀i:0≤i<N::C[i+1]=A[i]ifA[i]=B[i]∼
C[i]ifA[i]6=B[i]〉

TheclaimisprovenbycaseanalysisonA[i]=B[i]=0,A[i]=B[i]=1,and
A[i]6=B[i].
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AParallelizableAlgorithm

ProgramCarry
declared:array[0..N−1]of(0,1,U)

t:integer
initiallyt=1‖d[0]=0‖

〈‖i:0≤i<N::d[i+1]=A[i]ifA[i]=B[i]∼UifA[i]6=B[i]〉
assign〈‖i:t≤i≤N::d[i]:=d[i−t]ifd[i]=U〉

‖t:=2·tift≤N
endCarry

Correctnessofthisprogramcanbeprovedusingthefollowinginvariant:

t>0∧〈∀i:0≤i<t∧i≤N::d[i]=C[i]〉
〈∀i:t≤i≤N::d[i]6=U→d[i]=C[i]∧

d[i]=U→〈∀j:i−t≤j<i::A[j]6=B[j]〉〉
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UsingTLVtoModelandVerifyUnityPrograms

WeshowhowtomodelandverifyprogramCarry.Infilecarry.smv,weplace:

MODULEmain
DEFINEN:=12;N-1:=N-1;N2:=N+N;

C[0]:=0;
for(i=0;i<N;i=i+1){C[i+1]:=(AA[i]+BB[i]+C[i]>1);}

VARAA:array0..N-1ofboolean;
BB:array0..N-1ofboolean;
d:array0..Nof{0,1,UU};
t:1..N2;
for(i=0;i<N;i=i+1){P[i]:doI(i,AA,BB,d,t,N);}

ASSIGN
init(t):=1;
init(d[0]):=0;
next(t):=case

t<=N:t+t;
1:t;

esac;
next(d[0]):=0;
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MODULEdoI(i,AA,BB,d,t,N)
DEFINE

i1:=i+1;
diff:=i1-t;
indx:=case

diff<0:0;
diff>N:N;
1:diff;

esac;
ASSIGN
init(d[i1]):=case

AA[i]=BB[i]:AA[i];
1:UU;

esac;
next(d[i1]):=case

d[i1]=UU:d[indx];
1:d[i1];
esac;

next(AA[i]):=AA[i];
next(BB[i]):=BB[i];
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Filecarry.pf

Toprepare;
LetdeqC:=1;--Partialcorrectnessassertion
For(iin0...N)
LetdeqC:=deqC&(d[i]=C[i]);

End--For(iin0...N)
--Constructinvariant

Letinva:=t>0;
For(iin0...N)
Leti-1:=i-1;
Letinva:=inva&((d[i]!=UU)->(d[i]=C[i]));
Letinva:=inva&((i<t)->(d[i]!=UU));
Letinvj:=1;
For(jin0...i-1)

Letinvj:=invj&((j<i-t)|(AA[j]!=BB[j]));
End--For(jin0...i-1)
Letinva:=inva&((d[i]=UU)->invj);

End--For(iin0...N)
End--Toprepare;
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RestofFilecarry.pf

prepare;

Print"\nModelCheckPartialCorrectness\n";

Letparcor:=t>N->deqC;

CallInvariance(parcor);

Print"\nDeductiveVerification\n";

Callinv(parcor,inva);

RigorousSystemDevelopment,NYU,Fall,200466


