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Introduction to Contours

What are image contours? 

Example: Binary B & W images - set of locations of level crossings, from 0 to 1, which means closed curves defining different regions. 

.
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Black & White: straight lines suffer from discretization effects that create zigzag lines according to the angle of inclination (0 and angles suffer no effect).
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 Gray level images: the gray values are affected by blurring of the lenses, noise, and the discretization as well. 

Should contours be closed in images, so that they represent a well-defined region ? Is there some open contour in images ? Should we consider contours that self-intersect? What about contours that bifurcate? 

Good models of contours in scenes are needed to extract the “most likely” boundary present in an image

1. The space and graph where contours are embedded.

Given (i) pixels p=(x,y) (ii) measurements 
[image: image5.wmf])
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 for the 16 directions (or {=1,2,…,16} ) and different scales, s= 3, 5, 7. 

Create a directed graph G(V,E), with node/vertex v=(p,)  and edge e(v,u). 

Edges leaving v, i.e., e(v, .):  if pixel q is the first pixel reached by p in the direction i.e
[image: image6.wmf])
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, then all 16 nodes {ul = (q, l); l=1,…,16}, represented as a column at pixel q, will be reached by v (figure 2a). 














       

                            (a)                                                                                                     (b)

Figure 2. (a) A Graph G(V,E) represented by  10 x 6 x 16 voxels/vertices. 
Edges reaching v, i.e., e(. , v):  are represented by 16 different nodes, each one corresponding to a distinct pixel coordinate and a distinct orientation, i.e.,  e(ul, v)(0  for 16 nodes {ul = (ql  l); l=1,…,16} such that 
[image: image7.wmf])
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  (see figure 2b). 

It is worth to note/conclude that given one node, say v, there is only one node among the neighbor column {ul = (q, l); l=1,…,16}  that has an edge coming back at v. 

2.  Open and Closed Contours 







                  (a)                                             (b)                                           (c)                                         (d)

Figure 3. Contours to be detected: (a) An open contour  (b) a closed contour (c) self-intersecting contours: open and closed ones (d) a contour that bifurcates at vinto two contours. 

 Say a contour  of size C is represented by a sequence of pixels in an image, i.e., C=pCThen, C is also represented by a path Cv=(p,)Cin the graph G(V,E), such that each vertex/node v , at step , is  described by the pixel pand the tangent angle  of the contour at pixel p 

An open contour is given by an open path in the graph G(V,E) (see figure 3a). A closed contour in the image of size C is given by a closed path in the graph G(V,E), i.e.,  we require that v=vC, i.e., (p,) =(pC,C) (see figure 3b). A self-intersecting contour in the image contains two intermediate nodes vand v  such that  p pand((see figure 3c) A contour that bifurcates is more difficult to be described as the curve becomes a tree (with as many brunches as the image supports). For the parameterization,  C, one of the branches is visited before the other, so there is a jump of coordinates once the first branch visit is finished (once each brunch visit is finished, in case of many branches). Moreover, the bifurcation pixel is allowed to precede two (or more) distinct points in the “curve” (see figure 3d).

When an image I is given, what is the criteria to choose a contour of size C? 

3. Modeling Contours in Images

We follow the approach that a contour C* is selected to maximize a probability of occurrence of contours of size C given an image, i.e.,
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If we provide the -log P(I|,C) P(|C) function, then we can also write
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Moreover, we can require such a contour C* to be a closed one, or allow to be an open one, or to be any contour, including contours that self-intersect. We don’t really know these probabilities,  so instead we build (ad-hoc) models for them.  

The model for the image formation, P(I|,C), favor images such that when a contour is present in a pixel p  at orientation   the quantity 
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is small, or equivalently (if one requires a positive quantity) we can consider the ratio
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to be small (we have added a value 1 to both terms as to avoid the singular effects of zero values).  Outside the contour we don’t know anything about the image and so any value of I is as likely as any other. The (ad-hoc) model is then written as
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where Z1 = Z1’/N is a normalization constant and 
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is to account for all pixels in the image (8 bit images (    

Gray level consistency:  

C(v,vmin (
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should be small and C(v,v0.  Thus, 
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where 
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The prior model of contours of size C, P(|C), favor smooth and short contours, i.e.,  contours such that the tangent angles don’t change too much and with small euclidean distance (given C pixels). 

One simple (ad hoc) model (that do not account for bifurcations of the contour) is
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where Z2 is a normalization constant, g(x) is a monotonic increasing function,  and we apply the intial conditions that 1=0, p1=p0 (i.e., the first term vanishes). The final product P(I|,C) P(|C) is then written as


[image: image20.wmf])

v

,...,

v

(

)

v

,

v

(

)

v

,

v

(

ˆ

1

)

v

,

v

(

)

v

,

v

(

ˆ

C

1

1

1

τ

,

1

1

,

1

1

1

1

)

|

(

)

,

|

(

E

e

f

C

e

f

e

Z

e

Z

e

Z

C

P

C

I

P

C

s

τ

s

-

+

-

=

-

-

=

å

=

=

G

G

=

-

-

-

-

Õ

t

t

l

g

t

t

t

t

l

g

t

t

     (2)

where 
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 is the value of the edge between nodes,  Z is a new normalization constant, and
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We apply (2) to (1) to obtain
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4. Extracting Contours of size C from Images (Open and Closed)

Equation (3) is amenable to the dynamic programming method. More precisely, by definining 
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 equation (4) has the following recurrent property
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and so the dynamic programming algorithm can be applied as follows: we create a column matrix of size 16xN (number of nodes in V) at each step Each entry/node v contains the cost of the optimal path to reach node v at step namelyvfor all v(V. From this matrix and the cost 
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. We also keep a matrix back(v) to remember the previous node to v at time so that a path can be retrieved. The pseucode for the algorithm becomes

Contour-Detection ( Image, C )

        Initialize

        Create the Graph G(V,E) from the image

         loop for v in V
v
[image: image28.wmf])
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;

         end loop

         Main loop

         loop for C-1

              loop for v in V


           T(

loop for u such that e(u,v)(0    (16 neighbors that can reach v)
                                if (uE(u,v) < T);



               T= uE(u,v);

                                       back(v) =u; 


            end loop
v T; 

                 end loop

           end loop

   end

The complexity of the algorithm is O(C E), which is O(256 C N). To extract the optimal contour C v*1, v*,…, v*C}, we backtrack from the optimal final state v*C using the recurrent formula v*-1= back(v*.
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Figure 4. Dynamic programming works from left to right, by solving each column of “subproblems” at time . 
a. Detecting open contours:

Findv*C that minimizesCvat time step Ci.e., v*C=argminvCvThen backtrak using v*-1= back(v*.

b. Detecting closed contours (not optimal):

Here we only initialize at one vertex v1, i.e., v
[image: image29.wmf])
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and set u(for u(v. When the algorithm ends we backtrack from the same vertex v1 we started with, i.e., we set v*C=v1 and apply recurrently v*-1= back(v*) to obtain the “optimal” closed contour passing through v. In this case we run the algorithm 16 N times, starting each time at a different vertex/node, and compare the cost of each closed contour obtained. Note that a true optimal algorithm to find the optimal close contour exists, developed by Ishikawa and Jermyn here at NYU, based on the mean cycle algorithms due to Karp (see I. Jermyn and H. Ishikawa (1999). Globally Optimal Regions and Boundaries. Proc. of 7th IEEE Intl. Conf. on Comp. Vision (ICCV’99), Kerkyra, Greece.
c. Detecting self-intersecting contours

By the virtue of the algorithm to search for all possible contours (open or closed), it will automatically extract contours that self-intersect as the self intersection point have the property that vand v  such that  p pand(.
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Figure 4. Dynamic programming works from left to right, by solving each column of “subproblems” at time . 
5. Extracting Contours from Images (Open and Closed)

We have developped a method to extract contours of size C from images. We now want to extract optimal contours from images regardless of their size. The first step is to define “optimal contours of any size”. We may want to extract the optimal contour (* and the optimal size C*, i.e., to find 
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Our formulation of P(I,(|C) have not considered the fact that longer contours tend to have higher costs. Thus, it is natural to normalize the cost (3) by the length of the contour, i.e., to compute the average cost of contours to unbias the preference for smaller contours. We then rewrite (3) as
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           (6)

We can then apply dynamic programming on (3) for the maximun length C of a contour in an image of size N pixels (which is N: if we consider that each pixel turns black when a contour is present, then we can only paint N pixels black.). Once  the computations is finished, we divide the optimal cost of each node by its corresponding length in pixels, and therefore we obtain the optimal cost (6). The optimal contour, according to (6), is then readily extracted as the minimum cost node in the entire graph (V x Cmax), where #V=16 N and #Cmax=N. If we require the contour to be closed, we focus these selection of the optimal node along an entire row in the graph, corresponding to the starting node. The complexity of the algorithm is O(256 N2).
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