Lecture 9 A. Pnueli

Response Under Compassion

So far, we only considered proofs of response properties under the fairness
requirements of justice. Consider now the more general case, where also compassion
requirements are included. The following rule can be used to establish response
properties for this general case:

Rule RESP

For a well-founded domain (A, ),

fair transitions t1, ..., tm,
assertions  p,q = ho,h1,..., hy,

and ranking functions d1,...,0,, : %> +— A

R1. p = {n/ hj
§j=0

For:=1,....m
R2. h;Ape = (hi N 6;=0;,) V {n/ (b N 63 0%) For every t # t;
j=0
R3. hiApy, = {n/(h; A 6; = 07)
R4. h; = Ejnz(?fz) If ¢; is a just transition
R5. h; = Q En(t;) If ¢; is a compassionate transition
p = g

Thus, while for a just transition t;, h; should imply that ¢; is enabled now, in the
compassionate case, h; only implies that ¢; will be eventually enabled.
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Lecture 9 A. Pnueli

Justification of the Rule

On the face of it, rule RESP may appear to be circular. In order to prove a response
property it requires, as a premise, another response property.

However, there is a certain reduction between the conclusion and the temporal
premise. Namely, when establishing the eventual enableness of ¢; we only consider
computations which never activate ¢; itself.
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Lecture 9

Example: MUX-SEM for 2 Processes

y : natural initially y =1

{o : loop forever do
¢1 : Non-critical
{5 . request y
¢3 : Critical

Z4: release y

| Pa

my :

loop forever do
m1 : Non-critical |
mo : request y

ms : Critical

my4 : release y

Following is a verification diagram for the property at_/5 = Q at_/s:

[ hi: at_¥o

lo

- -

h() . at_ﬁg

A. Pnueli

All the verification conditions generated by this verification diagram are non-
temporal, except for the instance of premise R5 for transition /5 which has the form
at_ly = > (at_ly A y). Using the auxiliary invariant at_¢3 4+ at_ms 4 +y = 1,
the required temporal property can be established by the following verification

diagram:

(at_ly A —y |
[ ho : at_ms )
$7713 J
[ hi:at_my :
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Lecture 9 A. Pnueli

The Dining Philosophers Metaphor

Consider n philosophers arranged around a table.

The life of a philosopher alternates between a thinking phase (a non-critical
activity) and an eating phase. In order to eat, a philosopher needs both forks.
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Lecture 9 A. Pnueli

Program Dine

A first attempt yields the following program Dine:

in n :integer initially n > 2
local f :array [1..n] of integer initially f =1
[ £y : loop forever do ]
¢1 : Non-Ciritical

¢5: request f|[j]

| Plj] = ¢s: request f[j D, 1]
=1 ¢4 : Critical

U5 . release f[j]

ls : release f[j @, 1]

It is not difficult to verify the following safety property

I:Iﬁ(at_&l[l] A at_€4[2]),

stating that philosophers P[1| and P[2]| can never eat at the same time.
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Lecture 9

Accessibility not Guaranteed

Unfortunately, Dine cannot ensure accessibility for P[1], specifiable by
O (at_la[l] — > at_L4]l])

Because all philosophers may deadlock together.

Py
I5 fa
P P3
f6 f3
PG P2
1 f2
Py
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Lecture 9

Solution: One Contrary Philosopher

local f

loop forever do
¢1 : Non-Ciritical
¢5: request f|[j]

{5 : request f[j+1]

¢4 : Critical
U5 : release f[j]

Ly :

loop forever do
¢1: Non-Critical |
{5 : request f[1]
l3: request f[n]
¢4 : Critical

l5 . release f|1]
b : release f|n]

lg: release f[j+1]

: array [1..n] of natural initially f =1
e

Wish to establish accessibility, expressible by

Yace: O (at_4lalg]
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Lecture 9 A. Pnueli

Prove A Chain of Eventualities

Before proving accessibility for arbitrary j, we will establish
A3’4[’l:] : a,t_€3[’l:] = O at_€4[z’]
by induction for : =n,n—1,..., 1.

Induction Base: Ajs4[n]: at_l3[n] = < at_{yn]

[ hi : at_l3[n] ]—---» ho : at_lyn]

Premise R5 for /3[n] requires showing at_/ls3[n| = <> (at_{3[n| A f[n]). Using the
invariant at_/4 g[n] + at_l4 g[n—1] + f[n] = 1, this can be established by the
following verification diagram:

at_ls[n] A —f[n]

[hg :at_L4n—1] ] 64[71_1]{ ho : at_L5n—1] ] £5[n—1]{ hi: at_Lg[n—1] }

56[71—1]
ho : at_{43[n] A f[n]
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Lecture 9 A. Pnueli

The Induction Step

We will now show that, assuming As 4[j+1] : at_ls[j+1] = > at_ly]j+1], we
can establish A3 4[j] : at_L3]j] = > at_L4]j], for every j < n. This is established
by the following verification dlagram

T T

Premise R5 for /3[j] requires showing at_/5[j] = <> (at_L3[j] A f[j+1]). Using
the invariant at_/4 ¢|j| + at_Vs 5|7+1] + f[j+1] =1, we construct the following
proof:

1. at_{3]j] = at_L3j+1] V at_lys[j+1] V flj+1]
According to the invariant
2. at_l3[j+1] = <> at_L4j+1] By induction hypothesis

3. at_lys|j+1l] = O [7+1] Verification diagram below
4. at_tls|j] = O fli+1] Temporal reasoning on 1-3
: ly|g+1 : ls|7+1 .
[hg . at_£4[j—|—1] } 4[] ]*[ hl . a,t_£5[j—|—1] } 5[] ]* ho . f[j—i—l]
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Lecture 9 A. Pnueli

Verifying Accessibility

Finally, we verify at_/5[j] = <> at_L4j], for all j, 1 < j < n. The proof
follows:

1. at_ty[j] = <> at_ls]j] Verification diagram below
2. at_l3]j] = <> at_L4j] Proven by induction
3. at_lyj] = <> at_Lyj] Temporal reasoning on 1-2

The verification diagram for at_/5[j] = <> at_{5]j] is given by:

[ hi: at_{s[j] ]—liz-[ﬂ* ho : at_L3]j]

Premise R5 for £5[j] requires showing at_/ls[j] = <> (at_Ls[j] A f[j]). Using the
invariant at_ /3 5[j] + at L4 ¢[7—1] + f[j] = 1, this can be established by the
following verification diagram:

at_bs[4] A - f[4]

Lali—1 ls[i—1
[ hs :at_taj-1] | 4l ]7[ hs : at_Ls[j—1] | 51 ]7[ b : ot Lo[j—1] |

lelj—1]
ho = at—&a[j] A flJ]
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Lecture 9

A Distributed Rank Justice-Base

Rule

A. Pnueli

In some cases there is no 1-1 correspondence between justice requirements and
transitions. In this case, we have to go back to a rule which is based on justice

requirements rather than on transitions.

Rule DISTR-JUST
For a well-founded domain (A, >)

D1. p = \/ hj
j=0

Fori:=1,....m

D2. hiAp = RV |&i=6 A \/ K

=0

D3. hinp = N5 =)
j=1
D4. h; =

For justice requirements Ji, . Im,
assertions p,q = hgo,h1,..., hm,
and distributed ranking functions  0,...,0,, :

Y= A

~J
p = gq
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Lecture 9 A. Pnueli

Reducing Compassion to Justice

An alternative approach to the verification of reponse properties over systems with
compassion requirements is based on the reduction of compassion into justice.

Let D : (V,0,p,7,C) be an FDS with a non-empty set of compassion
requirements. We construct a system D : (V. ,0 ,p .7, ,0) which contains
no compassion requirements. lts constituents are give by:

V,: V U {nevermore; : boolean | (p;,q;) € C}
©,: O A A, q4)ec neEVErMOTE;

pri PV Vi q)ec(nevermore; =1 A pres(V — {nevermore;}))
J,: J U {nevermore; V q; | (pi,q) € C}
C,: 0

Then, we can use the following reduction:

In order to prove D = ¢ = {> 1), it is sufficient to prove

D, E ¢ A —misprediction = > (¢ V misprediction),
where, misprediction = \/ pi /\ nevermore;
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Lecture 9 A. Pnueli

Justification of the Reduction

The reduction is based on the observation that a state-sequence o satisfies the
compassion requirement (p;, q;) if either o contains only finitely many p;-states, or
it contains infinitely many ¢;-states.

The boolean variable nevermore; is intended to be set to 1 at a point, beyond
which, there will be no further p;-states. Thus, nevermore; predicts the absence of
p;-states. If this prediction is correct, then the newly introduced justice requirement
nevermore; V q; is equivalent to the original compassion requirement.

In the revised FDs D, the prediction by nevermore; is implemented as a
non-deterministic assignment of 1 to nevermore;. Therefore, the correctness of
the prediction cannot be guaranteed.

To counter this difficulty, we modify the response property which we aim to
prove. The revised property claims that any ¢-state in which no mis-prediction
has been detected yet, must be followed by a goal state which, either satisfies
Y, or detects a mis-prediction. Mis-prediction is identified as a state in which
nevermore; and p; are both true.
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Lecture 9 A. Pnueli

Comparing General Rule RESP to the nevermore Reduction

y : natural initially y =1

[ /o : loop forever do | ' mg: loop forever do ]
[ /1 : Non-critical | " mq: Non-critical |
Py :: l5: request y | Pa mo :  request y
¢3 : Critical mg : Critical
| £y: vrelease y | | my: release y

Following are verification diagrams for the two approaches:

[ hy: at_ly ?2* ho : at_fs /L[ ho i at_fy N —mn(ls) ]

%
(at_ly N —y | (at_ly N n(ly) N —y |
( he : at_ms ) ( he : at_ms )
L — ) L — )
! hi:at_my ) ! hi:at_my
L — ) ' L — )
ho:at_ly A y ho:at_lsV n(ly) N at_ly N y
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Lecture 9 A. Pnueli

Example: MUX-SEM

Reconsider program MUX-SEM:

in N : integer where N > 1
local y : {0,1} wherey=1

{o : loop forever do
[ /1 : noncritical |
:  request y
p=1 ¢35 : critical
/4 : release y

For which we wish to prove the response property
at_loz] = > at_L3]z]
We start by establishing the following invariants:

©q Vi : at_€3,4[i] — Y = 0
©o: YiF£j:at_ Ly oli] V at_Ly o|j] — — Mutual Exclusion
©3 y=0 — di:at_{s34]]
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Lecture 9 A. Pnueli

MUX-SEM Continued

Applying the compassion—justice reduction, we introduce the boolean variables
nlil, ¢« = 1,...,N (abbreviations for nevermore[i]).  The added justice
requirements are Js|i| : n[i] V —at_ls[i]. The mis-prediction predicate is given by:

N
maisprediction : \/ at_Lalt] ANy A nli
i=1

The helpful justice requirements for this proof are Jy|z| and {Js 4[¢| | i € [1..]N]}.
The helpful conditions and ranking functions for these transitions are given in the
following table:

Id. p Requirement h(p) d(p)

Jolz] | nlz] V —at_la|z] | at_La|z] A —nlz] —n|z]

Jslt] | at_ls]i] at_lo|z] N nlz] A at_ls|i] | ~n|z] V at_Lls]i]
Jylt] | —at_Ly]i] at_la[z] N nlz] A at_ly4fi] | 7nlz] V at_{3 4]i]

The ranking functions range over the domain {0,1}. The assertion d(p) is true
at a state if the corresponding ranking of J(p) is 1. Usually, this is the case if
requirement p may still become helpful. If §(p) is false, then the corresponding
ranking is 0.
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Lecture 9

A. Pnueli

Example: Dining Philosophers with One Contrary Philosopher

local

f :array [1..n] of natural initially f =1

B2 Ioop forever do

Non-Critical
request f[j]
request f[j+1]
Critical
release f|j]

release f[j+1]

[l Ioop forever do

Non-Critical |
request f[1]
request f[n]
Critical

release f|1]
release f[n]

We wish to establish part of accessibility, expressible by

zPacci

D (at £3
for z € [2.N — 1].

—>Oat€4
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Lecture 9

A. Pnueli

Dining Philosophers Continued

Applying the compassion—justice reduction, we introduce two arrays of nevermore
variables, ns|i| and ngs|i| corresponding to locations /5| and /s|i].

The helpful justice requirements are Js ¢[z—1], J2 3[2],

{J35[Z] | 1 € [Z—l-lN—l]} and J46[N]

transitions are given in the following table:

The helpful conditions for these

Id. p h(p)
Jy|z—1] at_Ly|z—1] N at_lo[z] N nalz]
Js|z2—1] at_ls|z—1] N at_lo[z] N nalz]
Jg|z—1] at_Lglz—1] N at_ls[z] N nalz]
Jo|2] at_lo|z] N —ng|z]
Js|z] at_ls[z] N —ng|z]
Jslt] i € [z4+1.N—1] | at_ls[z] N at_ls[i] N —ngli]] A at_L3[i—1] A ng[i—1]
Juli] i € [z4+1.N—1] | at_Ll3[z] N at_l4fi] N —nsli] A at_L3[i—1] N ng[i—1]
Jslt] i € [z4+1.N—1] | at_ls|z] N at_ls[i] N —ngli]] A at_L3[i—1] A ng[i—1]
J4|N] at_ls[z] N at_l4N] N at_l3[N—1] A ng[N—1]
J5N] at_£3:2: N at_E5:N] A at_ﬁg[N—l] N ng[N—l]
Js| V] at_ls[z] N at_lg[N] N at_l3[N—1] A ng[N—1]
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Lecture 9 A. Pnueli

Dining Philosophers: Ranking Functions

The following table presents the distributed ranking functions §(p) for each of
the helpful requirements J(p). The ranking functions range over {0,1}, and the
assertion d(p) tells us when the ranking of J(p) is 1.

d4[2—1] nolz] — at_Lly. 4|z—1]

d5[2—1] nalz] = at_fy. 5/z—1]

56 Z—].] 1

do|2] at_lo[z] N —ng|z]

d3|2] —ng|z]

53’&] 11 € [Z—|—1N—1] ﬁng[’l, A (at_ﬁg[i—l] A 77,3[2—1] — at_g()._g’ﬁ[’l:])
04fi] 1 i € [z4+1.N—1] | at_L3[i—1] A ng[i—1] = at_Ly. 46[t]
Ssli] 11 € [=+1.N—1] | 1

54N] at_€3[N—].] A ng[N—l] — at_ﬁou4[N]
55 N] at_fg[N—l] A TL3[N—1] — at_f()._5[N]
d6| V] 1

Assignment 1. Draw a verification diagram for the proof of accessibility for the
dining-philosophers system.
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